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SUMMARY

An snalysisforoptimumcontrolJ.ersof general,linear,ttie-
invarisatmultiloopsystemsispresented.Optimizationisbasedon
minimizingmean-squareor integral-squareerrorsforeitherstationary
statisticalortransientinputs,withlimitsandconstraintsofmea-
or integral-squareform. Generalrepresentationsof controllerchar-
acteristics,stableprocesscharacteristics,anderrorrelationsare
used. A methodis shownofassuringstabilityofthemultiloopsystem
duringtheoptimizationprocessandcastingthemul.tiloopcontrolled
systemintom equivalentopenloopsothati.themethodsof optimumfil-
tertheorycanbeused. Generalsolutionsareobtainedforfourspecial
cases.Twoexamplesforspeedcontrolofa turbojetengineillustrate

. the
jet

b

methodsdevelopedint-usreport.Thedatafora controlledturbo-
enginewerein substantialagreementwiththetheoretical.results.

INTRODUCTION

Oneofthefundamentalfunctionsof controllersis thereduction
of certainvariables,callederrors,to smallvalues.Thismustbe
accomplishedwiththedynamicalnatureofthesystem,thedifficulty
ofaccuratemeasurement,thepowerrequirementstomanipulatevalves,
andsoforth,therandomeffectsat theinputs,andthegeneral
effectsofnoisetakenintoconsideration.At variousstagesin the
designofan over-allcontrolledsystem,thequestionarisesas to
whatcomputationsthecontrollershouldmaketominimizetheerrors.

In thisreport,theproblemof optimizingthiscomputationalaspect
ofthecontrollerisanalyzed.Linearsystemsareassumedthroughout.
Optimizationis consideredundereithertransientor statisticalinputs

a aqddisturbancesandisbasedontheminimizationofmean-squareerrors
or integral-squareerrors.Constraintsandlimitsareincludedasmean-
squareorintegral-squarevalues.

●
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Mostinvestigationsin thisfieldoptimizethecontrolledsystem
by adjustingcertainparametersofan otherwisefixedsystem.Inthis
reportthemoregeneralapproachof optimizingthesystemby adjusting
the--entirefrequency-responsecharacteristicsofthecontrollersis
used. Thisgeneralapproachwasfirstdevelopedinreference1 for
thedesignoffilters,anda correspondingdevelopmentispresented
hereinfora closed-multiloopcontrolledsystem.Newproblemsof
structuralstabilityandphysicalrealizabilityariseintheclosed-
loopcases.Inaddition,necessaryconstraintsandlimitsareIncluded
inthisanalysis.

Theproblemof optimizingthecomputationalaspectofthecontrol-
lerisfirstreducedto a standardformbygenerd.izingthefrequency-
responsecharacteristicsofboththeprocesstobe controlledandthe
controller,theconditionsof stability,aidthespecificationson
errors,constraints,andlimits.Thegeneralsolutionfortheoptimum
controllersgivingan absoluteminimizationoferrorsIsderived.In
addition,theexpressionsfortheminimumerrors,andtheadditional
errorssufferedwhennonopthum$ontrol.lersareused,areshown.

It isexpectedthattheresult-softhisanalysis,conductedat
theNACALewislaboratory,canbe usedas a basisforcontrollerdesign,
as a standardunderwhichcontrollerscsmbe evaluated,oras a possible
basisof specificationsoncontrollerdynsmd.cs.Applicationsofthe
resultsofthisanalysisto severalexenplesof controllinggasturbine
enginesareshown.

a
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SYMBOLS

Thefollowingsymbolsareusedinthisreport:

engineor-fuelservodeadtime

constsmtsfordescribingspectraldensitiesof inputs

generallinearoperatorsrepresentingcontroller

stablelinearoperatorsrepresentingengineorprocess

errorstobe minimizedby controlandconstrainedvariables

errorsresultingfromnonoptimumcontroller

stablelinearoperatorsrepresentingpartsof controller

generalllnearoperatorsgivingresponseoferrors

—
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Subscripts:

a j,n,r,s,v

loopgain

arbitrarystablelinear

time

inputsanddisturbances

manipulatedvariables

inputsto controller

inputsanddisturbances

arbitrarystablelinear

Lagrangianmultiplier

enginetimeconstants

integraltimeconstant
.,

frequency

sumationindices

o-@lmJm

Superscripts:

complexconjugate

expectedvalueor

operators

affectingerrors

affectingy’s

operators

integral

Correlationfunctionnotation:

