Logarithmic Conformal Field Theories of Disordered Dirac Fermions

Miraculous Joseph Bhaseen Christ Church Department of Physics, Theoretical Physics University of Oxford � Thesis submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy in the University of Oxford.

Trinity Term · 2001 ·

“The human heart likes a little disorder in its geometry. . . ” Louis de Bernieres, Captain Corelli’s Mandolin.

Abstract

In this thesis we investigate different theoretical approaches used in the treatment of low-dimensional disordered systems at criticality. We focus on a specific model of twodimensional Dirac fermions interacting with a random non-Abelian vector potential. This model was originally introduced by Nersesyan, Tsvelik and Wenger to describe the effects of non-magnetic impurities on the low-energy properties of d-wave superconductors. We exploit the fact that this model is amenable to three independent nonperturbative approaches. These are based on the commonly employed replica and supersymmetry techniques, together with a third model specific analysis valid in the limit of strong disorder. These approaches are implemented by means of the powerful methods of non-Abelian bosonization. We investigate the emergent Wess–Zumino–Novikov–Witten (WZNW) models and their associated logarithmic conformal field theories (LCFTs). Illuminating simplifications are observed to occur in the supersymmetric approach and we are able to reconcile troublesome inconsistencies previously encountered in the other approaches. In contradistinction to earlier treatments, we demonstrate that this ménage à trois of theoretical approaches yields identical results for the disorder averaged fourpoint correlation functions of the local density of states (LDoS). Moreover, this marriage of approaches reveals an underlying structure inherited from the non-unitary minimal model with central charge c = −2. This theory describes the geometrical critical behaviour of dense polymers and has served as an instructive example of a LCFT. We highlight the important rôle played by the Z_N twist operators of the polymer theory. Further considerations of the internal consistency of the various approaches leads to natural relations for the mutual cancellation of logarithms between different LCFTs.

Contents

Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1 Introduction 10 §1.1 Conformal Invariance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 §1.2 Correlation Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 §1.3 Virasoro Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 §1.4 Minimal Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 §1.5 Wess–Zumino–Novikov–Witten model . . . . . . . . . . . . . . . . . . . . 23 §1.6 Logarithmic Conformal Field Theory . . . . . . . . . . . . . . . . . . . . . 26

2 Random Non-Abelian Dirac Fermions 29 §2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 §2.2 Disordered D-Wave Superconductivity . . . . . . . . . . . . . . . . . . . . 31 §2.3 Non-Abelian Dirac Fermions . . . . . . . . . . . . . . . . . . . . . . . . . 33 §2.4 Replica Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 §2.4.1 Conformal Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 35 §2.4.2 Correlation Functions of the Q-field . . . . . . . . . . . . . . . . . 35 §2.5 Strong Disorder Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 37 §2.5.1 Conformal Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 38 §2.5.2 Correlation Functions of the Q-field . . . . . . . . . . . . . . . . . 38 §2.6 Supersymmetric Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 40 §2.6.1 Conformal Dimensions . . . . . . . . . . . . . . . . . . . . . . . . . 42 §2.6.2 Correlation Functions of the Q-field . . . . . . . . . . . . . . . . . 42 §2.7 Dense Polymers and Twist Operators . . . . . . . . . . . . . . . . . . . . 43 §2.7.1 The ^osp(2|2)_{−2} WZNW model . . . . . . . . . . . . . . . . . . . . 44 §2.7.2 Z_2 Twist Operator Correlation Functions . . . . . . . . . . . . . . 46

§2.7.3 Z_2 Twist Operator Correspondence . . . . . . . . . . . . . . . . . . 47 §2.7.4 Z_N Twist Operators . . . . . . . . . . . . . . . . . . . . . . . . . . 48 §2.8 Convergence of Approaches . . . . . . . . . . . . . . . . . . . . . . . . . . 49 §2.9 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52 Appendices 2.A The ^su(N)_kWZNW model . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 2.A.1 The ^u(N)_k WZNW Model as N → 0 . . . . . . . . . . . . . . . . . 56 2.A.2 The ^su(N)_{−2N} WZNW Model . . . . . . . . . . . . . . . . . . . . 58 2.B The ^osp(2|2)_kWZNW model . . . . . . . . . . . . . . . . . . . . . . . . . . 59 2.B.1 Representations of the Lie Superalgebra osp(2|2) . . . . . . . . . . 59 2.B.2 Knizhhnik–Zamolodchikov Equations . . . . . . . . . . . . . . . . . 60 2.B.3 Monodromy Invariance . . . . . . . . . . . . . . . . . . . . . . . . . 66 2.B.4 Crossing Symmetry . . . . . . . . . . . . . . . . . . . . . . . . . . 67 2.B.5 Ancillary Differential Equation . . . . . . . . . . . . . . . . . . . . 71

3 Legendre’s Relation 74 §3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74 §3.2 Replica Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75 §3.2.1 Non-Logarithmic Case . . . . . . . . . . . . . . . . . . . . . . . . . 77 §3.2.2 Logarithmic Case . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79 §3.3 Supersymmetric Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . 82 §3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84 Appendices 3.A Level–Rank Relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85 3.B Generalized Legendre Relation . . . . . . . . . . . . . . . . . . . . . . . . 86

4 Conclusions 87 §4.1 Simplifications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87 §4.2 Legendre’s Relation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88 §4.3 Outlook . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

A Hypergeometric Series and Elliptic Integrals 90

Appendix 90

Bibliography 109

Acknowledgments

This research was carried out amid the stimulating and engaging atmosphere generated by the inhabitants of the Department of Theoretical Physics, in the University of Oxford.

I would like to extend my sincere thanks to my supervisor and friend Prof. Alexei Tsvelik, without whom this thesis would not have been possible. Throughout my D. Phil. he has been an inspirational and illuminating mentor and I have benefited enormously from his perpetual enthusiasm and encouragement. I have thoroughly enjoyed the experience and I proffer my thanks to all the Alexeions.

I would also like to thank Dr Ian Kogan whose infectious curiosity and rapid grasp of all things new has been greatly appreciated. I am extremely grateful to Dr Jean- Sébastien Caux for his passionate insights on physics and photography. I have also benefited greatly from discussions with Dr Victor Gurarie and Dr Catherine Pépin. I am deeply indebted to Dr Nobuhiko Taniguchi for directing my first forays into supersymmetry during two wonderful months spent in Hiroshima. I acknowledge the hospitality of Hiroshima University and the generous support of the British Council and Monbusho.

A very special mention must go to the olid dysmorphic denizens of penthouse 6.3 Chris, Pete, Steph and Sebastian who have made my D. Phil. life in Oxford truly fabulous. I couldn’t have wished for a more vivacious and ebullient bunch of office mates. In addition I would like to thank my honorary office mates Adrian and Lexie for relentless gatherings and excursions to the Duke of Cambridge. Warm thanks go to all the graduate students, post-docs and staff. An extra thank you goes to Sebastian for help in producing figure 2.1 of this thesis.

I am extremely grateful to Dr Jack Paton, Prof. Derek Stacey, Dr Nicos Nicopoulos and the late Dr Caroline Fraser for many years of support at Christ Church, and I warmly acknowledge the lasting influence of my earlier teachers. During my D. Phil. I have myself enjoyed teaching, and I am indebted to many students and tutors at Pembroke, St. Annes and Christ Church for this very rewarding experience.

A special thank you goes to Simon, Richard, Hilary, John, Hoss, Martin, Gwen, Nikki, Rowland, Steve, Paul and Fleur for their unequivocal and lasting friendship. I also thank my pre-university friends who have remained close in my post-shell-suit era.

An extra special thank you goes to Anna for keeping me sane and for reminding me that there are other things in life besides physics.

Finally I would like to thank my family for their continued love and support. This work was generously funded by EPSRC under research studentship 97304287, and I am grateful to Christ Church, the Department of Theoretical Physics and Monbusho for additional grants.

Preface

This preface is intended as a brief guide to the motivation, the contents, and the omissions, of this thesis. We hope that this may provide some orientation for the reader.

In this thesis we use an exactly solvable model of disorder to compare different theoretical approaches used to investigate the critical behaviour of disordered (possibly electronic) systems. A prominent example of a disordered critical point, and a source of many challenging problems, is that governing the plateau transitions in the integer quantum Hall effect (IQHE) — see for example [1]. Despite the numerous field theoretic approaches to this problem based on either Pruisken’s non-linear sigma model [2–4] or the Chalker–Coddington network model [5] and its superspin chain descendants [6– 10], the nature of the critical point remains elusive and inaccessible by perturbation theory [11, 12]. Other recent studies of disordered critical points have included Dirac fermions subjected to various random potentials [13–16], the random XY model [17], the plateau transitions occurring in the spin quantum Hall effect and its relation to critical percolation [18–20], and the Nishimori line in the random bond Ising model [21]. In order to gain insight into such problems it is imperative to fully exploit, and indeed develop, the methods available for treating disordered systems, and to obtain as many non-perturbative results as possible. In low-dimensional systems we may be aided in this pursuit by the availability of powerful techniques such as conformal field theory [22–24] and the Bethe ansatz [25, 26].

We focus on a fermionic model originally introduced by Nersesyan, Tsvelik and Wenger to describe the effects of non-magnetic impurities on the low-energy properties of two-dimensional d-wave superconductors [27–29]. Prominent examples of such d-wave superconductors include the high temperature superconducting cuprates [30, 31] and understanding the nature and stability of d-wave quasi-particle excitations is a subject of ongoing intensive research [32–39]. The quasi-particle spectrum of a pure spin-singlet d_x2_{−y}2 superconductor exhibits four isolated ‘nodes’ in the vicinity of which reside lowenergy gapless excitations with a formally relativistic conical dispersion relation. Nonmagnetic impurities introduce scattering processes within and between these nodes. In the presence of nodal back-scattering, and in the absence of nearest neighbour skewscattering [16], this problem may be mapped onto a relativistic field theory of massless Dirac fermions interacting with a random non-Abelian gauge field [27–29]. The task of disorder averaging in this theory has, along with other related problems, been the subject of an important series of treatments, refinements and elaborations [27,28,40–48]. In this thesis we shall build on the extensive foundations laid in these previous studies.

In addition to some considerable advances, the subject of disordered d-wave superconductors has also aroused controversy in the literature — for a clear and recent review see reference [16]. In rather broad and oversimplified terms, one may identify two distinct scenarios which add fuel to these (and indeed many other) debates:

• A given model (as described by its action, say) may not capture all the essential physics or symmetries of the physical problem. The model may have an inherently limited (or indeed vanishing) domain of validity. Naturally, different models may give conflicting results and it is important to distinguish between them, both experimentally and theoretically.

• The theoretical analysis of a given model, quite aside from its experimental relevance, may be (and often is) rather involved and subtle. It may be plagued by delicate limits for instance, or may involve unfamiliar ideas or emerging mathematics. The method of solution may have an inherently limited (or indeed vanishing) domain of validity.

Although the issues of ‘model’ versus ‘method’ are distinct, it is important to bear in mind that any meaningful discrimination between candidate models assumes that our methods of solution are trustworthy. In this respect, the model of two-dimensional Dirac fermions interacting with a non-Abelian gauge field has the virtue of being amenable to three non-perturbative approaches. These are based on the commonly used (yet notoriously delicate) replica [49] and supersymmetry methods [50, 51], together with a third method valid in the limit of strong disorder [46]. In this thesis we combine and extend the results of Bernard and LeClair [52] and Maassarani and Serban [53] in order to demonstrate that considerable simplifications occur in the supersymmetric formulation [54–56]. Most notably, an entire conformal block decouples in the approach and we are able to make extensive use of the complete elliptic integrals. In the light of these simplifications we are able to reconcile a number of troublesome inconsistencies in previous works [40, 48]. In contradistinction to these earlier treatments we are able to demonstrate that this ménage à trois of theoretical approaches yields identical results for the four-point correlation functions of the local density of states (LDoS) [55]. It is worth emphasizing that whilst the reliability of the replica approach outside of perturbation theory has been frequently and legitimately questioned — see for example [50,51,57,58] — we use it here (in a quite straightforward manner) to reproduce the results of the (mathematically more rigorous) supersymmetric approach. Although the implementation of the replica method remains a delicate issue in general, and in many cases one must adopt various (replica) symmetry breaking schemes — see references [59, 60] for recent examples in random matrix theory — it is noteworthy that the disordered non- Abelian Dirac fermion problem renders itself here to a textbook (replica) treatment, albeit with the benefit of hindsight. Whilst our immediate goal has not been to discriminate between the various models of disordered d-wave superconductivity, we hope that our renewed confidence in the available non-perturbative methods may ultimately assist in this process.

In addition to this marriage of approaches, the analysis of the non-Abelian Dirac fermion problem reveals intimate connections to the non-unitary minimal model with central charge c = −2 [55, 61]. This theory describes the geometrical critical behaviour of dense polymers [62, 63] and has served as an instructive example of a LCFT [64, 65]. In particular, we highlight the important rôle played by the Z_N twist operators of the polymer theory [55, 56, 61]. Further considerations of the internal consistency of the various approaches leads to natural relations for the mutual cancellation of logarithms between different LCFTs [54]. These relations are based on a corollary to Legendre’s relation in the theory of elliptic integrals.

The structure of this thesis is as follows. In chapter 1 we provide a brief introduction to the main ideas and methods employed in this thesis. We have endeavored to develop a natural flow: continuous phase transitions → CFT → disordered Dirac fermions → replicas and supersymmetry → non-Abelian bosonization → WZNW → LCFT, in the hope that this will assist the reader. In chapter 2 we study the non-Abelian Dirac fermion problem by three different methods. In particular, the presentation of approaches (replicas, strong disorder, supersymmetry) is in the reverse order to which they were originally studied by the author; it is felt that this may ease the reader through this work. The appendices attached to this chapter are an important and integral part of this thesis and are relegated solely for clarity of presentation. In chapter 3 we study the theoretical approaches to the Dirac fermion problem in a little more detail. In particular, we provide evidence for the mutual cancellation of logarithms between different logarithmic conformal field theories. In chapter 4 we present our conclusions. We end this thesis with a short technical appendix on hypergeometric series.

Publications

We gather here a list of the single author and joint publications which form the basis of this thesis [54–56].

M. J. Bhaseen Legendre’s Relation and the Quantum Equivalence osp(4|4)_1 = osp(2|2)_{−2} ⊕ su(2)_0 Nucl. Phys. B604 (2001) 537-550 [cond-mat/0011229]

Using explicit results for the four-point correlation functions of the Wess–Zumino– Novikov–Witten (WZNW) model we discuss the conformal embedding osp(4|4)_1 = osp(2|2)_{−2} ⊕ su(2)_0. This embedding has emerged in Bernard and LeClair’s recent paper [52]. Given that the osp(4|4)_1 WZNW model is a free theory with power law correlation functions, whereas the su(2)_0 and osp(2|2)_{−2} models are CFTs with logarithmic correlation functions, one immediately wonders whether or not it is possible to combine these logarithms and obtain simple power laws. Indeed, this very concern has been raised in a revised version of [52]. In this paper we demonstrate how one may recover the free field behaviour from a braiding of the solutions of the su(2)_0 and osp(2|2)_{−2} Knizhnik–Zamolodchikov equations. We do this by implementing a procedure analogous to the conformal bootstrap programme [22]. Our ability to recover such simple behaviour relies on a remarkable identity in the theory of elliptic integrals known as Legendre’s relation. —— M. J. Bhaseen, J.-S. Caux, I. I. Kogan and A. M. Tsvelik Disordered Dirac Fermions: the Marriage of Three Different Approaches Accepted for publication in Nuclear Physics B [cond-mat/0012240]

We compare the critical multipoint correlation functions for two-dimensional (massless) Dirac fermions in the presence of a random su(N) (non-Abelian) gauge potential, obtained by three different methods. We critically reexamine previous results obtained using the replica approach and in the limit of infinite disorder strength and compare them to new results (presented here) obtained using the supersymmetric approach to the N = 2 case. We demonstrate that this ménage à trois of different approaches leads to identical results. Remarkable relations between apparently different conformal field theories (CFTs) are thereby obtained. We further establish a connection between the random Dirac fermion problem and the c = −2 theory of dense polymers. The presence of the c = −2 theory may be seen in all three different treatments of the disorder.

M. J. Bhaseen Random Dirac Fermions: The su(N) Gauge Potential and Z_N Twists

cond-mat/0012420

We obtain the disorder averaged (critical) four-point correlation functions for N species of (two-dimensional Euclidean) Dirac fermions subject to a (Gaussian) random su(N) gauge field. The replica approach and the strong disorder approach yield identical results, as one might expect in the light of recent developments in the N = 2 case [55]. We establish a connection with ‘dressed’ Z_N twist fields in the c = −2 logarithmic conformal field theory (LCFT), thereby extending the recent connection to ‘dressed’

Z2 twists [55, 61]. We draw attention to the fact that ‘dressed’ Z2 twist operators

have previously appeared in the description of half flux-quantum quasiholes in the bulk excitations of the Haldane–Rezayi Quantum Hall state [66]. —— We note that some of the results of this latter publication [56] have been subsequently incorporated into the previous joint publication [55]. In addition, an early draft of the publication [55] focusing on the su(2) case, appears in New Theoretical Approaches to Strongly Correlated Systems [67]. We note further, that we have not included the following joint publication [12] in this thesis: —— M. J. Bhaseen, I. I. Kogan, O. A. Soloviev, N. Taniguchi and A. Tsvelik Towards a Field Theory of the Plateau Transitions in the Integer Quantum Hall Effect Nucl. Phys. B580 (2000) 688-720 [cond-mat/9912060]

We suggest a procedure for calculating correlation functions of the local densities of states (DoS) at the plateau transitions in the Integer Quantum Hall effect (IQHE). We argue that their correlation functions are appropriately described in terms of the SL(2, C )/SU(2) WZNW model (at the usual Kač–Moody point and with the level 6 ≤ k ≤ 8). In this model we have identified the operators corresponding to the local DoS, and derived the partial differential equation determining their correlation functions. The OPEs for powers of the local DoS obtained from this equation are in agreement with available results.

Conventions

• Dirac Fermions: We use Greek subscripts and superscripts on Dirac fermions to denote ‘colour’ indices pertaining to the non-Abelian gauge potential. We use the Latin script to denote replica and other indices.

• Complex coordinates: In terms of two-dimensional Euclidean space coordinates x_0 and x_1 we denote z = x^0 + ix^1 (holomorphic) and z̄ = x^0 − ix^1 (antiholomorphic). The coordinate derivatives take the form ∂ =^1_2 (∂_0 − i∂_1) and ¯∂ =^1_2 (∂_0 + i∂_1).

• Anharmonic Ratio: We adopt the definition of the anharmonic ratio used by Knizhnik and Zamolodchikov [68] and by Maassarani and Serban [53]: z = z_{12}z_{34} z_{23}z_{41} , 1 − z = z_{13}z_{42} z_{23}z_{41} , where z_{ij} ≡ z_i − z_j. In particular, upon interchanging the coordinates z_2 and z_3, the anharmonic ratio z as defined above is transformed into 1 − z.

• Conformal Dimensions: We shall use the symbol h to denote conformal dimensions.

In the case of spinless fields (which are the only ones we deal with in this thesis) the full scaling dimension is Δ = 2h.

• Complete Elliptic Integrals: We shall make frequent use of the complete elliptic integrals. Our conventions differ from those of many standard tables [69, 70], but are more suited to their present field theoretic application. We shall use the somewhat more convenient choice of z in place of the modulus k^2. This may lead to cosmetic changes in the relations satisfied by these functions.

• Logarithms: Although we shall study aspects of logarithmic conformal field theories, the reader will find very few explicit logarithms. They are there however, and are often encoded in the analytic structure of the hypergeometric functions; a function F (z) which converges inside the unit disc surrounding z = 0, may develop logarithmic behaviour in the vicinity of z = 1. We shall also employ the ‘tilde-hat’ notation F̃ (z) ≡ F (1 − z) and F̂ (z) ≡ F (1/z).

• Q-matrix: In our study of the random non-Abelian Dirac fermion problem we shall introduce the Q-matrix. In all cases, the Q-matrix will be a primary field of the appropriate WZNW model.

• Kač–Moody algebra: We shall denote the extended symmetry algebra of the WZNW models by ^A_k, where A is the underlying Lie algebra, and k is the level or central extension.

Chapter 1

Introduction

The experimental and theoretical study of continuous phase transitions (critical phenomena) occurring in a wide variety of physical systems continues to generate a wealth of interesting physics and mathematics — see for example [71–76]. Well known examples of continuous phase transitions include the (zero magnetic field) paramagnetic to ferromagnetic transition occurring at the Curie point in iron, the order–disorder transition in β-brass, the superconducting transition in the absence of an applied magnetic field^1, and the He I to He II superfluid transition occurring in liquid^4He. In contrast to the rather abrupt, first-order transitions such as the freezing of water into ice, continuous phase transitions are not associated with the production of a latent heat. Indeed, the epithet continuous stems from the fact that the first derivatives of the free energy are continuous in these transitions, with the higher derivatives being either discontinuous or divergent.

The signatures of continuous phase transitions include the power law divergence of response functions such as the specific heat capacity, the power law divergence of a correlation length (loosely defined here as the distance over which fluctuations are statistically correlated) and the power law decay of their correlation functions — see for example [74]. These dimensionless powers, or critical exponents, are an important characteristic of the physical system under consideration, and provide a challenge for the theorist to calculate. Moreover, distinct physical systems may share the same set of critical exponents, and fall into so-called universality classes. A detailed understanding of these phenomena came with the advent of the renormalization group in the late 1960s, contributions for which K. G. Wilson was awarded the 1982 Nobel Prize in Physics. An important ingredient in the renormalization group approach to critical phenomena is the

1In type I superconductors a non-zero magnetic field renders a first-order transition rather than a continuous one. In type II superconductors the phase transition is continuous even in the presence of a non-zero applied field.

notion that critical systems are scale invariant. That is to say, the divergence of their correlation length renders them insensitive to the global rescaling of their microscopic lattice spacing — for further details see for example [74, 75].

An insightful step forward came from the suggestion of Polyakov in 1970, to elevate the notion of scale invariance in critical systems to the larger symmetry of conformal invariance [77]. In this short paper, the consequences of (global) conformal invariance on the structure of the multipoint correlation functions (in arbitrary dimension) was firmly established. Over a decade passed before the seminal papers of Belavin, Polyakov and Zamolodchikov studied the implications of conformal invariance in two-dimensional critical systems, and set forth the discipline of conformal field theory [22,78]. In principle, the ideas of conformal symmetry are relevant in all dimensions, but as these authors demonstrated, conformal invariance plays a crucial rôle in the description of continuous phase transitions occurring in two dimensions. As we discuss in §1.1, the conformal transformations form a group, and in two dimensions they coincide with the analytic transformations of the complex plane. In particular, as the titles of references [22, 78] suggest, there are an infinite number of such transformations in two dimensions, in stark contrast to higher dimensions. This greatly enlarged (local conformal) symmetry allows for the exact determination of multipoint correlation functions and the extraction of critical exponents. As in any branch of physics where symmetries are important, the tools of group theory and algebras are invaluable. The generators of conformal transformations satisfy the so-called Virasoro algebra, and its representation theory is central to the study of two-dimensional critical phenomena. In particular, the so-called minimal models contain a finite number of representations of the Virasoro algebra and may be identified with the critical points of two-dimensional lattice models such as the Ising and 3-state Potts models. The basis states of the representation correspond to physical degrees of freedom such as the Ising spin [22, 78] — see also §1.4.

In this thesis we shall use the powerful machinery of conformal field theory to study a fermionic model originally introduced by Nerseysan, Tsvelik and Wenger to describe the effects of non-magnetic impurities on the low-energy properties of two-dimensional d-wave superconductors [27–29]. The applicability of these techniques stems not only from the reduction in spatial dimension, but also from the fact that the low-energy quasiparticle spectrum of a clean d-wave superconductor exhibits four isolated ‘nodes’— see figure 2.1. In the vicinity of these nodes reside low-energy gapless excitations with a formally relativistic dispersion relation; the Fermi velocity plays the rôle of the speed of light. In particular, the presence of gapless excitations in this system is a signal of scale invariance, since an energy gap, ε, between the ground state and the first excited state constitutes an inverse length scale, λ = hc/ε. This motivates a description of the pure d-wave superconductor in terms of four independent ‘species’ of massless Dirac fermions. The presence of ‘disorder’ in the form of non-magnetic impurities, may lead to scattering processes within and between the nodes, and to a coupling between the nodal fermions. This led the authors of references [27–29] to introduce a model of massless Dirac fermions interacting with a random non-Abelian gauge field. The task of disorder averaging in this theory has, along with other related problems, been the subject of an important series of treatments, refinements and elaborations [27, 28, 40–48]. In this thesis we shall build on the extensive foundations laid in these previous studies and study this model in three independent ways. In this pursuit we shall combine the ‘traditional’ methods for treating disordered systems such as the replica and supersymmetry approaches, with the powerful non-perturbative methods of non-Abelian bosonization, to be described below. In particular, we shall focus on calculating the disorder-averaged four-point correlation functions of the local density of states (LDoS). The motivation for studying these multipoint correlation functions stems from the following fact: the twoand three-point functions are fixed, up to normalization, by the finite global conformal invariance alone [77] — see §1.2. That is to say, the functional form of the two- and three-point functions depends only on the scaling dimensions of the fields under consideration. However, the four-point functions are determined by the infinite-parameter local conformal algebra and any extended symmetries that may, and as we shall see, will be present. They are an important non-perturbative probe of different conformal field theories, and hence of different theoretical approaches to the non-Abelian Dirac fermion problem. As we shall see, the disorder-averaged four-point functions of the non-Abelian Dirac fermion problem turn out to be quite illuminating.

In quite general terms, the correlation functions of a set of fields ψ_i(x_i), in the presence of a fixed realization of disorder A(x), may be represented as a Feynman path integral:

⟨ψ_1(x_1)ψ_2(x_2) . . .⟩ = ∫ [Dψ] ψ_1(x_1)ψ_2(x_2) . . . e^{−S[ψ,A]} Z[A] , where S[ψ, A] is the action, and the partition function is given by, Z[A] = ∫ [Dψ] e^{−S[ψ,A]}. We wish to calculate the disorder average of these correlation functions:

⟨ψ_1(x_1)ψ_2(x_2) . . .⟩ ≡ ∫ [DA] ⟨ψ_1(x_1)ψ_2(x_2) . . .⟩P[A],

where P[A] is the probability distribution functional of the disorder field A(x). Unfortunately, this task is complicated by the presence of the disorder dependent partition function in the definition of the original correlation functions; there is disorder dependence in the numerator (arising from the action) and the denominator (arising from the partition function). We shall consider here two frequently employed approaches to this problem — see also §2 of reference [46]. The first is the so-called replica approach which was introduced by Edwards and Anderson in the context of spin glasses [49]. The basic idea is to multiply this correlation function by Z^n[A], where n is some integer greater than unity. This removes the troublesome denominator, and we consider instead:

⟨ψ^{(1)}_1 (x_1)ψ^{(1)}_2 (x_2) . . .⟩_n ≡ ∫ n∏ r=1 [ Dψ^{(r)} ] ψ^{(1)}_1 (x_1)ψ^{(1)}_2 (x_2) . . . exp { − n∑ r=1 S[ψ^{(r)}, A] } ,

where the so-called replica indices take the integer values r = 1, 2, . . ., n. In particular, one may perform the disorder average more straightforwardly in this replicated theory. It is the assertion of the replica ‘trick’, that one may subsequently send n → 0, and in this limit recover the disorder averaged correlation functions of the original problem. Although the rigorous validity of this procedure is far from obvious, we shall demonstrate in this thesis, that the non-Abelian Dirac fermion problem renders itself to a text-book replica treatment.

The second approach is the so-called supersymmetry method which was introduced by Efetov in the study of disordered metals [50]. The method has since been applied to a broad range of topics including mesoscopic physics, random matrix theory, and quantum chaos [51]. It is based on the well known reciprocal relationship between bosonic (c-number) and fermionic (Grassmann) Gaussian integrals — see for example [76]. In particular, in theories which are Gaussian at fixed disorder, the inverse partition function (which is a functional determinant) may be represented as a path integral over fields, ϕ(x) say, with the opposite statistics. This yields the following ‘supersymmetric’ representation for the original correlation functions:

⟨ψ_1(x_1)ψ_2(x_2) . . .⟩ = ∫ [Dψ] [Dϕ] ψ_1(x_1)ψ_2(x_2) . . . e^{−S[ψ,A]−S[ϕ,A]}.

Once again, the disorder average becomes easier to evaluate. In particular, the supersymmetry method rigorously avoids the delicate replica limit. It does however, have the drawback that one is forced to work with both bosons and fermions, and (unlike the replica trick) it is limited to systems which are Gaussian at fixed disorder. As we shall see, in the non-Abelian Dirac fermion problem, these are not limiting factors.

Having decided on the method of treating the disorder, e.g. replicas or supersymmetry, it is important to bear in mind that there are two distinct path integrals to perform. The first is the ‘disorder average’, which is the path integral over the disorder field A(x) weighted by the probability distribution functional P[A]. The second, is the ‘field theory average’ over the fields such as ψ(x) and ϕ(x) which define the correlation function we are interested in. In particular, evaluating the disorder average will lead (in general) to a coupling between the different replicas, or between the bosons and fermions, as appropriate. This leads one to evaluate the field theory average against an ‘effective action’ and to consider a class of perturbed conformal field theories — see for example [46, 52, 79, 80]. In the non-Abelian Dirac fermion problem, these perturbations will only couple to a subsector of the replicated or supersymmetrized Dirac Hamiltonians. In order to isolate the appropriate correlation functions, it is convenient to adopt a representation where these subsectors are manifest. As we shall see more fully in chapter 2, the powerful methods of non-Abelian bosonization will enable us to ‘break up’ the replicated and supersymmetrized Dirac Hamiltonians, and aid us in this pursuit.

