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ABSTRACT

A method for predicting unsteady, subsonic aeroelastic responses
has been developed. The technique accounts for aerodynamic nonlinear-
ities associated with angles of attack, vortex-dominated flow, static
deformations, and unsteady behavior. The angle of attack is limited
only by the occurrence of stall or vortex bursting near the wing. The
fluid and the wing together are treated as a single dynamical system,
and the equations of motion for the structure and flowfield are inte-
grated simultaneously and interactively in the time domain. The
method employs an iterative scheme based on a predictor-corrector
technique. The aerodynamic loads are computed by the general unsteady
vortex-lattice method and are determined simultaneously with the mo-
tion of the wing. Because the unsteady vortex-lattice method predicts
the wake as part of the solution, the history of 'he motion is taken
inte account; hysteresis is predicted. Two model are used to demon-
strate the technique: a rigid wing on an elastic . upport experiencing
plurze and pitch about the elastic axi:, and an elastic wing rigidly
suppirrted ¢t the root chord experiencing spanwise bending and twist-
ing. The method can be readily extended to account for structural
nonlirearities and/or substitute aerodynamic load models. The time
domain solution coupled with the unsteady vortex-lattice method

provides the capability of graphically depicting wing and wake motion.
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NOMENCLATURE

wing reference area

aspect ratio

generalized aerodynamic loading vector

nondimensional aerodynamic constant = p ch/Z m
nondimensional rotational damping = ca/m Ualc

aerodynamic pitch-moment coefficient

aerodynamic normal-force coefficient

nondimensional translational damping = cy lc/m U,

chord

support rotational damping

support translational damping

distributed bending stiffness

horizontal component of the reaction of the support structure
vertical component of the reaction of the support structure
distributed torsional stiffness

acceleration due to gravity

mass moment of inertia referenced to the center of gravity
mass moment of inertia referenced to the elastic axis
identity matrix

nondimensional inertia = Ie/m zi

nondimensional rotational stiffness = k“/m Ui

nondimensional translational stiffness = ky li/m u
stiffness matrix

support rotational stiffness

viii
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support translational stiffness

characteristic length = ¢/n

distributed aerodynamic pitch moment

mass matrix

aerodynamic pitch moment at the reference position
moment due to support structure

mass or distributed mass

distributed aerodynamic normal force

number of chordwise (bound) lattice elements or nuiber of
first-order equations

generalized coordinates

distance between center of gravity (cg) and elast c axis
(ea), positive for cg aft of ea

static loading vector
freestream velocity
displacement of the elastic axis

local distance between the sectional elastic axis and center
of gravity

distance between center of gravity (cg) and the aerodynamic
reference, positive for cg aft of reference

nondimensional plunge degree of freedom = y/f.c

nondimensional pitch degree of freedom, or rotatio: about the
elastic axis

time derivative of Y or the generalized velocities (= a)
time derivative of a

density of fluid

bending or torsional free-vibration mode

static angle-of-attack
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first derivative with respect to length
second derivative with respect to length

first derivative with respect to time (or nondimensional
time)

second derivative with respect to time (or nondimensional
time)



CHAPTER I

INTRODUCTION

l.1 General

Aeroelastic instabilities, which may be catastrophic, »>rccur as a
result of coupling between aerodynamic forces, structural forces, and
mass. Therefore, the aerocelastic design of aircraft must address the
structure and the aerodynamic forces within the flight environment.
This concern includes the design of wings or aircraft for both flight
and yind-tunnel testing.

A method to predict the aeroelastic behavior of a wing is de-
scribed. The objective is to develop an improveﬁent in aeroelastic
analyses by accounting for aerodynamic'nonlinearities asscciated with
angles of attack, static deformations, vorticity-dominatec flow, and
unsteady behavior. This method generates a realistic simulation of
aeroelastic response or instability by predicting both the motion of
the wing and the motion of the fluid simultaneously. In other words,
the wing and fluid are treated as a single dynamical system, and the
equations of motion for the structure and flowfield are integrated
simultaneously and interactively in the time domain.

The equations of motion are developed for classical two—degree-
of-freedom wing motion; that is, a rigid wing which is al owed to
plunge and pitch about the elastic axis. 1In addition, tt: equations
of motion are developed for an elastic wing with bending ind twisting.
The unsteady vortex lattice method (UVLM) is used to predict the
aerodynamic loads. The technique accounts for the aerodynamic

nonlinearities.



A complication does exist with a time domain approach: the aero-
dynamic loads cannot be predicted unless the motion of the wing is
known, and the motion of the wing cannot be predicted unless the aero-
dynamic loads are known. An i{terative scheme thet accounts for the
interaction between the aerodynamic loads and wirg motion was devel-
oped based upon a predictor-corrector approach. An advantage of the
method is that it provides an excellent opportunity to animate the
motions in the flowfield and wing since the governing equations are
solved in the time domain.

The technique de cribed herein provide: a somewhat different ap-
proach to model fluttur for a wing of arbitrary planform. The equa-
tions are developed about arbitrary static angles of attack, providing
a new capability to study the associated nonlinear effects. Through
the use of the UVLM one is able to treat low—aspect-ratio wings and
account for the wake rollup at the wing tips. The UVLM models the

wake where the history of the motion resides.

1.2 The Aeroelastic Phenomenon

Many different types of aeroelastic instabilities exist. Static
instabilities include aeroelastic divergence in which the elastic re-
storing forces of the wing are exceeded by the aerodynamic forces.
Dynamic instabilities such as flutter are caused by an exchange of
energy between the aircraft and surrounding air. General aeroelast.c
phenomena are described by Fung (1955), Bisplinghoff, Ashley and
Halfman (1955), and Dowell (1980) among others. A historical per-

spective of aeroelastic research is given by Collar (1978).



A complete model of the aerodynamic forces, elastic f>rrces, and
inertial forces is required to describe the unsteady aeroelastic na-
ture of an aircraft. As Figure 1,1l depicts,.this interaction among
these three types of force provides the conditions necesszry for
potential static and dynamic instabilities. The nature of the aero-
elastic problem can best be illustrated by this three-ring diagram as
suggested by Yates (1971). Variations to this diagram are presented
by Bisplinghoff et al. (1955), Collar (1978), and Dowell (1980).

Aerodynamic, elastic, and inertial forces are shown. The common
ground between the inertial forces and elastic forces represents the
free-vibration problem, the common ground between the aercdynamic
forces and elastic forces represents static aeroelastic phenomena
which include instabilities such as divergence, and the common ground
between the aerodynamic forces and inertial forces repres: nts dynamic
stability investigations of "rigid" aircraft. The intera:tion of all
three forces is present in the aeroelastic phenomenon knovn as

flutter.

Flutter has been defined in many ways. Among the first to exam-
ine the nature of flutter, Theodorsen (1940) described flutter and
developed a general theory which is still used today. Pines (1958)
defines flutter as "a self-axcited oscillatory aerodynamic instabil-
ity" and states that flutter may be considered "an oscillatory in-
stability where one degree of freedom is driven at resonance by a
second degree of freedom, both at the same frequency”". Hancock,
Wright, and Simpson (1985) describe flutter as "a complex phenomenon

where, in the classical sense of the term, two or more structural
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normal modes are coupled and excited through time dependent aero-
dynamic loads". Dowell (1980) also describes-the flutter rhenomenon
and suggests that many types of flutter exist; these include:
"'Coalescence' or 'merging frequency' flutter"”, "'Single-degree-of-
freedom' flutter", and "'Divergence' or 'zero frequency' flutter",

An illustration of the flutter phenomenon is presented in Fig-
ure 1.2, A wing is initially moving through a fluid at rest. The
wing is subjected to a disturbance. In the left-hand side of the
figure the dynamic pressure is below the critical condition for flut-
ter. The hending and torsion of the wing occur at separate, unique
frequencies which are close to the natural frequencies for the free .
vibration modes. The motion decays following the initial (isturbanéé
as there i3 not enough energy being extracted from the fre stream to
maintain the motion. In fact, the freestream is extractin; energy

from the wing and damping the motion. There is aerodynamic damping

here. The system is being damped by aerodynamic effects only. In the

right-hand side of the figure the dynamic pressure is greater than the

critical pressure. Not only is the motion seen to grow in this case
but bending and torsion occur at a common frequency - a characteristi

assoclated with flutter. In the lower portion of the figure the shif

c

t

in system frequencies due to the dynamic pressure is illustrated. The

frequencies are the natural ones when the dynamic pressure is zero.-
coalescence occurs at a critical dynamic pressure, the system is now

in flutter.

A
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1.3 Literature Review

The purpose of this research is to provide an improvement in
aeroelastic analysis capabilities. Through the application of the
UVLM to the aeroelastic formulation new capabilities are introduced.
As mentioned previously these include the modeling of aerodynamic
nonlinearities and new solution strategies. These enhancements, in
turn, open the door for further improvements primarily in structural
nonlinearities. However, the emphasis in this research is placed on
the aerodynamic model and the solution strategy; the literature review

will focus on these areas.

1.3.1 Aeroelastic models

Aeroelastic research is very broad indeed. Experimental and
theoretical research has been performed in structures, fluids, and
dynamics as well as solution schemes associated with aeroelasticity.

Desmarais and Bennett (1978) described an approach for flqtter
analysis which is representative of current numerical strategies.

In their method the generalized mass and mode shapes are developed
through an external structural analysis package. These modes are used
to describe the shape of the wing which in turn is used to compute an
aerodynamic influence matrix. A subsonic kernal function approach is
used to model the aerodynamics. An eigenvalue formulation is used
with the governing equations. Hence, the solution is performed in the
frequency domain, the governing equations are cast in a linear form,
and a simple harmonic form of the solution is assumed. As we shall

see, the method developed in this research is not limited by these




assumptions. The roots of this eigensolution, which are dependent
upon the velocity, density, and Mach number, are used to determine the
critical conditions necessary for flutter.

The method commonly used to determine the flutter conditions of a
wing using a frequency domain solution is {llustrated in Figure 1.3.
The method, called the V-g (for Velocity-incremental damping) method,
tracks the roots of the modes used for the solution for increasing
values of velocity. A fictitious damping (the root) is determined at
each velocity which is required to satisfy the eigenvalue problem. 1In
the upper part of the figure we plot the roots for a 3 mode system.
The upper plane represents an unstable region; hence, when a root
enters this region the system is unstable. At only this "fiutter
crossing" is the solution meaningful, yet no physical inte pretation
of the motion is available, 1In the lower part of the figure the
frequencies for these modes are computed as the velocity increases.

Hassig (1971) and Fung (1955) described some alternate solution
schemes for the frequency domain solutions. Fung also pre:ented many
examples, some of which will be referred to in this dissertation.
Goland and Luke (1949) outlined a method to describe the aeroelastic
character of an elastic wing.

Garrick (1969) presented several classical papers on the flutter
phenomenon, flutter determination, aerodynamic theories, and other
associated subjects. Loring (1941) introduced generalized coordinates
through the use of the natural modes to solve the flutter problem.