Forstatisticalinputs,

(Wjzv) = Gvwj) ‘* r’—+t)wj(t +U)e-hudu
Uu=-m

Fortransientinputs,.
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‘Iw’(’’’-io’d’fzv(‘iwd”(“ja = Zfi

Matrixnotation:

‘jk indicateselementofj’hrow,kthCOIQ ofmatrixE

ANALYSIS

Scope ofAnalysis

Thescopeoftheanalysisis summarizedas follows:

1. Time-invariantlinearsystemsareassznnedthroughout.

2.Theprocesstobe controlledisinherentlystable,withone
variabletobe manipulatedby thecontroller.

3. Optimizationistobe realizedforeithertransientor station-
aryrmdcm inputs.

4. Optimizationisbasedonminimizingmean-squareorintegral-
squareerrors.Theconstraintsandlimitsof thesystemareincluded
by constrainingthemean-squareor<ntegral-squarevaluesof-thevari-
ablesinvolved.

5.Cumpletefreedomin computationisassumedforthecontroller.

Thesameformalequationsinthetimedcmainareobtainedforthe
nonstationary,time-varyingcasesasforthestationary,time-invariant
cases(ref.2);but,evenfortheopen-loo~filterproblem,theequa-
tionsforthetime-varyingcasescanbe solvedonlyby numerical.means.
Extensionoftheanalysisofthisreportto thetime-varyingcaseswould
requiresuchtechniquesasthoseinreference2. Thelinearassumptions
donotcompletelypreclude-applicationofthemethodsofthisreportto
nonlinearsystems.- nonlinearitiescanbehandledsoastoallow
lineartechniqueswithoutomittingtheessentialnatureofthenonline-
arity(refs.3 and4).

Whentheprocesstohe controlledisinherentlyunstable,the
techniquesofpreservingstabilityoftheclosed-loopsystemaremore
involvedandtheseratheruncommoncasesarenottreatedherein.The
extensionofthisanalysisto caseshavingseveralmanipulatedvariables
followsina straightforwardmanner,butthefinal.equationstobe
solvedaremorecomplex.Thefundamentaldevelopmentofthesecases
is shownintheappendix.

n

-.

—.—
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Theoptimizationproblemfortransientinputsisthessmeasthat
forstatisticalinputs(ref.5) ifmesmsquaresarereplacedby integral
squaresandif spectraldensitiesarereplacedby productsofFourier
transforms,as showninthelistof symbols.Theanalysiswhichfollows
wasguidedby thedesiretokeepthesystemsstudiedandtheproblems
resolvedas generalaspossiblesothatwideapplicationsmaybemade
oftheresults.In ordertoutilizeavailableopen-looptheory,itwas
necessaryto determinean openloopequivalentto theactualclosed
loopswhichwouldstillassurestructuralstabilityoftheactualsys-
temduringtheoptimizationprocedure.Techniquesofaccomplishing
thisendwerefoundforthosecasesof stableprocesscharacteristics.

CharacterizationofProcess

Thegeneralformofthesystemsconsideredis showninfigure1.
Thetime-invariantlinearprocesstobe controlledhascertaininputs

‘x (inthiscaseonlyone,suchasafuel-valvepositionsignal)which
canbe andarechosentobe manipulatedby thecontroller.Thereare
a certainnuniberof outputsy (suchasmeasuredenginespeed,meas-
uredenginespeederror,throttleposition,altitudepressuxe,etc.)
whichcanbe andarechosentobe usedby thecontroller.Eachoutput
isaffectedby transientandstatisticaldisturbancesandinputsz of
altitude,airspeed,throttleposition,sadsoforth,endby themanipul-
ated variablethrougha linearoperatorE. In general,E wouldhea
rectangulararrayof operators,butforthecaseof onemanipulated
variableE isa columnof operators.Thegeneralformoftheprocess
tobe controlledcanbewrittenoperationallyas

Yj =zj+Ej*x (1)

