
A BIT-SAVIKG ENCODING SCIIEbB FOR A SET OF MONOTONIC NUMBERS 

The quest ion _to which t h i s  communicatbn presents  a s o l u t i o n  

-is the following: If it Is desired t o  t ransmit  a set  of numbers 

which have the property that  each numbe.r is no smaller (or 

a l t e r n a t e l y  l a rge r )  than its predecessor, I s  there any way t o  

take advantage of t h i s  property t o  t r a c s m i t  t h e  numbers w i t h  

fewer b i t s?  
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Suppose we w i s h  to transmit rn n-bit nuubers which are known 

t o  be monotonically increasing. We sha.11 use a process akin t o  

bit-plane encoding [l]. Arrange t h e  numbers i n  an a r ray  as 

i l l u s t r a t e d  i n  Figure 1. L e t  k be t h e  least integer such that 

ntCak. Since t h e  numbers are monotonically increasing, we know 

t h a t  tbe first row (i.e. t h e  row contalning t h e  most s i g n i f i c a n t  

bit of each number) can have a t  most 0n.e t r a n s i t i o n  f r o m  a s t r i n g  

of binary zeros t o  a s t r i n g  of binary cmes. With a k - b i t  

number we can specify t h e  loca t ion  of t h i s  s i n g l e  change. (If ‘ .  ’: 

the first r o w  contains  no binary zeros, t h e  t ransmi t ted  number 

would be 0 ,  and,if a l l  zeros, it would be m.) If t h e  number of 

data words, m, is more than two t h i s  method of encoding w i l l  

always save  b i t s  s i n c e  t h e  number of bits meded In t h e  encoded 

system, k, is always smaller than the n.umbe:c of bits required 

for direct transmission, m. The bigger m is the  greater t h e  

saving of bits.  

The second row can contain at  most three t r a n s i t i o n s  between 

s t r i n g s  of binary zeros and s t r i n g s  of binary ones. but if all 
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To i l lus t ra te  t h i s  encoding process, l e t  u s  first consider 

a set of 255 5-bit numbers: m-255, n=5, and k-8. Then t he  

.. - nunbsr of b i t s  required t o  encode t h e  l as t  row is 2n'1k=(25'1)e I *  
8-128. 

to t ransmit  t h e  row d i rec t ly  we can encode all 5 rows. 

a t f t u t i n g  in (1) w e  see that this takes (2"-1)8-248 bits. The 6 

direct transmission process takes 255x5 - 1275 bi t s ,  r e s u l t i n g  

Since  t h i s  number is less t h a n  t h e  number of ' b i t s  requi red  
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in a saving of 1027 b i t s  (a reduction of botter than 80%). 

As an i l l u s t r a t i o n  of a case where not a l l  rows would be 
\ 

encoded, let u s  consider a set of 15 5-bit' numbers: m-15, n-5, 
. - 1  l 

and k-4. I t  takes 2k-8 b i t s  t o  encode t h e  second r o w  and 

4k-16 b i t s  t o  encode the t h i r d  row thus  only t h e  first t w o  row6 

would be encoded: 3-2. S u b s t i t u t i n g  I n  (2) w e  see t h a t  t h i s  

takes (2 2 -1) 4+(5-2)15=57 bi t s .  T h i s  is a saving of 18 b i t s  

(or 24%). over the direct transmission of 75 bits. 

. .. 4 .  The e n t i r e  discussion is equally v a l i d  if the.set of 

nurcbers were known t o  be monotonically decreasing by merely 

interchanging t h e  role of binary ones and zeros. . .  
i 

A similar encoding scheme can be devised for single-peaked 

sets of data po in t s  (such as the  temperature during the  course 

of a day).  The only di f fe rence  between th3.s and t h e  previous 

analysis is t h a t  i n  t h i s  case each successive row of b i t s  can 

have more t r a n s i t i o n s  between s t r i n g s  02 zeros and ones than in 

t h e  monotonic case, In fact  the 3-th r o w  can have 2 3 more changes 

than t h e  j-1st xow. 

needed t o  encode a set of m n-bit nunb3rs which increase  monotonically 

It  can be shown that the number of b i t s  
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three changes w 0 r e  present  t h e  second one would occur at t h e  

sane pos i t i on  as t h e  change of t h e  first row. 

zclditional b i t s  ar0 needed t o  specify t h e  locations of these 

two s i g n i f i c a n t  changes. This encoding "gays off '* if 2k< m. 

Continuing this process, we f ind  t h a t  t h e  3 0 t h  row has at most 

2'-1 changes 2j='l of which coincide wi th  the changes o f  the 

(j-l)-s-t row. 

Thus only 2k 

. .  A- 

Thus, there are [(d-l)-(2JoJl) 3 li 2 3 - l  new 

' changes which we can specify by sending 2j'01k bits. This 
-r encoding process again "pzys off" i f  2 jo1k4 m. Thus, if 2"%<m 

the encoding process ."pays off" on a l l  n r o w s .  Ve can then 

t ransmit  the mn-bits worth of information trsing only: 

/ 
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If, however, 23'1k<m but 2jk - m, a l l  rown from the  (j+l)-st 

on down to the last would be =ore efffcien':ly t ransmi t ted  

directly. 

in forna t ion  using only: 

In  t h i s  cas8 we can transmit tho,mn-bits worth o f  

- (2j-l)k + (n-j)m b i t s  (2 1 

This encodfng process always saves some b i , s  for three or  more 

d a t a  words. 

sny row and there i s  a gain I n  encoding tht; first r o w .  

T h i s  Is true since there is nover..'a loss i n  encoding 
\ 
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to a naxinum and t h e n  decrease moootonicat:.ly i s :  

( d f f - l ) k  i- (n-j) n b i t s  (3 > 
Yherc, as before, k is tLe ;rt;nber of bits  required t o  saocify 

tho change between a strf.ug of binary zexgc~s and a s t r i n g  of 

binmy cnes m d  j io the nunbsr 02 FCW t iat can be encoded vith 

. 3 sav1i:g of b i t s .  For ntno or mor0 c'azrlsr *nards this schezo vi11 

save b i t s ,  

The percentage of b i t s  saved by this cncodinz scihezse cver 

direct trarsaission fs sholin in F i ~ u 3 * e  2 zs a function of tae 

number of sazplo points (or dzta vor4s) f o r  both typcs of data. 

assunin2 ?-bit words, 

It should bo noted t k z t  this no*';ho,d of cncociing does not 

destroy tho inEor .Lion;  all of tbe origfnal data can be 

reconstructed exzctly . 

[I] 32y 17. Sclmartz, "Ilnta Processing. ii Scfoatific Space Probes" 
Ph.13. Thes is  Yale University, Itopt. of Enginccrins and A 2 2 l l c d  
Sciencr, S o p t  1963. 
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