His work developed a systemized approach for the structural model,



INCREMENTRL DAMPING

FREQUENCY

constant \

Density
Mach No

MODE 1

—

‘\\\\\\\\\\\\!ff)[)fs o
MODE 3

FLUTTER SPEED INDEX

Figure 1.3, Determination of Flutter for Frequency Domain
Formulations, V~-g and Frequency Diagrams.
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Dowell (1980) described both frequency and time domain solutions
of the aeroelastic equations. Frequency domain solutions are the most
widely used since these require less resources and a more convenient
solution scheme. However, a frequency domain solution does not pro-
vide a physical description of the motion as do time domain solutions.
Time domain solutions, which do not assume a form of the solution
(i.e. harmonic motion) as do the frequency domain schemes, provide the
more general and physical approach.

A more complete formulation of the aeroelastic equations was
described by Bisplinghoff (1975) and Fung (1955). Descriptions of
aeroelastic phenomena were presented by Theodorsen (1940), Biot and
Arnold (1948), Pines (1958), and Hancock et al. (1985). These later
two papers presented physical models of flutter. Pines, in par-
ticular, examined the governing equations in a general sense and
established relationships for which flutter can exist.

An aeroelastic model, which is similar in nature to the one pre-
sented in this dissertation, is described by Devers (1972). Devers
developed a time domain solution of the governing equations, he too
used a vortex—-lattice method as an aerodynamic model. However, sim—
plifications in his model prevented the unsteady nature of trailing
edge and wing-tip vortex effects to be considered. 1In addition, his
integration scheme assumed a form of the solution and, as a conse-

quence, the simulation reflected this assumption.
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1.3.2 Aerodynamic models

Currertly, the major effort of aeroelastic research is to de-
scribe the unsteady aerodynamic loads, and, in particular, the flow in
the transonic flow regime as most recently described by Batina et al.
(1987), Edwards (1986) presented an overview of aerodynamics associ-
ated with transonic aeroel:sticity.

Bisplinghoff (1975) described many different aerodynaric opera-
tors which are available for all flow regimes. Yates (1985) described
the various approaches available for aerodynamic models, which include
doublet-lattice, kernal function, velocity potential and acceleration
(pressure) potential formulations.

The research will concentrate in the subsonic regime. Theodorsen
(1940) introduced a two-dimensional functional form of the subsonic
aerodynamic operator which is still popular today, Desmarais and
Bennett (1978) implemented a subsonic kernal function indicative of
more current strategies. However, most methods are quasi-steady, lin-
ear (1.e. small angle) theories. A new approach to the subsonic aero-
dynamic model ‘or aeroelastic analysis is introduced. The unsteady
vortex~lattice method (UVLM) provides the opportunity to address aero-
dynamic nonlinear effects associated with unsteady flow aspect ratios,
gstatic deformations, and the angles of attack. Hence, nonlinear
aerodynamic effects may be studied as they apply to the aeroelastic
phenomenon.

Experimental investigations have demonstrated nonlinear effects.
Yates and Bennett (1971), Farmer (1982), and Yates, Wynne, and Farmer

(1982) addressed the effect angle of attack has on flutter boundaries.
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Hsu (1957) addressed the effect aspect ratio has on flutter
boundaries.

The development of the UVLM will be briefly reviewed. The reader
1s referred to the work of Kandil (1974), Maddox 1973), and most re-
cently, Konstadinopoulos (1981) for more complete descriptions.

The unsteady vortex-lattice method, as we use it in this research,
originates from the investigation of Belotserkovskiy (1966). This
original work could treat arbitrary wing planforms and deformations
but could not model the geometry of the wake which thereby limited it
to small angles of attack. Belotserkovskiy (1968) then developed a
nonlinear method to calculate the aerodynamic loads on wings with
wing-tip separation in steady flows. Later, Belotserkovsk:y and Nisht
(1974) presented a method for the treating of rather general planforms
in nonlinear unsteady flow. As part of this research, they determined
the shape of the wake convecting from the wing tips and the trailing
edge.

Maddox (1973) and Mook and Maddox (1974) used this vortex-lattice
method and considered leading edge separation. However, this wmethod
did not account for force-free wing-tip and trailing-edge vortex
sheets. kandil (1974) and Kandil, Mook, and Nayfeh (1974) refined
this approach and their results were in very good agreement with the
experiments. The remarkable accuracy of vortex-lattice methods was
discussed by James (1971).

Atta 71976) and Atta, Kandil, Mook, and Nayfeh (1976, 1977) ex-
tended the method to treat unsteady flows past rectangular wings with

sharp-edge separation. The problem was posed in an inertial frame
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which proved to be awkward. Thrasher, Mook, Kandil, and Nayfeh (1977)
and Thrasher (1979) posed the problem in terms of a body-fixed frame.
The approach treated rectangular wings executing arbitrary maneuvers
as long as separation occurred along the wing's sharp edges and vortex
bursting did not occur at or near the #ing's surface.

Thrasher (1979) coupled the aerodynamic method with a predictor-
corrector method to predict the flowfield, loads, and motion of a
hinged rectangular wing due to a prescribed motion of a flap. This
development 18 of particular interest since it had application to
aeroelastic type problems. Kandil, Atta, and Nayfeh (1977) and Atta
(1978) refined the approach to treat delta wings. Further, they
developed a higher-order convection process for the wake, but this
process required iteration.

Nayfeh et al. (1979) modified the method to treat small, harmonic
oscillations around an arbitrary angle of attack. The general
unsteady m:thod was described by Nayfeh, Mook, and Yen (1979),
Konstadinopoulos (1981) and Konstadinopoulds, Mook, and Nayfeh (1981).
Most recently the general method was described by Konstadinopoulos,
Thrasher, Mook, Nayfei1, and Watson (1985).

Recently, Konsta linopoulos (1984) and Konstadinopoulos, Mook, and
Nayfeh (1985) developad a numerical method for simulating subsonic
wing rock. More recently, Elzebda (1986) described a model for sim-
ulating two-degree—of-freedom wing rock. Elzebda, Mook, and Nayfeh
(1985) described the ability of the general method to model the aero-

dynamics for close-coupled lifting surfaces.
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1.3.3 Structural models

In this research the wing structure is represented by two differ-
ent models for demonstration purposes - a rigid wing which can pitch
and plunge about the elastic axis and an elastic wing. Currently, for
the model of the elastic wing, the elastic axis of the wing is repre-~
sented by a beam which is allowed to bend and twist. No structural
nonlinearities are taken into account. The two-degree-of-freedom
model is addressed in the texts on aeroelasticity we have already
cited. Several texts (for example, see Rivello (1969)) describe the
equations of a beam which we have implemented.

The numerical model can be readily extended to include nonlinear
effects of beam flexure and torsion. Several references consider
nonlinear models, these include the work of Crespo da Silvi and Hodges
(1986), Hodges and Dowell (1974), and Kaza and Kvaternik (1977).

These references address the more difficult kinematics and large
deformations assoclated with rotorcraft applications.

More complicated models of the wing are typically handled by fi-
nite element methods. For example, the method described by Desmarais
and Bennett (1978) implements the structural modes generat:d by any
experimental or analytical method. MHence, the description of struc-
tures is dependent on the capability of these alternate sources. Yet,
an advantage in the aeroelastic design of structures is gained through
the inclusion of more elaborate structural models., Ashley et al.
(1980), Bendiksen and White (1986), and Weisshaar (1987) describe the

advantages of aeroelastic tailoring of structures.
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l.4 The Present Method

A method for predicting unsteady, subsonic aeroelastic responses
is described. Previously, we described the application of the UVLM to
the two-degree-of-freedom problem (Strganac and Mook (1986)). The
introduction of the UVLM to the prediction of flutter provides the
opportunity to model aerodynamic nonlinearities. Later, we extended
this effort to include the elastic wing model (Strganac and Mook
(1987)). Most recently, we demonstrated the simulation o." flutter by
animating the wing and flowfield as predicted by our model (Strganac,
Mook, and Mitchum (1987)). These efforts are further described here.

In Chapter II, the equations of motion for a rigid wing on an
elastic foundation are developed. Structural damping and static
deflections are included. The nondimensionalization concept is also
introduced.

In Chapter III, the equations of motion for an elastic wing on a
fixed support are developed. The equations account for static defor-
mations. Mass and stiffness matrices for the wing are developed.
Coupling exists between bending and torsion. Structural nonlineari-
ties are not addressed but the general formulation allows for this
feature.

In Chapter 1V, the unsteady vortex-lattice method is described.
The computation of the wake geometry is illustrated. Comparisons of
the computed pressure distribution and the sensitivity to aspect ratio
are shown.

In Chapter V, the integration schemes which account ‘or the

structural dynamic and aerodynamic interaction are developed. The
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‘'methods are based upon a predictor-corrector technique, with appro-
priate modifications to account for aerodynamic/dynamic coupling. The
convection schemes which are used to accurately generate the wake in
the unsteady model are discussed. The rigid wing and elastic wing
formulations are individually described as each »resent unique
requirements.

In Chapter VI, several examples of computed results are pre-
sented. Wing response, aerodynamic loads, and p-essure distributions
are shown. In addition, phase planes and aerodynamic load histories
are shown which further describe the physical nature of aeroelastic
phenomena. Finally, the ability to take advantage of time domain
solutions is graphically demonstrated. The wing and wake shape and
vorticity distribution are shown at several time steps. These
sequences are indicative of the animation capability which exists

with the present formulation.



CHAPTER II

EQUATIONS OF MOTION FOR THE RIGID WING

2.1 Description of the System

In this chapter the equations of motion are developed for a rigid
wing on an elastic support limited to plunge and pitch about the
elastic axis. This simplified structural model, illustrated in Fig-
ure 2,1, serves as a demonstration of the technique and is described ’
in many references (see Fung (1955)) as a common example. However,
the equations are developed about an arbitrary static angle of attack,
¢, which is included in the aerodynamic model.

The wing 1is attached to the support by linear springs to model
stiffness ~haracteristics and by linear dashpots to model damping
characteristics. The point of atfachment is referred to as the elas-
tic axis. The center of gravity is offset from the elastic axis by
the parameter r. This offset affects sensitivity to flutter; this
effect has been described by Pines (1958) and Bisplinghoff (1975), as
well as others. The aerodynamic model accounts for spanwise effects;
hence, the aspect ratio of the wing is considered. Physic:1l proper-
ties of the wing, stiffness (and structural damping) properties of
the support, and aerodynamic properties act on the wing section as

illustrated.

17
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Figure 2.1. The Rigid-Wing Model.
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2.2 Development of the Equations

The components of the acceleration of the center of gravity are

described in the inertial frame. The x-component is expressed as
a = -ra sin(a + ¢) - r&z cos(a + ¢) (2.1)
and the y-component is expressed as

a, = y + ra cos(a + ¢) - r&z sin(a + ¢) (2.2)

where a and y are the coordinates which describe the pitch and
punge motion. The location of the center of gravity relative to the
elastic axis is given by r, which is a positive quantity 1f the
center of gravity is aft (i.e., towards the trailing edge) of the
elastic axis.