Thisformfollowsdirectlyfromonemethodofobtainingthesechar-
acteristics.If x isheldconstsm.t,measuredy givesthenatureof
z. If x isvariedsinusoidally,theharmonicanalysisovera large
numberof cyclesofmeasuredy filtersoutanyeffectsof z because
theharmonic
tisticalz
analysis:

If

contentat anyonefrequencyofei~hera transientor sta-
isrelativelysmall.Thiscsmbe seenfromthefollowing

x(t)= Re (&tit) t>o

= o t<o

then

y(t)= z(t)+Re
E(h) ‘ti3

as t+=
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J’IA-l! JL+T
1
T

~-imtY(t)dt=; e-titz(t)dt+E(iu)

where

T== (k isan integer)
u.)

and

L+=

Thefirsttermontherightsideoftheprecedingequation
approacheszeroas k+- foreithera transientor statisticalz,
and

* L+T

J1m L

Thecontroller
x accordingtothe

As theoptimization

e-@t y(t)dt= E(iu) for L,k~

Characterizationof

tobe designedisto
operationalequation

x=
z CJ
J

Controllers

operate-onthe

“ Yj

yts togive

(2]

ofonlythecomputationalaspectofthecontroller
willbe considered,the Yts andthe x areoutputsandinput,respec-
tively,whichisolatetheengineorprocesstobe controlledandwhich
canbe freelyusedin computation.

The Cts ofequation(2)arearbitr~ linearoperatorswhich
needonlytokeeptheclosed-loopsystemstable.But;in orderto
assurestability,theresponsesofallvariablesinthesystemtoall
possibledisturbancesmustbe considered.Theseincludevariablesand
disturbancesinternaltothe C and E boxes.Becausearbitrary
linearoperatorscanbebuiltupfromstablestructuresandthesmall

?

.
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internaldisturbancesof suchstructurescanbe consideredas applied
totheinputor outputas smalldisturbances,theproperdiscussionof
stabilityshoulddealonlywithstablestructures.

Thecontrolleroperationalequationshouldthereforebe written

7

where FJ and
oscillationin
by E, F, and

1

x= z‘J●yj+GOX (3)

J

G representstablestructures.Theonlynewmodesof
thesysteminadditiontothesta”Dlemodesgenerated
G arethoserepresentedby theresponse

-. Thiscriterion—
1 2/-G- FJEJ

J
theresponsesofallvariablesin
disturbances.Eachresponsewill.
by E, F, or G, orby thesumof
canalsobe shownthatno lossof

G=

of stabilitycanbe seenby deriving

theclosed-loopsystemtoallpossible
havetheprecedingfactormultiplied
theproductsof theseoperators.It
generalityis causedbyallowing

-’sFjEJ
7-’

inwhichcasestabilityoftheentireclosed-loopsystemisassured.
Thenuder offunctionsF stilltobe determinedis
originalnumberofunknownfunctionsC ofequation

Therearealternativewaysofobtainingthesame
tionexpressedbyequations(2)or (3),someofwhich
Onegeneralmethod,alwaysstable,is shownbyfigure
Fj’s arearbitrarystablestructures.

Combiningequations(1),(3),and(4)gives

J

(4)

thesameas the
2).

over-allopera-
maybe unstable.
2,inwhichthe

(5)

Theoriginalclosed-loopsystemoffigure1 isnowequivalenttothe
open-loopsystemoffigure3, andthisopen-loopsystemisnowcompar-
ablewiththesystemsofreference1,
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An expressionfor Cj ofequation(2)is

q = ‘Jx .,
1+ EJFj

J

(5a)

be minimizedor

m

SpecificationsonController

Theerrorstobe minimizedby thecontrollerarecharacterizedin
thesamewayasthe yts astheyhavea controlledandanuncontrolled
part. Thespecifications=rewritten

(6)

where

‘j=w~+HJ. x

and H isanygenerallinearoperator.

The k multipliertechniqueisusedtoallowadditionaldegrees
offreedomwhenevertheoptimumvaluesoftheerrorsarenotindependent
orwhenconstraintsofmean-squareformaretobe imposed.The AIS
maythenappearasparametersofthecontrollerandareadjustedtogive
a compromisesmongthevariousdependenterrorsorto setthemean-
squarevaluesoftheconstrainedvariables.

