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WHAT CAN YOU DO/CAN’T DO

@ IN GENERAL

@ ONLY SOLVE TO CERTAIN LEVEL OF ACCURACY,
EITHER MODEL OR COMPUTER

® ONLY SOLVE LINEAR SYSTEMS

@ ONLY FIND LOCAL MINIMA




ALWAYS WANT TO CONSIDER
WHAT CAN GO WRONG

® How MUCH CAN WE TRUST THE FINAL COMPUTED
ANSWER?

@ How GOOD IS THE FINAL ANSWER?
® WHAT’S THE RELATIVE ACCURACY OF A SOLUTION?

@ HOw SENSITIVE IS THE ANSWER?

THE PURPOSE OF COMPUTING IS INSIGHT, NOT

NUMBERS.
R.W. HAMMING




FLOATING POINT
REPRESENTATION

STANDARD FORM TO REPRESENT NUMBERS IS CALLED
NORMALIZED SCIENTIFIC NOTATION

USUALLY OF THE FORM

(i ae s 4 U s 14 gk 18 68 9 el 11|

COMPUTERS USE BINARY NUMBERS SO
- 1

T =qg*x2", §§q<1

THE SET OF REAL NUMBERS THAT CAN BE
REPRESENTED ON A COMPUTER ARE CALLED THE
MACHINE NUMBERS




IEEE FLOATING POINT
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SIGN |EXPONENT MANTISSA
5126 _ 2120 5 523y _
underflow overflow
27126 hreshold threshold
128 124 ‘125 |0 and +0 125 124 NT 128
! ! ! l } %y %y %y
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normalized normalized
negative positive

numbers numbers




IEEE 64-BIT FLOATING-POINT

B APPROXIMATE DECIMAL EXPONENT RANGE: 10-308
TO 10308

@ APPROXIMATE DECIMAL ACCURACY: 16 DIGITS

® LARGEST WHOLE NUMBER THAT CAN BE
REPRESENTED EXACTLY: 253 = 9.0072 X 1015
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EPTION HANDLING

@ EXCEPTION HANDLING DEALS WITH OPERATIONS THAT
EITHER GENERATE AN INVALID NUMBER, OR ONE THAT
IS TOO SMALL OR TOO LARGE TO REPRESENT

® SOME COMMON EXCEPTIONS:

@ OVERFLOW - EXACT RESULT > OV, TOO LARGE TO
REPRESENT

@ UNDERFLOW - EXACT RESULT NONZERO AND < UN,
TOO SMALL TO REPRESENT

DIVIDE-BY-ZERO - NONZERO/O

INVALID - O/0, SQRT(-1), ...
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@ INTEGERS ARE EXACT — UNLESS THEY OVERFLOW

@ EVERY ARITHMETIC OPERATION IS ROUNDED OFF

@ TOO BIG YIELDS OVERFLOW

@ TINY BUT NONZERO YIELDS UNDERFLOW

@ SOME OPERATIONS ARE EXACT, E.G. X = -Y

@ MACHINE EPSILON IS DEFINED TO BE THE SMALLEST
FLOATING POINT NUMBER SUCH THAT:

B 1 +e>1




BEECH PRECISION ARITHMETIC

® WHAT IF 64 OR 80 BITS IS NOT ENOUGH?

@ VERY LARGE PROBLEMS ON VERY LARGE MACHINES MAY
NEED MORE.

@ HIGH PRECISION CAN BE SIMULATED EFFICIENTLY USING
STANDARD FLOATING POINTS OPS.

® EACH EXTENDED PRECISION NUMBER S IS REPRESENTED BY

@ EACH Sk IS A FLOATING POINT NUMBER

B S=S;+S,+ ... + Sy IN EXACT ARITHMETIC

® MUCH MORE IN WEDNESDAY’S TALK BY DAVID BAILEY




NERTHER REFERENCES ON
FLOATING POINT ARITHMETIC

® W. KAHAN

B CS267 LECTURE FROM 1996

® WWW.CS.BERKELEY.EDU/~WKAHAN/IEEE7Z7S54STATUS/
CS267FP.PS

® “LECTURE NOTES ON IEEE 754”

® WWW.CS.BERKELEY.EDU/~WKAHAN/IEEESTATUS/IEEE754.PS

® DAVID BAILEY’S WEB PAGES

® CRD.LBL.GOV/~DHBAILEY

® MSRI-UP WIKI (LOOK IN REFERENCES

® MSRI-UP.MSRI.ORG
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® THE COMPUTED
SOLUTION SHOULD BE
THE EXACT SOLUTION
TO A A SLIGHTLY
PERTURBED PROBLEM

DEF: AN ALGORITHM IS
STABLE IF IT
COMPUTES THE EXACT
SOLUTION TO A
NEARBY PROBLEM

RECALL, WITH
COMPUTER ARITHMETIC
WE’RE ALWAYS
SOLVING PERTURBED
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WHAT ABOUT TH|

BRECURACY?