Summing forces in the X direction results in the following

equation:
F. + N sin(a + ¢)
= m{-ar sin(u + ¢) - &zr cos(a + ¢)} (2.3)
Summing forces in the Y direction results in the following equation:
F, - N cos(a + ¢)

= m{y + ar cos(a + ¢) - azt sin(a + ¢)} : (2.4)
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Summing moments about the wing's center of gravity results in the

following equation:

Mo+ Mg + Nk - rFy cos(a + ¢)

+ - sin(a + ¢)F = xcga (2.5)

where X 1is the distance between the reference position of the aero-
dynamic loads and the mass center of the wing and is a positive
quantity {f the mass center is aft of the reference position. The
reactions of thz2 springs and dashpots are denoted by Fx, Fy, and
M,. Equations (2.3) and (2.4) are substituted into Equation (2.5),

and the rosult is the following differential equation:
e - . 2 .0
Icgu =NK+ M+ M tN - mry cos(a + ¢) - r° ma (2.6)

Equations (2.4) and (2.6) represent the differential equations
which describe the motion of the system. Linear elastic spring and

damping forces and moments are defined as follows:

Fy = -cyy - kyy

These expressions are substituted into Equations (2.4) and (2.6).

Structural nonlinearities could be introduced in the spring and

dawping model.
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The force and moment equations are now rewritten as

m§ + mra cos(a + ¢) - m&?r sin(a + ¢)

= N cos(a + ¢) ~ kyy - Cy} (2.7)

Icg; + rzma + rmy cos(a + ¢)
=Nf-~ca-ka+M - N - rzma (2.8)
a a r *

The form of these equations can be simplified by introducing the

following:

and

M= Mr + (X - )N
Equations (2.7) and (2.8) are now rewritten as

Iea + nry cos(a + ¢) + kaa tec a= M : (2.9)

and

my + mra cos(a + ¢) - nral sin(a + ¢)

+ kyy + cy§ = =N cos(a + ¢) (2.10)

The linear form of Equations (2.9) and (2.10) agrees with the

equations derived by Fung (1955).
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The numerical integration scheme which is described in Chapter V
tequires first~order differential equations, To this end, Equa-
tions (2.9) and (2.10) are solved simultanecvusly to provide equations

in terms of the second-order time derivatives., These equations are:

y = [I L ] {(kau + ca&)r cos(a + ¢)

e mr2 cosz(a + ¢)

1
o2 e .
+ - —
+1a'r sin(a + ¢) = (kyy + cyy)

NI _ cos(a + ¢)
- Mr cos(a + ¢) - —= = ' } (2.11)
a= 21 3 [ca-%x a+H
Ie - nr” cos“(a + ¢) @ @
- rzazn sin(a + ¢) cos(a + §)
+ r cos(a + 0)(kyy + cy}) + Nr cosz(a + 9} (2.12)

where the aerodynamic normal force, N, and pitch moment, M, are

defined as
-l 2
N 3 pU“\cn (2.13)
1 2
M --7 pU.Anlch (2.14)

M 1is referenced to the elastic axis. The quantity nzc is the full

chord of the wing.
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2.3 Nondimensionalized Form of the Governing Equations

The governing equations of the UVLM have been written in a non-~
dimensional form through the introduction of.the characteristic
length, lc, characteristic velocity, U,, and the resulting charac~
teristic time, (1 = zc/U,). Equation (2.11) i{s also rendered non-
dimensional by dividing both sides of the equation by Ui/lc. This

equation 1is now expressed as

Y - 1 [(Kca + Ca& = aCC Jr cos(a + ¢)

K - r2 cosz(a + ¢)

+ K{&zt sin(a + ¢) - KyY - Cyf - CC cos(a + ¢)}] (2.15)
n

where K = Ie/mli is introduced as a nondimensional inertia and

C= pchIZm is introduced as a nondimensional aerodynamic constant.

Hence, we also utilize the mass, m, to characterize the physical

properties in nondimensional form. Other terms in Equation (2.15)

have been rearranged and represent tﬁe necessary collection of terms

for the nondimensional form. All quantities are nondimensional.
Similarly, Equation (2.12) is nondimensionalized by dividing both

sides of the equation by Ui/zi. This equation is now expressed as

" 1 {cc Y + K Y)r cos(a + )
y y

K - r2 cosz(a + ¢)

- r2&2 sin(a + ¢) cos(a + ¢) - (Ca& + Kaa)

+ C(n C,*r cos?(a + $)c )} (2..6)
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One should note that the velocity now appears only {n the spring and
damping terms. K, and Ky contain the square of the speed in the
denominator. C, and Cy contain the speed in the denominator.
Hence, the effective stiffness and damping of the system decreases as

the freestream speed increases.



CHAPTER III

EQUATIONS OF MOTION FOR THE ELASTIC WING

3.1 Description of the System

In this chapter the equations of motion for an elastic wing are
developed by using an energy approach. This wing is illustrated in
Figure 3.1. Small displacements about an equilibrium position are
assumed. The angle of attack is introduced into the equations. The
wing is allowed to bend and twist about an elast:c axis not necessar-
ily coincident witﬁ thé 1ﬁertial axis._‘yhps, thg;e is inertial as
well as aerodynamic qpupliqg between wing bending‘éﬁd‘COtsion.

The wing is ée;r;sented as a cantileyered beam, which can both
bend and twist. The cross section of the beaﬁ is assumed to be rigid.
The wing‘fdof 1s rigidly fixed. The physical prppqrties may -vary
along the span of the wing. Spanwise variation in the aerodynamic
loadiné is considered. The solu;ion of the governing equations con-
sists of static and dynamic cont?ibuttons. ‘The statically deformed
shape due to ;teady‘aerodynémic loads and the distributed weight is
determined. Fraﬁz, Krenz, and Kotschote (1984) discussed the impor-
tance of deformations due to static loads on aerospace vehicles,

particularly wind-tunnel models.

3.2 Development of the Equations

We ignore the out-of-plane (that is, the spanwise) motion. The

components of the velocity are expressed as

Ve " -xa(yz sin(a(y,t)) &(y,t)va (3.1)

25
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a(y, t)

. — Inertial axis
Elastic axis \

3 ."-.'/-Undeformed wing

Deformed wing

Pigure 3.1. The Elastic-Wing Model.
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v, = wly,t) + x_(y) cos(aly,t)) aly,t) : ()

The kinetic energy of the system is exsressed as

b . .2
T =/ 5-[m(y)({w + x (y)(cos a)a}
0

+ {x“(y)(sin a)&}z) + Icg(y)&z] dy (3.3)

The potential energy of the system is expressed as

L . .
v = (J; % [EL(yIw"? + c3(y)a'? - mly)glw + x,(y) sin o)} dy (3.4)

The distributed aerodynamic loads are provided by the'hnétéady

vortex-lattice method (UVLM). The work done by the aerodynamic load-

ing is expressed as

L
W= f {-Nw(y,t) + Ma(y,t)} dy (3.5)
C

This aerodynamic spanwise loading is dependént upon the motion,
and the motion, in turn, is‘dependént upon tﬁé'aerodynamic loads.

The norma. force and pitching moment are functions which should be

expressed as
N=|[w, w, w, @, @, t; ¢, AR, planform]

M= [w, 5, w', a, a, t3 ¢, AR, planform]
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According to Hamilton's principle,

tlL

[ ] (8T = &V + &W) dy de = 0 (3.6)
; 00

Substituting T, V, and W 1into Pquation (3.6), one ohtains the

following differential equations:

™~ o+ mx cos(a)a - me sin(n)&z
+ (EI ") -~ mg = =N (3.7)

Ie; + mx, cos(a)v - (GJ a')' - ngx cos(a) = M (3.8)
The linear form of these equations is
™~ o+ nxaa + (EI w')" = mg = =N (3.9)

Ie; + nxc; - (GJ a')' - mgx_ = L) (3.10)

where all properties vary along the length.
For the case where Equations (3.9) and (3.1)) represent a canti-

levered wing, the boundary conditions for these egquations are

w(0,t) = w'(0,t) = w"(L,t) = (EI(L)w"(L,t))' = O
\ and (3.11)
\

a(0,t) = a'(L,t) = 0
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3.3 Static and NDynamic Equations

The solution of Equations (3.9) and (3.10) provides both the
static and dynamic contributions. .The developed equations will yield
the static solution for cases of decaying motion. However, the solu-
tion may require unnecessary computations for static solutions only;

therefore, w(y,t) and a(y,t) are redefined as

w(y,t) = ws(y) + wd(y,t) ' (3.12)
and

a(y,t) = as(y) + ad(y,t) (3.13)

where the subscripts s and d refer to the static and dynamic solu-

tions. Now these equations become

mGd + mx &d + (EIw))" + (EIWD)" - mg = N (3.14)
and
I, ad—+ mx;';d - (GJal)' - (GJa})' - mgx, = M (3.15)

From Equations (3.14) and (3.15), the equations for the static
deformations and the dynamical equations for small motion about the

static deformations are
yn = - .
(EIWS) mg NS (3016)
'(GJG;)' - mgx = M (3.17)

mGd + mx a, + (EIW))" = N (3.18)

ad d
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Iecd + -xawd - (GJqﬁ)' - Hd (3.11)

Meirovitch (1980) describes a method of solution to these equations by
an expansion of the dependent variables. The variables w and a
are represented by expansions in terms of the natural free vibration

modes of the system.

v 1§l q 9 (3.20)
and
J :
= st qj OJ (3.21)

where the q; and qy are the generalized coefficients and the &

and Oj are the modes chosen as the comparison functions, and where
I = number of bending modes selected,

J = 1 = number of torsion modes selected, and

J = total number of modes selected to represent the solution.