MinimizationofErrors

Fromequations(7)~d (5),theexpressionsforthequantitiesto

and

constrainedare

x
ej=wJ+Hj Fn*zn

n

—

.
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(8)

IfthesymbolF isusedfortheoptimumsystemresultingin
error e andthesymbolF + W isusedforanyothersystemresulting
inerror e*,then

Thefirsttwotermsof theright-handsideoftheprecedingequa-
tionareequalbecausetheintegrandsaremerelyconjugate.Thethird
termisnonnegativeas it isequalto themean-squareerrorresulting
when F is 5F and w = O. Thusthenecessaryandsufficientcondi-
tionforan absoluteminimumis that

. smdthen

.
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Because
equation(9)

5FV isanyarbitrary
reducesto

&~,,H,,j~~(z;n)~Fv=n20

(lo)

butstructurallystablesystem,

T-
forallvaluesof v for
andwhere ~ represents

\J /n

whichtherearea correspondingFv and Cv,
anyarbitrarystablestructure.

CasesinWhich .!s AreIndependent

A generalsolutionofequation(11]has_beenfoundonlyforthe
caseinwhichthe z~s areindependent((znzv)isa diagonalmatrix}.
In thiscasethegeneralsolutionis

. .

Fv=-~

where

(12)

.

.—

.

.-

(+V) = IZJ2
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. Theoperators

11

M and ~ representminimumphasestructures,and

% = ~,1 + ~, 2 where“~,1 md ~, z representstablestructures.
Thissolutionfollowsthegeneralpatternofreference1 in thefre-
quencydomain.Thedeterminationof M and ~ isthefactorization
problemofreference1. Thetiction %,1 csnbe obtainedformally
by thefollowingequation:

.

Fromequation(8),

Fromequation(10),the
errorsis

t=o d u=-.

a generalexpressionfortheminimumerrorgives

differencebetweennonoptimumandoptimum

EXAMPLES

(14)

Exsmple1

Thefirstexaupletakenfroma probleminthecontrolof a turbo-
jetengineis illustratedinfigure4. Theengine-speederroris fed
intothecontrolleranda fuel-valvepositionsignalisvariedbythe
controller.Linearizedenginecharacteristicsarerepresentedbya
lag(ref.6),andthefuelservois consideredashavingonlydeadtime
(theoutputreproducestheinput a secondslater).

Then

el = yl = enginespeederror

W1 = Z1 = negativeof speedsetting
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~ -da.)
El =Hl= l+m

x = signaltofuel

Fromequation(12),sinceIM]z= ‘1
11+’tiu)lz’

then

Letting

then —..
. .

z~ c
‘rHiI -

aiuc
ljz cA1=A1 —b+iu)

servo

—

. .

*

—

.—

--

--. —. . . ._
.-

t

.— .
.-

..,,.

.

.
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. Frmnequation(5a)

.

13

- .-ab(l+ TLLD)c1= 1 -~-abe-aim

Fromequation(13)

()
C2

e12~t == (L-&-2ab)

Forthecontrolleractionderived,theresponsesof speedand x to
speedsettingare

Speed= &-ab&-atic (speedsetting)

and

x = c-ab(l+ ~) ● (speedsetting)

Theorderpropertyandthusthederivativeactionoftheprecedingequa-
tionindicatesthelargefuelflowandtem~eraturevariationsencoun-
teredwiththederivedcontrollerbecauseno limitor constraintwas
placedonthesevariables.

? Example2

Thesecondexsmpleinwhichthessmecontrolproblemas in exsm-.
ple1 isanalyzedwitha constraintonthemea- orintegral-square
turbinetemperaturevariationandinwhichtheservolaghasbeen
omittedisillustratedinfigure5. Forthisexsmple,

el = Y1 = enginespeederror

W1 = Z1= negativeof speedset

ez = turbinetemperature

W2=0

1H1=El=l+%ti

l+CLL!J
H2=l+=fi

x= signaltofuelservo
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Fromequation(12),sinceIM12= b+>ll+”tijz
11+*12’ ‘

then

Letting

then

k c

and

From

From

equation(5a)

equation(13)

.-
—

.

—

—-—

——

.

.—

—

.

