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Department of Mechanical Engineering, Michigan State University, East Lansing, MI 48824, USA

A numerical model for flame spread over polymeric surfaces is constructed. The dependence of the flame
spread rate on phase change and thermal properties is investigated by varying three non-dimensional
parameters, St, k# l, and C# Pl. Quantitative comparisons indicate that the numerical model provides excellent
agreement to an analytical formula in the cases of variable latent heat of the phase change, variable liquid
thermal capacity, and variable thermal conductivity. However, the deRis formula yields a constant spread rate
higher than the numerical result and is independent of phase change. Qualitatively, with the increase of St, or
with the decrease of k# l or C# Pl, the flame spread rate increases. In addition, k# l is the strongest determinant of
the influence of the thickness of the liquid region. The mechanisms of flame spread at the steady state are
interpreted by applying an energy balance principle for the control volume upstream of the flame leading edge.
It is found that a ratio between the total heat applied to the condensed material upstream of the flame leading
edge and the spread rate reveals the physical mechanisms that control the preheating of the condensed material
to the ignition temperature. The dependence of flame structure on St, k# l, and C# Pl is studied. It is found that
with the increase of St or k# l, or with the decrease of C# Pl, the size of the flame increases. These results indicate
that flame size dependence follows the magnitude of the spread rate when the properties of the condensed
material are variable. © 2001 by The Combustion Institute

NOMENCLATURE

Ac pre-exponential factor of pyrolysis
reaction in condensed material, s21

Ag pre-exponential factor of combustion
reaction in gas phase, m3/(kg/s)

CP specific heat, J/(kg/K)
C# Pl nondimensional liquid thermal

capacity, CPl/CPs

D diffusion coefficient, m2/s
Ec activition energy of pyrolysis reaction

in solid phase, J/mol
Eg activition energy of combustion

reaction in gas phase, J/mol
É reference length for

nondimensionalization, m
hc enthalpy of condensed material, J/kg
k thermal conductivity, W/(m z K)
k# l nondimension liquid conductivity, kl/ks

Ke permeability factor of pyrolysis
products, (non-dimensional)

,x streamwise length of computational
domain, m

,sy transverse length of condensed
material in computational domain
(the thickness of the polymer), m

,gy transverse length of gas phase in
computational domain, m

Le Lewis number, ag/D
l̂ unit vector normal to the boundary

of the condensed material, (non-
dimensional)

Ls latent heat of melting, J/kg
ṁ mass flow rate through gas-

condensed interface, kg/(m2/s)
mliquid mass of liquid in the condensed

material, kg
M molecular weight of species, g/mol
n* unit vector normal to moving solid-

liquid interface in condensed
material, (non-dimensional)

qg heat of combustion reaction in gas
phase, J/kg

q̇ig radiant heat flux for ignition, J/(m2/s)
q# ig average net heat flux into the

condensed material before ignition, W
qc heat of pyrolysis reaction in

condensed material, J/kg
Qlat latent enthalpy increase (associated

with phase change) of the condensed
material at ignition, (non-
dimensional)

Qsen sensible enthalpy increase (associated
with temperature increase) of the*Corresponding author. E-mail: wichman@egr.msu.edu

COMBUSTION AND FLAME 124:387–408 (2001)
© 2001 by The Combustion Institute 0010-2180/01/$–see front matter
Published by Elsevier Science Inc. PII S0010-2180(00)00212-1



condensed material at ignition, (non-
dimensional)

R universal gas constant, 8314 J/(mol/K)
St Stefan number, CPs(Tm 2 T`)/Ls

t time, s
T temperature, K
Tm melting temperature of condensed

material, K
us flame spread rate, m/s
u` velocity of opposed flow, m/s
vn* velocity of moving solid-liquid

interface, m/s
wg mass rate of fuel consumption in

combustion reaction of gas phase,
kg/(m3/s)

ws mass rate of production of monomer
in pyrolysis reaction of condensed
material, kg/(m3/s)

x streamwise distance downstream
from origin, m

y transverse distance normal to the
interface between the gas phase and
the condensed material, m

Y mass fraction of species in gas phase,
(non-dimensional)

Greek

a thermal diffusivity a 5 k/rCP, m2/s
e surface emittance, (non-dimensional)
m stoichiometric coefficient, (non-

dimensional)
r density, kg/m3

s Stefan–Boltzmann constant, (non-
dimensional)

t reference time for
nondimensionalization, s

tig ignition delay time, s
S solid-liquid interface in condensed

material
V coefficient for nondimensionalization

V 5 as/ag, (non-dimensional)

Subscript

c condensed material
f fuel in gas phase
g gas phase
i interface between gas phase and

condensed phase
l liquid in condensed material
o oxidizer in gas phase

s solid in condensed material
` initial condition
S interface between liquid phase and

solid phase

INTRODUCTION

Transient flame growth over polymeric materi-
als is important in fire safety, and has theoreti-
cal and pedagogical importance in basic com-
bustion science research and education. The
latter stems from a large number of complicated
phenomena, their mutual influences, and the
challenge of describing them in an orderly,
logical manner.

When a polymeric material is subjected at a
portion of its exposed surface to a high heat
flux, it can be ignited. The ignition of flame may
lead to subsequent flame spread. Because sur-
face ignition at a point is associated with in-
duced inflow of air (oxidizer), we will be con-
cerned in the model with flame spread against
an induced or forced opposing flow of oxidizer.

An extensive research literature exists for this
class of flame spread problem, see the reviews
of [1–3]. Most of the literature addresses solid
fuels. The review of Ref. [4] addresses flame
spread over liquid fuels, which possess addi-
tional complications such as surface driven flow,
enhanced buoyancy and liquid vaporization, etc.
These complications are potentially important
when the liquid phase melt layer actually pre-
cedes the flame leading edge. Heat transfer
ahead of the flame by liquid phase convection
may be important under same conditions. In
addition, recirculating cells may develop in the
gas and pulsating spread may be possible. Then,
a significant overlap may occur between flame
over initially solid fuels (which liquefy) and
flame spread over liquid fuels.

Many formulations of the theoretical op-
posed-flow flame spread problem have ap-
peared in the research literature. The study of
deRis [5] stands out as the first systematic
examination including simplified gas-phase
chemistry, solid decomposition, multi-dimen-
sional transport, and convective/buoyant flow.
Many other models were subsequently exam-
ined (see [3]) but only one studied flame spread
from a global energy balance perspective, thus,
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adding insight into the flame spread process [6].
The importance of the global balance principle
arises from the ease with which it can be used to
derive flame spread formulas under conditions
more general than those for which it was de-
rived. The global balance principle is easy to
apply because of the neglect of streamwise
conduction. Instead of solving complicated el-
liptic boundary value problems, relatively sim-
ple parabolic conservation equations can be
formulated, which balance streamwise convec-
tion and cross-stream conduction.

By utilizing the global balance principle a
flame spread formula for charring materials was
derived ([8], see the discussion of [8] in [3]).
This formula is perhaps more suitable for a solid
that liquefies upon heating because liquefaction
is a simpler process than solid pyrolysis and
degradation, and usually occurs along or near a
specific isotherm. However, it is well known that
solid degradation and pyrolysis does not occur
at a specific isotherm. We shall demonstrate
that our model for flame spread over a melted
polymer agrees, under many conditions, ex-
tremely well with predictions of the flame
spread formula where considerations of drip-
ping and running are not included in either
model or theory. The flame spread formula
therefore can be interpreted physically in terms
of local physics near the point of flame attach-
ment. Recent work on transient solid-phase
ignition and flame spread has been undertaken
by Kashiwagi, Baum, and colleagues on micro-
gravity flame initiation on cellulosic materials
[9]. A detailed model of the gas flow and its
thermal expansion during ignition and spread
was developed and then solved numerically.

It is known that many complicated, simulta-
neous processes occur in the solid with gas-
phase combustion above it. These include de-
tailed degradation chemistry, anistropic
conduction, phase change, bubble formation
and transport, charring of the surface, pitting,
and condensed-matter expulsion at the surface.
Because of these and other complexities, the
condensed phase has been studied considerably
less than the gas phase [10]. Studies of flame
spread over melting polymers have rarely been
reported except for some experimental observa-
tions [10].