3.3.1 Equations governing the static contribution

These expansions are substituted into the static Equations (3.16)

and (3.17 . The result becomes

1
) (EIQI)" q ~mg = -N' (3.22)
fei

J
- 1 (cre}) ay = M, + mex, (3.23)

j=I+1 3
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Multiplying the first equation by ¢_ for r=1,2,...,1 and then
integrating along the span, one obtains
L I L
mnyn - - - ’
[ 1 (ETOY)"¢_ dy q, f mgd_ dy / N oo dy (3.24)
0 i=1 0
Multiplying the second equation by °s for S=I+l,...,J and

then integrating along the span, one obtains

[
- (GJP!')'® dy q
0 j=1a1 3 %
L L
= Mo dy + [ megx, o, dy (3.25)
0 o)

In Equations (3.24) and (3.25), the first term is integrated by parts
and the boundary conditions, Equation (3.11), are imposed. With rear-

rangement these equations are rewritten as

1 LU L L
Y , EIOM" dyq, = [ mgé dy - [ N @ dy (3.26)
{=1 O i'r i 0 r 0 s r
and
J L L L
Y J GJ050; dy a = é Mo dy + g mgx ¢ dy (3.27)
j=I+1 O

The above expressions represent J equations, which in matrix

form may be written as

[K1{q}, = [{a} + (S]] | (3.28)



The stiffness matrix

11 2
K12 K2
where
L
- " a0
Ky (j) anioj dy
Kjp= Ky =0
L
- 190
L ({ GJ'i’j dy
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(x1

is partitioned as

for i = ‘.2.000.1
j-= 1.2,...,1
for i = 1I+1,...,J
j = I"l,ooo,J

{A’} is the static aerodynsmic loading vec:or and is defined as

(L
|
0
() =<
L

[

\.0

for 1.1.2.000.1
J.I*I’OOO’J

\
- N.O1 dy
MO d
s ] y J

{S} 1is the static loading (due to weight) vector and is defined

as
(L A
| mge, dy
0
1-{
!L
mgx_ ¢ dy
\.0 a3 )

for 1-1.2.000.1
j-l*l.ooo.J
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3.3.2 Equations governing the dynémic contribution

We now concentrate on the dynamic equations. Substituting the

series representation into the governing é&uations ((3.18) and (3.19))

for the dynamic solution yields the following equations:

1 J I
121 mq, 8+ j-§+l mx, Ay * 121 qy (ELH)" = N,
i .8 % (1) J
mx_ q,9 + 1q,9 - q,(GJe!)' = M
T R RS SO e j-§+l I d

Multiplying the first equation by Or for £ = 1,2,.44,1

integrating along the span we obtain the following expression:

L.of 1.}
q md, ¢ dy + q mx_ ¢.¢ dy
js1 o LT j=l+1 1o 3T
o/ ;
+ q ETQVY" dy = -/ N, ¢ dy
{=1 i 0 ir 0 d'r

Multiplying the second equation by Os for s = R+l,...J

{ntegrating along the span we obtain the following expression:

I L % . fL
! q, [ mx o ¢ dy + q I¢,¢ dy
g1 1o ol je141 o 18
J L L

b ] GJ9 ¢! dy = g M 0 dy

q
j=l+1 0

(3.29)

(3.30)

and

(3.31)

and

(3.32)
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The third term in each of these expressions has been integrated
by parts and the boundary conditions, Equation (3.11), are imposed.
The result i{s a more simplified form of the equations. The ahove
expressions represent a number of equations (J) equal to the total
number of modes chosen to represent the system. These equations may

be written in the following watrix form:

[M{§) + [K]{q) = (A} (3.53)

The mass matrix (M] is partitioned as

My M,
M] =
M1 M2

where the terms in [M] are defined as follows:

L
M, = [ mo 8 dy for 1 = 1,2,...,1
n 0 i j j - 1.2,...,1
IL
M, =M = mx_ & 0 dy for { = 1,2,...,1
12 21 0 a 17 § = I+, 00,0
fL
M,, = 196 1y for { = I+1,.4.,J
22 0 ei j j - I"'l.ooo.-’

The stiffness matrix [K] is as previously defined.
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The right-hand side contains the aerodynamic contribution and is

expressed as follows:

fIL 3
-N.®, dy
0 di
{Ad} -4 E > fot‘ 1 = 1,2,‘.0..1
L j = I+l,ooo,J
f M. dy
o 437

Nd and My represent the sectional normal force and moment r;fer-
enced at the elastic axis and computed from the dynamic solutions. N

[M] and [K] are symmetric. In addition, these equatioﬁs may‘
be inertially uncoupled if the sectional center of gravity and éléstic
axis are coincident such that Xy = 0. However, the equations are..
still coupled through the aerodynamic loads. -

The equations are to be cast in a manner similar to that of th;\
two-degree~of-freedom formulation. Therefo-e, n = i i{s introduced
which allows the governing‘equations t) be iritten in state space

form.

(h) 0 -m1THKRI| (tn} CIRTN S
- + | (3.34)

d}, (1] o laly 0

The above expressions provide a set of first-order di ‘ferential
equations, the solution of which describes the motion of the elastic
wing. The integration scheme of these equations will be described

subsequent ially.



CHAPTER IV

AERODYNAMIC LOADS, THE UNSTEADY VORTEX-LATTICE METHOD

4,1 Overview

The equations of motion and the associited integration scheme are
formulated in .. manner which permit the aerodynamic loads to be deter-
mined concurrently with the motion. In this chapter, a technique is
described which models the aerodynamic loads using the unsteady vortex
lattice method (UVLM). This method has been completely described by
Konstadinopoulos (1981); hence, the technique as applied in this

research will be briefly reviewed.

The UVLM is a numerical model of the three-dimensional flowfield,
which can be used to treat arbitrary maneuvers of wings of arbitrary
planforms, including highly swept delta wings which exhibit leading
edge separation, multiple closely coupled lifting surfaces, and low-
aspect-ratio planforms. It can also treat arbitrary angles of attack
and camber as long as stall or vortex bursting in the near wake does
not occur. The method accounts for the nonlinear effects of the wakes
adjoining the tips and trailing edge.

The ability of the UVLM to predict accurate spanwise distribu-
tion of loads has been demonstrated. In addition to the work of
Konstadinopoulosus, it i{s also worth mentioning other applications of
the UVLM., The method was used to model aerodynamics of close-coupled
lifeting surfaces (Elzebda (1986)). Mook and Nayfeh (1985) demon~
strated the method for high-angle-of-attack aerodynamics. Kobayakawa

and Onuma (1985) applied the vortex-lattice method to model propeller

36
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aerodynamics. Thomas and Nerney (1976) implemented the vortex-lattice
method (coupled with slender body theory) to predict the aerodynamics
of wing-body combinations. Xandil, Mook, and Nayfeh (1976) applied
the UVLM to aircraft interference problems.

The approach assumes that the flow is incompressible and inviscid
and does not separate on the wing, but that separation occurs along
the sharp edges where the Kutta Condition is imposed in a steady flow.
At each time step this vorticity, thqh forms the wake, is convected
at the local particle velocity; th&s, the position of and the distri-
bution of vorficity in_the wake are part of the sdiution..ﬁThe wake
contains the history of the flow. Consequextly,a;he velocity induced
by 1£ at the present time reflects the prev ous.motioﬁ.w

In the aerodynamic model tﬁe vorti;ic; in :he;floé is restricted
to a thin region around the lifting surfaéé and its wake. The flow
outside this regiogtis considered irrotational. - The wing and wake are
modeled as a sheet of vorticity. The wing pOtciqp, commonly referred
to as the bound-vortex sheet, is specified, and #s a result, a finite
pressure jump exists across it. The wake portion, commonly referred
to as the free-vortex sheet, is not specified but rather is force-free

and is formed as part of the solution in such a way that no pressure

jump exists across the wake.

4.2 A Description of the Method

4.2.1 The wing representation
The vortex-lattice representation of a typical wing is i{llus-

trated in Figure 4.1. The wing is modeled by a lattice of discrete
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Figure 4.1. The Unsteady Vortex-Lattice Method.
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vortex filaments. Each element of area on the wing is surrounded by a
closed loop of constant-circulation vortex segments. These segments
join at the nodes, where the loops make sharp (typically 90°) turns.

A node is the intersection of the segments and is represented by a
heavy dot in the figure. Control points are located at the center of
each element; two typical control points are shown in the figure
(denoted by small crosses).

The individual discrete vortex segments connecting the nodes are
fypically members of two different loops (the exceptions are the seg-
ments along the edges). Consequently, the circulation around an
individual segment is the algebraic sum of the circulations around the
two loops to which it belongs. 1In Figure 4.1 the T's. represent
cifculations around the individual segments, and the G's represent
circulations around the closed loops of segments. For example,

referring to the figure, T; 1is Gg = Gy

4,2.2 Xinematic considerations

Two coordinate systems are defined: the fixed inertial frame and
a moving frame i'ixed to the wing and aligned with the wing root and
elastic axis. This would be a deforming coordinate system for the
elastic-wing model. The problem is posed in terms of the moving ref-
erence frame. As described in the chapters addrz2ssing the equations
of motion, the dynamic model will be posed in terms of a translating,
but nonrotating, coordinate system.

The position of a point may be described as
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The velocity of this point is given by

> L 4 L 4
+v+uxr (4.2)

Ted
e ¥

where v 1is the velocity vector relative to the moving frame and ®
is the angular velocity of the moving frame. Tha components of the
velocity vectors are expressed in terms of the moving framef The
components of the angular velocity in the moving frame may be ex-
pressed in terms of the derivatives of the Euler angles. A complete
description of the coordinate transformations and Euler an les for
general motion is presented in Konstadinopoulos's work. The trans~-
formations required for this research involve only the pitch angle.
These transformations are described in the chapter which presents the

development of the governing equation of motions.

4.2.3 The Biot—-Savart Law

The equation that serves as the fcundation of the UVLM is the
Biot-Savart Law (see Karamcheti (1980)) which gives the velocity

induced at point P (see Fig. 4.1) by an individual vortex segment.

L
nx?l
(4.3)

> T
v vy (cos Gl cos 02)'T§—:—;—I
r
1
The graphical representation of this equation is illustrated in Fig-
ure 4.1. T represents the circulation associated with a vortex
>
filament described by 2 and h is the perpendicular distance fron

the filament to the point P,
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Equation (4.3) is used to establish the aerodynamic iafluence
matrix and the local velocity at a point as affected by all bound and
free vortex filaments. The velocity field generated identically
satisfies the continuity equation by this equation. The continuity

equation for an incompressible fluid is
Veva=o0 (4.4)

4.2.4 The boundary conditions

The flow must satisfy the following houndary conditions. The
disturbance velocity must approach zero far away from the lifting sur-
face and wake (satisfied identically through the Biot—Savart Law), and
the relative velocity normal to the lifting surface must vanish on the

lifting surface,

>

v - Vls) e n =0 on the wing (4.5)

where Vls is the velocity of the lifting surface and n 1is the
normal to the lifting surface. In addition, for an inviscid fluid the
Kelvin-Helmholtz theorem, which requires that all vorticity be trans-
ported with the fluid particles when the pressure is continuous, {is
used to obtain the position of the force—-free wake. This theorem may
be stated as

DI
B ™ 0 , (4.6)

where T 1is the circulation around any arbitrary closed loop.
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The vortex sheet representing the wing (s approximated by a lat-
tice. Thus, the no-penetration condition, Equation (4.5), is enforced
at only a finite number of points, the control points of the bound
lattice. These control points are located at the centroids of the
elements, and the normal vectors are obtained by forming the cross
product of the diagonals in each element.

This lattice serves as a computationally expedient imitation of
the boundary layers on the lifting surface and the free-shear layers
in the wake. The velocity field induced by the vorticity is computed
according to the Biot-Savart law; consequently, the velocity field
satisfies the continuity equation and decays far from the wing and {ts

wake.