The modern approach to (Abelian) bosonization was developed independently by Coleman [81], Mandalstam [82], Mattis [83], and Luther (in collaboration with Peschel and Emery) [84,85] — a collection of reprints of many of the ‘classic’ papers relating to bosonization (including the aforementioned) is to be found in the book [86]. The most basic premise in all of these works is the (non-local) equivalence between the theory of a massless Dirac fermion in 1+1 dimensions, and the theory of a massless scalar field (free boson) — hence the term bosonization.^2 In an important series of works by Polyakov and Wiegmann [88–91], and Witten [92], these considerations were extended to theories of Dirac fermions with non-Abelian symmetries. In particular, we shall make profitable use of the equivalence between a theory of massless non-Abelian Dirac fermions and the socalled (bosonic) Wess–Zumino–Novikov–Witten (WZNW) models [92,93]. In addition to conformal invariance, the WZNW models possess further symmetries whose conserved currents generate an extended conformal algebra. This is the so-called Kač–Moody algebra, and it is sometimes referred to as a current algebra or an affine Lie algebra — see for example [94]. In particular, the Kač–Moody constraints on correlation functions are encoded in the so-called Knizhnik–Zamolodchikov equations [68]; we shall solve such equations many times in this thesis. Moreover, we shall employ supersymmetric extensions of the rules of non-Abelian bosonization and encounter WZNW models on supergroups [52, 53].

In the course of our study of the non-Abelian Dirac fermion problem we shall be confronted with a special class of CFTs, known as the logarithmic conformal field theories

2In fact, these authors managed to demonstrate that the Bose-Fermi equivalence can be extended to interacting theories in 1+1 dimensions: the massive fermionic Thirring model is equivalent to the bosonic sine-Gordon model. In condensed matter physics one frequently encounters problems of interacting electrons, and this correspondence yielded the solutions to some previously intractable problems. An exposition of this technique in condensed matter physics may be found in the book [87].

(LCFTs). This class of CFTs is of growing importance in the study of disordered critical points. Unlike ordinary CFTs, the correlation functions in logarithmic CFTs are not always simple power laws, but may also involve logarithms. In the WZNW models, this is reflected in the (Frobenius) series solution of the Knizhnik–Zamolodchikov equations: the roots of the indicial equation differ by integers. The LCFTs thus have a dual status: they are on the one hand limiting cases of ordinary CFTs (in which the indicial roots differ by integers) and on the other hand (due to the presence of logarithms) they are distinct and novel theories in their own right — see §1.6 for more details and references.

In the remainder of this introduction we discuss some of these subjects in a little more detail in order to highlight some of the main ideas.

x1.1 Conformal Invariance

In this section we provide a short introduction to conformal invariance in d-dimensions. In particular, we shall discuss the important and rather special case of two dimensions. There are many excellent books [23, 24, 87, 94, 95] and review articles [96, 97] on the subject, and we refer the reader to the literature for further details. A good starting place for the uninitiated is chapter 11 of reference [75].

Under a general coordinate transformation x → x^′ the line element ds^2 = g_{μν} dx^μdx^ν will undergo a change and it is natural to view such coordinate transformations as acting upon the metric tensor: g^′_{μν}(x^′) = ∂x^α ∂x0^μ ∂x^β ∂x0^ν g_{αβ}(x), (1.1)

in which we adopt the standard Einstein summation convention over repeated indices. By definition, conformal transformations are the subgroup of all possible coordinate transformations which leave the metric tensor invariant up to a (local) scale factor:

g^′_{μν} (x^′) = Λ(x)g_{μν}(x). (1.2)

A conformal transformation is thus locally equivalent to a translation a rotation and a dilatation (or scale transformation). It is readily seen that such coordinate transformations preserve the angle a.b/ √ a^2b^2 (where a · b = g_{μν} a^μb^ν) at which two arbitrary vectors a and b cross; the epithet conformal literally means preserving form. The reader familiar with complex variable theory may well recognize this to be a property of coordinate transformations generated by analytic functions. Indeed, the subjects are intimately related and we shall return to this connection below.

Under an infinitesimal coordinate transformation x^{′μ} = x^μ + ϵ^μ, the metric tensor transforms according to equation (1.1) and yields:

g^′_{μν}(x^′) = g_{μν}(x) − (∂_μϵ_ν + ∂_ν ϵ_μ). (1.3)

The condition (1.2) that such an infinitesimal transformation be conformal becomes:

∂_μϵ_ν + ∂_νϵ_μ − 2 d (∂_αϵ^α)g_{μν} = 0, (1.4)

where the factor of 2(∂_αϵ^α)/d is fixed by contraction with g^{μν}. In dimensions d > 2, the solutions to equation (1.4) are strongly constrained. In this case, one may demonstrate that ϵ is at most quadratic in the coordinates x — we refer the reader to chapter 4 of reference [23] for a proof of this. The zeroth order solutions correspond to infinitesimal global translations ϵ^μ = a^μ, whilst the linear solutions correspond to infinitesimal rotations ϵ^μ = ω^μ_ν x^ν (where ω is antisymmetric) and scale transformations ϵ^μ = λ x^μ. The quadratic solutions are the so-called special conformal transformations and may be shown to have the form ϵ^μ = b^μx^2 − 2x^μ(b.x). It is readily seen that these special transformations may be expressed as an inversion, followed by a translation, followed by an inversion: x^{′μ}/x^{′2} = x^μ/x^2 + b^μ. Thus, the conformal group in d > 2 is exhausted by the operations of translation, rotation, scale transformation and inversion. The generators of these infinitesimal conformal transformations form a Lie algebra. With a Euclidean metric, this Lie algebra is isomorphic to so(d + 1, 1) and is spanned by a finite number (d + 1)(d + 2)/2 of generators.

However, in two dimensions the conformal constraint equations (1.4) admit an infinite parameter family of solutions. Adopting the Euclidean metric g_{μν} = δ_{μν} , the equations (1.4) coincide with the Cauchy–Riemann conditions in the theory of analytic functions:

∂_1ϵ_1 = ∂_2ϵ_2, ∂_1ϵ_2 = −∂_2ϵ_1. (1.5)

It is natural to introduce the complex variables z = x^1 + ix^2, z̄ = x^1 − ix^2 and the coordinate derivatives ∂_z = (∂_1 −i∂_2)/2, ∂_{z̄} = (∂_1 +i∂_2)/2 obeying ∂_zz = 1 and ∂_{z̄}z = 0. Defining ϵ = ϵ_1 + iϵ_2 and ϵ̄ = ϵ_1 − iϵ_2, the equations (1.5) may be written

∂_{z̄}ϵ = 0, ∂_zϵ̄ = 0. (1.6)

That is to say, ϵ is a function of z only and is termed holomorphic, whilst ϵ̄ is a function of z̄ only and is termed antiholomorphic. The conformal transformations thus coincide with the analytic transformations: z → z + ϵ(z), z̄ → z + ϵ̄(z̄). (1.7)

An infinite number of Laurent expansion coefficients ε_n are needed to specify the space of all analytic transformations and it is conventional to define:

z → z + ∞∑ n=−∞ ε_nz^{n+1}, z̄ → z̄ + ∞∑ n=−∞ ε̄_nz̄^{n+1}. (1.8)

The corresponding generators read:

l_n = −z^{n+1}∂_z, l̄_n = −z̄^{n+1}∂_{z̄}. (1.9)

It is readily seen that these generators satisfy the so-called local conformal algebra:

[l_n, l_m] = (n − m)l_{n+m}, [l̄_n, l̄_m] = (n − m)l̄_{n+m}, [l_n, l̄_m] = 0. (1.10)

The epithet local stems from the fact that not all the generators are globally well defined on the Riemann sphere. As may be seen from their definitions (1.9), only the generators l_{−1}, l_0, l_{+1} of the so-called global conformal algebra are free of singularities at z = 0 and z = ∞. In spite of this, it is the infinite local conformal algebra (or more accurately the Virasoro algebra) which is at the heart of conformal field theory in two dimensions. The group of global conformal transformations correspond to the so-called projective transformations of the complex plane:

z^′ = az + b cz + d where ad − bc = 1, (1.11)

and a, b, c, d ∈ C . In §1.2 we shall indicate how invariance under the global projective conformal transformations constrains the possible form of correlation functions, and in §1.4 we shall see how the local Virasoro algebra may constrain these even further.

x1.2 Correlation Functions

An important class of fields in conformal field theory are the so-called quasi-primary fields which transform under global conformal transformations in the following ‘tensorial’ manner:

O^′(z^′, z̄^′) = ( dz^′ dz )_{−h} ( dz̄^′ dz̄ )_−¯_h O(z, z̄), (1.12) where h (h̄) is the so-called holomorphic (antiholomorphic) conformal dimension of the field O(z, z̄). A field which transforms according to (1.12) under the full local conformal algebra is termed primary. In particular, the local density of states in the non-Abelian Dirac fermion problem will be a primary field. Global conformal invariance under the projective transformations (1.11) restricts the two-point correlation functions of quasiprimary fields O_i(1) ≡ O_i(z_i, z̄_i) to be of the form

⟨O_1(1)O_2(2)⟩ =

C_{12} z^{2h}_{12} z̄^{2h̄}_{12}

, (1.13)

if h_1 = h_2 = h and h̄_1 = h̄_2 = h̄, and is zero otherwise; z_{ij} ≡ z_i − z_j and with suitably normalized fields one may take C_{12} = 1. The three-point functions are similarly constrained to be of the form:

⟨O_1(1)O_2(2)O_3(3)⟩ =

C_{123} (∏_3 i<j z^{hi+hj −hk} ij ) (∏_3 i<j z̄^{h̄i+h̄j −h̄k} ij ). (1.14)

The four-point functions on the other hand, are not completely determined by global conformal invariance alone, but are of the form

⟨O_1(1)O_2(2)O_3(3)O_4(4)⟩ = F(z, z̄) (∏_4 i<j z^{hi+hj −h/3} ij ) (∏_4 i<j z̄^{h̄i+h̄j −h̄/3} ij ), (1.15)

where h =

∑_4 i=1 h_i and h̄ =

∑_4 i=1 h̄_i and F(z, z̄) is thus far an arbitrary function of the so-called anharmonic ratio: z = z_{12}z_{34} z_{23}z_{41} , z̄ = z̄_{12}z̄_{34} z̄_{23}z̄_{41}

. (1.16)

The residual dependence on the anharmonic ratio may be understood as follows. The global conformal transformations (1.11) involve three independent complex parameters, and one may always find a transformation to map three distinct points z_2, z_3, z_4 to three pre-assigned points 0, 1, ∞, say. The generic four-point function retains its dependence on the remaining point z_1 = z.

It is worth emphasizing that equations (1.13), (1.14) and (1.15) are consequences of global conformal invariance alone, and may thus be generalized to higher dimensions. Although global conformal invariance tells us nothing about the structure constants C_{123}, and the dependence of the four-point correlation function on the anharmonic ratio, the requirement of local conformal invariance will constrain these dramatically. It is the infinite dimensional group of local conformal transformations (analytic transformations of the complex plane) — and their current algebra extensions — that enables exact solutions of two-dimensional conformal field theories. In general the holomorphic dependence on the anharmonic ratio is given as the solution of an appropriate differential equation — see for example §1.4. The full correlation function with its holomorphic and antiholomorphic dependence is obtained by combining these so-called conformal blocks^3 so as to respect the stringent constraints of single-valuedness and crossing symmetry. The constraint of single-valuedness simply asserts that our physical correlation functions should be single-valued functions over the entire complex plane. Crossing symmetry (or duality as it is sometimes referred to) is the requirement that correlation functions should be covariant (or invariant up to Fermionic minus signs) under the interchange of identical fields. Implementing these constraints is commonly referred to as the conformal bootstrap procedure. One of our major goals (and hopefully achievements) in this thesis will be the computation and comparison of these non-trivial four-point functions in the non-Abelian Dirac fermion problem obtained by three different methods.

x1.3 Virasoro Algebra

In conformal field theory, and indeed throughout this thesis, an important rôle is played by the energy-momentum tensor, T_{μν} . This may be defined (up to normalization) from the variation of the action under an arbitrary change in the coordinates, x^μ → x^μ + ϵ^μ: δS = − ∫ d^dx T_{μν} ∂^μϵ^ν . (1.17)

Translational invariance of the action requires T_{μν} to be conserved, ∂^μT_{μν} = 0. Under infinitesimal conformal transformations it follows from equation (1.4), and the fact that T_{μν} may be made symmetric in rotationally invariant theories, that δS = − 1 d ∫ d^dx T^μ_μ ∂_αϵ^α. (1.18)

Thus, tracelessness of the energy–momentum tensor implies the invariance of the action under conformal transformations. In two dimensions, the conservation, symmetry and trace conditions imply that the energy–momentum tensor may be factorized into holomorphic and antiholomorphic components:^4

T (z) ≡ T_{zz}(z), T̄ (z̄) ≡ T_{z̄z̄}(z̄). (1.19)

The fields ϵ(z)T (z) and ϵ̄(z̄)T̄ (z̄) are conserved Noether currents, and (as in any field theory) their conserved charges generate the corresponding symmetry. As we shall see, these fields generate conformal transformations in our field theory [22]. In order to

3In the case of WZNW models these are sometimes referred to as chiral blocks. 4The vanishing trace implies 0 = T^μμ = g^{μν} Tνμ = 2Tzz̄ +2Tz̄z, and thus Tz,z̄ = Tz̄,z = 0 by symmetry.

The conservation law g^{μα}∂αTμν = 0 reduces to ∂z̄Tzz = 0, and ∂z Tz̄z̄ = 0 for ν = z, z̄ respectively.

define a conserved charge, we must define ‘time’ on our Euclidean complex plane. It is conventional to define this as increasing radially outwards from the origin, and the ensuing technical manipulations are often referred to as radial quantization — see chapter 6 of the book [23] for more details. In the framework of radial quantization, the conserved charge takes the form of a contour integral: Q = 1 2πi ∮ dz ϵ(z)T (z) . . . (1.20) The ellipsis in equation (1.20) are used to highlight the fact that Q is an operator, and as such must act on some field before the contour integral is evaluated. The action of the charge on a given field is thus encoded in the singularities of the energy-momentum tensor with that field; the singularities determine the value of the contour integral by the residue theorem. In particular, the transformation law (1.12) of a quasi-primary field translates into this singularity (or Operator Product Expansion) language as T (z)O(w, w̄) ∼ h (z − w)^2 O(w, w̄) + 1 z − w ∂_wO(w, w̄) (1.21)

where the symbol ∼ means equality modulo terms regular as w → z. Moreover, it turns out that the energy-momentum tensor is not (in general) a primary field, and its OPE with itself may be put in the form: T (z)T (w) = c/2 (z − w)^4 + 2T (w) (z − w)^2 + ∂T (w) (z − w) (1.22)

where c is model dependent parameter known as the central charge, and where the (previously unspecified) normalization of T (z) has been chosen to yield h = 2. In particular, defining our conserved charges (1.20) in the following manner

L_n = 1 2πi ∮ dz z^{n+1} T (z) . . . n ∈ Z (1.23)

one may demonstrate (using the techniques of radial quantization) that these operators obey the so-called Virasoro algebra:

[L_n, L_m] = (n − m)L_{n+m} + c 12 n(n^2 − 1)δ_{n+m,0}. (1.24)

The Virasoro algebra is the field-theoretic version of the conformal algebra (1.10), and it differs only by the additional central charge term. In some sense, the central charge counts the massless degrees of freedom in a given theory [98] — see also [99, 100] for physical interpretations of the central charge. In this thesis (and for disordered critical models in general) we shall study theories with c = 0. As the reader will see, they are by no means trivial or devoid of degrees of freedom; this stems from the fact that they are associated with non-unitary representations of the Virasoro algebra.

The study of the Virasoro algebra in conformal field theory is not unlike the study of the su(2) algebra in the quantum mechanical theory of angular momentum. In particular the eigenstates of the Virasoro operator L_0 carry the ‘quantum number’ h, the conformal dimension. The Virasoro generator L_0 plays a rôle analogous to J_z, with h corresponding to m. The Virasoro operators L_− (L_+) act like (an infinite set of) raising (lowering) operators, in that they increase (decrease) the value h. The primary states are (lowestweight) eigenstates of the operator L_0 with eigenvalue h: L_0|h⟩ = h|h⟩, (1.25) and are annihilated by all the Virasoro lowering operators:

L_n|h⟩ = 0, n ≥ 1. (1.26)

The primary states are the Hilbert space representatives of the primary fields we discussed earlier. The states obtained by applying the raising operators L_{−n} in all possible ways to the primary states are all eigenstates of L_0 and are termed descendant states; a primary state and its descendants form a conformal family. That is to say, to each primary state in a CFT there is a conformal family which is in fact a representation of the Virasoro algebra.

In CFT, an important rôle is played by the so-called singular vectors (or null states) of the Virasoro algebra. A singular vector |s⟩ is a descendant in a conformal family which is annihilated by all the Virasoro lowering operators: L_n|s⟩ = 0, n ≥ 1. In particular, the singular vectors decouple from the Hilbert space, and are orthogonal to all the other members of the conformal family. This parallels the situation in quantum mechanics, where the Hilbert space of states truncates for integral and half-integral values of the angular momentum. The primary states which give rise to singular vectors are termed degenerate states [22]. As we shall see in §1.4, the existence of singular vectors will lead to differential equations for the correlation functions involving degenerate fields.

x1.4 Minimal Models

An important class of conformal field theories are the so-called minimal models. The Hilbert space description of these theories contains a finite number of representations of the Virasoro algebra. That is to say, they are characterized by a finite number of primary fields. The condition of unitarity imposes constraints on the possible central charges and the conformal dimensions that may be present.^5 The unitary minimal models have central charge 0 < c < 1 given by

c = 1 − 6 m(m + 1)

, m = 3, 4, 5, . . . (1.27)

The allowed conformal dimensions of the degenerate fields, ϕ_{r,s}, are given by the so-called Kač formula: h_{r,s} = [(m + 1)r − ms]^2 − 1 4m(m + 1)

, 1 ≤ s ≤ r ≤ m − 1 (1.28)

In particular, the critical point of the two-dimensional Ising model is described by the minimal model with m = 3. The central charge as given by equation (1.27) coincides with that of a single Majorana fermion c = 1/2 as one might expect from Onsager’s exact solution. The fields ϕ_{1,1}, ϕ_{2,2} and ϕ_{2,1} with conformal dimensions h_{1,1} = 0, h_{2,2} = 1/16 and h_{2,1} = 1/2 are interpreted as the identity operator, the continuum Ising spin (σ_i) and the energy operator (σ_iσ_j ) respectively. Moreover, the tricritical Ising model corresponds to m = 4, and the three-state Potts model corresponds to m = 5.

Let us suppose for a moment that we are interested in the critical correlation functions of the Ising energy operator ϕ_{2,1}. In the Hilbert space description, the state |ϕ_{2,1}⟩ with conformal dimension h_{2,1} has a singular vector at level 2: |s⟩ = [ CL^2_{−1} − L_{−2} ] |ϕ_{1,2}⟩ (1.29)

where C = 3/2(2h_{2,1} + 1). That is to say, the specific combination of (descendant) states (1.29) obtained by the action of ‘two-step’ lowering operators on the state |ϕ_{2,1}⟩, is annihilated by all the Virasoro lowering operators and completely decouples from the Hilbert space. In particular, any correlation function involving this descendant state (or more accurately the corresponding descendant field) must be zero. As is discussed more fully in §7.3 of reference [23], equation (1.29) translates into the following partial differential constraint on the correlation functions: { C ∂^2 ∂z^2_1 − n∑ i=2 [ 1 z − z_i ∂ ∂z_i + h_i (z − z_i)^2 ]} ⟨ϕ_{2,1}(z_1)O_2(z_2) · · ·O_n(z_n)⟩ = 0, (1.30)

where the h_i are the conformal dimensions of the fields O_i(z_i). In the case of the fourpoint correlation functions, one may use global conformal invariance to reduce this partial

5In the language of Hilbert spaces, the condition of unitarity is the requirement that we are free of states with negative norm. The explicit evaluation of a given norm (or inner product) ⟨h|Lln · · · Ll_1 L�ln · · · L�l_1 |h⟩ depends on the value of h, and through the Virasoro commutation relations, on the value of c.

differential equation into an ordinary differential equation. Specifically, one may first substitute into equation (1.30), the generic holomorphic dependence of the four-point function as given by equation (1.15):

⟨ϕ_{2,1}(z_1) · · ·O_4(z_4)⟩ = F(z) 4∏ i<j z^{−hi−hj +h/3} ij . (1.31)

By means of the projective conformal transformations (1.11) one may then map the points z_2, z_3, z_4 to 0, 1, ∞, respectively, and thus from the definition (1.16) identify z_1 with z. This yields an ordinary differential equation for F(z). The solutions to this second-order differential equation F^{(a)}(z) (a = 1, 2) — the so-called conformal blocks — yield the hitherto unknown dependence of the non-chiral four-point function on the anharmonic ratio: F(z, z̄) = 2∑ a,b=1 X_{ab}F^{(a)}(z)F^{(b)}(z̄). (1.32)

The coefficients X_{ab} appearing in equation (1.32) may be determined from the requirements of single-valuedness and crossing symmetry of the correlation function. In principle, the four-point correlation functions of all the degenerate fields ϕ_{r,s} may be determined in a similar way from a differential equation of order rs. Integral representations for these have been elucidated by Dotsenko and Fateev [101, 102].

In recent years some interesting statistical models have been identified with nonunitary minimal models. In particular the c = −2 theory (m = 1) describes the geometrical critical behaviour of dense polymers [62]. This theory has turned out to be very illuminating and we shall return to it in §1.6 and throughout this thesis.

x1.5 Wess–Zumino–Novikov–Witten model

Another important class of CFTs are the Wess–Zumino–Novikov–Witten (WZNW) models [68, 92, 103, 104]. We shall meet them many times in the course of this thesis, and we refer the reader to the books [23, 87, 94,95] for a more detailed introduction. In this section we provide a brief glossary of the main ideas and constructions. We begin by considering the action: S[g] = 1 4λ^2 ∫ d^2ξ Tr^′(∂^μg^{−1}∂_μg) + kΓ[g], (1.33) where (the WZNW term) Γ reads

Γ[g] = − i 24π ∫ d^3x ϵ^{μνρ} Tr^′(g^{−1}∂_μg g^{−1}∂_ν g g^{−1}∂_ρg), (1.34)

and g(ξ) is a matrix field taking values on the group manifold G associated with the Lie algebra g. The integration region in the WZNW term is over the three-dimensional ball, whose boundary is the compactification of our original two-dimensional Euclidean space (ξ^1, ξ^2). In order for this term to be well defined, k should be an integer. The classical equation of motion follows from the requirement that the action be stationary (0 = δS ≡ S[g+δg]−S[g]) under the replacement g → g+δg ≡ g(1+g^{−1}δg). Substituting the latter form of the variation into the so-called Polyakov–Wiegmann identity [89]: S[ab] = S[a] + S[b] + ∫ d^2ξ ω^{μν} Tr^′(a^{−1}∂_μa b∂_νb^{−1}); ω^{μν} = δ^{μν} 2λ^2 − ikϵ^{μν} 8π , (1.35)

and keeping terms of order δg,

0 = δS = − ∫ d^2ξ ω^{μν} Tr^′(g^{−1}∂_μg ∂_ν(g^{−1}δg)) ⇒ ∂_ν(ω^{μν} g^{−1}∂_μg) = 0. (1.36)

In particular, for λ^2 = 4π/k, the field equation becomes

∂(g^{−1} ¯∂g) = 0 ⇐⇒ ¯∂(∂gg^{−1}) = 0. (1.37)

That is to say, for this special relationship between the parameters λ and k, the model (1.33) possesses conserved holomorphic and antiholomorphic currents J(z) = ∑ a J^a(z)t^a = −k∂gg^{−1}, (1.38)

J̄(z̄) = ∑ a J̄^a(z̄)t̄^a = kg^{−1} ¯∂g. (1.39)

where the generators t^a of the Lie algebra g obey [t^a, t^b] = f^{ab}_c t^c (repeated summation implied) and are normalized according to Tr^′(t^at^b) = 2δ_{a,b}. Moreover, for this relationship the model is also conformally invariant: the one-loop β-function vanishes [92], and more generally, the (Sugawara) energy momentum tensor yields the Virasoro algebra. We shall denote the action S[g] with λ^2 = 4π/k (the WZNW model) by W_k[g]:

W_k[g] = k 16π ∫ d^2ξ Tr^′(∂^μg^{−1}∂_μg) + kΓ[g]. (1.40)

The parameter k is the so-called level of the WZNW model, and we shall often refer to the action (1.40) as the ^g_k WZNW model. The conserved currents (1.37) arise from the invariance of the action (1.40) under the semi-local transformation

g(z, z̄) → Ω(z)g(z, z̄)Ω̄^{−1}(z̄), (1.41)

where Ω(z) and Ω̄(z̄) are arbitrary elements of G. In addition to the presence of conserved holomorphic and antiholomorphic currents, it is readily verified that the solutions of the classical field equations (1.37) factorize: g(z, z̄) = f(z)f̄(z̄). An important example of this, and of non-Abelian bosonization, is the equivalence between the fundamental bosonic field g_{αᾱ} of the ^u(N)_1 WZNW model, and a bilinear of free massless Fermi fields [68, 92]:

Mg_{αᾱ}(z, z̄) = L_α(z)R^†_ᾱ(z̄), (1.42)

where the mass scale M is dependent upon the UV regularization scheme. In particular, the currents (1.38) may be shown to obey the operator product expansion: J^a(z)J^b(w) ∼ k δ^{ab} (z − w)^2 + f^{ab}_c J^c(w) (z − w) . (1.43)

In analogy with equations (1.20) and (1.23) one may introduce the generators

J^a_n = 1 2πi ∮ dz z^nJ^a(z) . . . (1.44)

The operator product expansions (1.43) translate through the methods of radial quantization into the following commutation relations:

[J^a_n, J^b_m] = f^{ab}_c J^c_{n+m} + knδ_{ab}δ_{n+m,0}. (1.45)

This is referred to as a Kač–Moody algebra (or affine Lie algebra or current algebra) at level k, and is often denoted ^g_k — see for example [94, 105]. The energy–momentum tensor of the WZNW model is a bilinear in the conserved currents. This is known in the literature as the Sugawara construction:

T (z) = 1 2(k + g^∨) ∑ a (J^aJ^a)(z) (1.46)

where g^∨ is the so-called dual Coxeter number of the algebra, and the normalization is fixed by the requirement that T (z) has conformal dimension h = 2 [68, 106]. It may be shown that this energy-momentum tensor gives rise to a Virasoro algebra with central charge given by: c = k dim g k + g^∨ . (1.47)

Moreover, the multipoint correlation functions of the WZNW primary fields satisfy the so-called Knizhnik–Zamolodchikov equations [68]:

∂_{zi} − 1 k + g^∨ ∑ j≠i t^a_i t^a_j z_i − z_j ⟨ϕ_1(z_1) . . .ϕ_n(z_n)⟩ = 0. (1.48)

In this thesis we shall also be faced with WZNW models based on Lie superalgebras — see for example [11,53,107]. A generic Lie superalgebra is spanned by both bosonic and fermionic generators obeying [t^a, t^b} = f^{ab}_c t^c, (1.49)

where the Lie superbracket or supercommutator [, } represents an anticommutator if both generators are fermionic and a commutator otherwise — see for example [108]. Although, the representation theory of superalgebras may be more involved than ordinary Lie algebras, in many applications of the rather general formulas presented above, one need only make minor modifications. These include replacing trace by supertrace [51], commutators by supercommutators, and the dimension of the algebra by the superdimension — the difference between the number of bosonic and fermionic generators.

x1.6 Logarithmic Conformal Field Theory

In this section we shall briefly discuss the topic of logarithmic conformal field theory (LCFT) originally introduced by Saleur [62] and Gurarie [64]. Our interest in these theories stems from their increasing relevance in the study of disordered critical points [12, 20, 40, 43–45, 53, 79, 109, 110]. The LCFTs have been extensively studied in both statistical physics and string theory [63, 65, 111–142]. Aside from their relevance in critical disordered systems, they have emerged in problems of gravitational dressing [111,112], D-branes [143–148], Seiberg–Witten models [149,150], magnetohydrodynamics [151–155] and the Haldane–Rezayi Quantum Hall state [66]. In this section we shall focus on a much studied, and indeed highly relevant, example of a LCFT — the c = −2 minimal model.