The purpose of this article is to examine a

flame spread model whose solid (or condensed)
phase contains some solid phase complexities
not described previously in flame spread re-
search [1–14]. The gas will be described by a
standard Oseen-flow model. Finite-rate gas
chemistry is retained. In the condensed mate-
rial, we retain phase change (solid 3 liquid
in-depth; liquid 3 gas at surface). Upon phase
change, thermophysical properties (conductivi-
ty, and specific heat) may change.

Our numerical model will be transient, en-
abling computation from incipient heating to
flame ignition to eventual steady spread. Melt-
ing and phase change alter ignition. Compari-
sons are made with predictions of theory in the
steady state. The eventual goal of our research
is to include bubble formation in the liquid melt
layer. The study of flame spread with phase
change of the fuel from solid to pure liquid is a
first step.

NUMERICAL MODEL

Problem Formulation

A schematic formulation of the problem is
provided in Fig. 1. Some simplifications are
made to reduce the complexity of the governing
equations that describe unsteady flame initia-
tion and spread over polymeric materials. First,
the Oseen approximation of uniform velocity
profile is used, thereby: (1) eliminating the
momentum equations from the solution; (2)
uncoupling the velocity field from the thermal
and chemical fields; (3) reducing the N-S equa-
tions to the constant pressure condition if the
opposed flow Mach number is negligibly small.
Flame spread is considered to occur in the
horizontal plane, thereby eliminating required
consideration in the vertical configuration of
melt flow from the melting surface. The authors
are unaware of any theoretical or numerical
work on this subject outside of preliminary work
in a highly idealized configuration [15, 16].
Second, radiation absorption by the flame and
radiant emission from the flame are ignored, as
are surface and in-depth radiant absorption by
the condensed material. Third, the thermal
properties and kinetic data (pre-exponential
factor and activation energy) are assumed con-
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stant. Fourth, the regression or deformation of
the gas-condensed interface and Marangoni
flow of polymer melt near the interface are
assumed negligible. The other assumptions that
are relevant to the specific equations will be
introduced hereafter. All restrictions are re-
movable in principle, but when initial studies
are conducted in a simple manner, the compli-

cations that are later introduced are more
clearly understood. Some of our restrictions
(negligible interface regression, no surface Ma-
rangoni flow) have not been extensively studied
in the context of flame spread. The governing
equations include those for the transient reac-
tive gas phase, the transient reactive condensed
phase, the non-reactive gas-condensed inter-

Fig. 1. Schematic description of diffusion flame spread over polymers in an opposed-flow of oxidizer.
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face, and boundary conditions. The origin of
coordinates is fixed at the interface, therefore
the subscript “y . 0” denotes the gas phase,
while the subscript “y , 0” denotes the con-
densed phase.

The transport mechanisms in the gas phase
include diffusion, streamwise convection, and
chemical reaction. The species and energy con-
servation equations are given by

rgFYi

t
1 u`

Yi

 x G 5 rgD¹2Yi 1 miwg,

i 5 f, o, y . 0, (1)

rgCPgFT
t

1 u`

T
 xG 5 kg¹

2T 1 qgwg,

y . 0. (2)

It is assumed that the combustion reaction F 1
voO 3 P is an overall single-step, irreversible
second-order Arrhenius reaction, with reaction
rate wg 5 2rg

2YoYfAge
2Eg/RT and stoichiomet-

ric ratio mi 5 Mivi/Mfvf, i 5 f, o. The heat
transfer mechanisms in the condensed material
include thermal diffusion, phase change, and
pyrolysis reaction. The energy conservation
equation in enthalpy form is

rc

hc

t
5 kc¹

2T 1 qcwc, y , 0, (3-a)

where subscript “c” denotes the condensed ma-
terial in general, and will be denoted by “l” or
“s” in individual liquid and solid phases, respec-
tively. An overall single-step first-order Arrhe-
nius reaction of polymer3monomer is assumed
for the pyrolysis process, with reaction rate
wc 5 2rcAc exp(2Ec/RT). The condensed-
phase density rc may take the form of rl or rs in
the condensed material. The kinetic data for Ec

and Ac are constants for both solid and liquid
phases. The enthalpy-temperature relationship
in Fig. 2 is provided along with Eq. 3-a, thereby
reducing two unknowns (enthalpy and temper-
ature) to one. In Fig. 2, phase change is as-
sumed to take place at a fixed melting temper-
ature Tm,1 and the thermal properties r, CP,

and k in the solid and liquid are assumed
constant in each phase, but not necessarily the
same. This implies the existence of discontinu-
ous thermal properties across the solid-liquid
interface. The energy conservation equation of
the condensed material in temperature form
includes three domains of interest, viz., the solid
phase, the liquid phase and the moving phase
front,

5 rsCPs

T
t

5 ks¹
2T 2 qcwc, solid

rlCPl

T
t

5 kl¹
2T 2 qcwc, liquid

, y , 0

(3-b)

H 2Sk
T
n*D s

1 rLsvn* 5 2Sk
T
n*D l

TS 5 Tm

,

phase front, y , 0
(3-c)

Eqs. 3-b i, ii are the energy conservation equa-
tions for the solid and liquid, respectively. Eq.
3-c is the Stefan condition in vector form, where
n* denotes the unit vector normal to the moving
solid-liquid phase front S, and vn* denotes the
phase front velocity.

At the gas/condensed phase interface, the
mass transfer mechanism is pure diffusion of
the net normal flow comprising pyrolysis prod-
ucts. The heat transfer mechanisms include
conduction in the gas, conduction in the solid,
surface radiation to the environment, and tran-
sient ignition heat flux q̇ig, which is applied

1The melting point of the polymer is different from the
‘glassy point’ temperature that frequently appears in the
literature, and normally has a larger value.

Fig. 2. The enthalpy-temperature relationship used in the
model.
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before ignition and removed thereafter. The
species and energy transport processes are as-
sumed to be always equilibrated, whereby

5
2rgD

Yf

 y
U

01

5 ~1 2 Yfu01!ṁ,

2rgD
Yo

 y
U

01

5 ~0 2 You01!ṁ,

2ks

T
 y
U

02

5 2kg

T
 y
U

01

1 es~T4 2 T`
4 ! 2 q̇ig.

(4-a)

In Eqs. 4-a i, ii, iii, the mass flow rate ṁ arises
from the pyrolysis products. The virtual mass
flow rate of condensed phase pyrolysis products
can be written in integral form as *2,sy

0 wc d y. A
permeability factor Ke with range between zero
and unity is used to adjust the magnitude of this
mass flow rate. Hence,

ṁ 5 Ke E
2,sy

0

wc d y. (4-b)

This equation implies that the transport of gas
through the liquid is a steady process, because
no storage effect or time derivative appears.
The heat transfer described by Eq. 3-b, how-
ever, is unsteady. Usually, when diffusion is the
transport mechanism, mass transfer through
liquids is slower than heat transfer. Our model
acknowledges this limitation, but is applicable
(valid) in the limit that the liquid layer contains
a uniformly distribution of “gas” molecules that
finally escape from the surface. There is a
uniform and continual migration of monomer
molecules toward the surface. Of course, this is
an idealization that is, in principle, removable
when the solid phase degradation is better
understood. The gas in this model may be
interpreted as molecules of monomers, which
form in the liquid layers of thickness lsy that
escape from the surface. In other words, Eq. 4-b
states that ṁ is proportional to the integral of
wc over the solid thickness, but the mass, in fact,
escapes from the surface cell after the reaction
polymer3monomer has taken place. In the gas,
an isothermal inflow boundary condition and an
adiabatic outflow boundary condition are ap-
plied at x 5 0, 0 , y , ,gy and at x 5 ,x, 0 ,
y , ,gy, respectively, where , denotes the linear
dimension of the computational domain. A
closed adiabatic boundary condition is applied

at the upper wall y 5 ,gy, 0 , x , lx, as
indicated below. Other boundary conditions in-
clude

x 5 0, 0 , y , ,gy

z 5
T 5 T`

Yo 5 Y0`; x 5 ,x, 0 , y , ,gy

Yf 5 0

z 5
T
 x

5 0

Yi

 x
5 0, i 5 o, f

.