4,2.5 The calculation of the circulation

The circulations of the loops, the Gi in Figure 4.1, are ob~
tained from the no—-penetration condition
N > -+ EY
)) A, Go= (V. =V) en for t =1,2,...,N (4.7)
& 137

1
j 1s wi

where N 1is the total number of the elements representing the wing,
and the Aij represent the normal component of thé velocity at the
control poiant of the LEE-(receiving) element generated by a closed
loop of unit circulation around the jgh (sending) element. At the
th control point (Vls = V,)4 1s the velocity of the lifting surface

minus the velocity induced by the wake elements.
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For a rigid wing, the problem is posed in a moving coordinate
system attached to a reference configuration of the wing and the Aij
are constant. For an elastic wing the Aij must be computed at each

time step.

4,2.6 The unsteady Kutta condition

The Kutta condition requires ACp to be zero along the wing tips
and trailing edge. It is satisfied at each time step by c nvecting
the vorticity along the sharp edges of the wing into the wake at the

local particle velocity. Each node is displaced according to

AT = v At (4.8)

where Ar {is the displacement of the node, v {s the local velocity
relative to the moving coordinate system, and At {s the time step.

The local particle velocity is computed from
VevV- GA -5 x£ (4.9)

where 3 is the absolute velocity calculated from the Bio:-Savart
Law. To maintain the wake in a force-free position, each node in the

wake is also displaced according to Equations (4.8) and (4.9).

4,3 The Impulsive Start of the UVLM

Initially, the wing is represented by a lattice. There is no
wake. Before motion begins all circul itions are zero. The instant
motion begins the circulations in the hound vortex lattice change. A

discrete vortex line forms along the wing tips and trailing edge. The
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existence of this starting vortex is dictated by the requirement of
spatial conservation of circulation. This is the vorticity that is
convected into the wake from the sharp edges of the wing at the parti-
cle velocity.

The entire aeroelastic model has been nondimensionalized by de-
fining a characteristic length, £&,, and characteristic velocity, U,
From these definitions the nondimensional time step, At, is defined
as lc/Uu. As much as possible, it is desirable to have uniform ele-
ments in the lattices. To achieve this end, we choose the character-
istic length to be the chord of the rectangular elements. At each
time step the free—vortex system is convected at the local particle
velocity, Equation (4.8). As a result the streamwise lengths of the
wake elements are approximately the same as the hound elements. One

might also note that an increase in the number of chordwise elements

is accompanied by a corresponding decrease in the actual time step.

4.4 Graphical Representations of the Flowfield

In Figure 4.2 a flowfield predicted by the general UVLM is illus-
trated. The wing-tip vortex system is clearly evident. It strongly
influences the velocity at the control points along the wing tips. 1In
Figure 4.3 the flowfield is shown in different views. In Figure 4.4
the strength of the vorticity fields of both the bound and free vortex

sheets 1is shown.

4.5 The Aerodynamic Loading

The aerodynamic loading is determined by calculating the pressure

jump across each individual element in the bound (wing) lattice. The
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pressure is calculated from Bernoulli's equation for unsteady flows.
The pressure difference between the upper and lower surface of element

i 1is given by

3G1 > hd .: + +
o = -25—=-2[aV. (V-R=-wxr)] (4.10)

Py

where A§ is the discontinuity in the tangential component caused by
the local vorticity. The average circulation around the discrete
vortex segments on parallel edges of an element is considered to be
the circulation around a sheet of vorticity parallel to and between
the same edges. The vorticity is concentrated into cores to facili-
tate computation of the velocity field. The average circulation is
related to the jump in the tangential component of velocity perpen-
dicular to these edges, across the thickness of the lifting surface.
The reader is again referred to Konstadinopoulos (1981).

The pressure distribution is multiplied by the arealof:the
element to provide the elemental force perpendicular to the surface.

These forces are integrated along the chord and span to provide the

aerodynamic forces and moments.



CHAPTER V

THE NUMERICAL SOLUTION SCHEME

S.1 Overview

The equations governing the motion of the structure have been de-

.veloped. In addition,»the model that determines the motion-dependent

aerodynamic loads has been described. The interaction between these
aerodynamic loads and wing motion presents an interesting challenge
since the loads are necessary to predict the motion, yet the motion is
necessary to predict the loads. Therefore, an interacting numerical
integration scheme has been developed, which determines the motion,
loads, and wing/wake geometry simultaneously. The method is based on
Hamming's Predictor-Corrector Method as described in Carnahan (1969).
This integration technique coupled with the nondimensionalized
form of all governing equations results in a reliable arrangement of

the problem. The characteristic length, ¢ , is the chordwise length

c?
of a lattice element. One time step is represented by the time neces-
sary for a fluid particle to convect approximately one 2.. The

predictor-corrector method does not subdivide a time step of integra-
tion as do other techniques such as Runge-Kutta. Hence, the chordwise

size of the convected elements remains nearly uniform for all

calculations of the loads.

5.2 The First-Order Differential Equations

The development of the two—degree-of-freedom model for the rigid

wing and the multiple degree~of-freedom model for the elastic wing

49
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both result in a set of first-order differential equations as devel-
oped In previous sections. The set of first-order equations which
describe the two-degree-of-freedom motion (see Eqs. (2.15) and (2.16))

can be written as

. 1
ns= [(KR a + CE = nCC )r cos(a + ¢)

K - t2 cosz(a + ¢) e ¢ n

+ K{Ezr sin(a + ¢) - KyY - Cyn - CC_ cos(a + ¢)}] (5.1)
. 1
£ = ftc.n + K Y)r cos(a + ¢)

K - £ cosz(a + ¢) y y

2.2
- r"g° sin(a + ¢) cos(a + ¢) - (Cag + Kaa)
t+chce +r cos?(a + ¢)Cn)} (5.2)
where

Y = n (5.3)
a=g (5.4)

The equations of motion for the elastic wing are repeated for

convenience.

() o -p7twi| (tn) M7y ‘
= + (3.:34)

@) lm o 4k 0
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In general, we have a system of first-order differential equa-

tions of the form

dy

1
Tt"_‘ fl(t’ Yl, Yz, ceey Yn)

dY2
T B0 Y Yo nees X))

l’
(5.5)

dYn
T " Y Y e YY)

where n 1is 4 for the two-degree-of-freedom problem and n 1is twice

the number of modes for the elastic wing problem.

5.3 The Basic Predictor-Corrector Method

In both sets of equations the right-hand side represents the dr-
rivatives of the dependent variables. The general predictor-corrector
scheme requires the values of the dependent variables at the current
and three previous time steps. In addition, the derivatives at the
current and two previous time steps are required. With this informa-
tion the computation of the state variables for the next time step can
be calculated. The approach to obtaining the information necessary to
start the procedure will be described later in this chapter. The
integration of one time step will be described when all the necessary

information is known.



52

The state variables at the end of the current time step are pre-
dicted by the following equation?

4
+ 3 Ac(2f - f + ij,i-Z) (5.6)

Yi,1+1,0 = Y3,1-3 i,i j,i-1

§ =1,2,.00,n

where the subscript 1 is the index for the time step and the sub-
script 0 signifies the initial prediction of the state variables.
The time interval, At, is unity in our formulation due to the non-
dimensionalization. The local truncation error, ej,i’ is estimated
at the end of each time step and this truncation error is used to
aodify the predicted values to y*.

112 ’
* = — .
¥§,141,0 " Y4,141,0 ¥ 5 ©y,4 (5.7

Then y* 1is used to obtain the derivatives (f*)., Next, the

"corrector” equation is used to obtain the updated state variables.

y -5 l9, , -y |
j,i+1,M 8 i, 1 j,i-2

+ 3At(f* 2f )] (5.8)

RN S IS IR W TS|

The corrector equation is used iteratively (M is the index for
this iteration) until convergence on the state variables is achieved.
%
The derivatives, fj,i+l,M—1’ are computed from yj,i+l,M—l' Hence,
the corrector equation uses the current information. 1In addition, it
is important to note that the aerodynamic model is used each time the

state variables are predicted or corrected.
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The wake s convected from the position generated at the end of

the last time step into the new position. This wake, new state vari-

ables, and wing geometry are used to compute the loads. Therefore,

the aerodynamic loads are current.
Once convergence of the state variables and loads has been

achieved the local truncation error is estimated.

9
ey 141 " T30 Uy, 01, ~ Vq, 141,410

A final modification is made to the state variables.
Yy,i41 T Yy, 141, 7 &5, 141

5.4 Starting the Predictor—Corrector Method

(5.3)

(5.10)

The predictor-corrector procedure requires the derivatives of the

dependent variables from the current and three previous time steps.

It also requires the derivatives of these variables for the current

and two previous steps. Carnahan suggests a Runge-Kutta scheme to

determine these values as a starter for the predictor-corrector

technique. We elect to use a Taylor series expansion to establish the

starting values because this approach only requires the aerodynamic

loads at integral time steps.
For the nEh.equation

ay

a—t—"-- £ (6, Y, Yy, vuey Y)

(5.11)
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where the right-hand side of Equation (5.11) is the right~hand side of
Equations (5.1) through (5.4), or (3.34). Then, Equation (5.11) {s

expressed in difference forms between the lst and 2nd time step.

Y -Y
M

‘—_—KE———— = fnl(t, Yl, Y2’ LN Y Yn) (5012)
or

Yn = fn (t, Yl, Yz. cany Yn) * At + Yn {(5.13)

2 1 1
Now recall,
At.z
Y(r + At) = Y(r) + At Y'(t) + 5 Y"(t) + h.o.t. (5.14)

where the prime indicates differentiation and h.o.t. .represents the

higher-order terms. Therefore,

a2 '
Y = Y + At Y; +‘—7_ Y" + hoOoto (5.15)
b T 2 M

or, considering Equation (5.11), Equation (5.15) becomes

£! Ac2
n

Y =Y + At f + 3' + h.o.t. (5.16)
n3 nz n2 :

Approximating from Y“l for 2At and considering relation (5.14)

2
(2at) Yn

1
- ' ———————————
Yn (t + 2At) Yn + 2At Yn + 37 + h.o.t, (5.17)

3 1 1
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or

. 2
= + + 1 ]
Y Yn 2At fn 24t fn + h.o.t. (5.18)

4 1 1 1

If we multiply Equation (5.16) by 4 and subtract Equation (5.18) we

obtéin

3Y =4Y -Y 4+ 4f At - 2f At + h.o.t. (5.19)
n n 1 n2 t‘ll

Next we make the approximation f; x f; ; then Equation (5.19) can be

2 1
rewritten as
Yn
n3 n, n, n,

In a similar fashion an expression for Yn is developed
4

3"n 3

n
Y =iY """—2"‘" ‘é'f -2' f At + h.o0.t. (5.21)
3 3 n,

Hence, the starting values for the general predictor-corrector
procedure are available.