.
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(z J

l.lcz
A~ej2 = —

opt 2b
J

15

‘~ ,15)

k2(l+ #b2) + 2(X1+ 12)1/2X21/2ub

Theresponsesof speedand x to speedsettingare

S-peed.

In

xl
.(speedsetting)

1/2+ 12 (J-l+ ?J/2 + 121%U

x=- Fl . (speedsetting)

alltheprecedingequations,onlytheratioofthetwo Xts
effective.This-ratioc= ~owbe setby-evaluatingtheindividual
errorsthatmakeup equation(15).Choosingtheratioofthe X’s
involvesa compromisebetweentemperatureandspeederrors,as these
quantitiesvaryoppositelyto theratioof kis.

ExPERImAL

An axial-flowturbojetenginewas
teststandto obtainsomeverification

RESULTS

operatedona sea-levelstatic
oftheanalysis.Figure4 of

is

example1 describesthesystem.Thefrequencyresponseofenginespeed
. . tofuelpressureobtainedbyharmonicsmalysisof trmsientdatais
. showninfigure6. An approximationto thisdatagave z = 1.6seconds

ends= 0.163second.

● A proportional-plus-integralcontrollerof theform

C=-K[’+*l
was usedovera rangeof Kts (loopgain)frcm

3.5toXl anda rmge of %lls from1 to 2.5seconds.Theintegral-
squarepercentageerrorwasobtainedforeachcontrollersettingfrom
theresponseto a stepin speedsetting,andtheresultsareshownin
figure7.

Thesmallesterror(ofmagnitude0.41see)wasobtainedat K = 9.3
and ‘rl=01.6seconds.

Theresultsof exemple1 with b = O (step

-(1+ Tim)
Copt= ~ ~-aim

input)gave
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aiul-~
With C-ati~

“’iv’actioni%
and a = 0.163second,

indicatedwas

thepreceding

+&)(’+%)*The-=-d’:’”_--. ~--–
notused.For ‘c= 1.6seconds

equationindicates

1.6KWt=~=—
0.163

= 9.82

‘1,opt=.~= 1.6seconds

whichisin substantialagreementwiththedataoffigure7.

SUMMARYOFRESULTS

An analysiswasdevelopedfortheoptimumcontrollersofgeneral
linearclosed-multiloopsystemsundereitherstationarystatisticalor
transientinputstominimizemean-squareorintegral-squareerrors.
Generalsolutionswereobtainedforthecaseof independentinputsand
onemanipulatedvariable.Severalexemplesofthiscasewereshown
forthespeedcontrolofa turbojetengine...Experimentaldatafroma
controlledaxial-flowturbojetenginewerein substantialagreement
withthetheoreticalresults.

Forthegeneralmultiloopsystemsofanynumberofmanipulated
variables,generalsolutions,whichareshown@ theapyendi.x,were
obtainedforfourspecialcases. -- ..—=—

LewisFlightPropulsionLaboratory -.—
NationalAdvisoryCommitteeforAeronautics

Clevelsmd,Ohio,February16,1953 .—

.

.
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APEENDIX - GENERALMULTILOOPSYSTEMS

*
Thescopeofthisanalysisisthessmeas fortheprecedinganaly-

sisexceptthatit includesanynumberofmanipulatedvariables.

Characterizationof system.- Thegeneralformof thesystemtobe
consideredis showninfigure8. Thegeneralformoftheprocesstobe
controllediswrittenas followsinmatrixnotation:

y=z+E.x (16)

Thecontrollertobe designedisto operateon the yts in orderto
givethe Xts accordingtotheoperationalequation

X=c”y (17)

or

x=F ● y+ G ● X (18)

whereeveryelementofthe F and G matricesrepresentsstable
structures.Thenewmodesof oscillationgeneratedby theclosedloops
arerepresentedby theresponses

h -G -I@
v No lossingeneralityis causedby allowing

G=-FE (19).

andstabilityisnowassured.Therearealternatewaysofbuildingthe
ssmeover-alloperationexpressedby equation(17)or (18),someof
whichmaybe unstable.Onedefinitelystablemethodis shownin
figure9.