As we discussed in §1.4, the unitary minimal models have central charge given by equation (1.27) with m ≥ 3. In particular, one may consider the non-unitary theory obtained by setting m = 1 in this expression; this leads to a model with central charge c = −2. This non-unitary theory plays an important rôle in the work of Saleur on dense polymers [62], and also in this present work. In particular, for this value of m (or equivalently the central charge) one may consider the field ϕ_{1,2} with conformal dimension h_{1,2} = −1/8 as given (formally) by equation (1.28). Although, the reader may worry about operators with negative conformal dimensions, we encourage them to indulge a little; in the non-Abelian Dirac fermion problem these operators will be ‘dressed’ by other fields and will ultimately acquire a positive dimension. In the spirit of §1.4 one may endeavor to calculate the four-point correlation functions of these fields; indeed, this procedure was carried out in the seminal works [62, 64]. We shall adopt the established notation of labeling the c = −2 field ϕ_{1,2}, as μ. [64, 129]. The four-point correlation function of the field μ are found to be given by [62, 64, 129]

⟨μ(1)μ(2)μ(3)μ(4)⟩ = |z_{14}z_{23}z(1 − z)|^{1/4} 2∑ a,b=1 X_{ab} F^{(a)}(z)F^{(b)}(z̄), (1.50)

where the conformal blocks F^{(a)}(z) are solutions of the hypergeometric equation z(1 − z)G 00 (z) + [γ − (α + β + 1)z]G 0 (z) − αβG(z) = 0, (1.51)

with α = 1/2, β = 1/2 and γ = 1, and where the coefficients X_{ab} are determined by the requirements of single-valuedness and crossing symmetry on the correlator (1.50). In the cases where γ is not an integer, one may write the two independent solutions of the hypergeometric equation (1.51) in the form:

G^{(1)}(z) =_2F_1[α, β; γ; z], G^{(2)} = z^{1−γ}_2F_1[α − γ + 1, β − γ + 1; 2 − γ; z], (1.52)

where the hypergeometric series is defined by

2F_1[α, β; γ; z] = ∞∑ n=0 (α)_n(β)_n (γ)_nn!

z^n; (α)_n ≡ α(α + 1) · · ·(α + n − 1), (1.53)

and is convergent in the domain |z| < 1; outside of this domain one must analytically continue this series — see appendix A. In the case at hand, with γ = 1, the solutions G^{(1)}(z) and G^{(2)}(z) are observed to be degenerate; they are both equal to_2F_1[^1_2 ,^1_2 ; 1; z]. We remark for the future benefit of the reader, that this hypergeometric series is in fact a complete elliptic integral of the first kind 2K(z)/π — see equation (A.3). In this case, the established method of Frobenius (see for example [156]) indicates that the second independent solution is a logarithm times the first solution plus a another regular series:

G^{(2)}(z) = G^{(1)}(z) ln z + H(z), (1.54) where (in this example) H(z) is the rather unpleasant series 9.153(2) of reference [69]:

H(z) = 2 ∞∑ m=0 z^m (1/2)_m(1/2)_m (m!)^2

[ψ(k + 1/2) − ψ(k + 1) − ψ(1/2) + ψ(1)] , (1.55)

and ψ(x) = d ln Γ(x)/dx. The form of equations (1.54) and (1.55) are somewhat cumbersome and one may perform the following ‘trick’ in order to make them more palatable. The hypergeometric equation (1.51) with α = 1/2, β = 1/2, γ = 1, is invariant under the transformation z → 1 − z, and it follows that_2F_1[^1_2 ,^1_2 ; 1; 1 − z] is also a solution. Moreover, this solution is regular in the unit disc surrounding z = 1, but under analytic continuation develops a logarithmic singularity in the vicinity of z = 0 — see equation (A.15). Since there cannot be more than two independent solutions to a second-order differential equation, it must follow that (the analytic continuation of)_2F_1[^1_2 ,^1_2 ; 1; 1−z] is a suitable substitute to (1.54). That is to say one may finally write the four-point correlation function of the fields μ in the form:

⟨μ(1)μ(2)μ(3)μ(4)⟩ = |z_{14}z_{23}z(1 − z)|^{1/4} [K(z)K(1 − z̄) + K(1 − z)K(z̄)] , (1.56)

where we have embraced the compact notation afforded by the complete elliptic integrals (A.3), and have enforced the requirements of single-valuedness. The form of equation (1.56) is not only convenient for compactness, but also for symmetry; under the interchange of coordinates z_2 and z_3, the anharmonic ratios z and 1−z are also interchanged, and the correlation function is manifestly crossing symmetric. We remark, that whilst equation (1.56) has been obtained by solving the appropriate differential equation, the same result could also be obtained by taking an appropriate c → −2 limit of the nonlogarithmic formulae given in [101, 102]. We further invite the reader to compare the result (1.56) to the computations (2.19) and (2.41) in the non-Abelian Dirac fermion problem; the c = −2 theory will emerge again. . .

Chapter 2

Random Non-Abelian Dirac Fermions

x2.1 Introduction

An important driving force in the study of disordered critical points, is the quest to find a complete theoretical description of the localization–delocalization transitions which occur between the plateaus in the integer quantum Hall effect (IQHE) — see for example [1]. These transitions arise from a delicate interplay between quenched disorder in the sample, which tends to localize the two-dimensional electrons, and the strong magnetic field, which tends to delocalize them. On rather general grounds, it is natural to assume that these second-order phase transitions are governed by a two-dimensional conformal field theory, whose explicit identity would yield predictions for critical exponents and correlation functions. Despite numerous field theoretic approaches to find this conformal field theory, based on either Pruisken’s non-linear sigma model [2–4] or the Chalker– Coddington network model [5] and its superspin chain descendants [6–10], the nature of the critical point remains elusive and inaccessible by perturbation theory [11, 12].

An early alternative to these approaches was suggested by Ludwig, Fisher, Shankar and Grinstein who observed that a two-dimensional Dirac fermion exhibits an analogue of the IQHE transition as the fermion mass is tuned through zero [13]. In particular, these transitions occur in the absence of quenched disorder, and one may systematically include and study the effects of its presence. As was discussed by these authors, disorder may be included in the form of a random mass, a random scalar potential, and a random (Abelian) vector potential for the Dirac fermion. Indeed, it was later shown that the Chalker–Coddington network model maps on to such a model in the continuum limit [157]. Unfortunately, the generic IQHE transition (with all three types of disorder) has,

§2.1 Introduction 30

thus far, also proven inaccessible in this representation. However, these authors set the stage for studies of Dirac fermions interacting with random potentials [17,46,53,158–167].

In this chapter we shall study a non-Abelian variant of the model of reference [13] which was introduced by Nersesyan, Tsvelik and Wenger in the context of disordered dwave superconductivity [27,28]. As we shall see, this model comprises of N_c ‘colours’ of two-dimensional massless Dirac fermions interacting with a random non-Abelian gauge field, and has proved to be extremely instructive example of a disordered critical point. Indeed this model has also arisen in studies of non-Hermitian quantum mechanics [14] and the spin quantum Hall effect [52, 168]. In particular this model is amenable to a variety of theoretical approaches [46]. Amongst its non-trivial features are the presence of logarithmic operators [40], and the multifractal scaling of moments of the local density of states [41, 43–45, 48].

The structure of this chapter is as follows: in §2.2 we provide a brief outline of the emergence of the non-Abelian Dirac fermion problem in the context of disordered d-wave superconductivity. In §2.3 we define the problem in more general terms. In §2.4–§2.6 we focus our attention on the four-point correlation functions of the local density of states (LDoS) as encoded in the so-called Q-matrix. Each of these sections is devoted to a different non-perturbative field theoretical approach to the disordered Dirac fermion problem: §2.4 deals with the replica approach, §2.5 deals with the so-called strong disorder approach and §2.6 deals with the supersymmetric approach. Within each of these sections we provide an outline of the theoretical approach and the form of the appropriate Q-matrix, together with a discussion of the relevant conformal dimensions and four-point correlation functions. In order to increase the transparency of these sections we have relegated many of the important (but arguably involved) technical details on the solution of the relevant WZNW models into a rather substantial appendix. The interested reader will find gathered in this appendix the solutions to the Knizhnik– Zamolodchikov equations which arise in this work. In §2.7 we continue our study of the supersymmetric approach and provide a remarkably simple free field representation of the disorder averaged theory comprising of a two-component symplectic fermion and a pair of free bosons (one compact and the other non-compact). The two-component symplectic fermion with central charge c = −2 arises in the theoretical description of dense polymers and we demonstrate that the twist operators of the latter theory play a fundamental rôle in the non-Abelian Dirac fermion problem. In §2.8 we discuss the convergence of approaches to the disordered non-Abelian Dirac fermion problem. Finally we present concluding remarks and technical appendices. In particular, appendix 2.A is devoted to the ^su(N)_k WZNW model and is subdivided into our considerations of the ^u(0)_k WZNW model — arising in the replica approach — and the ^su(N)_{−2N} WZNW model — arising in the strong disorder approach. Appendix 2.B is devoted to the ^osp(2|2)_k WZNW model which arises in the supersymmetric approach.

x2.2 Disordered D-Wave Superconductivity

Following [27, 28] we consider the Hamiltonian describing the low-energy degrees of freedom in a two-dimensional d-wave superconductor:

H_0 = ∑ k,σ [ϵ(k) − μ]c^†_{k,σ}c_{k,σ} + ∑ k [Δ(k)c^†_{k↑}c^†_{−k↓} + h.c.], (2.1)

where ϵ(k) is a tight-binding spectrum respecting the point symmetry of the underlying lattice, Δ(k) is a pairing amplitude with the d_x2_{−y}2 symmetry, and μ is the chemical potential — see for example [169]. Without loss of generality one may take the tightbinding spectrum to be of the form

ϵ(k) = −2t [cos(k_xa) + cos(k_ya)] , (2.2)

and the d-wave order parameter to be given by

Δ(k) = Δ [cos(k_xa) − cos(k_ya)] . (2.3)

In a realistic d-wave superconductor Δ ≪ t. The quasi-particle energy spectrum of such a superconductor is given by

E(k) = ± √ (ϵ(k) − μ)^2 + Δ(k)^2 (2.4)

In particular, the quasi-particle energy spectrum E(k) vanishes at four points or ‘nodes’. Setting μ = 0 and a = 1 for simplicity, these are given by (k_x, k_y) = ( ±^π_2 , ±^π_2 ) — see figure 2.1. As may be seen quite clearly from this figure, in the vicinity of these nodes reside low-energy gapless excitations with a formally relativistic spectrum. In the notation of references [27, 28] the nodes are labeled 1, ¯1, 2, ¯2:

1 = (^π_2 ,^π_2 ), ¯1 = (−^π_2 , −^π_2 ), 2 = (−^π_2 ,^π_2 ), ¯2 = (^π_2 , −^π_2 ). (2.5)

In the strict absence of nearest neighbour scattering processes (1, ¯1) ↔ (2, ¯2) [16], one may treat the pairs of nodes (1, ¯1) and (2, ¯2) independently [27, 28]; for definiteness we shall choose the (1, ¯1) pair. In this limit, the authors of references [27, 28] were able to map this problem (after coordinate rescaling and field redefinition) on to a model

PSfrag replacements

Figure 2.1: The quasi-particle spectrum of a clean d-wave superconductor showing the existence of four Dirac nodes.

of (2 + 1)–dimensional massless Dirac fermions interacting with a random non-Abelian gauge field. In particular, by focusing on static disorder one may consider the Fourier components of the fermionic fields with different frequencies separately. This renders the theory two-dimensional. In this thesis we shall focus on the zero frequency critical theory: S = ∫ d^2ξ ∑ α,β ψ̄_αγ^μ(δ^{αβ}∂_μ − iA^{αβ}_μ )ψ_β. (2.6)

The ‘colour’ indices α, β ∈ (1, ¯1) are the node labels, and the field ψ_α represents a two-component Dirac fermion at node α. The gauge field describes scattering processes within and between the nodes 1 and ¯1, and resides in the algebra su(2): A_μ = A^a_μτ^{αβ}_a . The probability distribution of the gauge field is taken to be Gaussian. In this chapter we shall consider the su(N_c) generalization of the model (2.6) and our (primary) goal will be to calculate and compare the disorder averaged multipoint correlation functions of the LDoS obtained by three different non-perturbative approaches.

§2.3 Non-Abelian Dirac Fermions 33

x2.3 Non-Abelian Dirac Fermions

We consider N_c colours of two-dimensional massless Dirac fermions minimally coupled to a non-Abelian gauge field A_μ ∈ su(N_c) :

S = ∫ d^2ξ Nc∑ α,β=1 ψ̄^αD̸^{αβ}ψ^β, (2.7)

where the gauge covariant derivative takes the form D̸^{αβ} = γ^μ(δ^{αβ}∂_μ − iA^{αβ}_μ ). (2.8) The γ^μ matrices form a two-dimensional representation of the Clifford algebra {γ^μ, γ^ν} = 2g^{μν} with Euclidean metric g^{μν} = diag(1, 1), and the gauge field A^{αβ}_μ = A^a_μτ^{αβ}_a may be expanded in terms of the generators τ_a of su(N_c). Physical quantities are obtained by disorder averaging products of Green’s functions. We use the distribution functional P [A_μ] ∝ e^{−S[Aμ]}, S[A_μ] = 1 g_A ∫ d^2ξ Tr A_μ(ξ)A_μ(ξ) (2.9)

representing the usual choice of δ-correlated Gaussian white noise for the random vector potential. The local density of states (LDoS) of the Dirac fermion problem is given by [27–29]

ρ(r) = Nc∑ α=1 [ L^†_αR_α + R^†_α L_α ] . (2.10)

In §2.4–§2.6 we shall investigate the disorder averaged multipoint correlation functions of the LDoS. In particular, we shall focus our attention on the long distance properties (obtained for example by integrating out the massive modes) encoded in the so-called Q-fields: Q ∼ Nc∑ α=1 L^†_α R_α, Q^† ∼ Nc∑ α=1 R^†_α L_α (2.11)

We shall study the critical correlation functions of the Q-fields by three different approaches; in each case our Q-fields will be represented by Q-matrices governed by appropriate WZNW models.

x2.4 Replica Approach

In order to average over disorder we introduce N_f flavours (or replicas) of the massless Dirac fermions appearing in equation (2.7):

S^{Replica} = ∫ d^2ξ N_f∑

i=1 Nc∑ α,β=1 ψ̄^{α,i}D̸^{αβ}ψ^{β,i} (2.12)

The (replicated) action (2.12) enjoys a global SU (N_f ) × SU (N_c) × U(1) symmetry and may be recast using Witten’s non-Abelian bosonization rules [92] — for reviews of the bosonization approach see for example [87, 170]. It is well known that the free Dirac action (in the absence any gauge fields) with the flavour-colour symmetry described above may be represented as the sum of three critical Wess–Zumino–Novikov–Witten (WZNW) models of the form

W_k[g] = k 16π ∫ d^2ξ Tr^′(∂^μg^{−1}∂_μg) + kΓ[g] (2.13)

where (the WZNW term) Γ reads

Γ[g] = i 24π ∫ d^3x ϵ^{μνρ} Tr^′(g^{−1}∂_μg g^{−1}∂_ν g g^{−1}∂_ρg). (2.14)

The celebrated equivalence between the free (flavoured-coloured) Dirac fermion theory and the bosonic WZNW models may be written in the symbolic form

Free Dirac Fermions = ^su(N_c)_{Nf} × ^su(N_f )_{Nc} × ^u(1) (2.15)

where it is understood that the chiral blocks of the free Dirac theory are obtained as products of the chiral blocks of the WZNW models; here ^g_k denotes the group manifold g and the so-called level k of the WZNW action (2.13). That this is indeed an equality between chiral blocks is seen most clearly in the work of Fuchs [171], and is discussed more fully in chapter 3. Of paramount importance in the application of (2.15) to our disordered problem is that the disorder — the su(N_c) gauge potential — couples only to (currents from) the ^su(N_c)_{Nf} sector. Averaging over disorder (equivalently integrating over the su(N_c) gauge potential) generates a (quadratic) interaction between su(N_c) currents only. This interaction scales to the strong coupling regime where a mass gap M ∼ exp[−2π/N_cg_A] is dynamically generated in the ^su(N_c)_{Nf} sector of the theory. As follows from the decomposition (2.15) the massless degrees of freedom are SU(N_c) singlets and are described by the remaining WZNW models ^su(N_f )_{Nc} ×u(1) ∼ ^u(N_f )_{Nc}.

Upon integrating out the massive (colour) degrees of freedom, the fermion bilinears are expressed in terms of the so-called Q-matrix

Q_{rr̄} ∼ 1 M Nc∑ α=1 L^†_{α,r}R_{α,r̄} (2.16)

whose indices reside in the flavour (replica) space; this is simply a replicated version of the Q-field introduced to describe the LDoS in equations (2.10) and (2.11). The Q-matrix assumes values in the group U(N_f ) and is governed by a (critical) effective action of the WZNW form (2.13) with level k = N_c. The WZNW model thus plays an analogous rôle to the sigma model in the conventional theory of localization [50] — it is an effective action for the slow degrees of freedom, once the fast degrees of freedom have been integrated out.

x2.4.1 Conformal Dimensions In the replica approach, the conformal dimension of the Q-matrix is that of a primary field of the (N_f → 0) ^u(N_f )_{Nc} WZNW model transforming in the fundamental representation — see equation (2.80) of appendix 2.A:

h_Q = 1 2N^2_c

(2.17)

As we shall see in §2.5.1 and §2.6.1, the conformal dimension of the Q-matrix (LDoS) is given by (2.17) in all three treatments of the disorder. This ensures the equality of their two-point and three-point correlation functions. It is well known in CFT however, that the four-point correlation functions are not determined solely by scaling dimensions, but in general have a non-trivial dependence on the so-called anharmonic ratios (2.67) [77]; in CFTs of the WZNW form, this dependence is obtained by solving the appropriate Knizhnik–Zamolodchikov equations [68]. In order to compare different theoretical approaches to the random Dirac fermion problem it is thus essential to study the four-point correlation functions of the Q-matrix.

x2.4.2 Correlation Functions of the Q-field The correlation functions of the Q-matrix are those pertaining to the ^u(N_f )_{Nc} WZNW model in the replica (N_f → 0) limit, and are thus obtained by solving the ^u(N_f )_{Nc} Knizhnik–Zamolodchikov equations [68]. This fact was recognised in the early replica treatment of the random Dirac fermion problem [27,28]. The approach was subsequently refined to accommodate the logarithmic solutions to the Knizhnik–Zamolodchikov equations which appear in the replica limit [40]. Despite the advances made in these works they suffer (in places) from a naïve implementation of the replica trick; an extraneous trace over replica indices was performed in a number of instances. In order to address these issues, and to demonstrate the convergence of approaches to the random Dirac fermion problem, we rederive a number of results and adopt a uniform notation throughout.

The four-point correlation function of the Q-matrix admits the U(N_f ) × U(N_f ) invariant decomposition [40, 68] (see appendix 2.A.1):

⟨Q_{r1r̄1} (1)Q^†_{r2r̄2} (2)Q^†_{r3r̄3} (3)Q_{r4r̄4} (4)⟩ = |z_{14}z_{23}|^{−2/N 2c} 2∑ i,j=1 I^r_i Ī^{r̄}_j F_{ij} (z, z̄) (2.18)

where r denotes the ordered sequence of flavour (replica) indices r_1, r_2, r_3, r_4, and where the invariant tensors I_1 and I_2 are defined as I^r_1 = δ^{r1,r2} δ^{r3,r4} and I^r_2 = δ^{r1,r3} δ^{r2,r4} , together with similar equations for Ī_1 and Ī_2. The anharmonic ratio z is defined as z = z_{12}z_{34}/z_{14}z_{32} and similarly for z̄. The functions F_{ij} (z, z̄) are single-valued combinations of the solutions to the ^u(N_f )_{Nc} Knizhnik–Zamolodchikov equations, which in the replica limit (N_f → 0) are given by equations (2.87) with k = N_c. For example, setting all replica indices equal to 1 yields

⟨Q_1¯_1(1)Q^†_{1¯1}(2)Q^†_{1¯1}(3)Q_1¯_1(4)⟩ ∼ |Υ|^2 [K_{Nc}(z)K_{Nc} (1 − z̄) + K_{Nc} (1 − z)K_{Nc}(z̄)] (2.19)

where Υ = [z_{14}z_{23} z(1 − z)]^{−1/N 2c} and K_{Nc} (z) and E_{Nc} (z) are natural generalizations of the complete elliptic integrals — see equation (2.84). In addition one may consider ‘mixed’ correlation functions of the form:

⟨Q_1¯_1(1)Q^†_{1¯1}(2)Q^†_{2¯2}(3)Q_2¯_2(4)⟩ ∼ |Υ|^2 [E_{Nc}(z)(K_{Nc}(1 − z̄) − E_{Nc} (1 − z̄)) + c.c.] (2.20)

where c.c stands for complex conjugation — replacement of z by z̄. Correlation functions calculated with respect to this effective (replicated) action correspond to correlation functions averaged with respect to the initial action with quenched disorder [46, 80]:

⟨Q(1)Q^†(2)Q^†(3)Q(4)⟩_A = ⟨Q_{rir̄i} (1)Q^†_{rir̄i} (2)Q^†_{rir̄i} (3)Q_{rir̄i} (4)⟩_{rep}, (2.21a) ⟨Q(1)Q^†(2)⟩_A⟨Q^†(3)Q(4)⟩_A = ⟨Q_{rir̄i} (1)Q^†_{rir̄i} (2)Q^†_{rjr̄j} (3)Q_{rjr̄j} (4)⟩_{rep}, (2.21b)

where r_i ≠ r_j in equation (2.21b). The left hand side of (2.21a) represents the four-point correlation function of the Q-field (calculated with respect to the original action in the presence of quenched disorder) averaged over disorder (denoted by an overline); the left hand side of (2.21b) represents the product of two two-point correlation function of the Q-field (again calculated with respect to the original action in the presence of quenched disorder) averaged over disorder.

We note that as a direct consequence of the rather simple replica index structure of (2.18) the results (2.21a) and (2.21b) are independent of which replicas are actually considered; this is a manifestation of replica symmetry — see for example §3.3 of reference [172]. The correlation functions of the LDoS may be obtained from these results by means of the decomposition (2.10) together with crossing symmetry. We emphasize that one does not perform a trace over replica indices in order to extract the LDoS; the traces over replica indices appearing in equation (60) of reference [28] and equation (5) of reference [40] are erroneous. We further draw attention to the simplicity and manifest crossing symmetry of the results (2.19) and (2.20) as compared with those obtained in reference [40]

x2.5 Strong Disorder Approach

As was first discussed in [41, 46], and subsequently developed in [44], the random Dirac fermion problem is amenable to a direct treatment in the limit of infinite disorder strength (g_A → ∞) without invoking either replicas or supersymmetry. We note that in this limit the probability measure (2.9) is absent. We summarize here only the important details. We separate the action (2.7) into its chiral components

S = ∫ d^2ξ Nc∑ α=1 [ L^†_α( ¯∂ + iĀ)L_α + R^†_α(∂ + iA)R_α ] (2.22)

and parameterize the gauge fields in terms of group elements g(ξ) ∈ SU^C (N)∼ SL(N; C) residing in the complex extension of SU(N) A = i∂gg^{−1}, Ā = i ¯∂ḡḡ^{−1}. (2.23) This enables one to perform the chiral gauge transformations L → ḡL, R → gR, (2.24) so as to render a theory of free fermions (L, R) decoupled from the gauge fields. An important feature of this procedure is that the Jacobian of the transformations (2.24) is proportional to the partition function of the original action (2.7) at fixed disorder, Z[A_μ] — this cancels the normalizing partition function in (fixed disorder) correlation functions and removes the need to invoke replicas or supersymmetry in order to perform disorder averaging. The Jacobian associated with the change of variables (2.23) is well known to involve the WZNW action (2.13) on the (non-compact) manifold h = g^†g ∈ SU^C (N)/SU(N) at level k = −2N_c [41, 46, 88, 173]: DA = Dg exp ( 2N_cW_{−2Nc} [g^†g] ) (2.25)

In reference [44] the Wakimoto free-field representation of the SU^C (N)/SU(N) WZNW model at k = −2N was constructed, and it was shown to generate the ^su(N)_{−2N} Kač– Moody algebra; in other words, the correlation functions of the h-fields may be obtained from the solution of the ^su(N)_{−2N} Knizhnik–Zamolodchikov equations — see appendix 2.A.2. In this approach the Q-fields of the random Dirac fermion problem with N_c colours are expressed as primary fields of the ^su(N_c)_{−2Nc} WZNW model ‘dressed’ by free fermions: Q = Nc∑ α,ᾱ=1 L^†_α h_{αᾱ} R_ᾱ, Q^† = Nc∑ α,ᾱ=1 R^†_ᾱ h^†_{ᾱ,α} L_α, (2.26)

We shall study the conformal dimensions and correlation functions of these fields in the subsections below.

x2.5.1 Conformal Dimensions It is readily seen from the strong disorder decomposition (2.26) that the conformal dimension of the Q-field is that of free Dirac fermion (h = 1/2) and an ^su(N_c)_{−2Nc} primary field — see equation (2.68) and set N = N_c and k = −2N_c:

h_Q = 1 2 + N^2_c − 1 2N_c(N_c − 2N_c) = 1 2N^2_c

(2.27)

This agrees with the replica result (2.17) and ensures the equality of the two-point and three-point correlation functions in both approaches. The coincidence of higher correlation functions will be discussed below.

x2.5.2 Correlation Functions of the Q-field The correlation functions of the Q-field are thus obtained by a fermionic ‘dressing’ of the correlation functions of the ^su(N_c)_{−2Nc} WZNW model. We note that whilst the chiral solutions to the ^su(N_c)_{−2Nc} WZNW model given in [44] are correct, their normalization constants are erroneous — they do not satisfy the conformal bootstrap. We provide the correct conformal blocks in equations (2.90) and their expression in terms of generalized elliptic integrals in equations (2.91). Moreover, in the light of the new results obtained in the replica approach, we shall find it convenient to generalize the decomposition (2.26) slightly so as to accommodate disorder averages of products of quenched correlation functions such as those appearing in equation (2.21b). To this end we introduce as many additional fermionic species (denoted by an index p) as quenched correlation functions we wish to disorder average. We emphasize that these additional indices are not required to perform the disorder averaging (as would be true of replicas) but simply encode which combinations of quenched correlation functions are to be averaged over disorder — in this approach we do not perform an N_p → 0 limit. The Q-matrix acquires a pseudoreplica index structure (labeled by the index p) analogous to that appearing in equation (2.16): Q_{p,p̄} = Nc∑ α,ᾱ=1 L^†_{α,p} h_{α,ᾱ} R_{ᾱ,p̄}, Q^†_{p,p̄} = Nc∑ α,ᾱ=1 R^†_{ᾱ,p̄} h^†_{ᾱ,α} L_{α,p}, (2.28) The correlation functions of the fields (2.28) may be written in the form

⟨Q_{p1p̄1} (1)Q^†_{p2p̄2} (2)Q^†_{p3p̄3} (3)Q_{p4p̄4} (4)⟩ = |z_{14}z_{23}|^{−4h} 2∑ a,b=1 C_{ab} G^{(a)}_p (z_i) G^{(b)}_{p̄} (z̄_i) (2.29)

where h = (1 − N^2_c )/2N^2_c is the conformal dimension of the ^su(N_c)_{−2Nc} primary field h_{α,ᾱ} as given by equation (2.68). G^{(a)}_p (z_i) is the (holomorphic) product of the free Dirac and ^su(N_c)_{−2Nc} correlation functions traced over the colour indices:

G^{(a)}_p (z_i) = Nc∑ α=1 ( I^α_1 I^p_1 z_{12}z_{34} − I^α_2 I^p_2 z_{13}z_{24} ) × ( I^α_1 F^{(a)}_1 (z) + I^α_2 F^{(a)}_2 (z) ) (2.30)

The coefficients C_{ab} appearing in equation (2.29) have the values C_{12} = C_{21} = 1, C_{11} = C_{22} = 0 to ensure single-valuedness and their off-diagonal form reflects the logarithmic nature of the underlying ^su(N_c)_{−2Nc} LCFT. We use the symbol p here to denote the ordered sequence of pseudo-replica indices p_1, p_2, p_3, p_4 and the invariant tensors I_1 and I_2 are defined as I^p_1 = δ^{p1,p2} δ^{p3,p4} , I^p_2 = δ^{p1,p3} δ^{p2,p4} ; analogous expressions hold for α. Performing the trace over colour indices appearing in (2.30) by means of the identities Nc∑ α=1 I^α_1 I^α_1 = N^2_c Nc∑ α=1 I^α_1 I^α_2 = N_c (2.31) and utilizing the relations (2.94) satisfied by the ^su(N_c)_{−2Nc} chiral blocks one obtains:

G^{(1)}_p (z_i) = c^′ z_{14}z_{32} Λ { I^p_1 E_{Nc} (z) + I^p_2 [ K_{Nc} (z) − E_{Nc} (z) ]} (2.32a)

G^{(2)}_p (z_i) = 2c^′N_c z_{14}z_{32} Λ { I^p_1 [ Ẽ_{Nc} (z) − K̃_{Nc}(z) ] − I^p_2Ẽ_{Nc} (z) } (2.32b)

where c^′ = cN(N^2 − 1) is a normalization constant, Λ = [z(1 − z)]^{−1/N 2c} , and where we have adopted the notation that f̃(z) ≡ f(1 − z) for an arbitrary function f(z). In particular by inserting the explicit results (2.32) into the decomposition (2.29) and collecting the coefficients of I^p_i Ī^{p̄}_j one may recast (2.29) so as to read:

⟨Q_{p1p̄1} (1)Q^†_{p2p̄2} (2)Q^†_{p3p̄3} (3)Q_{p4p̄4} (4)⟩ = − 2c^{′2} X_{12}

|z_{14}z_{23}|^{−2/N 2c} 2∑ i,j=1 I^p_i Ī^{p̄}_j F_{ij}(z, z̄) (2.33)

where the F_{ij}(z, z̄) are (both fortunately and remarkably) single-valued combinations of the solutions to the ^u(0)_{Nc} Knizhnik–Zamolodchikov equations as given by equations (2.87) with k = N_c. That is to say (up to an irrelevant normalization) we have recovered the replica result (2.18) in which our pseudo-replica indices play the rôle of replica indices. In particular the results (2.19) and (2.20) together with their interpretations (2.21) follow straightforwardly.

x2.6 Supersymmetric Approach

In the supersymmetric approach to disordered fermionic systems one introduces bosonic copies of the original Grassmann fields [50, 51]. The partition function of the resulting supersymmetric theory is equal to unity due to the inverse relationship between ordinary c-number Gaussian functional integrals and their Grassmann counterparts. The absence of a disorder dependent partition function normalizing quenched correlation functions drastically simplifies their disorder averaging. The supersymmetric approach to the random Dirac fermion problem has been outlined by Bernard and LeClair [52] who, following the general principles of the supersymmetric approach, have introduced bosonic copies of the Grassmann fields coupled to the same gauge potential. The resulting action is given by (2.12) where the summation over replicas is replaced by a summation over fermionic (Grassmann) and bosonic (c-number) fields:

S^{SUSY} = ∫ d^2ξ 2∑ i=1 Nc∑ α,β=1 ψ̄^{α,i}D̸^{αβ}ψ^{β,i} (2.34)

The symmetry of the free supersymmetrized Dirac action (in the absence of any gauge fields) is OSp(2N_c|2N_c) [46] and it may be recast as the ^osp(2N_c|2N_c)_1 WZNW model. In particular, the random su(N_c) gauge potential couples only to currents J^a (and J̄^a) residing in the ^su(N_c)_0 subalgebra of the complete ^osp(2N_c|2N_c)_1 Kač–Moody algebra:

S^{SUSY} = ^osp(2N_c|2N_c)_1 + ∫ d^2ξ (J^aA^a + J̄^aĀ^a) (2.35)

In the special case N_c = 2, Bernard and LeClair have demonstrated that the Sugawara energy momentum tensor for ^osp(2N_c|2N_c)_1 may be decomposed into the sum of two commuting pieces pertaining to different symmetries [52]:

T_{osp(4|4)1} = T_{osp(2|2)}�_2 + T_{su(2)0} (2.36)

Exploiting the decomposition (2.36) one may rewrite equation (2.35) in the decoupled form S^{SUSY} = ^osp(2|2)_{−2} + ^su(2)_0 + ∫ d^2ξ (J^aA^a + J̄^aĀ^a) (2.37)