The integration of the equations of motion by the predictor-
corrector method is the same for both the rigid wing on the elastic
foundation and the elastic wing on the rigid support. However, the
complete integration process includes the interaction with the aerd-
dynamic model; hence, differences may exist in the complete integra-
tion process. The convection of vorticity from the wing is performed

in the wing-fixed (not inertial) reference frame. Therefore, the
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basic difference in the integration process i{s whether or not the ref-
erence system is moving and the associated effect on the convection of
the flowfield at the local veloecity. Interestingly, the two-degree-
of-freedom rigid wing presents a more complicated integration process
than the multiple-degree-of-freedom elastic wing since the elastic
wing is assumed to be cantilevered from a fixed support and the rigid

wing is attached to a rotating support. The complete integration

procedures will be described.

5.5 Integration Method for the Rigid-Wing System

5.5.1 First-order convection theory

The integratioﬁ technique for the equations developed for the
rigid wing is illustrated by the flowchart in Figure 5.1. First, new
state variables are predicted. These variables represent both static
and dynamic contributions. Next, the wake is convected to the new
force-free position from the position generated at the end of the last
time step and the aerodynamic loads are computed. Then, the state
variables are corrected. It is important to note that the aerodynamic
model is used each time the state variables are predicted or cor-
rected. Convergence of both the state variables and the aerodynamic
loads is required. If convergence is not achieved the flowfield is
convected from that generated (and converged) at the previous time
step, nevw aerodynamic loads are determined, and the state variables
are again corrected. Convergence is checked. 1f convergence is
achieved then the conditions for the beginning of the next time step

are known.
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9¢9.2 Second-order convection theory

A higher-order convection strategy was examined (see Fig. 5.2).
In this approach, a two stage corrector process was developed. In
stage one, the motion was corrected and the aerodynamic loads deter-
mined for a wake in a fixed position. That is, the position of the
wake was not recomputed each time the state variables were determined.
Stage one was repeated to convergence of both the loads and motion.
In stage two, the wake was convected hy an iterative process to a con-
verged position with fixed state variables. Then, the field points
for the wake were convected at a velocity based upon the average of
the corrected variables and the variables from the previous time step.
The new position of the wake is checked for convergence with the pre-
vious position. A new two-stage cycle begins: this new wake was used
for stage one (motion and loads determined) and the converged new
motion and loads were then used again for stage two (wake position).
Motion, loads, and the wake were required to converge before the
integration process continued to the next integration time step. Tﬁe
computational time was increased five-fold; however, the predicted

results showed no discernible differences over the lower—order con-

vergence scheme.

5.6 Solution of the Equations for the Elastic Wing

5.6.1 Static solution

The solution of the equations for the elastic wing is handled in
a somewhat different manner. The static solution of the elastic wing

is required prior to the start of the dynamic solution. The analysis
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Figure 5.2. Flowchart of the Integration Scheme Using Second-
Order Convection Theory, Rigid-Wing Formulation.
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-

of the static problem begins with the specification of a nominal angle
of attack. The corresponding distributed steady aerodynamic loads are
computed. This load and the weight are then used to calculate the
bending and torsional deflections. At this point the wing has a new
shape, but the loads still correspond to the old shape. New loads,
corresponding to the new shape, are obtained next; then the corre-
sponding new shape is obtained. The procedure is repeated until
either both the shape and loads converge or aeroelastic divergence
(where the aerodynamic forces exceed the elastic restoring forces)
occurs. The procedure is illustrated in Figure 5.3. The elements
with dots at their centroids are part of the bound lattice (wing); the

others are part of the free lattice (wake).

5.6.2 Dynamic solution

The integration technique which provides the dynamic solution is
1llustrated in Figure 5.4, Similarities do exist with the rigid wing
formulation. The wake is convected to the new force-free position
from the position generated at the end of the last time step. Unlike
the rigid-wing formulation, this convection is only performed once.
The new state variables are predicted for the first integration pass
and are corrected for all subsequent passes. These state variables
only represent the dynamic contribution. They are added to the static
contribution and are used through the modal expansions to generate the
new wing shape. The wake, new state variables, and wing geometry are
used to compute the loads. Therefore, the aserodynamic loads are

current. It is important to note that the aerodynamic model is used
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each time the state variables are predicted or corrected. The state
vartiables are corrected, new wing geometry is computed, the aero-
dynamic loads are updated, and convergence of both the state variables
and aerodynamic loads are checked. If convergence is not achieved the
scheme returns to the corrector stage. Convergence is required of

motion and loads at the end of each time step prior to advancing.



CHAPTER VI

APPLICATION OF THE MODEL TO SPECIFIC EXAMPLES

6.1 Introduction

In this chapter, the aeroelastic model is used with several exam—
ples to demonstrate the technique. These examples include cases for
the rigid wing on an elastic support and the elastic wing on a fixed
support. These examples illustrate the ability of the technique to
predict the aerocelastic behavior and the unsteady aerodynamic loads of

a wing.

6.2 An Example of Aeroelastic Behavior for the Rigid Wing

First, we consider an example that {s similar to one discussed
by Fung. A large—aspect-ratio wing that can only plunge and pitch
about the elastic axis i{s placed in a uniform steady flow. A cross-
sectional view of this wing is shown in Figure 2.1,

Fung's model for the aerodynamic loads is limited to two-
dimensional flow. Our model includes the effect of the wing tips and
the wake; hence, these predicted results account for three-dimensional
and unsteady characteristics. The essential physical properties for
this example are given in Table 6.1 (these are values used by Fung).

No structural damping is present in this example; therefore,
damping of the motion results strictly from aerodynamic effects.
Later, we will demonstrate the additional effect that structural
damping contributes to the wing response. In addition, the elastic
axis and the mass axis are coincident; hence, the pitch and plunge

degrees of freedom are not coupled inertially. The coupling which

64
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Table 6.1, Properties of the Rigid Wing Example

Wing area
Wing chord
Elastic axis/mass axis offset

Elastic axis location (% of chord)

Mass of wing

Mass moment of inertia

Support translational spring stiffness
Support to~sional spring stiffness
Translational natural frequency
Torsional natural frequency

Density of air

60 ft2
60 ft
0

s0%

269 1b sec2

ft
150630 1b sec? ft
208.5 1b/ft
363020 ft 1b/rad
.880 rad/sec
1.552 rad/sec

.002378 1b sec2/ft?
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occurs between the degrees of freedom is a result of aerodynamic
effects.

Two different freestream speeds are considered for the example
and the density of air at sea level is used. These conditions are
chosen to bound the criticzl dynamic pressure which we define as the
dynamic pressure at which the motion neither grows nor decays. This
critical dynamic pressure results i{in wing flutter.

Typically, for the two-degree-of-freedom wodel, a simulation is
performed by establishing the flowfield for a wing which is fixed at a
static angle of attack. Next, the wing is released from this fixed
position and given an initial disturbance. The response of the wing
is examined; a decay of motion in both degrees of freedom indicates

stability and a growth in motion indicates instability.

6.2.1 Subcritical response without structural damping

In Figure 6.1 we show the response of the wing to a small initial

disturbance which has the following form:

Y(0) = 0 Y(0) = 0.01
and (601)

a(0) = 0 a(0) = 0,02

The freestream speed for this case i{s small and results in a dy-
namic pressure which is less than the critical dynamic pressure. The
displacements and velocities associated with both degrees of freedonm

clearly decay with time. The pitch and plunge displacements reflect
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the static and dynamic contribution; hence, in time the motion will
decay and will eventually converge to the static (which includes the
effects of both aerodynamic and mass induced loading) condition.

In addition, as one would expect, the frequency of oscillation
for each degree of freedom closely matches the uncoupled frequencies
of oscillation associated with the respective elastic springs. The
aerodynamic normal-force and pitching-moment coefficients are also
shown. This aerodynamic loading decays to the steady aerodynamic
loads.

As a matter of interest, in nondimensional form the frequencies
are dependent upon the freestream speed; therefore, a change in the
freestream speed will change the nondimensional frequency of oscil-
lation. However, for subcritical conditions the frequency in physical
time would remain nearly constant. Also, referring to the nondimen-
sional form of the governing equations of motion (see Chapter 1I,
Eqs. (2.15) and (2.16)) one finds that the stiffness of the support
spring is reduced as the freestream speed i{s increased - in fact, the
square of the speed appears in the denominator. The nondimensional
structural damping, if present, is inversely proportional to the

freestream speed.

6.2.2 Supercritical response to a small initial disturbance

Next, we show the response of the wing to a dynamic pressure that
is larger than the critical dynamic pressure. The initial conditions

are the same (see Eqs. (6.1)) as those used in the previous case. The
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time histories of both degrees of freedom and their time derivatives
are shown in Figure 6.2,

The initial disturbance grows and, as we will show, can be ex-
pected to reach a limit cycle eventually. A gradual transition occurs
very early in the motion and is noticed in the response assoclated
with the plunge degree of freedom. The motion for the two degrees of
freedom changes from the natural frequencies in these modes to a com~
mon frequency, which is nearly the frequency of flutter in the 1limit
cycle. This common frequency lies between the two natural frequencieg
and is closer to the natural frequency in pitch than to the one in
plunge - a characteristic of the flutter phenomenon which has been
well documented. The time histories of the aerodynamic normal load
and pitching moment coefficients are also shown. It must be empha-
sized that the aerodynamic loads and wing motion are dependent upon
each other and a form of the solution for the loads or motion is not
assumed. At each time step, the integration process iterates to a
converged solution, predicting both the flowfield and the motion of

the wing simultaneously.

6.2.3 Supercritical response to a large initial disturbance

In Figure 6.3, we show the response of the wing to a large

inftial disturbance which has the following form:

Y(0) = 0 Y(0) = 1.0
and (6.2)

a(0) = 0 a(0) = 0
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The dynamic pressure 13 the same as the previous case. However,
in this case we Introduce a larger initial disturbance to only the
plunge degree of freedom.

The equations of motion are uncoupled in the absence of aero-
dynamic loads since r = 0. Yet, we find that the pitch is strongly
excited almost immediately, which i{s clearly the result of coupling
introduced by the aerodynamic loads. The plunging motion rapidly
decays. In this case, the transition of the motion to a common fre-
quency is clearly evident. The delay in this transition (when com—-
pared to the case with the small initial disturbance) is created by
the large initial condition.

After the initial rapid decay, the plunging motion appears to
approach a limit cycle, not to decay to zero. The pitching motion
continues to grow in time. Presumably, independent of the different
initial disturbances introduced in these cases, the pitching and
plunging motion of these two cases will eventually match. 1In Fig-
ure 6.4, we show the phase planes for the two cases shown in Fig-
ures 6.2 and 6.3, If we examine the phase planes assoclated with the
plunge motion, we observe that in the upper half of Figure 6.4 the
small motion appears to be growing around an unstable focus towards a
limit cycle, while in the lower half of the figure the large motion

appears to be decaying toward the same limit cycle.