Combiningequations(16),(18),and(19)gives

x=F*z (20)

whichrepresentsan equivalentopen-loopsystem.An expressionforthe
C ofequation(17)is

C = (l+lR@-lF (20a)

. Specificationson controller.- Theerrorsandconstraintsare
characterizedinthessmewayas y. Thespecificationsarethus
written

.
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z’Aj ej 2 =a minimum

where

e=w+H~x

andtheelementsof H aregenerallinearoperators.

(21)

(22)

sion

and

Minimizationoferrors.- Fromequations(22)and(20),theexpres-
forthequantitiestobe minimizedor constrainedis

e=w+HF. z

vn J

If thesymbolF isusedfortheoptimumsystemresultingin
error e andthesymbol1?+ 5F isusedforanyothersystemresulting
inerror e*,then ,-

.

.

.
——

“

*
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d Thefirsttwotermsoftherightsideof theprecedingequation
areequalsincetheintegrandsaremerelyconjugate.Thethirdterm
isnonnegativeas it is equalto themean-squareerrorresultingwhen

. F iS 5F andw=O. Thusthenecessaryandsufficientcondition
foran absoluteminimumisthat

andthen

Becauseeachelementofthe 5F matrixisanyarbitrarybutstructur-
allystablesystem,equation(24}reducesto

.

forallvaluesof r and v runningovertherowsand
andwhereeveryelementof R representsanyarbitrary.

Equation(26)inmatrixsymbolsbecomes

E’AHFZ+ Elkw=R

(26)

columns of F>
stablestructure.

(27)

where Hr indicatesthetransposeof H andthe matricesZ, W, and
1 are

Thegeneralsolutionofequation(27)or (26)hasnotbeenfound.The. factorizationproblemnowseemstobe thatoffactoringtheHermitisn
matrices(~’hH)and Z. Equation(27)hasbeensolvedforcertain
specialcases.‘
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Case1. - Inthefirstcase,H isa columnmatrixandthe zts
areindependent.Thisisthecasesolvedherein(eq.(12))inwhich
onlythecorrespondingrgwof F (and C)isdetermined.It iSnoted
that,ingeneral.,ifanyrowof C vanishes,thenthecorresponding
rowof F likewisevanishes.

Case2. - Inthesecondcase,H isa diagonalmatrixandthe zts
areindependent.Thegeneralsolutionforthiscaseis

Fn= %,1-—
%%

where

(28)

The

%r

are

~.(;~wr)
&=

%-%

lHrrl2= ,Hr12

(%%) = 1%12

functions Hr and ~ areminimumphase

=%,1+ %,2 ‘here %,1 ‘d %,2
.

structuresand
arestablestructures.

Case3. - Everyelementof H and H-l is stableandthe Zis
independentinthethirdcase.Thesolutionforthiscaseis

x
(H-l)rsAsv,l

Fm=-
%s

where

%

(WSFJ
Asv. —

Zv

is definedinCase2,and Asv istobe separatedintothetwo
parts A~v,l+ Asv,2

Case4. - Inthe
independentwhere ~-
stable.Thesolution

as inCase2.

fourthcase,Hjk=BDjMjk andthe z’s are
=DJ~J -- 1 andeveryelementof M and M_1 is
forthiscaseis

.

.

.

.

c
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where

Here ~ isdefinedinCase
twoparts Asv,l+ Asv,2 as

1.

2.

.
3.

.

4.

5.

6.

2,and A=v istobe separatedintothe
inCase2.
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Manipulated
variable

Engine, servo-
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w bycontrol
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Figure1.-Generallinear closed-loopcontrolledsystem;one
manipulatedvariable.Circleindicatesoperationofaddition.
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z ‘JFJ“
J
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.

●
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●

.
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Engines,servo
motors,
hstrlmJent!3,
etc.

=1

Me31ipulatea
variable x

El

i%i==?-”=.
Errorstobe
bycontrol

llwe3.-Open-lcQPsystemequivalentto closed-
100Psystemoffigure2when G . -

E ‘JFJ“

“n
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tiimized

Controller

+ “’Z’IS%KRLI

=0)1iA==+=+pede””
Figure4.- Illustrationofexample1,speedcon-
trolofturbojetengine.

I I
Fuelservo .

c Controllersignal x
Yf I

I I w
Figure5.“-Illustrationofexample2,spaedcontrolofturbo-
jetenginewithtemperaturevariationconstrained.
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