We note that the rôle of the decomposition (2.36) in this approach closely mirrors that of the decomposition (2.15) employed in the replica approach — both allow us to decouple the effects of the gauge potential disorder. Indeed, the latter two terms appearing in equation (2.37) are precisely those which appear in the replica approach as N_f → 0. As was rigorously proven in references [27, 28], and utilized to our advantage in §2.4, this su(2) sector becomes massive for the simple Gaussian distribution of the gauge fields given in equation (2.9); a perturbative renormalization group argument was given in reference [52] where the one loop beta function was calculated with the result that the coupling constant g_A flows to strong coupling.^1 That is to say, the low-energy effective theory governing the Q-field is the ^osp(2|2)_{−2} WZNW model. Fortunately, the ^osp(2|2)_k WZNW model has been discussed quite extensively in the work of Maassarani and Serban [53]. In particular the model undergoes a dramatic simplification at k = −2 [54] and we provide a rather extensive discussion of this model in Appendix 2.B. In this approach the Q-field may be represented as

Q = Q^{1,¯1}, Q^† = Q^{4,¯4} (2.38)

1Although a formal proof of the gap generation exists only for the case when the disorder distribution is Gaussian, it appears reasonable to assume that the su(2) sector remains massive for a broader choice of disorder distributions. At scales smaller than the gap, the effective action is given by the critical ^osp(2|2)�2 WZNW model. The critical point is stable with respect to variations of the disorder: all such variations affect only the massive modes and hence do not generate relevant perturbations of the critical action.

where the Q^{α,ᾱ} are primary fields transforming in the [0, 1/2] representation of osp(2|2) — see Appendix 2.B.

x2.6.1 Conformal Dimensions In the supersymmetric approach to the random su(2) Dirac fermion problem, the conformal dimension of the Q-field coincides with that of a primary field transforming in the fundamental [0, 1/2] representation of ^osp(2|2)_{−2} — see equation (2.101) and set k = −2: h_Q = 1 4 − 2(−2) = 1 8 (2.39)

This is in agreement with the replica result (2.17) and the strong disorder result (2.27) when N_c = 2.

x2.6.2 Correlation Functions of the Q-field The four-point correlation function of the Q-matrix admits the osp(2|2) × osp(2|2) invariant decomposition — see equations (2.98), (2.99) and (2.102):

⟨Q^{α1,ᾱ1} (1)Q^{α2,ᾱ2} (2)Q^{α3,ᾱ3}(3)Q^{α4,ᾱ4} (4)⟩ = |z_{14}z_{23}|^{−1/2} 3∑ i,j=1 I^α_i Ī^ᾱ_j F_{ij} (z, z̄) (2.40)

where α denotes the ordered sequence of indices α_1, α_2, α_3, α_4, which label the basis states of the four-dimensional representation of osp(2|2), and where the invariant tensors I_1, I_2 and I_3 are defined in equations (2.103) together with similar equations for Ī_1, Ī_2 and Ī_3. The anharmonic ratio z is defined as z = z_{12}z_{34}/z_{14}z_{32} and similarly for z̄. The functions F_{ij} (z, z̄) are single-valued combinations of the solutions to the ^osp(2|2)_{−2} Knizhnik–Zamolodchikov equations, which are summarized by equations (2.124) — (2.128). For example, focusing on the correlation function pertaining to the decomposition (2.38):

⟨Q^{1¯1}(1)Q^{4¯4}(2)Q^{4¯4}(3)Q^{1¯1}(4)⟩ ∼ |Υ|^2 [K(z)K(1 − z̄) + K(1 − z)K(z̄)] . (2.41)

where here Υ = [z_{14}z_{23} z(1 − z)]^{−1/4} and K(z) and E(z) are the complete elliptic integrals. This is in agreement with both the replica result (2.19) and the strong disorder result (2.33) when the number of colours N_c = 2.

x2.7 Dense Polymers and Twist Operators

It turns out that the supersymmetric description provides an extremely economical and straightforward approach to the disordered Dirac fermion problem. The action of the ^osp(2|2)_{−2} WZNW model may be represented as the direct sum of three simple theories [55, 61, 174]:

^osp(2|2)_{−2} = ^su(2)_1 + 1 4π ∫ d^2ξ (∂_μφ)^2 + ∫ d^2ξ ϵ_{ab} ∂_μχ^a∂^μχ^b, (2.42)

where φ is a non-compact bosonic field, χ^a is a two-component symplectic fermion [136], and ϵ_{ab} is a two-component antisymmetric tensor. As expected in this supersymmetric theory, the bosonic sector (c = 2) and the symplectic fermions (c = −2) together yield a total central charge of zero. We note that the presence of the ^su(2)_1 WZNW model in the decomposition (2.42) of the ^osp(2|2)_{−2} WZNW model reflects an underlying ^su(2)_{−k/2} Kač–Moody subalgebra residing in the ^osp(2|2)_k algebra [164]. The decomposition (2.42) may be simplified even further by noting that the ^su(2)_1 WZNW model admits the following free field representation:

^su(2)_1 = 1 4π ∫ d^2ξ (∂_μϕ)^2, (2.43)

where ϕ is a compact free boson; note that our choice of normalization is for latter convenience in equation (2.50). That is to say, the ^osp(2|2)_{−2} WZNW model may be represented as the sum of a compact bosonic field ϕ (c = 1) a non-compact bosonic field φ (c = 1) and a two-component symplectic fermion (c = −2): ^osp(2|2)_{−2} = ∫ d^2ξ [ 1 4π (∂_μϕ)^2 + 1 4π (∂_μφ)^2 + ϵ_{ab} ∂_μχ^a∂^μχ^b ] . (2.44)

In view of the decomposition (2.44) one anticipates a representation of the ^osp(2|2)_{−2} primary fields in terms of the primary fields of the models appearing on the right-hand side of equation (2.44) — namely vertex operators e^{αϕ} and e^{βφ} and the primary fields of the c = −2 theory. As we shall discover in §2.7.1 – §2.7.3 this is indeed possible. The non-unitary c = −2 minimal model has received a great deal of attention in recent years as a theory of dense polymers [62, 63], as a celebrated example of a logarithmic conformal field theory [64, 65, 116, 129,136,137], and as a conformal ghost system [175]. The structure of this theory is rather rich and is known to consist of several sectors. As we shall see below, the so-called Z_2 twisted sector of the c = −2 theory will play a crucial rôle here; this sector consists of a scalar primary field μ of conformal dimension −1/8 and tensor primary fields ν^± of conformal dimension 3/8. The correlation functions and operator product expansions of these fields have been studied in reference [62] and more fully in reference [129]. In §2.7.1 we shall recast the four-point correlation functions of the ^osp(2|2)_{−2} WZNW in a form which facilitates the elucidation of the desired operator correspondence. In §2.7.2 we shall discuss the Z_2 twist operator correlation functions of the c = −2 model [129]. In §2.7.3 we shall compare the correlation functions (summarized in Table 2.1 and Table 2.2 of §2.7.1 and §2.7.2 respectively) and arrive at the aforementioned correspondence.

x2.7.1 The cosp(2|2)_{−2} WZNW model In view of the large number of components of the generic ^osp(2|2)_{−2} non-chiral fourpoint correlation function and the rather cumbersome and opaque invariant tensors (2.103) we shall refashion the correlator somewhat.^2 In particular the c = −2 operator correspondence will follow quite naturally. We study the four-point correlation function of the supersymmetric Q-matrix:

F^{α,ᾱ}(z_i, z̄_i) = ⟨Q^{α1,ᾱ1} (z_1, z̄_1)Q^{α2,ᾱ2} (z_2, z̄_2)Q^{α1,ᾱ3} (z_3, z̄_3)Q^{α4,ᾱ4} (z_4, z̄_4)⟩, (2.45)

where on the left hand side we use the symbol α to denote the ordered sequence of indices α_1, α_2, α_3, α_4. The indices α_i assume the values 1, 2, 3, 4 and label the basis states of the four-dimensional [0, 1/2] representation of osp(2|2); in the notation of [53] states 1 and 4 are bosonic, whilst states 2 and 3 are fermionic. As may be seen from our more detailed studies in Appendix 2.B, this correlation function may be written in the (off-diagonal) form F^{α,ᾱ}(z_i, z̄_i) = −F^{α, (1)}(z_i)F^{ᾱ, (2)}(z̄_i) − F^{α, (2)}(z_i)F^{ᾱ, (1)}(z̄_i), (2.46)

in which we have set the overall normalization of the four-point function to minus unity for latter convenience, and where

F^{α, (a)}(z_i) ≡ |z_{14}z_{23}|^{−1/4} 3∑ i=1 I^α_i F^{(a)}_i (z). (2.47)

Using the explicit form of the chiral blocks F^{(a)}_i (z) appearing in equations (2.118), (2.121) and (2.122) together with the known transformation properties of the invariant tensors — see equations (2.143) and (2.145) — we deduce that

F^{α, (2)}(z_i) = −P̃F^{α̃, (1)}(z̃_i). (2.48)

2Restricting our attention to four-point correlation functions pertaining to the four-dimensional [0, 1/2] representation we have a total of 4^8 components. Since the vast majority of these vanish however, and many are related by symmetry, it is desirable to distill them further.

Sector α F^{α, (1)}(z_i)

Bosonic

1144 4411 (4ϵγ)^{−1} Υ zK(z) 1414 4141 (4ϵγ)^{−1} Υ (1 − z)K(z) 1441 4114 −(4ϵγ)^{−1} Υ K(z)

Fermionic

2233 3322 (4ϵγ) Υ [2E(z) − (2 − z)K(z)] 2323 3232 (4ϵγ) Υ [2E(z) − (1 − z)K(z)] 2332 3223 (4ϵγ) Υ [2E(z) − K(z)]

Mixed

1234 1324 2143 3142 ± Υ [E(z) − (1 − z)K(z)] 2413 3412 4231 4321 1243 1342 2134 3124 ± Υ [K(z) − E(z)] 2431 3421 4213 4312 1423 1432 2314 3214 ± Υ E(z) 2341 3241 4123 4132

Table 2.1: Chiral correlation functions of the ^osp(2|2)_{−2} WZNW model displaying regular behaviour in the vicinity of z = 0 and logarithmic behaviour in the vicinity of z = 1; Υ = [z_{14}z_{23} z(1 − z)]^{−1/4} and z = z_{12}z_{34}/z_{14}z_{32} — see Appendix 2.B for further details.

We use the tilde to denote the interchange of the coordinates or indices 2 and 3, and P̃ to denote the fermionic parity of this permutation; note that this permutation induces the transformation z → 1 − z in these functions. Substituting equation (2.48) into equation (2.46) we obtain the result

F^{α,ᾱ}(z_i, z̄_i) = ~P̄F^{α, (1)}(z_i)F^{~ᾱ, (1)}(~z̄_i) + P̃F^{α̃, (1)}(z̃_i)F^{ᾱ, (1)}(z̄_i). (2.49)

That is to say, one may build the full quota of single-valued and crossing symmetric non-chiral correlation functions of the ^osp(2|2)_{−2} WZNW from our knowledge of the chiral functions F^{α, (1)}(z_i) which display regular behaviour in the vicinity of z = 0 and logarithmic behaviour in the vicinity of z = 1. Using the explicit results for the chiral blocks (2.118), (2.121) and (2.122) together with the invariant tensors (2.103) we are able to gather these non-trivial functions in Table 2.1. We emphasize that the functions F^{α, (1)}(z_i) are not simply the conformal blocks of the ^osp(2|2)_{−2} WZNW model, but also embody the non-trivial tensorial structure of osp(2|2) — see equation (2.47).

Sector Correlator Regular contribution μ ⟨μμμμ⟩ Υ^{−1} K(z)

ν ⟨ν^±ν^±ν^∓ν^∓⟩ Υ^3 z [2E(z) − (2 − z)K(z)] ⟨ν^±ν^∓ν^±ν^∓⟩ Υ^3 (1 − z) [2E(z) − (1 − z)K(z)] ⟨ν^±ν^∓ν^∓ν^±⟩ Υ^3 [2E(z) − K(z)]

Mixed

⟨μν^±ν^∓μ⟩ × z^{−1/2}_{14} z^{+1/2}_{23} ± Υ [E(z) − (1 − z)K(z)] ⟨ν^±μμν^∓⟩ × z^{+1/2}_{14} z^{−1/2}_{23} ⟨μν^±μν^∓⟩ × z^{−1/2}_{13} z^{+1/2}_{24} ±Υ [K(z) − E(z)] ⟨ν^±μν^∓μ⟩ × z^{+1/2}_{13} z^{−1/2}_{24} ⟨μμν^±ν^∓⟩ × z^{−1/2}_{12} z^{+1/2}_{34} ± Υ E(z) ⟨ν^±ν^∓μμ⟩ × z^{+1/2}_{12} z^{−1/2}_{34}

Table 2.2: Chiral correlation functions of the Z_2 twist operators of c = −2 displaying regular behaviour in the vicinity of z = 0 and logarithmic behaviour in the vicinity of z = 1; Υ = [z_{14}z_{23} z(1 − z)]^{−1/4} and z = z_{12}z_{34}/z_{14}z_{32} — see Gaberdiel and Kausch for further details [129] and note that our definition of the anharmonic ratio differs from theirs.

x2.7.2 Z_2 Twist Operator Correlation Functions The correlation functions of the twist operators μ and ν in the non-unitary c = −2 minimal model have been extensively studied by Gaberdiel and Kausch [129]. Their nonchiral four-point functions are built from linear combinations of their chiral counterparts so as to respect the stringent constraints of single-valuedness and crossing symmetry. As may be seen from §4 of their work, the contributions from either chiral sector are typically composed of two elliptic integral solutions posessing logarithmic branch cuts; one of these solutions displays regular behaviour in the vicinity of z = 0 and logarithmic behaviour in the vicinity of z = 1, whilst the other displays regular behaviour in the vicinity of z = 1 and logarithmic behaviour in the vicinity of z = 0. As in §2.7.1, in order to establish our correspondence (2.50) we find it convenient to focus on the chiral contributions to the four-point functions which exhibit regular behaviour in the vicinity of z = 0. The chiral four-point functions most relevant to our discussion and displaying such regular behaviour in the vicinity of the origin are summarized in table 2.2.

x2.7.3 Z_2 Twist Operator Correspondence Comparing our correlation functions for the ^osp(2|2)_{−2} WZNW model (summarized in Table 2.1) with those of Gaberdiel and Kausch for the Z_2 twist fields of the c = −2 minimal model [129] (summarized in Table 2.2) we see a clear correspondence at the level of their elliptic integrals. In particular we see that the bosonic and fermionic states of the ^osp(2|2)_{−2} WZNW model are naturally associated with the Z_2 twist fields μ and ν_α respectively. The remaining powers of z_{ij} which distinguish Table 2.1 from Table 2.2 are provided by bosonic vertex operators as suggested by the decomposition (2.44). Explicitly, we establish the following equivalence between the chiral operators of the ^osp(2|2)_{−2} WZNW model and the ‘dressed’ chiral operators of the c = −2 minimal model:^3

Q_1 ∼ A^{−1} e^{iϕ} μ, Q_2 ∼ A e^{−φ} ν^−, Q_3 ∼ A e^φ ν^+, Q_4 ∼ A^{−1} e^{−iϕ} μ, (2.50)

where A = (4ϵγ)^{1/4} is a free parameter corresponding to the arbitrary relative normalizations of the su(2) doublet (Q_1, Q_4) and the two singlets (Q_2, Q_3) in the four-dimensional representation of osp(2|2) [53, 176]. With the normalization chosen in equation (2.44) the compact bosonic exponents e^{±iϕ} have conformal dimension h_ϕ = 1/4, and the noncompact bosonic exponents e^{±φ} have h_φ = −1/4. It is thus straightforward to see that the dimensions add up to the correct value of 1/8 — equation (2.101) — in the decomposition (2.50).

We have now highlighted the important rôle played by the c = −2 model in the chiral structure of the ^osp(2|2)_{−2} WZNW model, and have provided a prescription for constructing the non-chiral correlation functions (2.49). Although there are many interesting and notable exceptions, we emphasize that in general, the non-chiral correlation functions of the ^osp(2|2)_{−2} WZNW are not simply related to single non-chiral correlation functions of the Z_2 twist operators dressed by non-chiral bosons. For example, it follows from our solution of the ^osp(2|2)_{−2} Knizhnik–Zamolodchikov equations that

⟨Q^{2,¯2}(1)Q^{3,¯3}(2)Q^{2,¯2}(3)Q^{3,¯3}(4)⟩ = C{[(1 − z)K − 2E][(1 + z̄) ~K̄ − 2 ~Ē] + c.c.}, (2.51)

where C = (16ϵ^2γ^2)^2 |z_{14}z_{23}|^{−1/2} Λ, and Λ is given by equation (2.128). We note that this is not simply related to a single correlation function of the non-chiral operators μ(z, z̄) and ν_{α,ᾱ}(z, z̄). That is to say, no single non-chiral four-point function of the

Z2 twist operators gives rise to this particular single-valued combination of the elliptic

integrals. We invite the reader to verify this statement with the aid of §4 of Gaberdiel and

3We use the (overused and rather abused) symbol ∼ to emphasize that we have derived the correspondence from the chiral regular solutions and that it is valid up to phase.

Kausch [129]. It may be interesting to study the non-chiral aspects of this correspondence in greater detail.

x2.7.4 Z_N Twist Operators In this section we discuss an extension of the twist operator correspondence to the general su(N_c) problem. Evidence for such a correspondence may be seen in the replica and strong disorder approaches. As may be seen from equation (2.19), the replica diagonal four-point correlation function of the Q-matrix reads:

⟨Q_1¯_1(1)Q^†_{1¯1}(2)Q^†_{1¯1}(3)Q_1¯_1(4)⟩ ∼ |z_{14}z_{23} z(1 − z)|^{−2/N 2} [K_N (z)K_N(1 − z̄) + K_N (1 − z)K_N (z̄)] , (2.52)

where for simplicity we have set N_c = N. We invite the reader to compare this fourpoint function with that of the Z_N twist operators of the c = −2 LCFT as discussed in the context of dense polymers — see equations (83) and (84) of reference [62], note the small typing error in the prefactor, and further note our different definition of the anharmonic ratio:

⟨σ_+(1)σ_−(2)σ_−(3)σ_+(4)⟩ ∼ |z_{14}z_{23} z(1 − z)|^{2k/N (1−k/N )} [ F_{k/N} (z)F_{k/N} (1 − z̄) + F_{k/N} (1 − z)F_{k/N} (z̄) ] . (2.53)

Here σ_+ stands for the Z_N twist operator σ_{k/N} , σ_− stands for the Z_N anti-twist operator, both of conformal dimension h = − 1 2 k N ( 1 − k N ) (2.54) and F_{k/N} =_2F_1[1 −^k_N ,^k_N ; 1; z]. (2.55)

For more details we refer the reader to §3.2 of [62]. In particular setting k = 1 in equations (2.53) and (2.55) one obtains

⟨σ_+(1)σ_−(2)σ_−(3)σ_+(4)⟩ ∼ |z_{14}z_{23} z(1 − z)|^{2/N (1−1/N )} [K_N (z)K_N (1 − z̄) + K_N (z̄)K_N (1 − z)] . (2.56)

It is readily seen that equations (2.52) and (2.56) coincide up to a simple prefactor to which we now turn our attention. Adopting the conventions of §2.7 we consider the four-point correlation functions of the exponentials of free bosonic fields

ν_α = e^{iαϕ}, (2.57)

governed by the action S = 1 4π ∫ d^2ξ ∂_μϕ∂^μϕ, (2.58)

and of conformal dimension h = α^2/4. The four-point function of such fields is

⟨ν_α(1)ν_{−α}(2)ν_{−α}(3)ν_α(4)⟩ = |z_{14}z_{23} z(1 − z)|^{−α2} . (2.59)

The necessary compensating prefactor between equations (2.52) and (2.56) is obtained by setting α^2 = 2/N. That is to say, one obtains the following (heuristic) identification between the Q-matrix and the ‘dressed’ Z_N twist operator of c = −2:

Q_1¯_1 ∼ e^{iϕ} √ 2 N σ_+, Q^†_{1¯1} ∼ e^{−iϕ} √ 2 N σ_− (2.60)

Indeed, the conformal dimensions of the bosonic exponent and the Z_N twist operator (with k=1) add up to 1 2N − 1 2 1 N ( 1 − 1 N ) = 1 2N^2

(2.61)

which is the known conformal dimension of the Q-matrix/LDoS [27] — see equations (2.17) and (2.27). That is to say we have established an explicit (although by no means exhaustive) connection between Dirac fermions in a random su(N) gauge field and Z_N twists in the c = −2 LCFT. This generalizes the ‘dressing’ of the h = −1/8 twist field of relevance in the N = 2 case [55, 61]. We note that we have not discussed the N > 2 analogue of ‘dressing’ the h = 3/8 twist field, but one anticipates a connection to the excited twist fields τ_{k/N} discussed in [62]. Moreover, the dressed Z_2 twist operators are deemed responsible for the creation of half flux-quantum quasiholes in the bulk excitations of the Haldane–Rezayi Quantum Hall state — see section V of reference [66] — and one might expect a Z_N generalization to shed some light on the su(N) random gauge field problem.

x2.8 Convergence of Approaches

In §2.4–§2.6 we demonstrated that three different approaches to the random Dirac fermion problem yield identical results for the four-point correlation functions of the local density of states. In §2.7 we have further demonstrated that the supersymmetric approach inherits its non-trivial logarithmic structure from the c = −2 non-unitary min-

Approach Fermions Bosons Active Passive Replicas N_cN_f 0 ^u(1) + ^su(N_f )_{Nc} ^su(N_c)_{Nf} Strong N_c 0 ^u(1) + ^su(N_c)_1 + ^su(N_c)_{−2Nc} (c = −2)^{N 2c −1} SUSY 2 2 ^osp(2|2)_{−2} ^su(2)_0

Table 2.3: Current algebra approaches used to investigate the critical behaviour of the random non-Abelian Dirac fermion problem and the separation of the active (critical WZNW) degrees of freedom from the passive (massive or decoupled Jacobian) degrees of freedom. The central charges and the conformal dimensions may be seen to add up correctly in each approach.

imal model. In this section we shall discuss the convergence of the these approaches — summarized in table 2.3 — and the emergence of the c = −2 theory in a little more detail. Indeed, we shall point to a remarkable proliferation of c = −2 theories and effects. In table 2.3 we have highlighted the separation of the active (critical WZNW) degrees of freedom from the passive (massive or decoupled Jacobian) degrees of freedom in each approach.

An interesting aspect of this marriage of approaches is the agreement between the weak coupling (replica and supersymmetry) limit and the strong coupling limit. Although such an agreement might have been anticipated purely on physical grounds, its emergence is quite remarkable from a field-theoretic perspective. At the very least, it is quite surprising that such superficially different conformal field theories may nonetheless yield equivalent results, albeit for a specific subset of physically motivated correlation functions. In particular, the resultant central charge of the active degrees of freedom in the strong disorder approach differs from that in the replica and supersymmetric approaches, namely zero. As we have discussed in §2.5 — and indicate in table 2.3 — the active degrees of freedom in the strong disorder limit may be expressed as the sum of three different models:

S = ^u(1) + ^su(N_c)_1 + ^su(N_c)_{−2Nc} . (2.62)

where the first two models describe N_c colours of free massless Dirac fermions, and the remaining model encodes the non-trivial logarithmic structure. We use the well known result for the central charge of the ^g_k WZNW model [68] c = k dim g k + g^∨ , (2.63) where g^∨ is the dual Coxeter number of the algebra g (equal to N for su(N)) together with the fact that a free boson ^u(1) has central charge 1, to find the resultant central charge of (2.62):

c = 1 +

N^2_c − 1 1 + N_c + −2N_c(N^2_c − 1) −2N_c + N_c = 2N^2_c + N_c − 2 ≠ 0. (2.64)

That is to say, the active degrees of freedom in the strong disorder approach yield a positive central charge, in contrast to the replica and supersymmetric degrees of freedom which yield a net zero central charge.

As we have discussed in §2.7, the supersymmetric approach to the disordered Dirac fermion problem reveals a hidden substructure which is inherited from the c = −2 minimal model. In view of the convergence of approaches outlined in this paper it follows quite naturally that the active degrees of freedom in the replica and strong disorder treatments also inherit non-trivial traits from the c = −2 model. In addition to the rather natural proliferation of elliptic integrals in the conformal blocks presented in this paper, we note that a relation between the ^su(2)_{−4} WZNW model (which arises in the strong disorder treatment with N_c = 2) and the c = −2 theory has already been discussed in the string theory literature [177]: the ^su(2)_{−4} WZNW model is cohomologically equivalent to an N = 4 supersymmetric bosonic string with c = −2 matter.^4 A curious by-product of these investigations is that the presence of the c = −2 theory may apparently be seen in the ‘passive’ degrees of freedom outlined in table 2.3. Indeed, a number of c = −2 models (arising as Jacobians) explicitly decouple in the strong disorder approach and play a passive (or spectator) rôle in regards the LDoS. A possible explanation for the closely related structure of the active and passive theories indicated in table 2.3 may arise from the requirement of the mutual cancellation of their logarithmic singularities [54]. In particular we anticipate a relationship between the ^su(2)_0 WZNW model and the c = −2 theory and a correspondence analogous to equation (2.50). We note that the four-point functions of the ^su(2)_0 model have been studied in references [117, 122] and assume a simple form in terms of the complete elliptic integrals [54]. The investigation of the ^su(2)_0 WZNW model will be continued in reference [178].

As we close this section we comment briefly on the stability of the critical point with respect to variations of the disorder distribution. In the replica and supersymmetric approaches the gauge potential disorder is coupled directly to the massive sector and

4We note that this matter + string theory admits a description in terms of the c = −2 model dressed by c = 28 Liouville theory and c = −26 string ghosts. We remind the interested reader that this (and other) Liouville LCFTs [42, 111, 112] emerged in a very natural way in the closely related problem of prelocalization in disordered conductors [42, 45].

it is natural to assume that the critical theory is protected from such variations. In the strong disorder approach, however, the disorder variations are coupled directly to the critical ^su(N_c)_{−2Nc} subsector, and its stability is far from obvious. It is therefore interesting to study the stability properties of this critical theory. A simple perturbation of the critical theory that one might consider is the deformation of the WZNW action by its kinetic term. This operator has scaling dimension zero and is strongly relevant. However, at level k = −2N (or more generally −2g^∨) this operator commutes with all the Kač–Moody currents and therefore does not affect the correlation functions — see Appendix 6 of reference [12] and note the different sign conventions for the level k. In a more general framework, the WZNW models at level k = −2g^∨ arise quite naturally in both two-dimensional (c = 0) topological field theories possessing a non-Abelian current algebra [179], and in the strong disorder treatment of arbitrary WZNW models coupled to random vector potentials [46]. The critical level arises from a BRST (Becchi– Rouet–Stora–Tyutin) [180, 181] symmetry nilpotency condition and is required for the coexistence of a Kač–Moody algebra symmetry and a topological algebra symmetry [179]. We emphasize that the level of the underlying Kač–Moody algebra, the existence of a topological algebra and the stability of our strongly disordered theory are therefore intimately related.

x2.9 Discussion

We briefly summarize here a number of our main results:

• We have solved the random non-Abelian Dirac fermion problem by means of three different non-perturbative procedures based on the replica approach, supersymmetry, and in the limit of strong disorder. We have demonstrated that this ménage à trois of approaches yields identical results (for the four-point correlation functions of the local density of states) in this relatively simple, but quite non-trivial model of disorder.

• We have emphasized the special rôle played by the level k of the Kač–Moody algebra. As we have seen both here and in reference [54] the level k = −2 is rather special for the ^osp(2|2)_k WZNW model which arises in the supersymmetric treatment of the random Dirac fermion problem: an entire conformal block decouples from the spectrum and the resulting theory is drastically simplified.

• We have established that the c = −2 minimal model plays an important rôle in the random non-Abelian Dirac fermion problem. We have found a rather simple and suggestive form for the supersymmetric critical action (2.44):

^osp(2|2)_{−2} = u(1) + gl(1) + [c = −2].

We have highlighted the relevance of the twist operators of the c = −2 theory in the disorder averaged correlation functions of the Dirac fermion problem. The c = −2 symplectic fermions are ubiquitous in the construction of supersymmetric sigma models [50, 51]; this example indicates that this sector may well be responsible for many remarkable features of disordered critical points including the presence of logarithmic operators [64]. We draw attention to the fact that the c = −2 theory emerges in the theoretical description of dense polymers [62, 63]. We hope that this connection may ultimately yield a more intuitive picture of the random non-Abelian Dirac fermion problem and other disordered critical points.

• We have argued for the stability of the critical point with respect to variations in the disorder, and noted that the level of the underlying Kač–Moody algebra, the existence of a topological algebra and the stability of our strongly disordered theory are rather intimately linked. It is an interesting open question whether such considerations may yield Kač–Moody level selection mechanisms in models displaying lines of critical points [11].

Appendices to Chapter 2

2.A The csu(N )_kWZNW model

In this appendix we consider the appearance of logarithms in the correlation functions of the ^su(N)_k WZNW model. Following §4 of Knizhnik and Zamolodchikov [68] we compute the four-point functions

Fff,ff̄(z_i, z̄_i) = ⟨g(z_1, z̄_1)g†(z_2, z̄_2)g†(z_3, z̄_3)g(z_4, z̄_4)⟩, (2.65)

of the field g(z_i, z̄_i) = g^{αi,ᾱi} (z_i, z̄_i) transforming in the fundamental representation of SU(N) × SU(N). We use the symbol α to denote the ordered sequence of indices α_1, α_2, α_3, α_4. Global conformal invariance restricts this correlation function to have the form

Fff,ff̄(z_i, z̄_i) = (z_{14}z_{23}z̄_{14}z̄_{23})−2hF ff,ff̄(z, z̄) (2.66)

where z and z̄ are the anharmonic ratios z = z_{12}z_{34} z_{14}z_{32} , z̄ = z̄_{12}z̄_{34} z̄_{14}z̄_{32}

(2.67)

and the conformal dimension h of the field g is h = N^2 − 1 2N(N + k) (2.68)

The correlation function (2.66) admits the su(N)×su(N) invariant decomposition

F ff,ff̄(z, z̄) =^2∑ ij=1 Iff_i Īff̄_j F_{ij} (z, z̄) (2.69)

where the invariant tensors I_1 and I_2 are defined as Iff_1 = δα1,α2 δα3,α4 , Iff_2 = δα1,α3 δα2,α4 (2.70) with similar equations for Ī_1 and Ī_2. The four scalar functions F_{ij} satisfy the coupled first-order differential equations [68] dF dz = [ 1 z P + 1 z − 1 Q ] F, where F = ( F_{1j} F_{2j} ) ∀j (2.71) where the matrices P and Q are given by

P = − 1 N(N + k) ( N^2 − 1 N 0 −1 ) , Q = − 1 N(N + k) ( −1 0 N N^2 − 1 ) (2.72)

There are similar equations for the antiholomorphic dependence. Suppressing the antiholomorphic index j from the functions F_{1j} and F_{2j}, one may obtain the second-order differential equation satisfied by F_1(z):

N^2(N + k)^2z^2(1 − z)^2F^{′′}_1 (z)− N(N + k)z(1 − z) [ 2 − N(2N + k) + (3N^2 + Nk − 4)z ] F^′_1(z)+ [ 1 − N^2 − (N^4 − 6N^2 − Nk + 4)z + (N^4 − 5N^2 + 4)z^2 ] F_1(z) = 0.