The adiabatic condition is written as:

y 5 ,gy, 0 , x , ,x5
T
 y

5 0,

Yi

 y
5 0, i 5 o, f.

. (5-a)

In the condensed phase, the remaining three
boundary conditions are all adiabatic.

x 5 0, 2,sy , y , 0 or x 5 ,x, 2,sy , y , 0 or

y 5 2,sy, 0 , x , ,x

T
 l̂

5 0. (5-b)

The initial condition is

T 5 T`, Yf 5 0 and Yo 5 Yo`, (6)

where Yo is the initial or inflow oxidizer mass
fraction in the gas.

The conservation Eqs. 1–3, the gas-condensed
interface condition 4, boundary conditions 5 and
initial condition 6 together form a well posed
unsteady nonlinear boundary value problem.

Nondimensionalization

The governing equations shall be nondimen-
sionalized to analyze physical mechanisms that
may subsequently influence flame development.
It is difficult to derive appropriate reference
variables for dimensional analysis. If phase
change is negligible, the dominant mechanism
of heat transfer in the solid for flame spread
over thermally thick fuel is solid heat conduc-
tion [1]. However, for polymers with a low
melting point and low viscosity, it was observed
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[10] that phase change and melt flow may
influence flame spread. Gas phase conduction is
dominant in thermally thin flame spread and
becomes weaker as the fuel thickens [1]. What-
ever the relative importance of a certain heat
transfer mechanism is, the interactions between
the gas and the condensed phases always
determines the nature of flame growth and
spread. Based on this idea, the nondimension-
alization is carried out as follows: the refer-
ence length É 5 as/u` is obtained by multi-
plying the characteristic thermal length in the
gas (ag/u`) by a factor V 5 as/ag; the refer-
ence time is t 5 É/u`; the reference tempera-
ture is Ls/CPs; the reference oxidizer concen-
tration is Yo`; the reference fuel concentra-
tion is Yo`/mo.

In summary, the coordinates x and y are
nondimensionalized as x# 5 x/É and y# 5 y/É;
time t is nondimensionalized as t# 5 t/t; tem-
perature T is nondimensionalized as T# 5
Cps(T 2 T`)/Ls; the fuel concentration is
nondimensionalized as Y# f 5 Yfmo/Yo`; and the
oxidizer concentration is nondimensionalized as
Y# o 5 Yo/Yo`. The dimensionless equations,
interface conditions, boundary, and initial con-
ditions are,
Gas phase;

Y# i

t#
1

Y# i

 x#
5

1
VLe S2Y# i

 x#2 1
2Y# i

 y#2 D 1 w# g,

i 5 f, o, i 5 f, o (7)

T#

t#
1

T#

 x#
5

1
V S2T#

 x#2 1
2T#

 y#2D 1 q# gw# g,

i 5 f, o (8)
Condensed phase (temperature form);

5
T# s

t#
5

2T# s

x#2 1
2T# s

y#2 2 q#cw# c, in the solid

r# lC# Pl

T# l

t#
5 k# lS2T# l

x#2 1
2T# l

y#2D2 q#cw# c, in the liquid

,

y# , 0 (9-a)

H 2
T# s

n#*
1 v#n* 5 2k# l

T# l

n#*
, phase front, y# , 0

T# S 5 St (9-b)

Gas/condensed phase interface;

5
2

1
VLe

Y# f

y#
U

01

5 ṁ# S mo

Y0`

2 Y# fU01D
2

1
VLe

Y# o

y#
U

01

5 ṁ# ~0 2 Y# ou01!, y 5 0

T#

y#
U

02

5 2
kg

ks

T#

y#
U

01

1v# @~T# 1 T̃`!4 2 T̃`
4 # 2 q# ig

(10)

Boundary conditions;

x# 5 0, 0 , y# , #,gy

5
T# 5 0

Y# f 5 0; x# 5 #,x, 0 , y# , #,gy

Y# o 5 0 5
T#

 x#
5 0

Y# i

 x#
5 0, i 5 o, f

;

y# 5 #,gy, 0 , x# , #,x5
T#

 y#
5 0

Y# i

 y#
5 0, i 5 o, f

(11-a)

x# 5 0, 2 #,sy , y# , 0 or x# 5 #,x, 2 #,sy , y# , 0

or y# 5 2 #,sy, 0 , x , #,x

T#

 l̂
5 0 (11-b)

Initial conditions;

T# 5 0, Y# f 5 0 and Y# o 5 1. (12)

Here w# g 5 Y# oY# f A# g expS2
E# g

T# 1 T̃`
D ,

w# c 5 A# c expS2
E# c

T# 1 T̃`
D ,

#ṁ 5 KeE
2 #,sy

0

r# cw# cd y# , and

T̃` 5 CPsT`/Ls.

The dimensionless groups are listed in Table 1.

Numerical Approach

The computational domain of approximately 15
mm 3 15 mm, in the streamwise ( x) direction
and transverse ( y) direction consists of a 50 3
50 mesh system in the gas phase and a 50 3 40
mesh system in the condensed material. Along
the x direction the grid spacing is uniformly 0.3
mm. Along the y direction the grid spacing is
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non-uniform with the minimum spacing (0.025
mm) near the gas-condensed interface ( y 5 0)
with an exponential increase in the two opposite
( y01 and y02) directions. The neighboring in-
crement ratio is 1.07. This treatment is intended
to resolve the reaction-intensive region close to
the interface. The mappings between the two
mesh systems were accomplished by appropri-
ate coordinate transformations.

The finite difference method is used to solve
the numerical model [17]. First, the control
volume formulation is used in the discretization
because of its ability for providing exact tracking
of the solid-liquid interface during phase
change in the condensed material. The diffusion
terms are treated by the central difference
method; the convective term by the up-wind
scheme, which in low flow velocity provides
acceptable performance. To treat the chemical
(source) terms, the guideline of positive deriv-
atives of source terms is followed. Negative
chemical terms are linearized by preserving only
the partial derivatives with respect to the pri-
mary variable, whereas the positive source term
is left unchanged. In addition, a special treat-
ment of the chemical term is used to enhance
the accuracy and stability of the solution proce-
dure [18]. To minimize computational time and
storage, the ADI (Alternate Direction Implicit)

method is employed: the independent variables
are solved alternately in the x and y directions.
The techniques used in solution of the phase
change process in the condensed phase is a
special form of the Enthalpy Method, the ADI
Source Update Method, as well as the afore-
mentioned enthalpy-temperature relationship.
In addition, property discontinuities across the
solid-liquid interface are averaged by using the
harmonic mean formulation [19] of the thermal
properties for any grid encompassing this inter-
face.

The run time is influenced by three major
nonlinearities that are present in the numerical
model. These nonlinearities are the interface
condition, the chemical reaction terms in the
gas and condensed material, and the Stefan
condition. It was determined by numerical ex-
periments that the stiffness of the overall equa-
tions, hence the run time, is determined mainly
by the chemical reactions. This overshadows the
influence of phase change even at high Stefan
numbers. In views of the nonlinear nature of the
numerical model, the iterative Newton–Raph-
son scheme is applied in semi-implicit form to
the finite difference equation.

The computational cycles are constructed ac-
cording to the physical process. First the energy
equation of the condensed phase is solved,
which produces the gas-condensed interface py-
rolysis product flow rate and the interface tem-
perature. Next this flow rate is fed into the
boundary conditions of the two species equa-
tions, and the gas-condensed interface temper-
ature is fed into the boundary condition of the
energy equation in the gas. After the gas phase
temperature is solved from the energy equation,
the heat flux of the interface is obtained as a
further input into the condensed phase. The
iterative computational process continues until
the relative error of the two most recent itera-
tive values of T, Yo, Yf, and hc fall into the
convergence range, the limit of which is nor-
mally chosen as 0.0001.