6.2.4 Subcritical response with structural damping

No structural damping in the support is included in these pre-

vious results, though aerodynamic damping is modelled by the UVLM,
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In fact, in some frequency domain solutions, the damping coefficient
is used as an index to determine the onset of flutter. The present
method can also account for damping in the support. In addition, the
present equations of motion can be readily extended to include non-
linear stiffness and damping for both degrees of freedom thereby
providing a means to study nonlinear structural behavior.

In Figure 6.5, we show the response to the same initial condi-
tions and same dynamic pressure as used in the case reflected in
Figure 6.2, However, we now introduce structural damping into the

problem, for the case illustrated C, = C, = 0.0l. Now instead of

y
growing, the initial disturbances decay and the wing does not flutter.
As one might expect, the flutter boundary is quite sensitive to struc-

tural damping.

6.2.5 Comparison with theoretical results

The unstable results discussed above were obtained by using a
wind speed of 125 feet per second, and the stable results were ob-
tained using a wind speed of 40 feet per second. The density of air
at sea level was used and assumed constant., The critical speed lies
between these two. Suggested methods for extracting the exact
critical velocity will be discussed later. Fung found the critical
velocity to be 162 feet per second which is higher thin our predicted
value. The differences in the two approaches are (1) Fung considered
an infinite aspect ratio, and we consider an aspect ratio of ten which
introduces finite wing effects; (2) Fung considered a zero static

angle of attack, and we consider three degrees which introduce
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nonlinearities; and (3) Fung's aerodynamic analysis is hased upon
two-dimensional, linear theory, and our method is based on the

unsteady vortex-lattice concept.

6.3 An Example of Aeroelastic Behavior for the Elastic Wing

We now turn our attention to results predicted for example cases
of our elastic-wing model., These results describe the responses to
initial disturbances for dynamic pressures below and above the flutter
boundary.

The physical properties of this elastic wing are given in
Table 6.2. Although the structural model allows for the spanwilé
variation of all properties, we choose to demonstrate the procedure
using a wing with constant sectional properties. The elastic axis
i{s located at the sectional midchord, and the sectional center of
mass is located aft of the elastic axis. The angle of attack is
15 degrees, this angle is defined as the angle of attack prior to the
i{ntroduction of loading due to mass, steady aerodynamic loads, and
unsteady aerodynaamic loads.

The natural modes for the structure are required for the expan-
sion of the dependent variables, w and a. This expansion is given
in Chapter III. The Hunter method, described by Gray (1987), is used
to determine the natural modes for the elastic wing. This method
solves the two-point boundary value problem by a transfer matrix
approach to the finite difference equations. Of course, the modes may

be derived by any available computational or analytical method.
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Table 6.2. Properties of the Elastic Wing Example

Wing aspect ratio

Wing chord

Bending stiffness

Torsional stiffness

Elastic axis/mass axis offset
Distributed mass

Distributed moment of inertia

10.

1.0 f¢

1.2 x 10° 1b-ft2
7.0 x 10% 1b-fr?
. £t

.537 1b-sec/ft?

.125 1b-sec?
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In this example we use the first and second bhending modes and the
first torsion mode to represent the deformations of the elastic axis
of the wing. The normalized amplitudes of the mode shapes are tabu-
lated in Table 6.3. The natural frequencies, scaled to the funda-
mental frequency in bending, are 1, 5.91, and 4.55.

As discussed in Chapter V, the solution to the equations for the
elastic wing consist of both the static and dynamic solutions. Ini-
tially, an undeformed wing is placed in a steady flow. The deforma-
tions due to the static loads and weight are computed. If conditions
are such that the wing will aeroelastically diverge, this will be |
determined during the computation of the static deformations, The

dynamic response will be computed about the statically deformed shape.

6.3.1 Subcritical response of the elastic wing

In Figure 6.6, we show the response of the elastic wing when the
dynamic pressure is below the critical dynamic pressure. The initial
disturbance has the following form:

ql = 205 qz = 025 q3 = 005

. . . (6.3)
ql = 0,0 q2 = 0,0 . q3 = 0,0

The generalized coordinates q; and q, are associated with the
first two bending modes, q3 1s associated with the first torsion
mode. These generalized coordinates are the time dependent coeffi-
cients in the expansions for the dependent variables. These coeffi-~

cients give the dynamic contribution only.
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Table 6.3. Natural Modes Used to Represent the Elastic Wing
?;‘5::;) Firet Hode Second Hode Firot Hade
(op, = .044%) (wp, = +260%) (ug, = .198%)

0. (root) 0. 0. 0.

.1 0174 -.0978 «1563

o2 «0650 -.3001 «3088

.3 .1380 -.5169 .4538

oh «2316 -.6687 «5875

o5 «3413 -.6975 .7068

o6 «4630 -+5753 .8088

o7 «5926 | -.3064 .8908

8 7269 «0776 «9509

9 .863? .5287 «9876
1.0 (eip) 1.0 1.0 1.0

*Frequencies

in radians/nondimensional time.
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The motion decays for all three generalized coordinates Eo the
statically deformed shape. In addition, the frequency of oscillation
associated with the history of the generalized coordinates occurs at

the natural, uncoupled frequency associated with each respective mode.

6.3.2 Critical response of the elastic wing

We now increase the dynamic pressure to that which creates the
aeroelastic instability. This dynamic pressure was estimated by a
method which will be discussed later. The initial disturbance has the

following form:

q - 25 9, = 0.0 9 = 0.0
. . . (6.4)
q = 0.0 q, = 0.0 : q; = 0.0

These initial conditions are smaller than those used for the
subcritical case. The motion predicted by the simulations for the
critical case, which use the initial disturbance expressed in Equa-
tion (6.3), grew excessively fast due to the large initial deforma-
tions. Hence, smaller disturbances are used and reflect the same
instability but at a lower initial rate of growth.

In Figure 6.7 the response of the wing is represented by the time
histories of the generalized coordinates. These coordinates are de-
fined as in the previous case. The motion associated with the first
bending mode (q;) decays initially; however, after this initial period
the motion appears to neither grow nor decay. Several harmonics (from
the different modes) are embedded in this motion. The motion asso-
ciated with the first torsion mode grows in time. The frequency of

oscillation for this mode is near the fundamental torsional frequency.
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Figure 6.7. Response of the Elastic Wing at a Critical
Dynamic Pressure.
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The history of q, reflects the coupling necessary for flutter.
Initially, the motion decays at the frequency associated with the
second bending mode. Then, a shift in frequency and other harmonics
appear. Around time step 600 one sees that the response (for all
three coefficients) grows in amplitude. Finally, the frequency of the
second mode coefficient coalesces with the torsional frequency. A
flutter mode is created. The motion oscillates about a non-zero mean
close to (but not coincident with) the static deflection. This drift
is a nonlinear phenomenon (see Chapter 4 of the text by Nayfeh and

Mook (1985)).

6.3.3 Supercritical response of the elastic wing

In the preceding case we considered a dynamic pressure very
slightly above the critical dynamic pressure. We now increase the
dynamic pressure to a larger value. The initial conditions are the
same as those described by Equation (6.4).

The response of the wing to these conditions is shown in
Figure 6.8. An interesting feature is contained in the predicted
response of the torsion coefficient, q3+ The torsional contribution
continues to grow. In fact, the oscillation grows to angles that
would certainly cause the flow to separate from the surface, violating
the assumptions used in the UVLM, However, more important is the fact
that the motion is continually growing. Most likely, this motion
would be catastrophic to the structure. |

As a footnote, if we were to continue to increase the dynamic

pressure it is possible that we could return to an aeroelastically
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stable regime. This characteristic is {l1lustrated in Figure 1.3, As
the freestream speed is increased, one or more modes may cross into

the unstable regime. These modes may return to the stable regime (as
does the mode 3 root) and the structure is again stable. For obvious
reasons, the lowest critical condition is of tnterest in aircraft or

wind-tunnel model design.

6.3.4 Comparison with empirical results

Harris et al. (1963) described a method to approximate the flut-
ter speed based upon empirical data. The method uses a baseline
flutter speed index adjusted according to particular characteristics
(e.g. aspect ratio, mass ratio, sweep angle, mass distribution, etc.)
of the configuration under study. These adjustments are based upon
parametric analyses of experimental and analytical qcudies.

For the elastic wing, the results reflect a constant freestream
velocity which keeps the reduced (nondimensional) frequency nearly
constant for all cases. The density of the fluid is modified which,
in turn, modifies the dynamic pressure.

Using the approach described by Harris, the density required for
the system to become unstable is approximately 0.026 slugs per cubic
foot. In our calculations, a density of 0.0066 slugs per cubic foot
was used for the stable (subcritical) case, a density of 0.035 slugs
per cubic foot for the unstable (supercritical) case, and a density
of 0.030 slugs per cubic foot for the marginally unstable (critical)
case. There is very close agreement between the empirical and

numerically simulated condition for marginal stability.
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6.3.5 Unsteady aerodynamic loads

The aerodynamic loads and the motion of the wing are computed
simultaneously and interactively. The primary objective of the
numerical simulation is to determine the response of the wing and, in
particular, determine whether or not the wing is aeroelastically
stable. However, as a consequence, the unsteady aerodynamic loads are
computed and the history of the pressure distribution on the wing
could be used to describe the physics of aeroelastic response. Fur-
ther, the technique could be modified by removing the structural model
and restricting the wing motion to specified manuevers.

In Figure 6.9 we show the pressure distribution of the wing at
three different times during the wing motion. The spanwise pressure
distributions are shown for several chordwise stations. The values
of the pressure differences are for the control points of the wing;
the control points along the wing tips, leading edge, and trailing
edge are not located directly on the edges of the wing.

In the upper portion the pressure distribution is shown for the
wing due to static aerodynamic loads and the resulting static deforma-
tions. The pressure does decay toward the wing tips; however, a
slight rise in pressure is indicated near these edges as a result of
wing-tip vortices. The effect of the second bending mode is clearly
evident. The pressure distribution along the chord (for a constant
spanwise station) reflects that distribution one would expect from
classical theory; the peak pressures are at the leading edge and these
pressures decay to a near—-zero value at the trailing edge as dictated

by the Kutta condition. The pressure distribution is also shown at
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two times during the motion of the wing. Again, the effect of the
second bending mode Is clearly evident. The effect of the strong
wing-tip vortex systems created by the rapid motion is particularly
evident in the bottom part of the figure.

In Figure 6.10 the (nondimensional) time history of the pressure
distribution for individual elements is traced. We show the pressure
difference across four elements: the wing-tip leading—-edge, the wing-
tip trailing-edge, the wing-root leading-edge, and the wing-root
trailing~edge elements. The wing-tip elements experience large-
amplitude motions; hence, large fluctuations occur. In contrast, the
wing-root elements do not experience large motion because of the
fixed-wing boundary condition; hence, smaller fluctuations occur. The
pressure differences for the two trailing-edge elements are near zero
which substantiates the presence of the Kutta condition in our
aerodynamic model.