(2.73)

The corresponding F_2(z) may be obtained from the F_1(z) solutions:

F_2(z) = −(N + k)zF^′_1(z) + N^{−1}(1 − z)^{−1} [ 1 − N^2 + (N^2 − 2)z ] F_1(z). (2.74)

Denoting the solutions to equations (2.73) and (2.74) as F^{(a)}_1 and F^{(a)}_2 respectively, the F_{ij} (z, z̄) appearing in equation (2.69) may be written in the form

F_{ij} (z, z̄) = 2∑ a,b=1 X_{ab} F^{(a)}_i (z)F^{(b)}_j (z̄). (2.75)

The coefficients X_{ab} are determined by single-valuedness and crossing symmetry. Upon the change of variables

F_1(z) = z^{−N/(N +k)}[z(1 − z)]^{1/N (N +k)}G_1(z) (2.76)

one obtains an equation of the hypergeometric form:

z(1 − z)G^{′′}_1 + [γ − (α + β + 1)z] G^′_1 − αβG_1 = 0. (2.77)

where α = −1/(N + k), β = 1/(N + k) and γ = k/(N + k). For non-integer values of γ the solutions of these equations are given by Knizhnik and Zamolodchikov — see equations (4.10a) and (4.10b) of [68]. For integer values of γ, however, the solution involves logarithms — the roots of the indicial equation corresponding to (2.77) (namely 0 and 1−γ) differ by an integer. Of particular importance in the study of the disordered Dirac fermion problem are the cases N → 0 (γ = 1) appearing in the replica treatment

(§2.4) and k = −2N (γ = 2) appearing in the strong disorder treatment (§2.5). We consider both of these cases below.

2.A.1 The bu(N)_k WZNW Model as N → 0 As may be seen from equation (2.68) the conformal dimensions of the ^su(N)_k WZNW model diverge as N → 0, as do some of the prefactors in the chiral blocks (2.76); the N → 0 limit of the ^su(N)_k WZNW model alone fails to yield a well defined CFT. However, the replica approach to the random Dirac fermion problem instructs us to consider the ^u(N)_k WZNW model. As we shall demonstrate below, the ^u(N)_k WZNW model does have a well defined N → 0 limit.

An arbitrary element u, of the group U(N), may be expressed as an element of SU(N), g, multiplied by a phase: u = e^{iαφ}g. Using the Polyakov–Wiegmann identity for the WZNW model [89]

W_k[ab] = W_k[a] + W_k[b] + k 2π ∫ d^2ξ Tr^′(a^{−1} ¯∂ab∂b^{−1}) (2.78)

with a = e^{iαφ} and b = g one obtains^5

W_k[u] = W_k[g] + α^2Nk 8π ∫ d^2ξ ∂_μφ∂^μφ (2.79)

The ^u(N)_k WZNW model is therefore seen to be the ^su(N)_k WZNW model augmented by a free scalar field of prescribed normalization. The conformal dimension of the field e^{iαφ} is fixed by this normalization to be^6 h_α = 1/(2Nk). The conformal dimension of the composite field u = e^{iαφ}g is thus h_{^u(N )k} = 1 2Nk + N^2 − 1 2N(N + k) −−−→ N →0 1 2k^2

(2.80)

and is seen to have the finite replica limit 1/2k^2. In addition, the (non-vanishing) holomorphic four-point correlation function of the U(1) fields V_α = e^{iαφ} is given by

⟨V_α(1)V_{−α}(2)V_{−α}(3)V_α(4)⟩ = (z_{14}z_{32})^{−1/Nk}[z(1 − z)]^{−1/Nk} (2.81)

The divergences occurring in the SU(N)_k results (2.66) and (2.76) as N → 0 are seen to be compensated by those of the U(1) phase (2.81). In the replica (N → 0) limit the

5We have used the facts that the current g∂g�^1 residing in the su(N) algebra is traceless, thereby eliminating the second term in (2.78), that the WZNW term (2.13) vanishes for the U(1) element e^{iαφ}, and that Tr0 ≡ 2Tr.

6For a free scalar field governed by the action S =^1_2 g ∫ d^2ξ ∂μφ∂^μφ, the field e^{iαφ} has hα = α^2/8πg — see for example equations (5.73) and (6.60) of [23].

hypergeometric equation (2.77) reads

z(1 − z)G^{′′}_1 + (1 − z)G^′_1 + k^{−2}G_1 = 0 (2.82)

and one is able to find the N → 0 limit of the ^u(N)_k conformal blocks:

F^{(1)}_1 = γ_2F_1[−^1_k ,^1_k ; 1; z] (2.83a) F^{(2)}_1 = γ (1 − z)_2F_1[1 −^1_k , 1 +^1_k ; 2; 1 − z] (2.83b) F^{(1)}_2 = γ z k^2

F_1[1 −^1_k , 1 +^1_k ; 2; z] (2.83c) F^{(2)}_2 = γ k_2F_1[−^1_k ,^1_k ; 1; 1 − z] (2.83d)

where γ = [z(1 − z)]^{−1/k2} . We find it convenient to introduce generalizations of the complete elliptic integrals of the first and second kind [56]: K_k(z) ≡ π k^2

F_1[1 −^1_k ,^1_k ; 1; z] (2.84a) E_k(z) ≡ π k^2

F_1[−^1_k ,^1_k ; 1; z] (2.84b)

In terms of these functions (and rescaling) the N → 0 ^u(N)_k conformal blocks read:

F^{(1)}_1 = γ E_k(z) (2.85a) F^{(2)}_1 = γ k [K_k(1 − z) − E_k(1 − z)] (2.85b) F^{(1)}_2 = γ [K_k(z) − E_k(z)] (2.85c) F^{(2)}_2 = γ k E_k(1 − z) (2.85d)

The full U(N) × U(N) invariant correlation function is built from single-valued combinations of these conformal blocks; it is straightforward to see that one can only have F_{ij}(z, z̄) = X_{12} [ F^{(1)}_i (z)F^{(2)}_j (z̄) + F^{(2)}_i (z)F^{(1)}_j (z̄) ] (2.86)

Substituting the explicit forms (2.85) into (2.86) one obtains

F_{11} = X_{12} k |γ|^2 [ E_k( ~K̄_k − ~Ē_k) + Ē_k(K̃_k − Ẽ_k) ] (2.87a) F_{12} = X_{12} k |γ|^2 [ E_k ~Ē_k + (K̃_k − Ẽ_k)(K̄_k − Ē_k) ] (2.87b) F_{21} = X_{12} k |γ|^2 [ Ē_kẼ_k + ( ~K̄_k − ~Ē_k)(K_k − E_k) ] (2.87c) F_{22} = X_{12} k |γ|^2 [ Ẽ_k(K̄_k − Ē_k) + ~Ē_k(K_k − E_k) ] (2.87d) where we have adopted the notation that f̃(z) ≡ f(1−z), f̄(z) ≡ f(z̄) and ~f̄(z) ≡ f(1−z̄) for an arbitrary function f.

2.A.2 The bsu(N)_{−2N} WZNW Model As may be seen from equations (2.76) and (2.77) with k = −2N, the F_1(z) chiral blocks for the ^su(N)_{−2N} WZNW Model are given by

F_1(z) = z [z(1 − z)]^{−1/N 2} G_1(z) (2.88)

where G_1 satisfies the hypergeometric equation with α = 1/N, β = −1/N, γ = 2:

z(1 − z)G^{′′}_1 + (2 − z)G^′_1 + N^{−2}G_1 = 0 (2.89)

Solving this equation and applying the relation (2.74) enables one to obtain the full set of ^su(N)_{−2N} chiral blocks:^7

F^{(1)}_1 = Λ z_2F_1[−^1_N ,^1_N ; 2; z] (2.90a) F^{(2)}_1 = Λ (1 − z)^2_2F_1[1 −^1_N , 1 +^1_N ; 3; 1 − z] (2.90b) F^{(1)}_2 = −

Λz^2 2N^2

F_1[1 −^1_N , 1 +^1_N ; 3; z] (2.90c) F^{(2)}_2 = −2NΛ (1 − z)_2F_1[−^1_N ,^1_N ; 2; 1 − z] (2.90d)

where Λ = [z(1 − z)]^{−1/N 2}. In terms of generalized elliptic integrals the ^su(N)_{−2N} chiral blocks read:

F^{(1)}_1 = cΛ [[1 + (N − 1)z] E_N − (1 − z)K_N ] (2.91a) F^{(2)}_1 = 2NcΛ [ [1 + (N − 1)z] Ẽ_N − NzK̃_N ] (2.91b) F^{(1)}_2 = −cΛ [[N − (N − 1)z] E_N − N(1 − z)K_N ] (2.91c) F^{(2)}_2 = −2NcΛ [ [N − (N − 1)z] Ẽ_N − zK̃_N ] (2.91d)

where c = N^2/[π(N^2 −1)]. We have used the Gauss recursion formula GR 9.137(13) [69]

γ[α − (γ − β)z]_2F_1[α, β; γ; z] − αγ(1 − z)_2F_1[α + 1, β; γ; z] + (γ − α)(γ − β)z_2F_1[α, β; γ + 1; z] = 0

(2.92)

7We note that (2.90b) may be obtained by substituting G1(z) = z�^1(1 − z)^2H1(z) into (2.89) and replacing z by 1 − z — this yields a hypergeometric equation. The result (2.90c) may be obtained by straightforward application of (2.74) to (2.90a). In deriving (2.90d) one may utilize the result (N^2 − 1)z(1 − z) 2F1[2 −^1_N , 2 +^1_N ; 4; z] + 3N^2(2 − z) 2F1[1 −^1_N , 1 +^1_N ; 3; z] = 6N^2 2F1[−^1_N ,^1_N ; 2; z] which is easily verified by means of the Gauss recursion relations.

with α = −1/N, β = 1/N, γ = 1 to obtain (2.91a), and GR 9.137(6) [69]

γ(γ + 1)_2F_1[α, β; γ; z] − γ(γ + 1)_2F_1[α, β; γ + 1; z] − αβz_2F_1[α + 1, β + 1; γ + 2; z] = 0

(2.93)

with α = −1/N, β = 1/N, γ = 1 to obtain (2.91b). One may obtain (2.91c) and (2.91d) by noting that F^{(1)}_2 (z) = −F^{(2)}_1 (1 − z)/2N and F^{(2)}_2 (z) = −2NF^{(1)}_1 (1 − z) as follows from (2.90). In particular we note that

N^2F^{(1)}_1 + NF^{(1)}_2 = c^′ΛzE_N (2.94a) NF^{(1)}_1 + N^2F^{(1)}_2 = c^′Λ(1 − z)[K_N − E_N ] (2.94b) N^2F^{(2)}_1 + NF^{(2)}_2 = −2Nc^′Λz[K̃_N − Ẽ_N ] (2.94c) NF^{(2)}_1 + N^2F^{(2)}_2 = −2Nc^′Λ(1 − z)Ẽ_N (2.94d)

where c^′ ≡ cN(N^2 − 1) is simply another constant.

2.B The dosp(2j2)_kWZNW model

2.B.1 Representations of the Lie Superalgebra osp(2|2) The Lie superalgebra osp(2|2) ∼ spl(2|1) consists of four bosonic generators Q_3, Q_+, Q_−, B, and four fermionic generators W_+, W_−, V_+, V_−. The bosonic subalgebra is sl(2) ⊕ u(1):

[Q_3, Q_±] = ±Q_±, [Q_+, Q_−] = 2Q_3, [B, Q_±] = 0, [B, Q_3] = 0 (2.95)

and the eigenvalues of Q_3 and B (called isospin and baryon number respectively) are used to classify the basis states of finite-dimensional representations [176, 182]. A representation [b, q] contains at most four multiplets of states:

|b, q⟩, |b +^1_2 , q −^1_2 ⟩, |b −^1_2 , q −^1_2 ⟩, |b, q − 1⟩, (2.96)

the states within a given multiplet |b, q⟩ being labeled by their third component of isospin |b, q, q_3⟩. In particular the [0,^1_2 ] representation is four-dimensional and contains a doublet and two singlets (the multiplet |b, q − 1⟩ being absent):

|0,^1_2 ,^1_2 ⟩, |0,^1_2 , −^1_2 ⟩, |^1_2 , 0, 0⟩, | −^1_2 , 0, 0⟩. (2.97)

Following [53] we denote these states as |1⟩, |4⟩, |3⟩ and |2⟩ respectively. In addition to their isospin and baryon number, the basis states carry a grading denoted by ε = ±1. States |1⟩ and |4⟩ are even/bosonic and have ε = 0, whilst states |2⟩ and |3⟩ are odd/fermionic and have ε = 1. On this basis of states one may construct 4 × 4 matrix representation [0,^1_2 ] of the generators of osp(2|2).

2.B.2 Knizhhnik–Zamolodchikov Equations Let us study the four-point function of the supersymmetric Q-matrix:

Fff,ff̄(z_i, z̄_i) = ⟨Qα1,ᾱ1 (z_1, z̄_1)Qα2,ᾱ2 (z_2, z̄_2)Qα1,ᾱ3 (z_3, z̄_3)Qα4,ᾱ4 (z_4, z̄_4)⟩, (2.98)

where on the left hand side we use the symbol α to denote the ordered sequence of indices α_1, α_2, α_3, α_4. Global conformal invariance restricts this correlation function to have the form

Fff,ff̄(z_i, z̄_i) = (z_{14}z_{23}z̄_{14}z̄_{23})−2hF ff,ff̄(z, z̄) (2.99)

where z and z̄ are the anharmonic ratios z = z_{12}z_{34} z_{14}z_{32} , z̄ = z̄_{12}z̄_{34} z̄_{14}z̄_{32}

(2.100)

and the conformal dimension h of the field ϕ is h = 1 4 − 2k (2.101)

The correlation function (2.99) has the osp(2|2)×osp(2|2) invariant decomposition

F ff,ff̄(z, z̄) =^3∑ ij=1 Iff_i Īff̄_j F_{ij} (z, z̄) (2.102)

The tensors I and Ī are given in appendix A of [53]:

I_1 = (1144) + (1234)4ϵγ + (1324)4ϵγ − (1414) + (2143)4ϵγ + (2233)16ϵ^2γ^2 + (2323)16ϵ^2γ^2 − (2413)4ϵγ + (3142)4ϵγ + (3232)16ϵ^2γ^2 + (3322)16ϵ^2γ^2 − (3412)4ϵγ − (4141) − (4231)4ϵγ − (4321)4ϵγ + (4411) (2.103a)

I_2 = (1234)4ϵγ − (1243)4ϵγ + (1324)4ϵγ − (1342)4ϵγ

− (1414) + (1441) − (2134)4ϵγ + (2143)4ϵγ + (2233)32ϵ^2γ^2 + (2323)16ϵ^2γ^2 + (2332)16ϵ^2γ^2 − (2413)4ϵγ + (2431)4ϵγ − (3124)4ϵγ + (3142)4ϵγ + (3223)16ϵ^2γ^2 + (3232)16ϵ^2γ^2 + (3322)32ϵ^2γ^2 − (3412)4ϵγ + (3421)4ϵγ + (4114) − (4141) + (4213)4ϵγ − (4231)4ϵγ + (4312)4ϵγ − (4321)4ϵγ (2.103b)

I_3 = (1234) − (1243) + (1324) − (1342) + (1423) + (1432) − (2134) + (2143) + (2233)8ϵγ + (2314) + (2323)8ϵγ + (2332)8ϵγ − (2341) − (2413) + (2431) − (3124) + (3142) + (3214) + (3223)8ϵγ + (3232)8ϵγ − (3241) + (3322)8ϵγ − (3412) + (3421) − (4123) − (4132) + (4213) − (4231) + (4312) − (4321) (2.103c)

and the nine scalar functions F_{ij} satisfy the coupled first-order differential equations [53]

dF dz = [ 1 z P + 1 z − 1 Q ] F, where F = F_{1j} F_{2j} F_{3j} ∀j (2.104)

and the matrices P and Q are given by,

P = 1 2 − k 1 0 0 −2 −3 −^1_{2ϵγ} 4ϵγ 8ϵγ 1 , Q = 1 2 − k −1 0 −^1_{2ϵγ} 2 1^1_{2ϵγ} −4ϵγ −4ϵγ −1 . (2.105)

There are similar equations for the antiholomorphic dependence. Suppressing the antiholomorphic index j from the functions F_{1j} · · ·F_{3j}, one may reduce this first-order matrix differential equation to the following set of equations [53]

x^3z^3(1 − z)^3 d^3F_3(z) dz^3 + x^2(1 + 2x)z^2(1 − z)^2(1 − 2z) d^2F_3(z) dz^2 + xz(1 − z)[−1 − x + 2xz − 2x(2 + x)z(1 − z)] dF_3(z) dz + [−1 − x + 2z + 2xz(1 − z)]F_3(z) = 0 (2.106a)

F_2(z) = − 1 4ϵγxz(1 − z) [ x^2D^2F_3(z) + 2x(1 − z)DF_3(z) + (1 − 2z)F_3(z) ] (2.106b)

F_1(z) = 1 4ϵγ [xDF_3(z) − F_3(z)] + (z − 2)F_2(z) (2.106c)

where D = z(1 − z)d/dz and x = 2 − k. Equation (2.106a) has three independent solutions which we denote F^{(a)}_3 where a = 1, 2, 3. Equations (2.106b) and (2.106c) yield the corresponding solutions F^{(a)}_2 and F^{(a)}_1 . The nine scalar functions F_{ij} appearing in equation (2.102) may be expressed as a linear combination of these nine functions (the so-called chiral/current blocks.)

F_{ij} (z, z̄) = 3∑ a,b=1 X_{ab}F^{(a)}_i (z)F^{(b)}_j (z̄) (2.107)

The values of the coefficients X_{ab} are determined by single valuedness (monodromy invariance) and crossing symmetry to be discussed later.

Factorization at Level k = 1

At level k = 1 (x = 1) the Knizhnik–Zamolodchikov equation (2.106a) takes the form

z^3(1 − z)F

000_3

+ 3z^2(1 − 2z)F

00_3

− 2z(1 + 3z)F

0_3 − 2F_3 = 0 (2.108)

This may be factorized to read D^{(2)}D^{(1)}F_3 = 0 (2.109)

where

D^{(1)} = z d dz + 1 (2.110)

D^{(2)} = z^2(1 − z) d^2 dz^2 − 3z^2 d dz − 2 (2.111)

It is straightforward to see that the equation D^{(1)}F_3 = 0, and thus (2.109) has the solution F^{(1)}_3 = 1 z (2.112)

Applying the formulae (2.106b) and (2.106c) to this single solution of the Knizhnik– Zamolodchikov equation (2.109) one obtains:

F^{(1)}_2 = 2z − 1 4ϵγz(1 − z) , F^{(1)}_1 = z − 2 4ϵγ(1 − z) (2.113)

Analysis of the full set of solutions of (2.109) reveals that it is only these blocks which enter the physical correlator - a fact which is intimately related to the factorization of the Knizhhnik–Zamolodchikov equation (2.109). In the su(2) WZNW model the factorization properties of the differential operators are related to a finite closure of the underlying operator algebra [183].

Factorization at Level k = −2

At level k = −2 (x = 4) the differential equation (2.106a) takes the form

[4z(1 − z)]^3F

000_3 + 9[4z(1 − z)]^2(1 − 2z)F

00_3 + 4z(1 − z)[−5 + 8z − 48z(1 − z)]F

0_3 + [−5 + 2z + 8z(1 − z)]F_3 = 0

(2.114)

This equation may be factorized to read

D^{(1)}D^{(2)}F_3 = 0 (2.115)

where this time the differential operators D^{(1)} and D^{(2)} take the form

D^{(1)} = 4z(1 − z) d dz − (5 − 6z) (2.116)

D^{(2)} = [4z(1 − z)]^2 d^2 dz^2 + 8z(1 − z)(3 − 4z) d dz + (1 − 4z) (2.117)

In the light of the factorization which occurred at k = 1 one might expect that the subset of solutions obtained from D^{(2)}F_3 = 0, which are closed under analytic continuation on the Riemann sphere, might serve as a reduced basis on which to perform the conformal bootstrap. This indeed turns out to be the case. It is easily seen that the equation D^{(2)}F_3 = 0, and therefore the full Knizhnik–Zamolodchikov equation (2.115) admits the two solutions^8

F^{(1)}_3 (z) = E(z) [z(1 − z)]^{1/4}

F^{(2)}_3 (z) = E(1 − z) − K(1 − z) [z(1 − z)]^{1/4}

(2.118)

where K(z) is the complete elliptic integral of the first kind and E(z) is the complete elliptic integral of the second kind:^9 E(z) = ∫_1 0 √ 1 − zx^2 √ 1 − x^2 dx K(z) = ∫_1 0 1 √ (1 − x^2)(1 − zx^2) dx (2.119)

The representation (2.118) is particularly useful owing to the very simple manner in which the elliptic integrals behave under differentiation with respect to the parameter z: dE(z) dz = E(z) − K(z) 2z dK(z) dz = E(z) − (1 − z)K(z) 2z(1 − z) (2.120)

Applying (2.106b) and (2.106c) to these solutions yields:

F^{(1)}_2 = − K(z) 4ϵγ[z(1 − z)]^{1/4} F^{(1)}_1 = zK(z) 4ϵγ[z(1 − z)]^{1/4} (2.121)

F^{(2)}_2 = K(1 − z) 4ϵγ[z(1 − z)]^{1/4} F^{(2)}_1 = − zK(1 − z) 4ϵγ[z(1 − z)]^{1/4} (2.122)

As we shall subsequently demonstrate, one may satisfy the demands of single-valuedness and crossing symmetry on the subspace of functions (2.118), (2.121) and (2.122). Once again this is intimately connected with the factorization of the Knizhnik–Zamolodchikov equation (2.115). Having found closed form expressions for the chiral blocks, one must now construct the physical correlation functions to be single-valued on the whole Riemann sphere. It is enough to ensure this property at the two singular points z = 0 and z = 1. The blocks F^{(1)}_i (z) are regular at z = 0 and logarithmic at z = 1, whilst the blocks F^{(2)}_i (z) are logarithmic at z = 0 and regular at z = 1. It is straightforward to see that in this subspace of functions one can only have^{10} F_{ij}(z, z̄) = X_{12} [ F^{(1)}_i (z)F^{(2)}_j (z̄) + F^{(2)}_i (z)F^{(1)}_j (z̄) ] (2.123)

8Upon the change of variables F3 = [z(1 − z)]�^{1/4}H(z), the equation D^{(2)}F3 = 0 reduces to the canonical form of the hypergeometric equation z(1−z)H^{00} +[c−(a+b+1)z]H^0 −abH = 0 with a = −1/2, b = 1/2, c = 1. This has solutions H^{(1)} = 2F1 [ −^1_2 ,^1_2 ; 1; z ] and H^{(2)} = (1 − z) 2F1

[_1 2 ,^3_2 ; 2; 1 − z ] . Using the well known fact that 2F1 [ −^1_2 ,^1_2 ; 1; z ] =^2_π E(z) together with it’s derivative, the result follows.

9Note that many texts on the theory of elliptic integrals denote the parameter z by k^2 - the so-called modulus. This is purely a mater of convention.

10A detailed proof of this statement in terms of monodromy matrices is given in appendix 2.B.3.

One may gather the explicit expressions for the F_{ij} at level k = −2 in the Hermitian matrix:

F_{ij} = |z|^2F_{22} −zF_{22} −zF_{23} −z̄F_{22} F_{22} F_{23} −z̄F̄_{23} F̄_{23} F_{33}

(2.124)

in which we have singled out the elements

F_{22} = −Λ [ K ~K̄ + K̄K̃ ] (2.125)

F_{23} = 4ϵγΛ [ K ~K̄ + K̃Ē − K ~Ē ] (2.126)

F_{33} = (4ϵγ)^2Λ [ E ~Ē − E ~K̄ + ĒẼ − ĒK̃ ] (2.127)

where Λ = X_{12} (4ϵγ)^2|z(1 − z)|^{1/2}

(2.128)

and where we have adopted the notation that f̃(z) ≡ f(1 − z), f̄ (z) ≡ f(z̄) and ~f̄(z) ≡ f(1 − z̄) for an arbitrary function f. One may also demonstrate that this combination is consistent with the crossing symmetry constraints on the correlator:

F ff,ff̄(z, z̄) = P̃ ~P̄F ff̃, ~ff̄(1 − z, 1 − z̄), (2.129a) F ff,ff̄(z, z̄) = z−2Δz̄−2ΔP̂ ^̄PF ff̂, ^̄ff(1/z, 1/z̄) (2.129b) where α̃ denotes the permuted sequence of indices α_1, α_3, α_2, α_4, α̂ denotes the sequence α_1,α_4, α_3,α_2, and P denotes the parity of the permutation:

P̃ = (−1)^εα2^εα3 , P̂ = (−1)^εα2^{(ε}α3^{+ε}α4^{)+ε}α3^εα4 (2.130)

The proof of this requires the use of the analytic continuation formulae of the elliptic integrals and is presented in appendix 2.B.4.

2.B.3 Monodromy Invariance A monodromy transformation of a function of z consists in letting z circulate around some other point (typically a singular point). We define

C_0 F (z, z̄) = lim_{t→1}� F (ze^{2iπt}, z̄e^{−2iπt}) (2.131) C_1 F (z, z̄) = lim_{t→1}� F (1 + (z − 1)e^{2iπt}, 1 + (z̄ − 1)e^{−2iπt}) (2.132)

Using the standard analytic continuation formulae for the hypergeometric series, it is easily seen that the elliptic integrals have the following nontrivial monodromy properties:

C_0K(1 − z) = K(1 − z) − 2iK(z) (2.133) C_0E(1 − z) = E(1 − z) + 2i[E(z) − K(z)] (2.134) C_1K(z) = K(z) − 2iK(1 − z) (2.135) C_1E(z) = E(z) + 2i[E(1 − z) − K(1 − z)] (2.136)

together with the trivial transformations C_0K(z) = K(z), C_0E(z) = E(z), C_1K(1 − z) = K(1 − z), C_1E(1 − z) = E(1 − z). Using these results it is straightforward to see that

C_0 F^{(a)}_i (z) = (g_0)_{ab} F^{(b)}_i (z), i = 1, 2, 3 (2.137) C_1 F^{(a)}_i (z) = (g_1)_{ab} F^{(b)}_i (z), i = 1, 2, 3 (2.138)

where (on this reduced subspace) the matrices g_0 and g_1 are given by

g_0 = ( −i 0 2 −i ) , g_1 = ( −i 2 0 −i ) . (2.139)

Under the monodromy transformation C_0, the combination

F_{ij} (z, z̄) = 2∑ a,b=1 X_{ab}F^{(a)}_i (z)F^{(b)}_j (z̄) (2.140)

transforms in the following manner

C_0F_{ij} (z, z̄) = F^{(1)}_i (z)F^{(1)}_j (z̄) [X_{11} − 2i(X_{12} − X_{21}) + 4X_{22}] + F^{(2)}_i (z)F^{(2)}_j (z̄) [X_{22}] + F^{(1)}_i (z)F^{(2)}_j (z̄) [X_{12} + 2iX_{22}] + F^{(2)}_i (z)F^{(1)}_j (z̄) [X_{21} − 2iX_{22}]

Invariance under the monodromy transformation C_0 thus requires X_{12} = X_{21}, and X_{22} = 0. That is to say

F_{ij} (z, z̄) = X_{11}F^{(1)}_i (z)F^{(1)}_j (z̄) + X_{12} [ F^{(1)}_i (z)F^{(2)}_j (z̄) + F^{(2)}_i (z)F^{(1)}_j (z̄) ]

Under the monodromy transformation C_1 this simplified function transforms as

C_1F_{ij} (z, z̄) = F^{(1)}_i (z)F^{(1)}_j (z̄) [X_{11}] + F^{(1)}_i (z)F^{(2)}_j (z̄) [X_{12} − 2iX_{11}] + F^{(2)}_i (z)F^{(1)}_j (z̄) [X_{12} + 2iX_{11}] + F^{(2)}_i (z)F^{(2)}_j (z̄) [4X_{11}]

Invariance under the monodromy transformation C_1 therefore imposes the additional constraint X_{11} = 0. Hence monodromy invariance restricts F_{ij} (z, z̄) to have the form

F_{ij} (z, z̄) = X_{12} [ F^{(1)}_i (z)F^{(2)}_j (z̄) + F^{(2)}_i (z)F^{(1)}_j (z̄) ] . (2.141)

as stated in the text.