Theoretical (Simple) Model

The model configuration for theoretical analysis
is shown in Fig. 3. The coordinate system is
flame-fixed, hence a streamwise convection
term is introduced in the energy equation of the

TABLE 1

Dimensionless Parameters for the Numerical Model

Symbol Parameter group Symbol Parameter group

A# g
AgrgasY0`

u`
2 A# c

Acas

u`
2

q# g
qgYo`CPs

moCPgLs
q# c

qcCPs

CpsLs

E# g
EgCPs

RLs
E# c

EcCPs

RLs

Le
ag

D
St

CPs~Tm 2 T`!

Ls

C# Pl
CPl

CPs
r# l

rl

rs

r# c
rc

rg
k# l

kl

ks

v#n*
vn*

u`

#,sy
u`,sy

as

q# ig
q̇igasCPs

u`ksLs
v#

esasLs
3

ksu`CPs
3
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condensed phase. The global energy balance
principle of Wichman and Williams [6] is ap-
plied. The global energy balance principle states
that the “flame spread rate must be sufficient to
remove by downstream solid-phase convection
(in flame fixed coordinates) the heat that is
generated by combustion and not removed by
either downstream gas-phase convection or con-
duction.” This global balance principle is valid
when either solid or gas phase conduction over-
powers the other, whereas a simplified energy
balance for heat flow to unignited fuel across
surfaces of incipient fuel [2] can be used only
when gas-phase conduction overpowers solid-
phase conduction. Thus, flame spread models
that employ an energy balance across the flame
leading edge (and in its vicinity) are not so
generally applicable as the global energy bal-
ance. With gas-phase domination both leading
edge and global balance models should give
approximately identical predictions. For most
leading-edge models it has been demonstrated
[3, 6, 7] that under most conditions encountered
in flame spread, gas-phase domination is the
norm. Exceptions to this norm are discussed in
Ref. [20], where the viscous-invisid region near
the point of flame attachment is examined in
detail. The authors of [20] demonstrated that an
upstream gas-phase fluid dynamic recirculation
cell could alter flame spread behavior.

In applying the energy balance principle, the
Oseen approximation is employed. The flame
sheet is hypothesized to lie along the gas-
condensed material interface. The transition
from solid material to liquid is assumed to occur

across an infinitesimally thin front located at the
locus of a parabolic arc y/=x 5 const. All of the
latent heat is presumed to be consumed along
this arc. In addition, the liquid is presumed to be
sufficiently viscous that internal, circulating
flows do not occur as they do for certain light,
hydrocarbon liquids. The analytical solution
yields the following spread rate formula (see
Appendix A),

uf

u`

5
rgCPgkg

rlCPlkl
z S Tf 2 Ti

Ti 2 Tm
D2

z erfScÎ1
2

z
as

al
D2

,

(13)

where Tf is the flame temperature, Ti is the
interface temperature (see Fig. 3), and c is the
value of the numerical constant defining the
locus of the liquid-solid interface. As c 3 0 and
Tm3 Ti, Eq. 13 reduces to the thick fuel deRis
formula [5].

When phase change occurs, the Stefan num-
ber2 St 5 CPs(Tm 2 T`)/Ls appears as one of
the nondimensional parameters of the problem.
Physically, St is the ratio of the heat required to
raise a unit mass of the solid from the ambient
temperature to its melting temperature to the
heat required to transform this unit mass of
solid into liquid. Only St . 0 is of interest to us
because St is positive when phase change is
endothermic. A derivation of the preceding
results is presented in the Appendix.

2In this model, the definition of St is inverse to those
appearing in [3] and [8].

Fig. 3. The simplified flame-spread model for steady spread of an opposed-flow diffusion flame over a semi-infinite
condensed phase.
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Simplified Derivation of Flame-Spread
Equation

In this section, a simple, physically motivated-
scaling-argument derivation is given for Eq. 13.
A full description is presented in the Appendix.
The simplicity of the scaling analysis sheds light
on the important approximations of the analy-
sis. It was shown in [3, 6, 7] that for a basic
understanding of the overall flame spread pro-
cess only the energy conservation equations of
both media were needed, and that in these
equations a balance between streamwise con-
vection and traverse diffusion (a boundary-layer
formulation) captured most of the physics. The
full problem is elliptic, as shown in numerous
original works [5, 21], but the region of pure
ellipticity is confined to a small “Stokes region”
near the flame attachment point. Outside of
that small region, a parabolic formulation pro-
duces useful results. We follow the scaling anal-
ysis outlined in [3, 20].

We proceed by first scaling the three energy
equations (gas, liquid melt, and solid), then the
boundary conditions along the interfaces (gas-
liquid, liquid-solid) that separate them. In the
gas energy equation rgCPgugTg/ x 5 kg

2Tg/
 y2 scales to rgCPgugDTg/Lgx ; kgDTg/Lgy

2 .
Imposition of the criterion Lgx 5 Lgy 5 Lg, i.e.,
uniform coordinate scaling in the flame attach-
ment region gives Lg 5 ag/ug, ag 5 kg/rgCPg.
In the solid the energy equation is rsCPsusTs/
 x 5 ks

2Ts/ y2, which scales to rsCPsusDTs/
Lsx ; ksDTs/Lsy

2 . We let Lsx 5 Lgx 5 Lg to
emphasize gas-phase control of the spread pro-
cess. We then find Lsy 5 [asag/usug]

1/ 2. Simi-
larly, the liquid-phase energy equation
rlCPlulTl/ x 5 kl

2Tl/ y2 scales to
rlCPlulDTl/Llx ; klDTl/Lly

2 , which yields Lly 5
[alag/ulug]

1/ 2 when we use Llx 5 Lgx 5 Lg as
for the solid. Clearly ul 5 us.

We now examine the two interfaces. Along
the solid-gas interface upstream of the flame
attachment point, the conductive energy bal-
ance gives ks(Ts/ y)y50 ; kg(Tg/ y)y50,
which yields ksDTs/Lsy ; kgDTg/Lgy or Lsy/
Lg 5 ksDTs/(kgDTg). Along the liquid-solid
interface, the situation is more complicated.
Here we have ks(Ts/n*) ; kl(Tl/n*),
where n* is the normal coordinate to the para-
bolic arc along which phase change occurs. This

arc is given by the locus y 5 2blx
2, which

nondimensionalizes to y# 5 2x#2 with y# 5 y/Lly,
and x# 5 x/Llx 5 x/Lg and Lly 5 blLg

2. In the
case that the parabolic arcs lie nearly parallel to
the horizontal plane, the derivatives T/n ap-
proximate to T/ y. Thus, the nondimensional-
ization of the interface condition yields, approx-
imately, ksDTs/Lsy ; klDTl/Lly. Use of Lly 5
blLg

2 gives

ks

DTs

Lsy
,

kl

blLg

DTl

Lg
. (14)

In our derivation this interface condition is
considered to be more important to the overall
spread process than the solid-gas interface con-
dition derived previously. Hence we substitute
the relationship Lsy 5 [asag/usug]

1/ 2 derived
from the solid-phase energy equation into Eq.
14 to obtain

us 5 ug

as

ag

kl
2

ks
2 SDTl

DTs
D2 1

blLg
(15)

The expression for DTl/DTs is now written in
the following form: DTl/DTs 5 (DTg/DTl)(DTl/
DTs)

2(DTs/DTg). Then we use Eq. 14 for DTl/
DTs in the right-hand side (square) term, and
the upstream interface condition ksDTs/Lsy 5
kgDTg/Lgy for DTs/DTg. These expressions sub-
stituted into Eq. 15 yield

us

ug
5

rgCPgkg

rlCPlkl
SDTg

DTl
D2Fas

al
~blLg!

2 Lg
2

Lsy
2 G .