In Figure 6.11 the (nondimensional) time histories of the aero-
dynamic normal-force and pitching-moment coefficients are shown for
the wing-root, mid-span, and wing-tip locations. These coefficients
are computed from the pressure distributions associated with the
column of lattice elements located at these spanwise stations. As one
would expect, the coefficients oscillate at frequencies associated

with the natural modes. The peaks do not occur at the same time at

all stations.,
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6.4 The ldentiffcation of Flutter

We have shown the response of the rigid wing and the elastic
wing to conditions which result in both aeroelastic stability and
instability. However, the technique which determines the precise dy-
namic pressure necessary for the instability has not been discussed.
Although not within the scope of this research, ultimately we are in-
terested in determining the lowest possible dynamic pressure at which
initial disturbances will not decay. Once this exact condition can be
ascertained then the effects of angle of attack, aspect ratio, or
other nonlinearities may be examined.

Currently, we increase the freestream conditions (dynamic pres-
sure) from a known stable position, simulate the response of the wirg
to an initial disturbance, and examine the response of the wing. At
some point it is clear that the motion is growing and that a flutter
mode exists. However, we have only bounded the critical dynamic pres-
sure. It is difficult to determine the precise dynamic pressure at
which the wing becomes unstable. In some cases, the motion associated
with a degree (or degrees) of freedom appears to grow while the motion
for another degree (or degrees) of freedom appears to decay. In
addition, several simulations are required. A method is needed to
identify this critical point with a minimum of required simulations.

The frequency domain solutions (Desmarais et al., 1978) determine
this critical point by tracking the eigenvalues (and associated aero-
dynamic damping) of the system for increasing velocities. We briefly
describe these methods in Chapter I, the reader is referred to Fig-

ure 1.3, Hassig (1971) demonstrated a similar approach by examining
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the damping associated with the assumed harmonic motion. Ti{me domain
solutions (Dowell et al., 1980) typically use logarithmic decrement
approaches to determine the flutter boundary. However, these methods
assume a form of the solution,

A method to determine the exact flutter boundary as predicted by
the numerical simulation has not been fully developed; however, two
promising approaches have been initiated. The first approach is
based on a parametric identiffication procedure which is described by
Konstadinopoulos (1984) and Elzebda (1986). The second approach is

based on an energy method. The approaches will be briefly described.

6.4.1 Parametric identification procedures

Adopting the approach described by Konstadinopoulos, one can
model the nonlinear motion of the wing by assuming the normal-force
and pitch-moment coefficients are nonlinear functions of a, §, and
a. An equation for each aerodynamic coefficient is formed which
contains the higher—order terms. A quintic nonlinearity is suspected;
therefore, the equations contain all 55 terms up to and including the
fifth-order terms.

The aerodynamic normal-force coefficient is represented by the

following equation:

° . 2 2 '2
Cn = alY + aza + a3u + aaf + asa + a6a + e
22 o2 s 22
+ aS‘Y aa” + assYa a{ + heoote. (6.5)
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The aerodynamic plitching-moment coefficient is represented by the

following equation:

. . 2 2 2
Cm blY + bza + b"a + b‘.Y + bsa + b6(l + cee
82 o2 s 202
+ bSAY aa” + bSSYa a + heo.t. (5.6)

We then fit the aerodynamic coefficient versus time curves - such
as those curves shown in Figures 6.1, 6.2, and 6.3 - using a least-
squares technique to determine tﬁe coefficients ay and b{. By
taking off one term at a time we are able to identify those terms
which have a negligible contribution. The remaining terms provide a
simple expression for the aerodynamic coefficients.

The coefficients a; and b; will be unique for a particular
dynamic pressure, static angle of attack, spring constant, etc.
Konstadinopoulos classified the coefficients as either restoring teras
or damping terms. By examining the value and, in particular, the sign
change of the damping terms versus the critical parameter (the angle
of attack), he was able to identify the angle of attack at which wing-
rock occurs.

Our critical parameter is the dynamic pressure and we are inter-
ested in the minimum value at which initial disturbances do not decay.
This parameter will be identified by extracting from the damping
coefficient versus dynamic pressure curve the condition at which the

sign for the damping changes.
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Unfortunately, our results have not yielded the same success as
the work of Konstadinopoulos. Several complications are introduced
when the method is extended to the aeroelastic application. First,
we are working with two aerodynamic coefficients. Second, the terms
of the fifth~order equations (see Fqs. (%.5) and (6.6)) which are
eliminated are a function of the dynamic pressure; hence, the form of
the expression is not quite the same for all cases. Third, the use of
the method for the elastic wing will certainly be complicated by the
spanwise varfation and phase relationships of the aerodynamic
coefficients.

Yet, the concept of examining the character of the damping of
the system is consistent with the frequency and time domain methods
addressed in the literature. Therefore, the method may vet he the key

in future determinations of the exact critical condition.

6.4.2 1Identification using the system energy

An alternate method is suggested to determine the critical condi-
tion necessary for an instability. This method determines the total
work being done on the system by the loads during the simulation. The
method is based on the concept that an aerocelastic Ingtability exists
when more energy is being extracted from the freestream by the wing,
then pumped back into it by the wing. Therefore, an instahility is
present when the total energy level of the wing grows in time.

In Chapter I1I we develop the equations of motion for the elastic

wing. The kinetic energy of the wing is expressed by Equation (3.3)
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and the potential energy of the wing is expressed by Equation (3.4),

These equations are repeated here for convenience.
Ll o .2
T=/ i-[m(y)({w + x,(y)(cos a)a}
0

+ {xa(y)(sin a)&}z) + Icg(y)&?} dy (3.3)

v
val % [EXCy)w"? + CI(y)a’>
0

- n(y)glw + x_(y) sin al] dy (1.4)

The total energy is the sum of the kinetic energy and the poten-
tial energy. The state variables which have previously been predicted
through a simulation and describe the motion of the wing are subsci-
tuted into the energy expressions.

Expressions that give the total energy for the rigid wing are
available from the formulation of the equations of motion described in
Chapter II. The method is i1llustrated through an example utilizing
the rigid-wing model.

Figure 6.12 describes the time history of the wing in motion for
both a stable and an unstable case. The predicted motion of the wing
(Y,?,a,&) is used in the expression for the total energy. The stahle
case is characterized by an oscillating, vet decaying, level of energy
and will reach a constant energy level associated with the steady-
state (i.e. static) conditions. The unstable case is characterized by

an oscillating, yet growing, level of energy. If the dynamic pressure
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Subcritical

— Critical

Figure 6.12. The Computed Energy of the Rigid Wing for a
Subcritical and Critical Case.
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is slightly above the critical condition then the motion may he
governed by system nonlinearities and the total energy level will
fluctuate around a nonzero mean.

The advantage of the method is that now, instead of examining the
motion assoclated with each degree of freedom or fitting the aerody-
namic coefficients with high-order polynomials, a single quantity is
used. The method applies to both the elastic wing and the rigid wing
models.

The disadvantage is that a transition from the stable to the
unstable case is still difficult to ascertain. One possible method is
to measure the decrement associated with the decaying oscillation and
extract a damping term from the energy curve. Negative damping

indicates the instability.

6.5 Wing and Wake Graphics

An advantage of the general technique is that the time domain
solution coupled with the UVLM provides the capability of graphically
depicting wing and wake motion. Now, the physics of aeroelastic
response can be graphically described.

We have previously demonstrated the capability (Chapter 1IV) of
generating graphical representations of the flowfield. We now address
the generation of movies of the wing and wake motion as predicted by
the general model. Recently, we (Strganac and Mook (1987), and
Strganac, Mook, and Mitchum (1987)) presented movies of the wing and
wake motion. Both stable and unstable behaviors of the wing were

shown.
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In Figure 6.13 we show the vorticity for the wing at several time
steps. The frames are extracted from the movie, The view is from
above the wing surface. Near the top of each frame {s the leading
edge of the wing. The brighter regions, typically those regions
near the leading edge, indicate the more intense concentrations of
vorticity. As the wing twists and bends in response to the initial
condition, the vorticity on the wing changes. It is important to
reiterate that, in turn, the motion is also a function of this
vorticity through the unsteady aerodynamic loads.

In Pigure 6.14 we show the vorticity and shape of the wing and
wake at several time steps (which correspond to Fige. 6.13). The
history of the previous motion i{s embedded in the wake. The character
of the vorticity is also indicative of the current motion of the
wing. The motion of the wing can also be seen in the sequence.

For purposes of illustration, the physical properties of the
system are such that for every three cycles of (first mode) bending
motion there are two cycles of (first mode) torsion motion. The
geometry of the wing and wake continues to change. It {s interesting
to note that the wing-tip vortex system breaks down and reforms with
the bending/torsion motion. The aerodynamic loads which are used to

calculate the motion reflect this behavior.



ORIGINAL PAGH N %9

OF POOR QUALITM

STEADY STATE

10th Time Step

20th Time Step

<459 R O A Y SIS Y o S O s SR SN WY R0 50 B

30th Time Step

- S5 GNSY SO e e SRRIALR SHANGN SuRsRE 3 |
s, v A 3 3 R
= e S0 T e N SO BN O

40th Time Step

50th Time Step

60th Time Step

Figure 6.13. The Strength of Vorticity for the Wing at
Several Time Steps.




100

f Vorticity
6.14., The Predicted Shape and Strength o
risure for the Wing and Wake at Several Time Steps.

ORIGINAL PAGE IS
OE POOR QUALITY



ORIGINAL PAGE IS

OE POOR QUALITY
CHAPTER VII

CONCLUDING REMARKS

A numerical model has been described that predicts the steady and
unsteady aeroelastic behavior of a wing., The method can predict
steady-state static responses and transient responses to initial dis-
turbances. The solution of the governing equations is obtained in the
time domain., A physical interpretation of the response is aided by
animation of the wing and flowfield histories.

An aerodynamic model is introduced into the formulation which
addresses nonlinearities created by static deformations, angles of
attack, vorticity dominated flows, and unsteady flowflelds. The wake
is computed as part of the solution; hence, the history of the motion
is included in the technique. Steady and unsteady aerodynamic loads
are also computed as part of the solution.

The numerical model has been developed such that the aerodynamic
and structural models may be independently modified. As a result,
nonlinear structural models or other aerodynamic models may he
introduced in the future. 7Two structural models are demonstrated:
the rigid wing mounted to a linear elastic support and the elastic
wing cantilevered from a rigid support. Both formulations treat the
nonlinear effects of static angle of attack and displacement:.

The equations governing the motion of the structure are coupled
with the equations governing the motion of the fluid, and the struc-
ture and fluid are treated as a single dynamical system. The integra-
tion of the governing equations using the predictor-correctur tech-
nique requires convergence of the loads and motion at each time srer

of Iintegration.
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