2.B.4 Crossing Symmetry Invariance under z → 1 − z Crossing symmetry requires that

F ff,ff̄(z, z̄) = P̃ ~P̄Fff̃, ~ff̄(1 − z, 1 − z̄) (2.142)

where α denotes the sequence of indices α_1, α_2, α_3, α_4, α̃ denotes the permuted sequence of indices α_1, α_3, α_2, α_4, P̃ = (−1)^{εα2 εα3} denotes the parity of the interchange in the holomorphic sector (ε_α is 0 for bosons and 1 for fermions.) Introducing the following tensor [53]

Jff_i = P̃Iff̃_i (2.143)

the crossing symmetry constraint may be written 3∑ i,j=1 Iff_i Īff̄_j F_{ij}(z, z̄) =^3∑ i,j=1 Jff_i J̄ff̄_j F_{ij} (1 − z, 1 − z̄) (2.144)

The tensor J admits the following decomposition [53]

Jff_i = Cij_1 Iff_j C_1 =

−1 0 0 −1 1 −4ϵγ 0 0 −1

(2.145)

Substituting this decomposition into equation (2.144) and equating the coefficients of I_iĪ_j on both sides, one finds the following nine identities which must be satisfied by the F_{ij}(z, z̄) if this crossing symmetry is to be satisfied. Denoting F_{ij}(z, z̄) by F_{ij}, and F_{ij} (1 − z, 1 − z̄) by F̃_{ij} these are as follows:

F_{11} = F̃_{11} + F̃_{12} + F̃_{21} + F̃_{22} (2.146a) F_{12} = −F̃_{12} − F̃_{22} (2.146b) F_{13} = 4ϵγ(F̃_{12} + F̃_{22}) + F̃_{13} + F̃_{23} (2.146c) F_{21} = −F̃_{21} − F̃_{22} (2.146d) F_{22} = F̃_{22} (2.146e) F_{23} = −4ϵγF̃_{22} − F̃_{23} (2.146f) F_{31} = 4ϵγ(F̃_{21} + F̃_{22}) + F̃_{31} + F̃_{32} (2.146g) F_{32} = −4ϵγF̃_{22} − F̃_{32} (2.146h) F_{33} = 4ϵγ(4ϵγF̃_{22} + F̃_{23} + F̃_{32}) + F̃_{33} (2.146i)

It is straightforward to show that these relations are indeed satisfied.

Invariance under z → 1/z Crossing symmetry requires that F ff,ff̄(z, z̄) = z−2Δz̄−2ΔP̂ ^̄PF ff̂, ^̄ff(1/z, 1/z̄) (2.147) where α denotes the sequence of indices α_1, α_2, α_3, α_4, α̂ denotes the permuted sequence of indices α_1, α_4, α_3, α_2, P̂ = (−1)^{εα}2^{(εα}3^{+εα}4^{)+εα}3^{εα}4 denotes the parity of the interchange in the holomorphic sector (ε_α is 0 for bosons and 1 for fermions.) Introducing the following tensor [53]

Kff_i = P̂Iff̂_i (2.148)

the crossing symmetry constraint may be written 3∑ i,j=1 Iff_i Īff̄_j F_{ij} (z, z̄) = z−1/xz̄−1/x^3∑ i,j=1 Kff_i K̄ff̄_j F_{ij} (1/z, 1/z̄) (2.149)

The tensor K admits the following decomposition [53]

Kff_i = Cij_2 Iff_j C_2 = 0 1 −4ϵγ 1 0 −4ϵγ 0 0 −1

(2.150)

Substituting this decomposition into equation (2.149) and equating the coefficients of I_iĪ_j on both sides, one finds the following nine identities which must be satisfied by the F_{ij}(z, z̄) if this crossing symmetry is to be satisfied. Denoting F_{ij}(z, z̄) by F_{ij}, and F_{ij} (1/z, 1/z̄) by F̂_{ij} these are as follows:

F_{11} = |z|^{−2/x}F̂_{22} (2.151a) F_{12} = |z|^{−2/x}F̂_{21} (2.151b) F_{13} = |z|^{−2/x}[−4ϵγ(F̂_{21} + F̂_{22}) − F̂_{23}] (2.151c) F_{21} = |z|^{−2/x}F̂_{12} (2.151d) F_{22} = |z|^{−2/x}F̂_{11} (2.151e) F_{23} = |z|^{−2/x}[−4ϵγ(F̂_{11} + F̂_{12}) − F̂_{13}] (2.151f) F_{31} = |z|^{−2/x}[−4ϵγ(F̂_{12} + F̂_{22}) − F̂_{32}] (2.151g) F_{32} = |z|^{−2/x}[−4ϵγ(F̂_{11} + F̂_{21}) − F̂_{31}] (2.151h) F_{33} = |z|^{−2/x}[16ϵ^2γ^2(F̂_{11} + F̂_{12} + F̂_{21} + F̂_{22}) + 4ϵγ(F̂_{13} + F̂_{23} + F̂_{31} + F̂_{32}) + F̂_{33}] (2.151i)

In order to demonstrate that these identities are satisfied we shall make use of the following rather simple transformation laws of the elliptic integrals under z → 1/z:^{11}

K(1/z) = z^{+1/2} [K(z) + iK(1 − z)] , Imz < 0 (2.152a) E(1/z) = z^{−1/2} [D(z) − iD(1 − z)] , Imz < 0 (2.152b) K(1 − 1/z) = z^{+1/2}K(1 − z) (2.152c) E(1 − 1/z) = z^{−1/2}E(1 − z) (2.152d)

where D(z) = E(z) − (1 − z)K(z). (2.153)

11We note that replacing i by −i in equations (2.152a) and (2.152b) changes the domain of validity of the transformation from Imz < 0 to Imz > 0. Since E and K appear together in the Fij it is essential that their transformations be defined in the same region of the complex plane.

These are easily obtained using the standard analytic continuation formulae for ordi-

nary hypergeometric functions. Recalling the form of F_{22} appearing in equation (2.125)

namely

F_{22} = −Λ [K(1 − z)K(z̄) + K(z)K(1 − z̄)] (2.154)

it is straightforward to see how it transforms under z → 1/z:

F̂_{22} = |z|^{5/2}F_{22} (2.155)

Since F_{11} = |z|^2F_{22} from equation (2.124) it follows that that constraint (2.151a) is

satisfied. Replacing now z by 1/z in (2.151a) one may infer the validity of (2.151e).

Further, since F_{21} = −z̄F_{22} from equation (2.124) it follows by reciprocity that

F̂_{21} = −z̄^{−1}F̂_{22}. (2.156)

Substituting for F̂_{22} using (2.155) and using the fact that F_{12} = −zF_{22} one obtains

F̂_{21} = |z|^{1/2}F_{12} (2.157)

That is to say, constraint (2.151b) is satisfied. By reciprocity we see that constraint

(2.151d) is also satisfied. Recalling now the form of F_{23} appearing in equation (2.126)

namely

F_{23} = 4ϵγΛ [ K ~K̄ + K̃Ē − K ~Ē ] (2.158)

it is straightforward to see how it transforms under z → 1/z:

F̂_{23} = 4ϵγ|z|^{3/2}Λ [ z^{1/2} ( K + iK̃ ) z̄^{1/2} ~K̄+ z^{1/2}K̃z̄^{−1/2} ( D̄ + i ~D̄ ) − z^{1/2} ( K + iK̃ ) z̄^{−1/2} ~Ē ]

= 4ϵγ|z|^{1/2}Λ [ |z|^2 ( K + iK̃ ) ~K̄ + zK̃ (Ē − (1 − z̄)K̄) +izK̃ ( ~Ē − z̄ ~K̄ ) − z ( K + iK̃ ) ~Ē ]

= 4ϵγ|z|^{1/2}Λ [ |z|^2 ( K ~K̄ + K̃K̄ ) + z ( K̃Ē − K̃K̄ − K ~Ē )]

= 4ϵγ|z|^{1/2}Λ [ |z|^2 ( K ~K̄ + K̃K̄ ) − z ( K ~K̄ + K̃K̄ ) + z ( K ~K̄ + K̃Ē − K ~Ē )]

= 4ϵγ|z|^{1/2} [ −|z|^2F_{22} + zF_{22} + z 4ϵγ F_{23} ]

= |z|^{1/2} [−4ϵγ(F_{11} + F_{12}) − F_{13}]

Replacing z by 1/z on both sides of this equation one obtains the relation (2.151f). Taking now the complex conjugate of (2.151f) and using the Hermiticity property F̄_{ij} = F_{ji}, one obtains (2.151h). Further, rearranging (2.159) for F_{13} and replacing F_{11} and F_{12} using (2.151a) and (2.151b) respectively one obtains (2.151c). Taking now the complex conjugate of (2.151c) and using Hermiticity, one obtains (2.151g). We consider finally how F_{33}, namely F_{33} = (4ϵγ)^2Λ [ E( ~Ē − ~K̄) + c.c. ] (2.159)

behaves under the transformation z → 1/z:

F̂_{33} = (4ϵγ)^2|z|^{3/2}Λ [ z^{−1/2}(D − iD̃)(z̄^{−1/2} ~Ē − z̄^{1/2} ~K̄) + c.c. ]

= (4ϵγ)^2|z|^{1/2}Λ [ (D − iD̃)( ~Ē − z̄ ~K̄) + c.c. ]

= (4ϵγ)^2|z|^{1/2}Λ [ E ~Ē − (1 − z)K ~Ē − zĒK̃ + z̄(1 − z)K ~K̄ + c.c. ]

= (4ϵγ)^2|z|^{1/2}Λ [ E ~Ē − ĒK̃ + (1 − z)(ĒK̃ − K ~Ē + K ~K̄) − |1 − z|^2K ~K̄ + c.c. ] = |z|^{1/2} [ (4ϵγ)^2|1 − z|^2F_{22} + 4ϵγ [(1 − z)F_{23} + c.c.] + F_{33} ] = |z|^{1/2} [ (4ϵγ)^2(F_{11} + F_{12} + F_{21} + F_{22}) + 4ϵγ(F_{13} + F_{23} + F_{31} + F_{32}) + F_{33} ]

which may be seen to be the relation (2.151i) with z replaced by 1/z. This completes our proof of crossing symmetry in the reduced subspace.

2.B.5 Ancillary Differential Equation As discussed earlier, the conformal blocks F^{(a)}_3 are obtained via differentiation of some ancillary functions G^{(a)}_3 which satisfy the equation

x^3z^3(1 − z)^3G

000_3 (z) + x^2(3x + 1)z^2(1 − z)^2(1 − 2z)G

00_3 (z)+ z(1 − z)[x^2(x + 1)(1 − 6z(1 − z)) − x]G

0_3 (z) − (1 − 2z)G_3(z) = 0.

(2.160)

One may solve this equation using the method of Frobenius. Namely one substitutes a power series of the form:

G_3 = ∞∑ n=0 a_n [z(1 − z)]^{n+α} ,

G 0_3 = ∞∑ n=0 a_n(n + α)(1 − 2z) [z(1 − z)]^{n+α−1} ,

G 00_3 = ∞∑ n=0 a_n(n + α)[z(1 − z)]^{n+α−2} { (n + α − 1) − 2(2n + 2α − 1)z(1 − z) } ,

G 000_3

= (1 − 2z) ∞∑ n=0 a_n(n + α)(n + α − 1)[z(1 − z)]^{n+α−3} × { (n + α − 2) − 2(2n + 2α − 1)z(1 − z) } . Substituting these relations into equation (2.160), dividing through by (1 − 2z), and equating the coefficient of [z(1 − z)]^{α+p} to zero one obtains the recurrence relation a_p { x^3(p + α)(p + α − 1)(p + α − 2) + x^2(3x + 1)(p + α)(p + α − 1)+ [x^2(x + 1) − x](p + α) − 1 } +a_{p−1} { −2x^3(p + α − 1)(p + α − 2)(2p + 2α − 3) −2x^2(3x + 1)(p + α − 1)(2p + 2α − 3) − 6x^2(x + 1)(p + α − 1) } = 0 This is straightforwardly factorized to read:

a_p(−1 + αx + px)(1 + αx + px)^2 − 2a_{p−1}(−1 + α + p)(α + p)x^2(2 − x + 2αx + 2px) = 0

That is to say a_p a_{p−1} = 4(p + α)(p + α − 1)(p + α +^1_x −^1_2 ) (p + α −^1_x )(p + α +^1_x )^2

(2.161)

By hypothesis, a_0 = 1, and is the first non-vanishing term. We find

a_n =

4^n(α + 1)_n(α)_n(α +^1_x +^1_2 )_n (α + 1 −^1_x )_n(α + 1 +^1_x )_n(α + 1 +^1_x )_n

(2.162)

Consistency with the above relation implies the so-called indicial roots α = 1/x, −1/x, −1/x. In particular, this method of solution has only yielded two independent solutions, corresponding to α = −1/x and α = 1/x:

G^{(1)}_3 = [z(1 − z)]^{− 1x}_3F_2

[_1 2 , −^1_x, 1 −^1_x; 1, 1 −^2_x ; 4z(1 − z) ] (2.163)

G^{(3)}_3 = [z(1 − z)]^{1x}_3F_2

[_1 x , 1 +^1_x ,^1_2 +^2_x ; 1 +^2_x; 1 +^2_x ; 4z(1 − z) ] (2.164)

In order to find a third linearly independent solution, we apply the following rather general method outlined in §16.3 of [156] for example. The essential point is that the series defining G_3 in (2.161), with a_n given by (2.162) is an analytic function of α and may be differentiated any number of times with respect to α. Moreover, such functions also satisfy the original differential equation. A third solution is given by

G^{(2)}_3 = d dα ∞∑ n=0 a_n[z(1 − z)]^{n+α} | | |_{α=−1/x} (2.165)

= G^{(1)}_3 ln[4z(1 − z)] + [z(1 − z)]^{− 1}x ∞∑ n=0 [z(1 − z)]^n da_n dα | | |_{α=−1/x} (2.166)

Chapter 3

Legendre’s Relation

x3.1 Introduction

In chapter 2, we employed the powerful techniques of non-Abelian bosonization to study the random non-Abelian Dirac fermion problem. In the replica approach, we used the fact that a theory of N_f ‘flavours’ and N_c ‘colours’ of free massless Dirac fermions is equivalent to three bosonic WZNW models carrying the charge, flavour, and colour degrees of freedom [93, 184]: T_{DNf Nc} = T_{^u(1)} + T_{^su(Nf )Nc} + T_{^su(Nc)Nf} . That is to say, the energy-momentum tensor of the fermionic theory separates into three commuting pieces, each pertaining to a different WZNW model. In the supersymmetric approach, we employed the fact that a theory of two ‘colours’ of free massless Dirac fermions, together with their supersymmetric ‘flavour’ partners, is equivalent to two WZNW models [52]:

T_{^osp(4|4)1} = T_{^osp(2|2)}�_2 + T_{^su(2)0} ,

wherein the ^osp(2|2)_{−2} model carries the charge and flavour degrees of freedom, and the ^su(2)_0 model carries the colour degrees of freedom. The virtue of the WZNW description in the random non-Abelian Dirac fermion problem stems from this separation of degrees of freedom; the disorder only couples to the ‘colour’ subsector and may be integrated out. Indeed, this separation is behind many notable applications of the WZNW models in the study of quantum spin chains [93], the multi-channel Kondo effect [185], in 1 + 1 dimensional QCD [186], and in the spin quantum Hall effect [52].

However, at the level of correlation functions, a subtlety lurks. In particular, as we have discussed in chapter 2, the ^osp(2|2)_{−2} and ^su(2)_0 WZNW models are known to contain logarithmic operators [53–55, 117, 122] whereas the ^osp(4|4)_1 WZNW model is known have power law correlation functions [52]. In what sense can the supersymmetric equivalence hold? Indeed, this very concern has been raised in a revised version of [52]. In reference [54] we demonstrated that it is in fact possible to combine these logarithms, and achieve a reversion to power law behaviour. Our ability to recover such simple behaviour relied on a remarkable identity in the theory of elliptic integrals known as Legendre’s relation [70, 187]. In this chapter we shall study this subject in a little more detail. In particular, we shall demonstrate that the logarithmic construction employed in [54] may be understood quite naturally from the non-logarithmic work of Fuchs entitled Free Fermions and WZW Theories on Nonsimple Groups [171]. We draw attention to the fact that the Knizhnik–Zamolodchikov equations for such nonsimple groups may yield two independent solutions, both of which satisfy the constraints of single-valuedness and crossing symmetry. In particular, logarithms may survive in one solution, and be removed in the other.

The structure of this chapter is as follows: in §3.2 we study the replica decomposition. In §3.2.1 we focus on its non-logarithmic aspects. We discuss the monodromy and braiding arguments of Fuchs [171], and how they may lead to power law behaviour. In §3.2.2 we consider the logarithmic aspects of the replica decomposition. We obtain a corollary to Legendre’s relation, and recover the chiral blocks of the non-logarithmic case. In §3.3 we study the supersymmetric decomposition. We demonstrate how Legendre’s relation [70, 187] enables one to braid the chiral blocks of the ^su(2)_0 and ^osp(2|2)_{−2} WZNW models so as to obtain simple power laws. We demonstrate that this solution is a single-valued, crossing symmetric solution of the relevant Knizhnik–Zamolodchikov equations. Finally, we present concluding remarks and technical appendices.

x3.2 Replica Approach

As we have noted previously, the replica approach to the Dirac fermion problem is based on the energy-momentum tensor decomposition: T_{DNf Nc} = T_{^u(1)} + T_{^su(Nf )Nc} + T_{^su(Nc)Nf} . (3.1) A proof of this decomposition may be found in reference [93]. In particular, the central charge of the ^su(N)_k WZNW model is given by equation (3.15) of reference [68] c = k(N^2 − 1) N + k (3.2) and it is readily verified that (3.1) has the central charge of N_f N_c Dirac fermions:

N_f N_c = 1 +

N_c(N^2_f − 1) N_f + N_c + N_f (N^2_c − 1) N_c + N_f

. (3.3)

Moreover, the conformal dimensions of the ^su(N)_k WZNW model fundamental primary fields are given by equation (4.11) of reference [68] h = N^2 − 1 2N(N + k) (3.4)

and it is readily verified that (3.1) has the conformal dimension of a Dirac fermion: 1 2 = 1 2N_f N_c + N^2_f − 1 2N_f (N_f + N_c) + N^2_c − 1 2N_c(N_c + N_f )

. (3.5)

We remind the reader that the conformal dimension h = 1/2N_fN_c of the ^u(1) piece is given in equation (2.80). The equality (3.5) ensures the coincide of the two- and threepoint functions. However, the four-point correlation functions of the ^su(N)_k WZNW model are, in general, single-valued combinations of non-trivial hypergeometric functions — see equations (3.11) below. It is quite clear that one cannot simply multiply the non-chiral correlation functions of the three WZNW models (3.1) and obtain the non-chiral correlation functions of (coloured–flavoured) Dirac fermions [93, 171]. We emphasize that this statement is true irrespective of the presence of logarithms in the non-chiral WZNW correlation functions. This apparent paradox was resolved by Fuchs, who demonstrated that the monodromy problem of the ^u(1) + ^su(N_f )_{Nc} + ^su(N_c)_{Nf} Knizhnik–Zamolodchikov equations actually has two independent solutions [171]. The first of these solutions corresponds to the product of the non-chiral WZNW correlation functions. The second of these solutions involves a subtle chiral interplay between the ^su(N_f )_{Nc} and ^su(N_c)_{Nf} WZNW models and reproduces the Dirac fermion correlation functions. We discuss this procedure below.

In analogy with equations (2.66), (2.69) and (2.75), one may write the solutions to the ^u(1) + ^su(N_f )_{Nc} + ^su(N_c)_{Nf} Knizhnik–Zamolodchikov equations in the form

F^{αf αcᾱf ᾱc} (z_i, z̄_i) = |z_{14}z_{23}|^{−4h} 2∑ i,j,ī,j̄=1 I^{αf}_i I^{αc}_j I^{ᾱf}_ī I^{ᾱc}_{j̄} F_{i j}¯_i¯_j(z, z̄), (3.6)

where h = 1/2, and where I^{αf}_i and I^{αc}_j are the invariant tensors of su(N_f ) and su(N_c) respectively. The F_{i j}¯_i¯_j (z, z̄) are single-valued combinations of the ^u(1), ^su(N_f )_{Nc} and

^su(N_c)_{Nf} chiral blocks:

F_{i j}¯_i¯_j(z, z̄) = |z(1 − z)|^{−2/Nf Nc} 2∑ a,b,c,d=1 X_{abcd} F^{(a)}_{i, ^fc} (z)F^{(b)}_{j, ^cf} (z)F^{(c)}_{ī, ^fc} (z̄)F^{(d)}_{j̄, ^cf} (z̄), (3.7)

where we have employed the ^u(1) chiral blocks as given by equation (2.81), and the shorthand notation f̂_c ≡ ^su(N_f)_{Nc} . As noted by Fuchs, equation (3.7) admits two independent single-valued combinations. The first of these is the straightforward product of the three non-chiral WZNW models: F_{i j}¯_i¯_j(z, z̄) = |^u(z)|^2 F^{f̂c}_{iī} (z, z̄) F^{ĉf}_{j j̄} (z, z̄), (3.8) where ^u(z) = [z(1 − z)]^{−1/Nf Nc} , and where F^{f̂c}_{iī} (z, z̄) corresponds to the usual singlevalued combination of holomorphic and anti-holomorphic chiral blocks in the ^su(N_f )_{Nc} WZNW model — see equation (2.75). The second solution may be written in the form

F_{i j}¯_i¯_j (z, z̄) = E_{ij}(z) E¯_i¯_j (z̄), (3.9)

where the functions E_{ij}(z) = ^u(z) 2∑ a,b=1 X_{ab} F^{(a)}_{i, f̂c} (z)F^{(b)}_{j, ĉf} (z), (3.10)

are single-valued combinations of the ^u(1), ^su(N_f )_{Nc} and ^su(N_c)_{Nf} holomorphic chiral blocks. In reference [54] we introduced the term ‘embedding block’ to refer to such singlevalued chiral combinations of different WZNW model chiral blocks. It the existence of these chiral embedding blocks which enables one to convert non-trivial hypergeometric functions (including logarithms) into free fields. We shall illustrate this reduction in the subsequent sections.

x3.2.1 Non-Logarithmic Case In this section we shall examine the embedding blocks (3.10) of the replica decomposition (3.1) in the cases where the WZNW chiral blocks are free from logarithms. We shall adopt the simpler notation N_f = N and N_c = k. The chiral blocks of the ^su(N)_k

WZNW model read [68, 171]:

F^{(1)}_{1, ^su(N )k} (z) = z^{−β+α/N} (1 − z)^{α/N}_2F_1[α, −α; 1 − β; z], (3.11a) F^{(2)}_{1, ^su(N )k} (z) = z^{α/N} (1 − z)^{1−β+α/N}_2F_1[1 + α, 1 − α; 1 + β; z], (3.11b) F^{(1)}_{2, ^su(N )k} (z) = k^{−1}z^{1−β+α/N} (1 − z)^{α/N}_2F_1[1 + α, 1 − α; 2 − β; z], (3.11c) F^{(2)}_{2, ^su(N )k} (z) = −Nz^{α/N} (1 − z)^{−β+α/N}_2F_1[α, −α; β; z], (3.11d)

where α = 1/(N + k) and β = N/(N + k). The explicit monodromy calculations of Fuchs lead one to consider the following embedding blocks: E_{ij}(z) = ^u(z) [ F^{(1)}_{i, ^su(N )k} (z)F^{(1)}_{j, ^su(k)N} (z) + (Nk)^{−1}F^{(2)}_{i, ^su(N )k} (z)F^{(2)}_{j, ^su(k)N} (z) ] , (3.12)

where ^u(z) = [z(1 − z)]^{−1/Nk}. Rather than repeat these manipulations, we shall simply calculate these embedding blocks below; the reader may then observe that they are indeed single-valued. It is readily seen from the chiral blocks (3.11) that

F^{(1)}_{1, ^su(k)N} (z) = −N^{−1}z^{a−1}(1 − z)^aF^{(2)}_{2, ^su(N )k} (z), (3.13a) F^{(2)}_{1, ^su(k)N} (z) = kz^{a−1}(1 − z)^aF^{(1)}_{2, ^su(N )k} (z), (3.13b)

where a = (N − k + N^2k)/Nk(N + k). Substituting these relations into equation (3.12) it immediately follows that E_{12}(z) = E_{21}(z) = 0. Further, under a level–rank transformation N ↔ k, it is readily seen that α → α and β → 1 − β. Embracing these relations and focusing on the cases E_{11}(z) and E_{22}(z), it is readily seen that the hypergeometric functions only appear in the combination,

2F_1[α, −α; β; z]_2F_1[α, −α; 1 − β; z] + (Nk)^{−1}z(1 − z)× 2F_1[1 + α, 1 − α; 1 + β; z]_2F_1[1 + α, 1 − α; 2 − β; z] = 1.

(3.14)

That is to say, all the non-trivial hypergeometric dependence is removed. We complete Fuchs’ perturbative verification of this ‘level–rank’ relation (3.14) in appendix 3.A. Employing this level–rank relation, one one may write the full quota of embedding blocks as follows: E_{11} = 1 z , E_{12} = 0, E_{21} = 0, E_{22} = 1 1 − z . (3.15)

Indeed, as promised, they are single-valued functions. The full correlation function (3.6) reads F^{αβᾱβ̄}(z_i, z̄_i) = 1 |z_{14}z_{23}|^2 [ I^α_1 I^β_1 z + I^α_2 I^β_2 1 − z ] × [ I^ᾱ_1 I^{β̄}_1 z̄ + I^ᾱ_2 I^{β̄}_2 1 − z̄ ] , (3.16) and is readily identified as the correlation function of free Dirac fermions carrying both ‘colour’ and ‘flavour’ indices:

F^{αβᾱβ̄}(z_i, z̄_i) = |⟨ψ_{α1β1} (z_1)ψ^†_{α2β2} (z_2)ψ^†_{α3β3} (z_3)ψ_{α4β4} (z_4)⟩|^2, (3.17)

where the fermion OPEs take the form ψ_{αiβi} (z_i)ψ^†_{αjβj} (z_j) ∼ δ_{αi,αj} δ_{βi,βj} z_i − z_j . (3.18)

x3.2.2 Logarithmic Case In the light of the simplifications in §3.2.1, in is natural to investigate what happens to the replica decomposition (3.1) in the ‘replica limit’, as either N or k go to zero. We emphasize that we are not performing a disorder average here. In addition, we stress that it is the rôle of the invariant tensors to keep track of how many Dirac fermions we have, and not the chiral blocks; the level–rank relation (3.14) is (formally) valid for any values of N and k. We expect (and indeed shall demonstrate) that the WZNW logarithms cancel to yield the Dirac embedding blocks (3.15) again.

The ^u(0)_N WZNW model chiral blocks have been studied in appendix 2.A — see equations (2.85). For convenience we reproduce them here:

F^{(1)}_{1, ^u(0)N} (z) = γ E_N (z) (3.19a) F^{(2)}_{1, ^u(0)N} (z) = γ N [K_N (1 − z) − E_N (1 − z)] (3.19b) F^{(1)}_{2, ^u(0)N} (z) = γ [K_N (z) − E_N (z)] (3.19c) F^{(2)}_{2, ^u(0)N} (z) = γ N E_N (1 − z) (3.19d)

where γ = [z(1 − z)]^{−1/N 2}. In order to compute the ^su(N)_0 chiral blocks we return to our discussion of the ^su(N)_k WZNW model in appendix 2.A. From equations (2.76) and (2.77) it follows that

F_1(z) = z^{−1}[z(1 − z)]^{1/N 2}G_1(z), (3.20)

where G_1(z) satisfies an equation of the hypergeometric form:

z(1 − z)G^{′′}_1 + [γ − (α + β + 1)z] G^′_1 − αβG_1 = 0, (3.21)

where α = −1/N, β = 1/N and γ = 0. The fact that γ = 0 is a clear signal that we have logarithmic solutions. Indeed, it is straightforward to verify (by means of the differentiation formulae A.21 for example) that equation (3.21) admits the two solutions

G^{(1)}_1 = E_N (z) − K_N (z), (3.22a) G^{(2)}_1 = E_N (1 − z). (3.22b)

The chiral blocks of the ^su(N)_0 WZNW model may thus be written in the form:

F^{(1)}_{1, ^su(N )0} (z) = z^{−1} γ^{−1} [E_N(z) − K_N (z)] (3.23a) F^{(2)}_{1, ^su(N )0} (z) = z^{−1} γ^{−1} E_N (1 − z) (3.23b) F^{(1)}_{2, ^su(N )0} (z) = (1 − z)^{−1} γ^{−1} E_N (z) (3.23c) F^{(2)}_{2, ^su(N )0} (z) = (1 − z)^{−1} γ^{−1} [E_N (1 − z) − K_N (1 − z)] (3.23d)

where γ = [z(1 − z)]^{−1/N 2} again. We now consider the embedding blocks

E_{ij}(z) = 2∑ a,b=1 X_{ab} F^{(a)}_{i, ^u(o)N} (z) F^{(b)}_{j, ^su(N )0}(z) (3.24)

which are a simple braiding of the (holomorphic) ^u(0)_N chiral blocks, F^{(a)}_{i, ^u(0)N} (z), and the (holomorphic) ^su(N)_0 chiral blocks, F^{(a)}_{i, ^su(N )0}(z). We remind the reader that the ^u(1) contribution which appeared in equation (3.10) has been absorbed into the ^u(o)_N WZNW model. The X_{ab} are, as yet, undetermined coefficients which we shall determine by imposing single-valuedness in the vicinity of z = 0 and z = 1. In order to impose the condition of single-valuedness on the embedding blocks, we consider the monodromy transformations of its constituent chiral blocks. A monodromy transformation of a function of z consists in letting z circulate around some other point (typically a singular point). We define

C_0 F (z, z̄) = lim_{t→1}� F (ze^{2iπt}, z̄e^{−2iπt}) (3.25) C_1 F (z, z̄) = lim_{t→1}� F (1 + (z − 1)e^{2iπt}, 1 + (z̄ − 1)e^{−2iπt}) (3.26)

Using the analytic continuation formulae for the hypergeometric functions it is straightforward to see that

C_0 F^{(a)}_{i, A}(z) = (g^A_0 )_{ab} F^{(b)}_{i, A}(z), i = 1, 2 (3.27a) C_1 F^{(a)}_{i, A}(z) = (g^A_1 )_{ab} F^{(b)}_{i, A}(z), i = 1, 2 (3.27b)

where the algebra index A is either ^u(0)_N or ^su(N)_0. The ^u(0)_N monodromy matrices are given by:

g^{^u(0)N} 0 = e^{−2πi/N 2} ( 1 0 −Na_N 1 ) , g^{^u(0)N}_1 = e^{−2πi/N 2} ( 1 −a_N /N 0 1 ) (3.28)

where a_N = 2i sin(π/N). The ^su(N)_0 monodromy matrices are given by:

g^{^su(N )0} 0 = e^{2πi/N 2} ( 1 0 a_N 1 ) , g^{^su(N )0} 1 = e^{2πi/N 2} ( 1 a_N 0 1 ) (3.29)

where once again a_N = 2i sin(π/N). Demanding that the embedding blocks be invariant under both C_0 and C_1, requires that X_{11} = X_{22} = 0 and X_{12} = NX_{21}. In other words, E_{ij}(z) = N [ F^{(1)}_{i, ^u(0)N} (z)F^{(2)}_{j, ^su(N )0}(z) + (N)^{−1}F^{(2)}_{i, ^u(0)N} (z)F^{(1)}_{j, ^su(N )0}(z) ] . (3.30)

where the overall normalization N = [π/N sin(π/N)]^{−1} is chosen for later convenience. We note that the off-diagonal structure in the upper indices (1) and (2), as compared to equation (3.12), is a direct consequence of the presence of logarithms. Since there are two invariant tensors in each of the ^u(0)_N and ^su(N)_0 sectors this defines a total of four functions E_{ij}(z). In our explicit evaluation of these embedding blocks, we are able to utilize a corollary to an elegant identity in the theory of elliptic integrals which is now termed Legendre’s relation [70, 187]:

E_N (z)K_N (1 − z) + E_N (1 − z)K_N (z) − K_N (z)K_N(1 − z) = π N sin ( π N ) (3.31)

Straightforward substitution of the ^u(0)_N and ^su(N)_0 chiral blocks into (3.30) reveals that the elliptic integrals always appear in the manner prescribed by the (generalized) Legendre relation (3.31) — not only are the embedding blocks single-valued, but they do not contain any elliptic integrals. We give a proof of the generalized Legendre relation in appendix 3.B. We note that we have not been able to find this rather simple result in any of the common treatises on special functions [69, 70, 188–192]. The embedding blocks in the replica limit take the form:

E_{11} = 1 z , E_{12} = 0, E_{21} = 0, E_{22} = 1 1 − z , (3.32)

and coincide with the Dirac blocks in equation (3.15). We see that the cancellation of the WZNW logarithms is natural, and the Legendre relation (3.31) plays the rôle of the level–rank relation (3.14).

x3.3 Supersymmetric Approach

In this section we shall investigate the supersymmetric decomposition

T_{^osp(4|4)1} = T_{^su(2)0} + T_{^osp(2|2)}�_2, (3.33)

A proof of this decomposition may be found in reference [52]. We note that all of these theories have central charge equal to zero. Moreover, It is readily verified that (3.33) yields the conformal dimension of a Dirac fermion or bosonic ghost: 1 2 = N^2 − 1 2N(N + k) | | |_{k=0}

N =2 + 1 4 − 2k | | |_{k=−2} . (3.34)

We define the embedding blocks

E_{ij}(z) = 2∑ a,b=1 X_{ab} F^{(a)}_{i, su}(z)F^{(b)}_{j, osp}(z) (3.35)

which are a simple braiding of the (holomorphic) ^su(2)_0 chiral blocks, F^{(a)}_{i, su}(z), and the (holomorphic) ^osp(2|2)_{−2} chiral blocks, F^{(a)}_{i, osp}(z). The X_{ab} are, as yet, undetermined coefficients which we shall determine by imposing single-valuedness in the vicinity of z = 0 and z = 1. In order to impose the condition of single-valuedness on the embedding blocks, we consider the monodromy transformations of its constituent chiral blocks as was done in §3.2.2. Using the analytic continuation formulae for the hypergeometric functions it is straightforward to see that the monodromy matrices g^A_0 and g^A_1 , in the notation of equations (3.27), are given by

g^{su}_0 = ( i 0 −2 i ) , g^{su}_1 = ( i −2 0 i ) , g^{osp}_0 = ( −i 0 2 −i ) , g^{osp}_1 = ( −i 2 0 −i ) .