The quantity in square brackets reduces to
(as/al)(Lly/Lsy)

2 when the relationship Lly 5
blLg

2 is employed. When we observe that both
liquid and solid must produce parabolic iso-
therms, we find (Lly/Lsy)

2 5 (bl/bs)
2 5 k2,

where Lsy 5 bsLg
2 was used in the solid. The

constant factor k is nondimensional. Thus, our
final result is

us

ug
5

rgCPgkg

rlCPlkl
SDTg

DTl
D2Fk2 as

al
G (16)

We compare this result to Eq. 13, the exact
formula, by considering the limit of small c
(high sweep-back of the isotherms) to find
erf[c=as/ 2al] ' (2=p)[c=as/ 2al]. This
yields Eq. 16 with the quantity in square brack-
ets replaced by (2c2/p)as/al. The correspon-
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dence between the two formulas is exact when
we identify k2 5 2c2/p. We note finally that in
Eq. 16 DTg 5 Tf 2 Ts, DTl 5 Ts 2 Tm are the
characteristic temperature difference in the gas
and liquid phases, respectively.

This simplified analysis illustrates important
features of the phase change model of flame
spread. First, the gas phase is elliptic near the
flame leading edge because Lgx 5 Lgy 5 Lg,
i.e., all characteristic lengths in the 2-D plane
are identical. Second, in the limit being consid-
ered chemistry is very fast compared with con-
vection and diffusion processes. Third, the solid
and liquid phases are fundamentally parabolic,
with streamwise diffusion 2[/ x2 negligible in
comparison with transverse diffusion 2[/ y2.
Fourth, conduction across the interfaces be-
tween gas and solid (upstream) and liquid and
solid (downstream) dominates streamwise con-
vection and the phase change enthalpy, which
appears only implicitly in the parameter c of Eq.
13. Fifth, of the two interfaces, the energy
balance across the solid-liquid interface was
used more than the solid-gas interface balance,
indicating its greater importance in the overall
flame spread process. Sixth, simple rearrange-
ment of Eq. 16 gives us 5 k2ug[(rgCPgkg)/
(rsCPskl)]k# l

21(DTg/DTl)
2, suggesting that us

decreases in proportion to k# l
21 and in propor-

tion to Cps
21, if their influences on other param-

eters are not considered. Our subsequent eval-
uations demonstrate that us } k# l

21 is a good
reckoning, whereas usCPs ; constant is not (see
Figs. 4(B) and (C)). Seventh, the concept of
“gas-phase dominance” of the spread process is
implicitly understood by the imposition of the
gas-phase length Lg on Llx and Lsx; i.e., the use
of Llx 5 Lsx 5 Lg. Eighth, the liquid layer is
highly viscous so that no internal convection or
recirculation occurs. Although surface tension
gradients produced by temperature gradients
along the interface can induce circulatory liquid

movement [22], we have not included these
motions in our scaling analysis. Ninth, subject to
the constraint of Oseen flow (which can be
removed as discussed in [7]) and fast chemistry,
the largest influences on the flame spread rate
are the thermal properties of gas, solid and
liquid, and the Stefan number, whose magni-
tude controls the multiplicative factor k2 in (16)
(c in Eq. 13).

RESULTS AND DISCUSSION

The thermal and flow properties are listed in
Table 2. Ignition is established if the heat flux
from the gas phase excluding external radiation
is over 10 W/cm2. The effects of the condensed
material on flame spread are investigated by
varying three nondimensional parameters, St,
k# l, and C# Pl, in which St denotes the influence of
phase change, and k# l and C# Pl denote the rela-
tive influence of liquid thermal properties. Vari-
ation of St, k# l, and C# Pl is accomplished by
changing only one single property Ls, kl, or CPl

whereas keeping the rest fixed.

Flame Spread Rate

The thick fuel spread rate of deRis’s formula [5]
is

us

u`

5
rgCPgkg

rsCPsks
S Tf 2 Tv

Tv 2 T`
D2

, (17)

where Tv denotes the vaporization tempera-
ture.3 Because Tf and Tv are theoretical param-
eters that correspond approximately to real

3The vaporization temperature Tv in deRis’s formula is
essentially equivalent with the surface temperature Ti in
Equation (13) as the latter denotes the constant tempera-
ture of the non-vaporizing surface although the former
denotes solid-to-gas “vaporization” (actually sublimation).

TABLE 2

Major Properties and Kinetic Data Used for the Numerical Model

ks 5 0.05 W/(m z K) Cps 5 1460 J/(kg z K) rs 5 1190 kg/m3 rl 5 1190 kg/m3

Tm 5 500 K Ac 5 2.82 3 109 s21 Ec 5 129580 J/mol qc 5 1113.5 kJ/kg
Ke 5 0.5 kg 5 0.0411 W/(m z K) Cpg 5 1007 J/(kg z K) rg 5 1.16 kg/m3

D 5 3.514 3 1025 m2/s Ag 5 1.6 3 1015 m3/(kg z s) Eg 5 155000 J/mol qg 5 215539.4 kJ/kg
u` 5 0.1 m/s T` 5 300 K Y0` 5 0.31 Yf` 5 0.0
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condensed-phase and combustion kinetics, and
because they are in fact not constant in the
numerical model, representative values have to
be selected in order to make a comparison.
Based on the numerical results of the interfacial
temperature (see Fig. 8-A) and on previous
experimental measurement (Tv 5 665 K for
PMMA), it is a reasonable guess to fix Tv at 700
K. We extract Tf from Eq. 13 by letting the us

equal the numerical flame spread at St 3 `,
because St 3 ` corresponds exactly to flame
spread without phase change, that is, the flame
spread problem is essentially characterized by
deRis’s formulation. It is worth pointing out
that this treatment helps to make a comparison
between Eq. 13 and the numerical model. This
comparison is justifiable in that no artificial
manipulation is involved for situations of widely
varying thermal properties. Therefore, we ob-
tained the following representative values, Tf 5

1730 K, thus resulting in the following ratio of
the right hand side of Eq. 14

S Tf 2 Tv

Tv 2 T`
D 5 2.58.

We note that this ratio remained fixed in all
cases considered, and that Tf 5 1730 K is a
physically reasonable flame temperature esti-
mated in flame spread since the maximal flame
temperature in the numerical results is 1630 K.
In effect, a scaling factor has been introduced
that makes the case St 3 ` agrees with the
deRis formula. The dependence of the flame
spread rate on St, which is obtained from Eqs.
13, 17, and the numerical model, is plotted
separately in Figs. 4-A through -C. Figure 4-A
reports the dependence of flame spread on St
by presenting the formulas of and eleven com-
putational results. It seems that the formula

Fig. 4. (A) Flame spread rate vs. St; (B) Flame spread rate vs. k# l at St 5 2; (C) Flame spread rate vs. C# Pl at St 5 2.
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provides an almost an exact solution to the
spread rate of the numerical model, since agree-
ment between the numerical results (‘*’) and
theory (dotted curve) is observed. However, Eq.
17, which is represented by a horizontal solid
line above the ‘*’ and dotted lines, results in a
constant value higher than both the numerical
result and theory. Qualitatively, with the in-
crease of St, the spread rate increases. The
sensitivity of the spread rate with respect to St,
which is illustrated by the slope of the curve in
Fig. 4-A, diminishes for larger St. In addition,
St is inversely proportional to Ls, and an almost
linear relationship between spread rate and Ls

is found. As a result, the aforementioned sensi-
tivity with respect to Ls is almost constant.

We can estimate the influence of phase
change on the spread rate. The contribution of
phase change can be as much as a 40% change
of the flame spread formula at St 5 1 and
nearly negligible influence at St 5 100.
Through numerical experiments, it was found
that if St is lower than 0.667, only ignition is
observed, followed by extinction. No flame
spread occurs. Since the external heat flux is
removed as soon as ignition is initiated in the
numerical model (for all St cases), the above
finding indicates that the flame cannot support
itself if St is too low.