@ DEF: A PROBLEM IS
ILL-CONDITIONED
IF SMALL CHANGES
IN THE DATA CAN
CAUSE LARGE
CHANGES IN THE
SOLUTION.

NEED TO
EMPHASIZE THE
CAN AND NOT WILL.




EXAMPL.

=: ILL-CONDITIONING

0.4992 + 1.001y

TR
155

BY INSPECTION THE SOLUTION IS X =Y =1.0

IF WE CHANGE 0.499 TO .500 (A RELATIVE ERROR OF 0.001

THEN THE SOLUTION BECOMES: X =3, Y =0

A RELATIVE CHANGE IN THE OUTPUT OF 100%

IRRESPECTIVE OF THE METHOD YOU CHOOSE TO SOLVE THIS

PROBLEM WITH




SUMMARY:
BIABILITY VS. ILL-CONDITIONING

@ ALGORITHMS ARE STABLE / UNSTABLE

@ AN ALGORITHM IS STABLE IF IT SOLVES A
NEARBY PROBLEM

@ PROBLEMS ARE WELL/ILL CONDITIONED

@ A PROBLEM IS ILL-CONDITIONED IF SMALL
CHANGES IN THE INPUT CAUSE LARGE CHANGES
IN THE OUTPUT

® MANY PEOPLE CONFUSE THE TWO LEADING TO ALL
SORTS OF PROBLEMS AND UNWISE DECISIONS




DEF:

A NUMERICAL ANALYST
IS A PERSON WHO SOLVES
A NEARBY PROBLEM, I.E.
ONE THAT YOU ARE
ALMOST INTERESTED IN




IMPROVEMENTS IN ALGORITHMS HAVE
SO PACED THOSE IN HARDWARE

@ BIXBY RAN A SET OF TESTS IN 2002

@ 680 TEST PROBLEMS WITH UP TO 7 MILLION EQUALITY
CONSTRAINTS

® COMPARED TO ALGORITHMS AND MACHINES DATING TO
1990

@ RESULTS SHOW IMPROVEMENTS IN SIMPLEX
ALGORITHMS HAVE YIELDED A SPEEDUP OF 960
COMPARED TO 800 FOR HARDWARE




SIMILAR IMPROVEMENTS IN LINEAR ALGEBRA

Gaussian Elimination/CDC 3600

Qesoo
Vc 7600

Cray 1

s Cray YMP
\ 1 GFlop
Sparse GE

Jacobi
Gauss-Seidel

CPU time (sec.)

1 Teraflop

SOR
PCG D
Multigrid Computers

Algorithms
1996




SUMMARY

® INSIGHT NOT NUMBERS
@ ALWAYS HAVE TO DEAL WITH INACCURACIES
£

DON’T WANT JUST THE SOLUTION, BUT A SENSE OF
HOW ACCURATE/SENSITIVE IT IS TO PERTURBATIONS

® ALGORITHMS HAVE YIELDED GREATER IMPROVEMENT
THAN COMPUTER HARDWARE IN MANY IMPORTANT

PROBLEMS
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SEARCH THE WEB TO FIND A PROBLEM OF INTEREST
TO YOU THAT USES COMPUTATIONAL MATHEMATICS.

DETERMINE THE MATHEMATICS AREAS THAT ARE USED
FOR THE GIVEN PROBLEM.

EXPLAIN WHY THIS PROBLEM IS INTERESTING, WHAT
MATHEMATICS IS USED, AND WHY THOSE
MATHEMATICS AREAS WERE USED.

YOU SHOULD ALSO THINK ABOUT HOW YOU WOULD
IMPROVE EITHER THE METHODS THEY USE OR HOW
YOU WOULD EXTEND THE WORK.

YOU WILL BE ASKED TO GIVE A SHORT PRESENTATION
(5 MINUTES)