Demanding that the embedding functions be invariant under both C_0 and C_1, requires that X_{11} = X_{22} = 0 and X_{12} = −X_{21}. In other words, E_{ij}(z) = N^′ [ F^{(1)}_{i, su}(z)F^{(2)}_{j, osp}(z) − F^{(2)}_{i, su}(z)F^{(1)}_{j, osp}(z) ] , (3.36)

where the overall normalization N^′ = 2ϵγ/π is chosen for later convenience. Since there are two invariant tensors in the su(2) sector (i = 1, 2), and three in the osp(2|2) sector (j = 1, 2, 3), this defines a total of six functions E_{ij}(z). In our explicit evaluation of these embedding blocks, we are once again able to utilize the Legendre’s relation (3.31). Straightforward substitution of the ^su(2)_0 and ^osp(2|2)_{−2} chiral blocks into (3.36) reveals that the elliptic integrals always appear in the manner prescribed in Legendre’s relation (3.31) — not only are the embedding blocks single-valued, but they do not contain any elliptic integrals. The embedding blocks may be summarized:

E_{11} = −1, E_{12} = 1 z , E_{13} = − 4ϵγ z , E_{21} = z z − 1 , E_{22} = 1 1 − z , E_{23} = 0.

Indeed, one may verify by direct substitution, that these embedding blocks satisfy the Knizhnik–Zamolodchikov equations pertaining to ^su(2)_0 and ^osp(2|2)_{−2} — see equations (2.71) and (2.104): dE_{αβ} dz = [ P^{αγ}_{su} z + Q^{αγ}_{su} z − 1 ] E_{γβ} + [ P^{βδ}_{osp} z + Q^{βδ}_{osp} z − 1 ] E_{αδ}, (3.37)

where summation over repeated indices is implied. The matrices P_{su} and Q_{su} are given by equation (2.72) with N = 2 and k = 0, and the matrices P_{osp} and Q_{osp} are given by equation (2.105) with k = −2. In addition, it is also necessary to check for the crossing covariance of the correlation function

F^{αβᾱβ̄}(z_i, z̄_i) = |z_{14}z_{23}|^{−2}F^{αβ}(z)F^{ᾱβ̄}(z̄) (3.38)

under the interchange of the fields 2 and 3 where, F^{αβ}(z) ≡ ∑ ij I^α_{i, su}I^β_{j, osp} E_{ij}(z). (3.39)

Under this transformation. the su(2) invariant tensors I^α_{1, su} = δ_{α1α2} δ_{α3α4} , and I^α_{2, su} = δ_{α1α3} δ_{α2α4} , are interchanged:

I^α_{1, su} → I^α_{2, su}, I^α_{2, su} → I^α_{1, su}.

The osp(2|2) tensors given in equation (2.103) transform according to equations (84) and (85) of reference [53]:

I^β_{1, osp} → −P̃I^β_{1, osp}, I^β_{2, osp} → −P̃ [ I^β_{1, osp} − I^β_{2, osp} + 4ϵγI^β_{3, osp} ] , I^β_{3, osp} → −P̃I^β_{3, osp}.

where P̃ is the parity of the permutation. Combining these transformation laws with the explicit transformations of the embedding blocks under z → 1 − z, one finds

F^{αβ}(z) → P̃F^{αβ}(z). (3.40)

§3.4 Discussion 84

That is to say, in equation (3.38) we have succeeded in constructing a single-valued and crossing-symmetric solution of the ^su(2)_0 + ^osp(2|2)_{−2} Knizhnik–Zamolodchikov equation which is free from logarithms.

x3.4 Discussion

In this chapter we have studied a number of examples of non-Abelian bosonization at the level of correlation functions. In particular, we have highlighted that the Knizhnik– Zamolodchikov equations pertaining to such non-simple groups may possess two independent solutions [171]. In general, one of these solutions corresponds to the ‘ordinary’ product of the appropriate non-chiral WZNW theories, whereas the other involves a subtle chiral interplay between them. In condensed matter applications of the non- Abelian bosonization rules for Dirac fermions (and their supersymmetric extensions) it is essential to embrace these latter solutions. The presence of additional selection rules on the WZNW models may be interpreted as the requirement of single-valuedness on the fermionic chiral blocks [171]. Moreover, we have provided explicit evidence for the recovery of Dirac fermion correlation functions from logarithmic CFTs. We have indicated that the logarithmic construction employed by the author in reference [54] has a natural non-logarithmic analogue in the work of Fuchs [171]. We anticipate that such considerations apply to other models which are equivalent to Dirac fermions [184], and their supersymmetric extensions.

3.A Level{Rank Relation 85

Appendices to Chapter 3 3.A Level–Rank Relation

In section §3.2.1 we made use of the ‘level–rank’ relation:

2F_1[α, −α; β; z]_2F_1[α, −α; 1 − β; z] + (Nk)^{−1}z(1 − z)× 2F_1[1 + α, 1 − α; 1 + β; z]_2F_1[1 + α, 1 − α; 2 − β; z] = 1,

(3.41)

where α = 1/(N + k) and β = N/(N + k). For completeness, we give a non-perturbative proof of this relation below. Following Fuchs [171], we combine the hypergeometric functions using identity (3) appearing on page 88 of Bailey [191]:

2F_1 a, b; z c 2F_1 a, b; z a + b − c + 1

=_4F_3 a, b,^1_2 (a + b + 1),^1_2 (a + b); w a + b, c, a + b − c + 1 , (3.42)

where w = 4z(1 − z). In the limit b = −a, there is a compensation between the upper argument (a + b)/2 and the lower argument a + b, and it follows that,

2F_1 α, −α; z β 2F_1 α, −α; z 1 − β = 1 2 + 1 2^3

F_2 α, −α,^1_2 ; w β, 1 − β . (3.43)

It also follows from equation (3.42) that,

2F_1 1 + α, 1 − α; z 1 + β 2F_1 1 + α, 1 − α; z 2 − β =_4F_3

1 + α, 1 − α,^3_2 , 1; w 1 + β, 2 − β, 2 . (3.44)

We may now use identity 17 on page 439 of Prudnikov, Brychov and Marichev [189],

pF_q (a_{p−1}), 1; z (b_{q−1}), 2 = z^{−1} q−1∏ j=1 (b_j − 1) p−1∏ k=1 (a_k − 1)^{−1} p^{−1} F_{q−1} (a_{p−1}) − 1; z (b_{q−1}) − 1 − 1

in order to reduce the order of the hypergeometric function appearing in (3.44):

4F_3

1 + α, 1 − α,^3_2 , 1; w 1 + β, 2 − β, 2 = w^{−1} β(1 − β) α(−α)(1/2) 3 F_2 α, −α,^1_2 ; w β, 1 − β − 1 . (3.45)

By combining the results (3.43), (3.44) and (3.45), and inserting the explicit forms of α and β, the relation (3.41) follows.

3.B Generalized Legendre Relation 86

3.B Generalized Legendre Relation

Theorem

E_N (z)K_N (1 − z) + E_N (1 − z)K_N (z) − K_N (z)K_N(1 − z) = π N sin ( π N ) . (3.46)

Proof Theorem (3.46) is commonly referred to as Legendre’s relation [70,187] (in the case N = 2) and is straightforwardly proven in the following manner. One may first differentiate the left hand side of equation (3.46) with respect to z, by means of the rather simple differentiation formulae for generalized complete elliptic integrals (A.21), in order to demonstrate that the combination of functions appearing is in fact a constant. In order to identify this constant one may develop the left hand side of equation (3.46) in a Laurent series expansion about z = 0 by means of the analytic continuation formulae for hypergeometric functions — see Appendix A. The first and last terms combine to give a contribution involving powers of z greater than or equal to unity, and thus the constant term arises from the expansion of E(1−z)K(z) alone. Combining the definitions (A.20) with the analytic continuation formula (A.16) — with z replaced by 1−z, and a = −1/N, b = 1/N, m = 1 — this constant is seen to be ( π N )_2 Γ(1)Γ(1) Γ(1 − 1/N)Γ(1 + 1/N) . Employing the facts that Γ(1) = 1 and Γ(1 − 1/N)Γ(1 + 1/N) = (π/N) sin(π/N) the result (3.46) follows.

Chapter 4

Conclusions

In this thesis we have employed the powerful tools of non-Abelian bosonization and logarithmic conformal field theory to study a model introduced by Nersesyan, Tsvelik and Wenger in the context of two-dimensional disordered d-wave superconductivity [27–29]. This model takes the form of a two-dimensional relativistic field theory of Dirac fermions interacting with a random non-Abelian su(N) gauge field. We have calculated the disorder averaged four-point correlation functions of the local density of states (LDoS) by means of three non-perturbative approaches. These are based on the commonly employed replica and supersymmetry methods, together with a third (model specific) approach valid in the limit of strong disorder. In the replica and strong disorder approaches the logarithmic features are encoded in the ^u(0)_N and the ^su(N)_{−2N} WZNW models respectively, whereas in the supersymmetric approach (with N = 2) they are described by the ^osp(2|2)_{−2} WZNW model. In contradistinction to earlier treatments, we have demonstrated that this ménage à trois of theoretical approaches leads to identical results.

x4.1 Simplifications

Considerable simplifications are observed to occur in the supersymmetric approach. In particular, the level k = −2 of the underlying ^osp(2|2)_k Kač–Moody algebra plays a crucial rôle: two generalized hypergeometric solutions of the third-order Knizhnik– Zamolodchikov equations (pertaining to the [0, 1/2] representation) reduce to (ordinary hypergeometric) complete elliptic integrals. Indeed, the Knizhnik–Zamolodchikov equations factorize, and it is possible to satisfy the stringent demands of the conformal bootstrap (single-valuedness and crossing symmetry) on a reduced subspace of functions. The decoupling of the third solution (or conformal block) is essential for the marriage of approaches presented in this thesis.

§4.2 Legendre’s Relation 88

We have demonstrated that the disorder averaged correlation functions of the non- Abelian Dirac fermion problem inherit their non-trivial logarithmic structure from the non-unitary minimal model with central charge c = −2. This theory describes the geometrical critical behaviour of dense polymers and has served as an illuminating example of a LCFT. In particular, a remarkably simple free field representation of the ^osp(2|2)_{−2} WZNW model is obtained by augmenting this c = −2 theory by compact and noncompact free bosons, without the use of screening operators. We have established a chiral correspondence between the primary fields of the supersymmetric model and the

ZN twist operators of the polymer theory, ‘dressed’ by exponentials (or vertex operators)

of the bosonic fields. Whilst this prescription has been used successfully to reproduce the chiral blocks of the ^osp(2|2)_{−2} WZNW model, we have thus far been unable to establish a general non-chiral operator correspondence. These non-chiral (or braiding) aspects deserve further investigation.

x4.2 Legendre’s Relation

The study of the non-Abelian Dirac fermion problem leads to a separation between the ‘active’ and ‘passive’ theories; the active degrees of freedom encode the non-trivial behaviour of the LDoS, whereas the ‘passive’ degrees of freedom represent the massive or decoupled Jacobian degrees of freedom. Considerations of the internal consistency of the various approaches has lead to natural relations for the mutual cancellation of logarithms between the ‘active’ and ‘passive’ LCFTs. In this pursuit, we have been aided by the Legendre relation in the theory of elliptic integrals. Moreover, our study of the general su(N) problem leads us to introduce generalizations of the complete elliptic integrals which furnish a corolloray to the Legendre relation. We have drawn attention to the fact that the Knizhnik–Zamolodchikov equations on non-simple groups may yield two independent solutions [171].

Whilst in the non-Abelian Dirac fermion problem, there is a clear separation between the ‘active’ and the ‘passive’ degrees of freedom, the requirement of the cancellation of logarithms suggest that there exist relations between them. In particular, the presence of the c = −2 theory may also be seen in all of them. It may be interesting to investigate whether these are connected to the notions of ‘level-rank’ duality and ‘conjugation’ duality: ^su(0)_N ↔ ^su(N)_0 ↔ ^su(N)_{−2N} [193]. Investigations of the supersymmetric ‘passive’ theory — the ^su(2)_0 WZNW model — and its relations to both the ^osp(2|2)_{−2} WZNW model and the c = −2 minimal model have been continued in references [178, 194]. It is a subject of considerable interest to investigate the extent to which these correspondences hold at the level of (logarithmic) currents [194].

§4.3 Outlook 89

x4.3 Outlook

In addition to the questions outlined above, there are quite naturally, a number of open questions and directions for further research.

We have applied the supersymmetry approach to the general su(N) non-Abelian Dirac fermion problem only in the case N = 2. It would be interesting to generalize the decomposition (2.36) further; the recent progress in this direction is more suited to the study of Dirac fermions in a random sp(N) potential [168]. In the light of our results obtained in the replica and strong disorder approaches, one anticipates that the generalized elliptic integrals will play a rôle here. In particular, they should provide a basis for an infinite series of logarithmic solutions to some (presently unknown) supersymmetric Knizhnik–Zamolodchikov equations. Indeed, a detailed and systematic construction of the invariant tensors and the Knizhnik–Zamolodchikov equations for Lie superalgebras is highly desirable.

In this thesis we have confined ourselves to the study of the LDoS. In particular we have not addressed the subject of conductivity [67]. In the light of recent connections between conductivity in the spin quantum Hall effect [18], and twist operators in percolation [19], one might endeavor to link dense polymer twist operators and conductivity in the Dirac fermion problem. Indeed, it is desirable to develop a simple picture which accounts for the emergence of twist operators, even at the level of the LDoS. In a somewhat more formal context, we note that twist operators arise in the conformal field theory of orbifolds, and it may be fruitful to investigate the rôle of logarithmic operators here — see §4.3 of reference [195].

An interesting (but potentially involved) project would be to investigate the structure of the multipoint correlation functions in the c = −2 minimal model and in the WZNW models studied here. Do the elliptic integrals indicate some underlying simplicity? Does the twist operator correspondence extend beyond the four-point functions? The detailed knowledge of such correlation functions is expected to shed light on the exact multifractal spectrum of the random non-Abelian Dirac fermion problem [48], and on the (lower) correlation functions of logarithmic currents in the WZNW models. We note that such non-trival logarithmic currents may play an important rôle in describing the plateau transitions in the integer quantum Hall effect [196]. It may also be illuminating to study the full operator content and character decompositions of many of the models discussed in this thesis.

We hope that we have convinced the reader that the non-Abelian Dirac fermion problem is an instructive example of a disordered critical point, linking apparently disparate approaches and theories.

Appendix A

Hypergeometric Series and Elliptic Integrals

“I do not wish to imply that the hypergeometric function is the only function about which mathematicians know anything. That is far from being true. There are other fertile valleys with which the wooden ploughs of the twentieth century can cope; but the valley inhabited by schoolboys, by engineers, by physicists, and by students of elementary mathematics, is the valley of the Hypergeometric Function, and it’s boundaries are (but for one or two small clefts explored by pioneers) virgin rock.” W. W. Sawyer, ‘Prelude to Mathematics’.

Hypergeometric Series

We gather here some useful properties of the hypergeometric series and their connections to the complete elliptic integrals. A good general reference is [70]. More details may be found in the monographs [191, 192] or in the various books on special functions [69, 188–190]. A generalized hypergeometric series is of the form (see [69] 9.14(1))

pF_q [a_1, . . ., a_p; b_1, . . ., b_q; z] = ∞∑ n=0 (a_1) . . .(a_p)_n (b_1)_n . . .(b_q)_n z^n n! (A.1)

where the so-called Pochammer symbol is defined as

(a)_n = a(a + 1) · · ·(a + n − 1) =

Γ(a + n) Γ(a)

(A.2)

When p = 2 and q = 1 we obtain the ordinary hypergeometric series. It is well known in the theory of elliptic integrals that (see [69] 8.113(1) and 8.114(1) and note our different conventions) K(z) = π 2^2

F_1

[_1 2 ,^1_2 ; 1; z ] E(z) = π 2^2

F_1 [ −^1_2 ,^1_2 ; 1; z ] (A.3)

where K(z) is the complete elliptic integral of the first kind and E(z) is the complete elliptic integral of the second kind^1 (see [69] 8.110(1) and the subsequent discussion) K(z) = ∫_1 0 1 √ (1 − x^2)(1 − zx^2) dx E(z) = ∫_1 0 √ 1 − zx^2 √ 1 − x^2 dx (A.4)

The elliptic integrals have rather simple properties under differentiation with respect to the parameter z (see [69] 8.123(2) and 8.132(4) and note our different conventions): dK(z) dz = E(z) − (1 − z)K(z) 2z(1 − z) dE(z) dz = E(z) − K(z) 2z (A.5)

Given the relations (A.3) it is possible to express many other hypergeometric functions in terms of the elliptic integrals. In particular, the definition (A.1) implies that 2F 0_1 [a_1, a_2; b_1; z] = a_1a_2 b_1^2

F_1 [a_1 + 1, a_2 + 1; b_1 + 1; z] (A.6)

and thus from (A.3) and (A.5) one obtains

2F_1

[_1 2 ,^3_2 ; 2; z ] = − 4 πz [E(z) − K(z)] (A.7)

Further, using the Gauss recursion formula (see [69] 9.137(3))

(2β − γ − βz + αz)_2F_1 [α, β; γ; z] + (γ − β)_2F_1 [α, β − 1; γ; z] +β(z − 1)_2F_1 [α, β + 1; γ; z] = 0 (A.8)

with α = β = 1/2, γ = 1, one finds that

2F_1

[_1 2 ,^3_2 ; 1; z ] = (1 − z)^{−1}_2F_1

[_1 2 , −^1_2 ; 1; z ] (A.9)

Recalling (A.3) we may recast this in terms of elliptic integrals

2F_1

[_1 2 ,^3_2 ; 1; z ] = 2E(z) π(1 − z) (A.10)

1Note that many texts on the theory of elliptic integrals (including Gradshteyn and Ryzhik [69]) denote the parameter z by k^2 - the so-called modulus. Although this is purely a mater of convention, we find it preferable to deal with functions of z, rather than k^2, or indeed √ k.

Quadratic Transformations and osp(2|2)_{−2}

Amongst the many relations satisfied by the ordinary hypergeometric functions are the quadratic transformations

2F_1[α, β; α + β +^1_2 ; 4z(1 − z)] =

2F_1[2α, 2β; α + β +^1_2 ; z] (a) 2F_1[2α, 2β; α + β +^1_2 ; 1 − z] (b)

(A.11)

where form (a) is valid inside the loop of the lemniscate |4z(1 − z)| = 1 surrounding z = 0, and form (b) is valid inside the loop surrounding z = 1 — see for example 4. (iii) and 4. (v) on page 97 of [191]. In particular, when applied to the ancillary function appearing in (2.163) with x = 4 (and α = −1/4, β = 3/4, γ = 1) one obtains

F^−_0 =

[z(1 − z)]^{−1/4}_2F_1 [ −^1_2 ,^3_2 ; 1; z ] (a) [z(1 − z)]^{−1/4}_2F_1 [ −^1_2 ,^3_2 ; 1; 1 − z ] (b) (A.12)

Using the Gauss recursion formula (see [69] 9.137(4))

γ_2F_1 [α, β − 1; γ; z] − γ_2F_1 [α − 1, β; γ; z] + (α − β)z_2F_1 [α, β; γ + 1; z] = 0 (A.13)

with α = 1/2, β = 3/2, γ = 1, together with the results (A.3) and (A.7) one finds that

2F_1 [ −^1_2 ,^3_2 ; 1; z ] = 2 π [2E(z) − K(z)] (A.14)

Substituting this result into (A.12) and recalling that the solutions to the osp(2|2)_{−2} Knizhnik–Zamolodchikov equation (2.106a) are obtained through the differential relation F_3 ∝ (1 − 4D)F^−_0 , one may utilize (A.5) and arrive at the solutions (2.118) stated in the text.

Analytic Continuation Formulae

We gather here some useful analytic properties of the hypergeometric function. • c = a + b 2F_1[a, b; a+b; z] =

Γ(a + b) Γ(a)Γ(b) ∞∑ n=0 (a)_n(b)_n (n!)^2

[ψ_n − ln(1 − z)](1 − z)^n

where ψ_n = 2ψ(n + 1) − ψ(n + a) − ψ(n + b)

(A.15)

• c = a + b + m for m = 1, 2, 3 · · ·

2F_1[a, b; a + b + m; z] =

Γ(m)Γ(a + b + m) Γ(a + m)Γ(b + m) m−1∑ n=0 (a)_n(b)_n n!(1 − m)_n (1 − z)^n

+ Γ(a + b + m) Γ(a)Γ(b)

(−1)^m(1 − z)^m ∞∑ n=0 (a + m)_n(b + m)_n

n!(n + m)!

[ψ_n − ln(1 − z)](1 − z)^n

where ψ_n = ψ(n + 1) + ψ(n + 1 + m) − ψ(n + a + m) − ψ(n + b + m)

(A.16)

Continuation of the Complete Elliptic Integrals

In this section we apply the previous formulae to the complete elliptic integrals. The complete elliptic integral of the first kind has the analytic continuation K(z) ≡ π 2^2

F_1[^1_2 ,^1_2 ; 1; z] = π 2 Γ(1) Γ(^1_2 )Γ(^1_2 ) ∞∑ n=0 (^1_2 )_n(^1_2 )_n

(n!)^2

[ψ_n − ln(1 − z)](1 − z)^n

= 1 2 ∞∑ n=0 (^1_2 )_n(^1_2 )_n (1)_nn!

[ψ_n − ln(1 − z)](1 − z)^n

= 1 2 [_∞ ∑ n=0 (^1_2 )_n(^1_2 )_n (1)_nn!

ψ_n(1 − z)^n − ln(1 − z)_2F_1[^1_2 ,^1_2 ; 1; 1 − z] ]

= 1 2 ∞∑ n=0 (^1_2 )_n(^1_2 )_n (1)_nn!

ψ_n(1 − z)^n − 1 π ln(1 − z)K(1 − z) (A.17)

where ψ_n = 2[ψ(n + 1) − ψ(n +^1_2 )]. The complete elliptic integral of the second kind has the analytic continuation E(z) ≡ π 2^2

F_1[−^1_2 ,^1_2 ; 1; z] = π 2 [ Γ(1)Γ(1) Γ(^1_2 )Γ(^3_2 ) + Γ(1) Γ(−^1_2 )Γ(^1_2 )

(1 − z) ∞∑ n=0 (^1_2 )_n(^3_2 )_n n!(2)_n

[ln(1 − z) − ψ_n](1 − z)^n ]

= 1 − 1 4 (1 − z) ∞∑ n=0 (^1_2 )_n(^3_2 )_n n!(2)_n

[ln(1 − z) − ψ_n](1 − z)^n

= 1 − 1 4 (1 − z) [ ln(1 − z)_2F_1[^1_2 ,^3_2 ; 2; 1 − z] − ∞∑ n=0 (^1_2 )_n(^3_2 )_n n!(2)_n ψ_n(1 − z)^n ]

= 1 + ln(1 − z) π [Ẽ(z) − K̃(z)] +

(1 − z) 4 ∞∑ n=0 (^1_2 )_n(^3_2 )_n n!(2)_n ψ_n(1 − z)^n (A.18) where ψ_n = ψ(n + 1) + ψ(n + 2) − ψ(n +^1_2 ) − ψ(n +^3_2 ), and we have used the fact that (n + 1)! = (2)_n together with the result that

2F_1[^1_2 ,^3_2 ; 2; 1 − z] = 4 d dz^2 F_1[−^1_2 ,^1_2 ; 1; 1 − z] = 8 π d dz E(1 − z) = − 4 π [E(1 − z) − K(1 − z)] 1 − z . (A.19)

Generalized Elliptic Integrals

In the course of our study of the random su(N) Dirac fermion problem, we have found it convenient to define the following generalizations of the complete elliptic integrals: K_N (z) ≡ π N^2

F_1 [ 1 −^1_N ,^1_N ; 1; z ] E_N (z) ≡ π N^2

F_1 [ −^1_N ,^1_N ; 1; z ] . (A.20)

The generalized elliptic integrals have rather simple properties under differentiation with respect to the parameter z: dK_N (z) dz = E_N (z) − (1 − z)K_N (z) Nz(1 − z) dE_N (z) dz = E_N (z) − K_N (z) Nz . (A.21)

Using the analytic continuation formulae for the hypergeometric series, it is easily seen that the generalized elliptic integrals have the following nontrivial monodromy properties:

C_0K̃_N (z) = K̃_N (z) − a_N K_N (z) (A.22) C_0Ẽ_N (z) = Ẽ_N (z) + a_N [E_N(z) − K_N (z)] (A.23) C_1K_N (z) = K_N (z) − a_N K̃_N (z) (A.24) C_1E_N (z) = E_N (z) + a_N [Ẽ_N(z) − K̃_N (z)] (A.25)

where a_N = 2i sin(π/N), together with the trivial transformations C_0K_N (z) = K_N (z), C_1K̃_N (z) = K̃_N (z), and similarly for E_N . The reader may find the identities Γ(1 + x) = xΓ(x), and Γ(1 − x)Γ(x) = π/ sin(π/x) helpful.

Bibliography

[1] B. Huckestein, Scaling Theory of the Integer Quantum Hall Effect, Rev. Mod.

Phys. 67, 357–396 (1995), cond-mat/9501106.

[2] H. Levine, S. B. Libby and A. M. M. Pruisken, Electron Delocalization by a Magnetic-Field in Two Dimensions, Phys. Rev. Lett. 51, 1915–1918 (1983).

[3] A. M. M. Pruisken, On Localization in the Theory of The Quantized Hall Effect — A Two Dimensional Realization of the Theta Vacuum, Nucl. Phys. B235, 277–298 (1984).

[4] H. A. Weidenmuller, Single Electron in a Random Potential and a Strong Magnetic Field, Nucl. Phys. B290, 87–110 (1987).

[5] J. T. Chalker and P. D. Coddington, Percolation, Quantum Tunnelling and the Integer Hall-Effect, J. Phys. C 21(14), 2665–2679 (1987).

[6] N. Read, unpublished.

[7] J. Kondev and J. B. Marston, Supersymmetry and Localization in the Quantum Hall Effect, Nucl. Phys. B497, 639–657 (1997), cond-mat/9612223.

[8] M. R. Zirnbauer, Toward’s a Theory of the Integer Quantum Hall Transition — From The Nonlinear Sigma Model to Superspin Chains, Annalen der Physik 3, 513–577 (1994), cond-mat/9410040.

[9] M. R. Zirnbauer, Toward a Theory of the Integer Quantum Hall Transition: Continuum Limit of the Chalker–Coddington Model, J. Math. Phys. 38(4), 2007–2036 (1997), cond-mat/9701024.

[10] M. R. Zirnbauer, Toward a Theory of the Integer Quantum Hall Transition: Continuum Limit of the Chalker–Coddington Model (vol 38, pg 2007, 1997), J. Math. Phys. 40(4), 2197–2197 (1999).