The contributions of k# l and C# Pl to the flame
spread rate for St 5 2 are reported in Figs. 4-B
and 4-C, respectively. Good agreement is ob-
served. Qualitatively, the increase of either the
conductivity or the thermal capacity of the
liquid layer in the condensed phase decreases
the flame spread rate. Similarly, extinction is
observed if k# l is lower than approximately 1.0,
or C# Pl is higher than approximately 1.25. Again,
Eq. 13 does not provide any indication of ex-
tinction because of the steady state formulation.
However, one may conjecture that certain limits
can be derived from the three cases of varying
St, k# l, and C# Pl. Therefore, extinction occurs if
the ideal (Eq. 13) spread rate decreases below
these limits. These rate limits are dependent on
parametric values. This viewpoint is partly sup-
ported by observing that the rate limits of Fig.
4-A, -B, and -C differ from each other signifi-
cantly. However, it is difficult to determine
these rate limits quantitatively because extinc-
tion is not a well-defined event in the numerical

model.4 One reason is that the control of grid
size or convergence procedure may influence
and substantially alter such unstable phenom-
ena. It may be necessary, therefore, to examine
flame extinction at least partly analytically. Even
in analytical studies, however, the precise defi-
nition of the moment of ignition is an ill-defined
quantity.

Transient Spread Process

Figure 5-A reports the progress of flame spread
rate along the streamwise distance for St 5 2.
Three stages of transient evolution are ob-
served, viz., ignition, transition and fully devel-
oped (or steady) spread. Ignition is character-
ized by sharp slopes of flame spread rate around
a peak point, indicating the impulsive nature of
the ignition process. The transition stage, which
occurs after ignition, allows the flame to stabi-
lize mainly over the preheated region (9–12
mm). Its behavior is characterized by smaller
slopes. The final stage of the spread is estab-
lished after the flame moves across the bound-
ary between the pristine polymer and preheated
region ( x 5 9 mm), and the flame spreads with
constant rate. Figure 5-B reports the time his-
tories of both flame front and phase front
arrival along the polymer surface. It is observed
that the interval of transition (2 s), compared to
the ignition delay time (10 s), is relatively short.
Another observation is that the movement of
the phase front started much earlier than the
flame front. This phenomenon arises from the
fact that the phase front is established much
earlier than the flame front, because the melting
temperature is much lower than the ignition
temperature. In Fig. 5-B, the phase front leads
the flame in the region 9 mm , 3 , 10 mm.
The streamwise progress of the phase front is
the described as follows: shortly after the initial
heating the phase front starts to move, then it
approaches the boundary of the preheating
region, shown in Fig. 5-A at the location be-
tween x 5 9 and x 5 12 mm. Between this time
and ignition, the phase front can not move
because there is no heat flux applied outside the

4A very detailed analysis of flame spread initiation was
carried out in Ref. 9, where all gas-phase processes includ-
ing thermal expansion were retained.
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preheating region. Even with ignition initiated,
the flame front still stays put because the exter-
nal heat flux is removed and the self-supportive
heat flux is too weak to push it forward. The
resumption of movement is not accomplished
until the flame survives the transition and spread
near the boundary of the preheating region.
Thereafter, phase spread is driven by the combus-
tion heat from the gas phase and steady spread
is attained. This steady stage is characterized by
the same spread rate as for the phase front, as is
seen by the two parallel lines in Fig. 5-B.

Figures 5-C and -D report the streamwise

evolution of heat flux,5 mass flux, and tempera-
ture at the interface during three stages of flame
spread. At the time of pre-ignition (10 s), an
external heat flux of 5 W/cm2 is applied to the
preheating region of the surface; the mass flux
of pyrolysis products is low because of the low
condensed phase temperature, see Fig. 5-D.
Once ignition is initiated, the external heat flux

5The heat flux here denotes the net heat flux feeding the
condensed phase, which is obtained by subtracting the
surface radiation loss from gas phase conduction to the
interface.

Fig. 5. (A) Flame spread rate vs. streamwise distance at St 5 2 (the front propagates to the left); (B) Arrival times of flame
front and phase front vs. streamwise distance; (C) The streamwise evolution of heat and mass flux at the interface before
ignition (10s), during transition (12s) and during steady spread (19s); (D) The streamwise evolution of interface temperature
before ignition (10s), during transition (12s) and during steady spread (19s).
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is removed, and an abrupt change of flame
environment occurs. The plume of the flame
adapts to the rapid change of the heat flux,
during which transition occurs. If, for example,
the heat flux generated from the combustion
reaction cannot compete with the loss of heat
through the gas and the condensed phase, the
plume shrinks and extinction takes place, as was
observed earlier in the article. The transition
stage determines whether the flame is self-
supportive or not. Figures 5-C and -D illustrate
the successful survival of the plume and steady
spread thereafter. It is observed in Fig. 5-C that
the magnitude of the heat flux during the steady
spread stage is approximately one tenth of the
external heat flux. However, the mass flux shows
a reverse trend with an increase of magnitude by
a factor of ten because the low mass flux of the
initial stage results from the thin pyrolysis layer.
Steady spread is attained when the mass flux
attains the highest value and heat flux attains
the lowest value among the three stages.

As far as the interface temperature is con-
cerned, a leading edge appears after ignition,
whose magnitude slightly increases to attain the
steady state. Downstream of the leading edge
during the steady spread stage, the surface
temperature decreases with increase of distance
from the leading edge. This observation dis-
agrees with the assumption of a constant surface
vaporization temperature discussed at length in
[3]. The invalidity of the assumption was dis-
cussed in numerical studies (that did not con-
sider the effects of phase change) such as [13,
14]. The divergence of the temperature down-
stream of flame front from an assumed constant
value at the leading edge is as high as 20% for
the case St 5 2. Apparently such a deviation is
not crucial, given the eventual agreement be-
tween numerical results and theory. For this
reason, the constant “vaporization tempera-
ture” hypothesis has survived and, in fact, rep-
resents an important conceptual piece of the
overall flame spread model.

Flame Structure

The detailed flame structure is obtained from
the numerical model by examining contours of
constant temperature, fuel concentration, oxi-
dizer concentration, and combustion reaction

rate in four cases of interest (see Fig. 6). The
non-dimensional temperature from the numer-
ical model is divided by St to make compari-
sons. From the viewpoint of physics, the flame
structure displayed in Fig. 6 shows qualitatively
the same characteristic as reviewed in [3]. Un-
der the influence of an opposed flow, the dif-
fused fuel gas from the interface (Fig. 6-C)
reacts with the oxidizer gas in the mainstream
(Fig. 6-D), thereby forming a reaction region
(Fig. 6-B). From Fig. 6-B we see that the
thickness of the reactive region is finite, which
shows the nature of finite-rate reaction in the
gas. In addition, the temperature of this reactive
region is the highest in the field, as shown in Fig.
6-A. The highest temperatures are displaced
from the surface somewhat downstream of the
reactivity maximum, as observed in previous
studies of flame near cold surfaces [23–25].

It is interesting to evaluate the influence of
the condensed phase on the flame structure. A
reference state of St 5 2 is chosen for these
comparisons. First, it is observed from Fig. 6-A
that St 5 100 and k# l 5 3 produce bigger
flames. However, C# Pl 5 0.125 produces a
smaller flame. This observation is confirmed by
comparing fuel concentration constant contours
in Fig. 6-C. The same constant contour of fuel
concentration is pushed further downstream of
the flame leading edge if St 5 100 or kl 5 3.
The second observation is from Fig. 6-B. Near
the flame leading edge, the shape and orienta-
tion of the reactive region does not change for
the four cases we examined; however, farther
downstream of the flame leading edge, the
reactive region tends to be slightly raised if St or
k# l becomes larger, or slightly pressed down if
C# Pl becomes smaller.

The Condensed Phase

The temperature profile (including location of
the phase front) from both the numerical model
and theory are compared in Fig. 7. Theory
predicts that the isotherms are parabolas with
the origins located at the leading edge ‘o’ in Fig.
7. The numerical solution, however, predicts
that the isotherms do not resemble the shape of
parabola except near the flame leading edge.
The isotherms deviate from parabolas down-
stream of the leading edge. The thickness of the
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liquid layer shrinks downstream. Good agree-
ment between the numerical result and theory is
observed near the leading edge of the phase
change point ‘o.’ The behavior of the liquid
thickness downstream of the leading edge sug-
gests a connection to the surface temperature or
heat flux at ignition, therefore some other pa-
rameters of interest are investigated.

The influence of the condensed phase on
flame spread during the steady spread stage is
shown in Fig. 8 by investigation of interface
temperature, mass flux, condensed phase heat
conduction and the phase front locations. As is
shown by the interface temperature in Fig. 8-A,
there is negligible difference downstream of the

flame front among four cases except k# l 5 3. In
addition, upstream of the flame front, St 5 100
produces a shallower gradient of the interface
temperature than St 5 2, and CPl 5 0.125
makes this gradient even lower. Distributions of
the interface mass flux and the net heat flux into
the condensed phase along the streamwise dis-
tance are presented in Figures 8-C and 8-D.
Among the four cases, k# l 5 3 stands out having
the highest mass flux and lowest heat conduc-
tion into the condensed phase. This phenome-
non is well understood if we recall that we used
the in-depth pyrolysis mechanism in the con-
densed phase. As a result, the larger pyrolysis
area in general corresponds to a higher mass

Fig. 6. Comparisons of non-dimensional (A) temperature/St, (B) reaction rate, (C) fuel concentration and (D) oxidizer
concentration for four conditions of the condensed material. The outermost isotherm is 2.0 with increment 2.0 between two
adjoining contours; the innermost isoline of oxidizer or fuel is 0.2 with increment 0.2 between two adjoining contours; the
reaction profile is characterized by reaction rate 0.0001.
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flow rate. The extent of the pyrolysis area is
related to the extent of the melting region, as
shown in Fig. 8-B. It is observed that k# l 5 3
significantly enlarges the liquid region, thus
resulting a higher pyrolysis region, whereas in
the other cases a smaller difference is observed.

A simple analysis illustrates that k# l controls
the thickness of the liquid phase. The liquid
layer in the condensed phase can be looked on
as a plane plate, the upper side of which is
subjected to the ignition temperature Tig, and
the lower side of which is subjected to the
melting temperature Tm. If q# ig denotes the heat
conduction into the condensed phase, then a
simple heat conduction relation applies if the
transient effect is neglected,

d 5 kl

Tig 2 Tm

q# ig
, (18)

where d denotes the average thickness of the
liquid layer. Because the magnitudes of q# ig and
Tig do not depend significantly on the magni-
tude of k# l, an approximate relationship of d } kl

is determined. This explains why the liquid layer
thickness of k# l 5 3 is almost three times as large
as k# l 5 1.

The streamwise evolution of the phase front
location and pyrolysis front location (character-
ized by w# c 5 1.5 3 1027) is shown in Fig. 9.
The liquid region encompasses almost the en-
tire pyrolysis region during all three stages. In
addition, the slight intrusion of the pyrolysis
front out of the phase boundary indicates that
the pyrolysis temperature is slightly lower than
the melting temperature. Also the shape of the
pyrolysis region is not a parabola. Its thickness
shrinks downstream of the flame front and fits
well with the shape of phase front. In addition,
the reaction intensive part of the pyrolysis re-
gion has the highest temperature, and lies below
the flame front.

Mechanism of Steady Flame Spread

Generally, many different mechanisms contrib-
ute to the flame spread process, and conclusions
on which mechanism is dominant (if any) are
difficult to make. The dependence of flame
spread on St, k# l, and C# Pl is analyzed below.
Control volumes of 5.7 mm 3 4.5 mm upstream
of the flame leading edge are chosen for cases
St 5 100, k# l 5 3, C# Pl 5 0.125 as well as the

Fig. 7. Comparison of numerical model and theory (Appendix) for the temperature profiles and phase fronts in the
condensed phase at St 5 2. The location of phase change coincides with the constant profile T# 5 St. The lowest isotherm
is 1.0 with increment 1.0 between two adjoining contours. The analytical isotherm of T# 5 4 coincides with the straight line
of the gas-condensed interface.
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reference state to construct a local energy-
balance accounting. Different heat transfer
mechanisms in nondimensional from are evalu-
ated by numerical integration, see Table 3.

An energy balance can be constructed for this
control volume. The heat from the gas phase
upstream of the flame leading edge plus the
streamwise conduction in the condensed phase
are responsible for the pyrolysis process and
enthalpy rise of the control volume. Pyrolysis
and streamwise conduction in the condensed
phase are not important compared with the
upstream conduction from the gas phase [2].
Physically, the total heat obtained in Table 3 is
responsible for enthalpy rise of the control
volume, and should be connected to the spread
rate. Comparison of St 5 2 and St 5 100 in
Table 3 indicates that with the increase of St,

the total heat increases, resulting in a higher
spread rate. However, for cases of variable
thermal conductivity and variable heat capacity,
the magnitudes of the total heat do not neces-
sarily measure the magnitudes of the spread
rate. This phenomenon can be explained by a
ratio between the total heat and the spread rate.

The ratio of the total heat to the spread rate,
presented in Table 3, denotes the energy barrier
for flame propagation with a spread rate of
unity. We compare this ratio for the four cases
we examined, since it reflects physically the ratio
of relative difficulty of preheating the con-
densed phase to the ignition temperature. This
ignition temperature (the temperature at the
flame leading edge), should be identical for
different cases if justifiable deductions are
made. Observation of Fig. 8-A indicates that

Fig. 8. Comparisons of (A) interface temperature, (B) phase location, (C) interface mass flux and (D) interface heat flux in
four situations of the condensed phase.
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St 5 2, St 5 100, C# Pl 5 0.125 have identical
flame temperatures at the leading edge, there-
fore comparisons between these three cases are
made below. From Table 3 the ratio for St 5
100 has a lower value than for St 5 2, indicat-
ing a lower energy barrier when the latent heat
is decreased. Similarly, the ratio for C# Pl 5
0.125 is lower than for the reference state,
because the lower thermal capacity is consistent
with the lower energy barrier. A different inter-
pretation for the last case k# l 5 3 is needed
because it shows many different characteristics
from the other cases. From Fig. 8-A, it is

observed that k# l 5 3 results in a lower flame
temperature at the leading edge. Second, from
Fig. 8-B, k# l 5 3 results in a larger liquid
thickness. The first influence tends to lower the
ratio in Table 3 because a lower ignition
temperature is required. The second influ-
ence, however, tends to increase the ratio
because a thicker liquid layer requires more
energy. The overall influence of k# l 5 3 seems
to be controlled by the second influence, as is
supported by Table 3: the ratio of the total
heat to the spread rate is larger than for the
reference state.

Fig. 9. The evolution of solid-liquid interface and pyrolysis front locations before ignition (10s), during transition (12s) and
during steady spread (19s). The pyrolysis front is characterized by w# c 5 1.5 3 1027 in the numerical model.

TABLE 3

Different Heat Transfer Mechanisms in Four Cases of Interest, in which St 5 2 Serves
as the Reference State

St 5 2 St 5 100 k# l 5 3 C# Pl 5 0.125

(Heat conduction from gas phase—
radiation at the interface)

2.497 2.828 1.406 2.231

Streamwise conduction in the
condensed phase

3.229 4.279 11.042 1.965

Heat of pyrolysis in the
condensed phase

0.0000 0.0000 0.0000 0.0000

The total heat 5.727 7.107 12.448 4.196
Spread rate (1024 m/s) 2.926 3.677 1.316 3.852
The total heat/Spread rate 1.957 1.932 9.458 1.089
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CONCLUSIONS

A new numerical model of flame spread is
constructed by introducing phase change in the
condensed phase. The processes considered in
the condensed phase include solid-to-liquid
phase change, an in-depth pyrolysis reaction
and heat conduction. The processes in the gas
phase, after applying the Oseen-flow approxi-
mation, include heat transfer, fuel and oxidizer
transfer, and finite-rate combustion kinetics. At
the interface between the gas phase and the
condensed phase, the heat and mass balance is
constructed by incorporating heat conduction
into both gas and condensed phases, radiant
emission from the surface, and diffusion of
pyrolysis products into the gas.

The influence of phase change and thermal
properties of the condensed phase on flame
spread are investigated by introducing three
non-dimensional parameters of interest, St, k# l,
and C# Pl. Quantitative comparisons of spread
rate between the numerical model and theory
outlined in previous sections, and Appendix are
obtained. It is found that the numerical model
provides almost exact correspondence to [8] for
variable St and C# Pl, and 90% agreement for
cases of variable k# l. deRis’s flame spread for-
mula, which results in a constant spread rate
value higher than the numerical result and Eq.
13, is independent of phase change.

Some observations are made about the tran-
sient process of flame spread. (1) Three stages
are observed: ignition, transition, and fully de-
veloped (or steady state) flame spread. In addi-
tion, the interval of transition is found to be very
short compared to the ignition delay time. (2)
Extinction is observed if St, k# l go below, or C# Pl

goes beyond, certain limits. Quantitative values
of these limits are not precisely known. (3) The
rates of spread of the phase and flame fronts
differ until the steady spread stage is attained.

The dependence of flame structure on St, k# l,
and C# Pl were studied. With the increase of St or
k# l, or with the decrease of C# Pl, the flame size
increased. These results are consistent with the
qualitative nature of the dependence of the
flame spread rate on the three parameters.
Physically, a lower latent heat or a lower ther-
mal capacity means a lower energy barrier for
the flame, hence a larger spread rate. The

increase of k# l, on the other hand, denoting the
diffusion away of the thermal energy for pre-
heating, results in a lower spread rate. The study
of heat flux, mass flux and surface temperature
at the interface provides additional information
on the mechanisms of flame spread.

The mechanisms of flame spread are inter-
preted by energy balance analysis. It is found
that a ratio between the total heat applied to the
condensed material upstream of the flame lead-
ing edge and the spread rate reveals the physical
mechanisms that control the preheating of the
condensed material to the ignition temperature.
A comparison on this basis is consistent with the
notion of a “fundamental equation of flame
spread” as discussed originally in [2] and in
Section 3.1.5 of [3]. This equation is written as
q 5 rsufDh, where q is the energy flux trans-
ported across the flame front to upstream un-
burned fuel, rs is the fuel density, and Dh is the
fuel thermal enthalpy difference between igni-
tion and ambient temperature. Clearly, the
quantity q/uf 5 rsDh was evaluated in our
work, and this quantity has the direct physical
relevance to the propensity for flame spread.
Comparisons of this ratio in situations of vary-
ing St, k# l, and C# Pl reveals the difference in
physical mechanisms that control the preheat-
ing of the condensed phase to the ignition
temperature. Although the theoretical result
(Eq. 13) on which much of the numerical com-
parisons were based and where predictions
were, in same cases, remarkably accurate when
compared with numerical results, it was derived
from the application of the global energy bal-
ance principle [6]. The general result it pro-
duces (Eq. 13) can subsequently be examined in
terms of local energy balances. Thus, there is no
contradiction between a globally derived for-
mula and its subsequent local interpretation.

Extension of the current work is needed. The
transient flame behaviors, such as extinction
limit or ignition limit with phase change, leave
room for future research. In addition, detailed
analysis of the mechanisms of flame spread over
a melting polymer is needed. More attention
may be given to combination of the gas phase
influence with phase change processes in the
condensed material. Further modeling efforts
may be attempted by incorporating the melt

406 G. ZHENG ET AL.



flow phenomena when the burning material is
no longer horizontal.
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APPENDIX

The flame-spread formula of Eq. 13 is derived
mathematically. This model examined here is
built upon that of [8]. The spread mechanism is
driven by a “surface flame” located along the
gas-condensed phase interface [6]. Following [8]
we assume negligible upstream conduction in
both gas and solid, thereby invoking the global
energy balance principle described at length
therein (see [6]). The energy equation in the
three phases are given by rjujCPjTj/ x 5
kj

2Tj/ y2 where j 5 g, l, s and ul 5 us. For the
gas we have 0 , x , `, y . 0, for the liquid
0 , x , `, 0 , y , f( x), for the solid 0 , x ,
`, y . f( x), where y 5 f( x) describes the shape
of solid/liquid interface. Along this contour, we
are able to write the interfacial energy balance
in the form kl[(Tl/ x)2 1 (Tl/ y)2]1/ 2 5
ks[(Ts/ x)2 1 (Ts/ y)2]1/ 2 1 rsusLs{(f/
 x)/[(f/ x)2 1 (f/ y)2]1/ 2}, where Ls is the
enthalpy of liquefaction (positive) and the third
term in the energy balance represents the liq-
uefaction energy flux along the liquefaction
front y 5 f( x). We define dimensionless vari-
ables tj 5 (Tj 2 T`)/(Ti 2 T`), j 5 g, l, s, j 5
x/L, h 5 y/L (L 5 ls/rsCPsus) where Ti is the
downstream gas-liquid interface temperature
(gasification or “vaporization” temperature).
The equations, when transformed into parabolic
cylinder coordinates j 5 (s2 2 n2)/ 2, h 5 sn
(n 5 constant defines a family of parabolic arcs
with n 5 0 the downstream gas/liquid interface
y 5 0, x . 0). The governing equations
transform to Njndtj/dn 5 2d2tj/dn2, j 5 g, l,
s with Ng 5 [ug/us][as/ag], Nl 5 (as/al), Ns 5
1. Along the liquid/solid interface we have tl 5
ts 5 tm and L[tl,j

2 1 tl,h
2 ]1/ 2 5 [ts,j

2 1
ts,h

2 ]1/ 2 1 tmStÉj/[Éj
2 1 Éh

2 ]1/ 2, where L 5
ll/ls, St 5 Ls/CPs(Tm 2 T`) and É is non-
dimensional h. Along this interface we have n 5

c 5 constant. In terms of (s, n) the interface
condition above simplifies to the form Ltl,n 5
ts,n 1 tmStc. The remaining conditions are
tg 5 tl 5 1 at n 5 0, tl 5 ts 5 tm at n 5 c,
tg and ts vanish as n 3 ` in each medium.

The energy equations are easily solved in
terms of error functions. The liquid/solid inter-
face condition yields the following parametric
relationship:

L
~1 2 tm!

tm
ÎNl

expS2
Nlc

2

2 D
erfScÎNl

2 D 1

expS2
c2

2 D
erfcS c

Î2D
5 cÎp

2
St (A.1)

We note that as Tm 3 Ti and c 3 0 the
preceding equation gives erf(c=Nl/ 2)/(Ti 2
Tm) 3 L=Nl/(Ti 2 Tm) 5 [rlCPlll/
rsCPslls]

1/ 2/(Ti 2 T`), which further reduces
to the flame spread formula of [5]. Equation 13
for the spread rate is derived using the method
of Ref. 8. We write the net heat flux from the
surface flame (at y 5 0, x . 0) as qf 5
2lgTg/ y 2 llTl/ y 5 [=ugrgCPglg 1
=usrlCPlll =F][Ti 2 T`]/=px, where F 5
L2Nl. When we also write qf 5 (Tf 2
T`)=rgCPglg/=px we obtain the flame-spread
formula

uf

u`

5
rgCPgkg

rlCPlkl
z S Tf 2 Ti

Ti 2 Tm
D2

z erfScÎ1
2

z
as

al
D2

which is Eq. 13. We note that St . 0 is for
ordinary endothermic solid 3 liquid liquefac-
tion. As noted in [8], the first term in Eq. A.1 is
the nondimensional heat flux to the interface
from the liquid and it becomes infinite as c3 0,
zero as c 3 `. The second term is the nondi-
mensional heat flux leaving the interface into
the solid, and it approaches unity as c 3 0 and
infinity linearly with c as c 3 ` (since limx3`

erfc( x) 5 =p x exp( x2)). The third term is the
heat absorbed at the solid/liquid interface.
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