[11] M. R. Zirnbauer, Conformal Field Theory of the Integer Quantum Hall Effect,

hep-th/9905054.

[12] M. J. Bhaseen, I. I. Kogan, O. A. Soloviev, N. Taniguchi and A. M. Tsvelik, Towards a Field Theory of the Plateau Transitions in the Integer Quantum Hall Effect, Nucl. Phys. B580, 688–720 (2000), cond-mat/9912060.

[13] A. W. W. Ludwig, M. P. A. Fisher, R. Shankar and G. Grinstein, Integer Quantum Hall Transition: An Alternative Approach and Exact Results, Phys. Rev. B 50(11), 7526 (1994).

[14] C. Mudry, B. D. Simons and A. Altland, Random Dirac Fermions and Non- Hermitian Quantum Mechanics, Phys. Rev. Lett. 80, 4257 (1998), cond-mat/

9712103.

[15] C. Mudry, B. Simons and A. Altland, Random Dirac Fermions and Non-Hermitian Quantum Mechanics (vol 80, pg 4257, 1998), Phys. Rev. Lett. 85(15), 3334–3334 (2000).

[16] A. Altland, B. D. Simons and M. R. Zirnbauer, Theories of Low-Energy Quasi- Particle States in Disordered d-Wave Superconductors, cond-mat/0006362.

[17] S. Guruswamy, A. LeClair and A. W. W. Ludwig, gl(N|N) Super-Current Algebras for Disordered Dirac Fermions in Two Dimensions, Nucl. Phys. B583, 475–512 (2000), cond-mat/9909143.

[18] I. A. Gruzberg, A. W. W. Ludwig and N. Read, Exact Exponents for the Spin Quantum Hall Transition, Phys. Rev. Lett. 82, 4524 (1999), cond-mat/9902063.

[19] J. Cardy, Linking Numbers for Self-avoiding Loops and Percolation: Application to the Spin Quantum Hall Transition, Phys. Rev. Lett. 84(16), 3507–3510 (2000),

cond-mat/9911457.

[20] V. Gurarie and A. W. W. Ludwig, Conformal Algebras of 2D Disordered Systems,

cond-mat/9911392.

[21] I. A. Gruzberg, N. Read and A. W. W. Ludwig, Random-bond Ising Model in Two Dimensions, the Nishimori Line, and Supersymmetry, Phys. Rev. B 63, 104422 (2001), cond-mat/0007254.

[22] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite Conformal Symmetry in Two-Dimensional Quantum Field Theory, Nucl. Phys. B241, 333 (1984).

[23] P. D. Francesco, P. Mathieu and D. Sénéchal, Conformal Field Theory, Springer (1997).

[24] S. V. Ketov, Conformal Field Theory, World Scientific (1995).

[25] H. Bethe, Zur Theorie der Metalle I. Eigenwerte und Eigenfuncktionen der Linearen Atomkette, Zeitschrift für Physik 71, 205–226 (1931).

[26] V. E. Korepin, N. M. Bogoliubov and A. G. Izegrin, Quantum Inverse Scattering Method and Correlation Functions, Cambridge Monographs on Mathematical Physics, Cambridge University Press (1993).

[27] A. A. Nersesyan, A. M. Tsvelik and F. Wenger, Disorder Effects in Twodimensional d-wave Superconductors, Phys. Rev. Lett. 72(16), 2628 (1994).

[28] A. A. Nersesyan, A. M. Tsvelik and F. Wenger, Disorder Effects in Twodimensional Fermi Systems With Conical Spectrum: Exact Results For the Density of States, Nucl. Phys. B438, 561–588 (1995).

[29] A. M. Tsvelik, An Exactly Solvable Model of Fermions with Disorder, cond-mat/

9409039.

[30] C. C. Tsuei, J. R. Kirtley, C. C. Chi, L. S. Y-Jahnes, A. Gupta, T. Shaw, J. Z.

Sun and M. B. Ketchen, Pairing Symmetry and Flux Quantization in a Tricrystal Superconducting Ring of YBa_2Cu_3O_{7−δ}, Phys. Rev. Lett. 73(4), 593–596 (1994).

[31] D. A. Wollman, D. J. V. Harlingen, J. Giapintzakis and D. M. Ginsberg, Evidence for d_x2_{−y}2 Pairing from the Magnetic Field Modulation of YBa_2Cu_3O_7�Pb, Phys. Rev. Lett. 74(5), 797–800 (1995).

[32] L. P. Gor’kov and P. A. Kalugin, Defects and Unusual Superconductivity, Pis’ma Zh. Eksp. Teor. Fiz. 41(5), 208 (1985), [JETP Lett. 41, 253, (1985)].

[33] P. A. Lee, Localized States in a d-Wave Superconductor, Phys. Rev. Lett. 71(12), 1887–1890 (1993).

[34] K. Ziegler, M. H. Hettler and P. J. Hirshfeld, Nonzero Fermi Level Density of States for a Disordered d-Wave Superconductor in Two Dimensions, Phys. Rev. Lett. 77(14), 3013–3016 (1996).

[35] K. Ziegler, M. H. Hettler and P. J. Hirshfeld, Lower bound for the Fermi-Level density of states of a disordered d-wave superconductor in two dimensions, Phys. Rev. B 57(17), 10825–10830 (1998).

[36] T. Senthil, M. P. A. Fisher, L. Balents and C. Nayak, Quasiparticle Transport and Localization in High-T_c Superconductors, Phys. Rev. Lett. 81(21), 4704–4707 (1998).

[37] C. Pépin and P. A. Lee, Nonmagnetic Impurities in the Spin-Gap Phase of the Cuprates, Phys. Rev. Lett. 81(13), 2779–2782 (1998).

[38] C. Pépin and P. A. Lee, Density of States of a d-wave Superconductor in the Presence of Strong Impurity Scatterers: a Non Perturbative Result, cond-mat/000227.

[39] A. Altland, Spectral and Transport Properties of d-Wave Superconductors with Strong Impurities, cond-mat/0108079.

[40] J.-S. Caux, I. I. Kogan and A. M. Tsvelik, Logarithmic Operators and Hidden Continuous Symmetry in Critical Disordered Models, Nucl. Phys. B466, 444 (1996),

hep-th/9511134.

[41] C. Mudry, C. Chamon and X.-G. Wen, Two-dimensional Conformal Field Theory for Disordered Systems at Criticality, Nucl. Phys. B466, 383 (1996),

cond-mat/9509054.

[42] I. I. Kogan, C. Mudry and A. M. Tsvelik, The Liouville Theory as a Model for Prelocalized States in Disordered Conductors, Phys. Rev. Lett. 77, 707 (1996),

cond-mat/9602163.

[43] J.-S. Caux, N. Taniguchi and A. M. Tsvelik, Termination of Multifractal Behaviour for Critical Disordered Dirac Fermions, Phys. Rev. Lett 80, 1276 (1998),

cond-mat/9711109.

[44] J.-S. Caux, N. Taniguchi and A. M. Tsvelik, Disordered Dirac Fermions: Multifractality Termination and Logarithmic Conformal Field Theories, Nucl. Phys. B525, 671–696 (1998), cond-mat/9801055.

[45] J.-S. Caux, Exact Multifractality for Disordered N-Flavour Dirac Fermions in Two Dimensions, Phys. Rev. Lett. 81, 4196 (1998), cond-mat/9804133.

[46] D. Bernard, (Perturbed) Conformal Field Theory Applied to 2D Disordered Systems: An Introduction, in Low-dimensional Applications of Quantum Field Theory, NATO ASI Series B: Physics, Vol. 362, Plenum Press (1997), hep-th/

9509137.

[47] I. Ichinose, Supersymmetry on a Lattice and Dirac Fermions in a Random Vector Potential, Nucl. Phys. 575, 613–626 (2000), cond-mat/9908315.

[48] J.-S. Caux, Multifractality for Disordered Fermions: from a Logarithmic Conformal Field Theory to an Exact Solution, D. Phil. thesis, University of Oxford, Theoretical Physics (1998).

[49] S. F. Edwards and P. W. Anderson, Theory of Spin Glasses, J. Phys. F 5, 965 (1975).

[50] K. B. Efetov, Supersymmetry and Theory of Disordered Metals, Adv. Phys. 32(1), 53–127 (1983).

[51] K. Efetov, Supersymmetry in Disorder and Chaos, Cambridge University Press (1997).

[52] D. Bernard and A. LeClair, Spin-Charge Separation and the Spin Quantum Hall Effect, cond-mat/003075.

[53] Z. Maassarani and D. Serban, Non-unitary Conformal Field Theory and Logarithmic Operators for Disordered Systems, Nucl. Phys. B489, 603 (1997),

hep-th/9605062.

[54] M. J. Bhaseen, Legendre’s Relation and the Quantum Equivalence osp(4|4)_1 = osp(2|2)_{−2} ⊕ su(2)_0, Nucl. Phys. B604, 537–550 (2001), cond-mat/0011229.

[55] M. J. Bhaseen, J.-S. Caux, I. I. Kogan and A. M. Tsvelik, Disordered Dirac Fermions: the Marriage of Three Different Approaches, cond-mat/0012240.

[56] M. J. Bhaseen, Random Dirac Fermions: The su(N) Gauge Potential and Z_N Twists, cond-mat/0012420.

[57] J. J. M. Verbaarschot and M. R. Zirnbauer, Critique of the Replica Trick, J. Phys.

A 18(7), 1093–1109 (1985).

[58] M. R. Zirnbauer, Another Critique of the Replica Trick, cond-mat/9903338.

[59] A. Kamenev and M. Mezard, Wigner–Dyson Statistics from the Replica Method, J. Phys. A 32(24), 4373–4388 (1999), cond-mat/9901110.

[60] A. Kamenev and M. Mezard, Level Correlations in Disordered Metals: the Replica Sigma-Model, Phys. Rev. B 60(6), 3944–3954 (1999), cond-mat/9903001.

[61] A. W. W. Ludwig, A Free Field Representation of the osp(2|2) Current Algebra at Level k = −2, and Dirac Fermions in a Random su(2) Gauge Potential,

cond-mat/0012189.

[62] H. Saleur, Polymers and Percolation in Two Dimensions and Twisted N = 2 Supersymmetry, Nucl. Phys. B382, 486 (1992), hep-th/9111007.

[63] E. V. Ivashkevich, Correlation Functions of Dense Polymers and c = −2 Conformal Field Theory, J. Phys. A32, 1691 (1999), cond-mat/9801183.

[64] V. Gurarie, Logarithmic Operators in Conformal Field Theory, Nucl. Phys. B410, 535 (1993), hep-th/9303160.

[65] H. G. Kausch, Curiosities at c = −2, hep-th/9510149.

[66] V. Gurarie, M. Flohr and C. Nayak, The Haldane–Rezayi Quantum Hall State and Conformal Field Theory, Nucl. Phys. B498, 513 (1997), cond-mat/9701212.

[67] M. J. Bhaseen, J.-S. Caux, I. I. Kogan and A. M. Tsvelik, Disordered Dirac Fermions: Three Different Approaches, in New Theoretical Approaches to Strongly Correlated Systems, edited by A. M. Tsvelik, vol. 23 of NATO Science Series II: Mathematics, Physics and Chemistry, 173–203, Kluwer Academic Publishers (2001).

[68] V. G. Knizhnik and A. B. Zamolodchikov, Current Algebra and Wess–Zumino Model in Two Dimensions, Nucl. Phys. B247, 83 (1984).

[69] I. S. Gradshteyn and I. M. Ryzhik, Tables of Integrals, Series, and Products, Academic Press (1965).

[70] E. T. Whittaker and G. N. Watson, A Course of Modern Analysis, Cambridge University Press (1952).

[71] H. E. Stanley, Introduction to Phase Transitions and Critical Phenomena, Oxford University Press (1971).

[72] C. Domb and M. S. Green, eds., Phase Transitions and Critical Phenomena, vol.

1-6, Academic Press (1972-1976).

[73] C. Domb and J. Lebowitz, eds., Phase Transitions and Critical Phenomena, vol.

7-20, Academic Press (1983-2000).

[74] J. J. Binney, N. J. Dowrick, A. J. Fisher and M. E. J. Newman, The Modern Theory of Critical Phenomena, Clarendon Press, Oxford (1992).

[75] J. Cardy, Scaling and Renormalization in Statistical Physics, Cambridge University Press (1996).

[76] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, no. 92 in International Series of Monographs on Physics, Oxford University Press (1996).

[77] A. M. Polyakov, Conformal Symmetry of Critical Fluctuations, ZhETF Pis. Red.

12(11), 538–541 (1970).

[78] A. A. Belavin, A. M. Polyakov and A. B. Zamolodchikov, Infinite Conformal Symmetry of Critical Fluctuations in Two Dimensions, Journal of Statistical Physics 34, 763–774 (1984).

[79] J. Cardy, Logarithmic Correlations in Quenched Random Magnets and Polymers,

cond-mat/9911024.

[80] T. Davis and J. Cardy, Correlated Correlation Functions in Random-bond Ferromagnets, Nucl. Phys. B570, 713–725 (2000), cond-mat/9911083.

[81] S. Coleman, Quantum Sine-Gordon Equation as the Massive Thirring Model, Phys. Rev. D 11(8), 2088–3030 (1975).

[82] S. Mandalstam, Soliton Operators for the Quantized Sine-Gordon Equation, Phys.

Rev. D 11(10), 3026–3030 (1975).

[83] D. C. Mattis, New Wave-Operator Identity Applied to the Study of Persistent Currents in 1D, J. Math. Phys. 15(5), 609–612 (1974).

[84] A. Luther and I. Peschel, Single-Particle States, Kohn anomaly, and Pairing Fluctuations in One Dimension, Phys. Rev. D 9(7), 2911–2919 (1974).

[85] A. Luther and V. J. Emery, Backward Scattering in the One-Dimensional Electron Gas, Phys. Rev. Lett. 33(10), 589–592 (1974).

[86] M. Stone, ed., Bosonization, World Scientific (1994).

[87] A. O. Gogolin, A. A. Nersesyan and A. M. Tsvelik, Bosonization in Strongly Correlated Systems, Cambridge University Press (1999).

[88] A. M. Polyakov and P. B. Wiegmann, Theory of Non-Abelian Goldstone Bosons in Two Dimensions, Phys. Lett. 131B, 121 (1983).

[89] A. M. Polyakov and P. B. Wiegmann, Goldstone Fields in Two-Dimensions with Multivalued Actions, Phys. Lett. 141B, 223 (1984).

[90] P. B. Wiegmann, On the Theory of Nonabelian Goldstone Bosons in Two Dimenions: Exact Solution of the O(3) Nonlinear Sigma Model, Phys. Lett. B141, 217 (1984).

[91] P. Wiegmann, Exact Factorized S Matrix of the Chiral Field in Two-Dimensions, Phys. Lett. B142, 173–176 (1984).

[92] E. Witten, Nonabelian Bosonization, Commun. Math. Phys. 92, 455 (1984).

[93] I. Affleck, Exact Critical Exponents for Quantum Spin Chains, Non-Linear σ- Models at θ = π and the Quantum Hall Effect, Nucl. Phys. B265, 409–447 (1996).

[94] J. Fuchs, Affine Lie Algebras and Quantum Groups, Cambridge University Press (1992).

[95] A. M. Tsvelik, Quantum Field Theory in Condensed Matter Physics, Cambridge University Press (1995).

[96] P. Ginsparg, Applied Conformal Field Theory, in Fields, Strings and Critical Phenomena, edited by E. Brézin and J. Zinn-Justin, vol. XLIX of Les Houches 1988 , 1–168, North-Holland (1990).

[97] J. Cardy, Conformal Invariance and Statistical Mechanics, in Fields, Strings and Critical Phenomena, edited by E. Brézin and J. Zinn-Justin, vol. XLIX of Les Houches 1988 , 169–245, North-Holland (1990).

[98] A. B. Zamolodchikov, Irreversibility of the Flux of the Renormalization Group in a 2D Field Theory, JETP Lett. 43, 731 (1986).

[99] J. L. C. H W J Blöte and M. P. Nightingale, Conformal Invariance, the Central Charge, and Universal Finite-Size Amplitudes at Criticality, Phys. Rev. Lett. 56, 742 (1986).

[100] I. Affleck, Universal Term in the Free Energy at a Critical Point and the Conformal Anomaly, Phys. Rev. Lett. 56, 746 (1986).

[101] V. S. Dotsenko and V. A. Fateev, Conformal Algebra and Multipoint Correlation Functions in 2D Statistical Models, Nucl. Phys. B240, 312–348 (1984).

[102] V. S. Dotsenko and V. A. Fateev, Four-Point Correlation Functions and the Operator Algebra in 2D Conformal Invariant Theories with Central Charge C ≤ 1, Nucl. Phys. B251, 691–734 (1985).

[103] J. Wess and B. Zumino, Consequences of Anomalous Ward Identities, Phys. Lett.

37B, 95 (1971).

[104] S. P. Novikov, Multivalued Functions and Functionals. An Analogue of Morse Theory, Sov. Math. Dock. 24, 222 (1981).

[105] P. Goddard and D. Olive, Kac–Moody and Virasoro Algebras in Relation to Quantum Physics, Int. J. Mod. Phys. A1, 303 (1986).

[106] P. Goddard and D. Olive, Kac–Moody Algebras, Conformal Symmetry and Critical Exponents, Nucl. Phys. B257, 226 (1985).

[107] L. Rozansky and H. Saleur, S and T Matrices for the Super U(1, 1) WZW model.

Application to Surgery and 3-manifold Invariants Based on the Alexander Conway Polynomial, Nucl. Phys. B389, 365 (1993), hep-th/9203069.

[108] L. Frappat, P. Sorba and A. Sciarrio, Dictionary on Lie Superalgebras, hep-th/

9607161.

[109] I. I. Kogan and A. M. Tsvelik, Logarithmic Operators in the Theory of Plateau Transition, Mod. Phys. Lett. A15, 931–938 (2000), hep-th/9912143.

[110] M. J. Bhaseen, J.-S. Caux, I. I. Kogan and A. M. Tsvelik, in preparation.

[111] A. Bilal and I. I. Kogan, Gravitationally Dressed Conformal Field Theory and Emergence of Logarithmic Operators, PUPT-1482 (unpublished), hep-th/

9407151.

[112] A. Bilal and I. I. Kogan, On Gravitational Dressing of 2D Field Theories in Chiral Gauge, Nucl. Phys. B449, 569 (1995), hep-th/9503209.

[113] M. Flohr, On Modular Invariant Partition Functions of Conformal Field Theory, Int. J. Mod. Phys. A11, 4147–4172 (1996), hep-th/9509166.

[114] A. Shafiekhani and M. R. R. Tabar, Logarithmic Operators in Conformal Field Theory and the W_∞-algebra, Int. J. Mod. Phys. A12, 3723–3738 (1997),

hep-th/9604007.

[115] M. Flohr, On Fusion Rules in Logarithmic Conformal Field Theories, Int. J. Mod.

Phys. A12, 1943–1958 (1997), hep-th/9605151.

[116] M. R. Gaberdiel and H. G. Kausch, A Rational Logarithmic Conformal Field Theory, Phys. Lett. B386, 131–137 (1996), hep-th/9606050.

[117] J.-S. Caux, I. Kogan, A. Lewis and A. M. Tsvelik, Logarithmic Operators and Dynamical Extension of the Symmetry Group in the Bosonic su(2)_0 and SUSY su(2)_2 WZNW Models, Nucl. Phys. B489, 469–484 (1997), hep-th/9606138.

[118] M. R. R. Tabar, A. Aghamohammadi and M. Khorrami, The Logarithmic Conformal Field Theories, Nucl. Phys. B497, 555–566 (1997), hep-th/9610168.

[119] A. Aghamohammadi, A. Alimohammadi and M. Khorrami, A Pseudo-Conformal Representation of the Virasoro Algebra, Mod. Phys. Lett. A12, 1349–1353 (1997),

hep-th/9611009.

[120] F. Rohsiepe, On Reducible but Indecomposable Representations of the Virasoro Algebra, hep-th/9611160.

[121] A. M. Ghezelbash and V. Karimipour, Global Conformal Invariance in D- Dimensions and Logarithmic Correlation Functions, Phys. Lett. B402, 282–289 (1997), hep-th/9704082.

[122] I. Kogan and A. Lewis, Origin of Logarithmic Operators in Conformal Field Theories, Nucl. Phys. B509, 687–704 (1998), hep-th/9705240.

[123] M. R. R. Tabar and S. Rouhani, Zamolodchikov’s C-Theorem and the Logarithmic Conformal Field Theory, Phys. Lett. B431, 85–89 (1998), hep-th/9707060.

[124] M. Flohr, Singular Vectors in Logarithmic Conformal Field Theories, Nucl. Phys.

B514, 523–552 (1998), hep-th/9707090.

[125] M. Khorrami, A. Aghamohammadi and M. R. R. Tabar, Logarithmic Conformal Field Theories with Continuous Weights, Phys. Lett. B419, 179–185 (1998),

hep-th/9711155.

[126] I. I. Kogan and A. Lewis, Vacuum Instability in Chern-Simons Theory, Null Vectors and Two-Dimensional Logarithmic Operators, Phys. Lett. B431, 77–84 (1998), hep-th/9802102.

[127] N. E. Mavromatos and R. J. Szabo, Gradient Flow in Logarithmic Conformal Field Theory, Phys. Lett. B430, 94–101 (1998), hep-th/9803092.

[128] A. M. Ghezelbash, M. Khorrami and A. Aghamohammadi, Logarithmic Conformal Field Theories and AdS Correspondence, Int. J. Mod. Phys. A14, 2581–2592 (1999), hep-th/9807034.

[129] M. R. Gaberdiel and H. G. Kausch, A Local Logarithmic Conformal Field Theory, Nucl. Phys. B538, 631 (1999), hep-th/9807091.

[130] V. Gurarie, c-Theorem for Disordered Systems, Nucl. Phys. B546, 765 (1999),

cond-mat/9808063.

[131] K. Kaviani and A. M. Ghezelbash, Quantizing Field Theories in Noncommutative Geometry and the Correspondence Between Anti de Sitter Space and Conformal Field Theory, Phys. Lett. B469, 81–86 (1999), hep-th/9902104.

[132] I. I. Kogan, Singletons and Logarithmic CFT in ADS/CFT Correspondence, Phys.

Lett. B458, 66–72 (1999), hep-th/9903162.

[133] Y. S. Myung and H. W. Lee, Gauge Bosons and the AdS_3/LCFT_2 Correspondence, JHEP 9910, 009 (1999), hep-th/9904056.

[134] Sanjay, On Direct and Crossed Channel Asymptotics of Four-Point Functions in AdS/CFT Correspondence, Mod. Phys. Lett. A14, 1413–1420 (1999), hep-th/

9906099.

[135] S. Moghimi-Araghi and S. Rouhani, Logarithmic Conformal Field Theories Near a Boundary, Lett. Math. Phys. 53, 49–57 (2000), hep-th/0002142.

[136] H. G. Kausch, Symplectic Fermions, Nucl. Phys. B570, 699 (2000), hep-th/

0003029.

[137] I. I. Kogan and J. F. Wheater, Boundary Logarithmic Conformal Field Theory, Phys. Lett. B486, 353 (2000), hep-th/0003184.

[138] H. Hata and S. Yamaguchi, Logarithmic Behaviours in the Feigin-Fuchs Construction of the c = −2 Conformal Field Theory, Phys. Lett. B482, 283–286 (2000),

hep-th/0004189.

[139] A. Nichols and Sanjay, Logarithmic Operators in the SL(2, R) WZNW Model, Nucl. Phys. B597, 633–651 (2001), hep-th/0007007.

[140] F. Kheirandish and M. Khorrami, Two-dimensional Fractional Supersymmetric Conformal and Logarithmic Conformal Field Theories and the Two Point Functions, hep-th/0007073.

[141] S. Moghimi-Araghi, S. Rouhani and M. Saadat, Logarithmic Conformal Field Theory Through Nilpotent Conformal Dimensions, hep-th/0008165.

[142] M. A. I. Flohr, Null Vectors in Logarithmic Conformal Field Theory, hep-th/

0009137.

[143] N. E. Mavromatos and R. J. Szabo, Matrix D-brane Dynamics, Logarithmic Operators and Quantization of Noncommutative Spacetime, Phys. Rev. D59, 104018 (1999), hep-th/9808124.

[144] N. E. Mavromatos and R. J. Szabo, D-branes and the Non-commutative Structure of Quantum Spacetime, hep-th/9811116.

[145] J. Ellis, N. E. Mavromatos and E. Winstanley, Logarithmic Operators Fold D branes into AdS_3, Phys. Lett. B476, 165–171 (2000), hep-th/9909068.

[146] A. Campbell-Smith and N. E. Mavromatos, D-Brane Recoil and Supersymmetry Obstruction, Phys.Lett. B488, 199–206 (2000), hep-th/0003262.

[147] N. E. Mavromatos and E. Winstanley, D-particle Recoil Space Times and ”Glueball” Masses, Int. J. Mod. Phys. A16, 251–266 (2001), hep-th/0006022.

[148] G. K. Leontaris and N. E. Mavromatos, A Novel Mass Hierarchy and Discrete Excitation Spectra from Quantum-Fluctuating D-branes, hep-th/0011102.

[149] A. Cappelli, P. Valtancoli and L. Vergnano, Isomonodromic Properties of the Seiberg–Witten Solution, Nucl. Phys. B524, 469–501 (1998), hep-th/9710248.

[150] M. Flohr, Logarithmic Conformal Field Theory and Seiberg–Witten Models, Phys.

Lett. B444, 179–189 (1998), hep-th/9808169.

[151] M. R. R. Tabar and S. Rouhani, The Alf’ven Effect and Conformal Field Theory, Nuovo Cim. B112, 1079–1084 (1997), hep-th/9507166.

[152] M. Flohr, 2-Dimensional Turbulence: Yet Another Conformal Field Theory Solution, Nucl. Phys. B482, 567–578 (1996), hep-th/9606130.

[153] M. R. R. Tabar and S. Rouhani, A Logarithmic Conformal Field Theory Solution For Two Dimensional Magnetohydrodynamics In Presence of the Alf’ven Effect, Europhys. Lett. 37, 447–451 (1997), hep-th/9606143.

[154] M. R. R. Tabar and S. Rouhani, Logarithmic Correlation Functions in Two Dimensional Turbulence, hep-th/9606154.

[155] S. Skoulakis and S. Thomas, Logarithmic Conformal Field Theory Solutions of Two Dimensional Magnetohydrodynamics, Phys. Lett. B438, 301 (1998),

cond-mat/9802040.

[156] E. L. Ince, Ordinary Differential Equations, Dover Publications, Inc (1956).

[157] C. M. Ho and J. T. Chalker, Models for the Integer Quantum Hall Effect: the Network Model, the Dirac Equation, and a Tight-Binding Hamiltonian, Phys. Rev. B54, 8708 (1996), cond-mat/9605073.

[158] X.-G. W. C de C Chamon, C Mudry, Negative Dimensional Operators in the Disordered Critical Points of Dirac Fermions, Phys. Rev. B 53, R7638 (1996),

cond-mat/9501066.

[159] H. E. Castillo, C. de Chamon, E. Fradkin, P. M. Goldbart and C. Mudry, Exact Calculation of Multifractal Exponents of the Critical Wave Function of Dirac Fermions in a Random Magnetic Field, Phys. Rev. B56, 10668 (1997),

cond-mat/9706084.

[160] Y. Morita and Y. Hatsugai, Near Critical States of Random Dirac Fermions,

cond-mat/9705192.

[161] V. Gurarie, Disorder Induced Phase Transition for Random 2D Dirac Fermions,

cond-mat/9907502.

[162] M. Bocquet, D. Serban and M. R. Zirnbauer, Disordered 2D Quasiparticles in Class D: Dirac Fermions with Random Mass and, Dirty Superconductors, Nucl. Phys. (2000).

[163] S. Ryu and Y. Hatsugai, Numerical Replica Limit for the Density Correlation of the Random Dirac Fermion, cond-mat/0012218.

[164] A. LeClair, Strong Coupling Fixed Points of Current Interactions and Disordered Fermions in 2D, cond-mat/0011413.

[165] I. Ichinose, Multi-flavor Dirac fermions in a Random Vector Potential: Lattice Supersymmetry and Localization, cond-mat/0107447.

[166] S. Ryu and Y. Hatsugai, Singular Density of States of Disordered Dirac Fermions in the Chiral Models, cond-mat/0107516.

[167] B. Horovitz and P. L. Doussal, Freezing Transitions and the Density of States of 2D Random Dirac Hamiltonians, cond-mat/0108143.

[168] D. Bernard, N. Regnault and D. Serban, Large N Spin Quantum Hall Effect,

cond-mat/0104506.

[169] J. R. Schrieffer, Theory of Superconductivity, W A Benjamin (1964).

[170] Y. Frishman and J. Sonnenschein, Bosonization and QCD in Two Dimensions, Physics Reports 223(6), 309 (1993), hep-th/9207017.

[171] J. Fuchs, Free Fermions and WZW Theories on Nonsimple Groups, Z. Phys. C 35, 89–95 (1987).

[172] K. A. Fisher and J. A. Hertz, Spin Glasses, no. 1 in Cambridge Studies in Magnetism, Cambridge University Press (1991).

[173] K. Gawedzki and A. Kupianen, Coset Construction from Functional-Integrals, Nucl. Phys. B320, 625–668 (1989).

[174] J. Rasmussen, Free Field Realizations of Affine Current Superalgebras, Screening Currents and Primary Fields, Nucl. Phys. B510, 688–720 (1998), hep-th/

9706091.

[175] D. Friedan, E. Martinec and S. Shenker, Conformal-Invariance, Supersymmetry and String Theory, Nucl. Phys. B271, 93–165 (1986).

[176] M. Scheunert, W. Nahm and V. Rittenberg, Irreducible Representations of the osp(2,1) and spl(2,1) Graded Lie Algebras, Journal of Mathematical Physics 18(1), 155 (1977).

[177] A. M. Semikhatov and I. Y. Tipunin, sl(2)_{−4} WZW Model as an N=4 Supersymmetric Bosonic String with c = −2 Matter, Int. J. Mod. Phys. A11, 2721–2748 (1996), hep-th/9512092.

[178] I. I. Kogan and A. Nichols, SU(2)_0 and OSp(2|2)_{−2} WZNW models : Two Current Algebras, One Logarithmic CFT , hep-th/0107160.

[179] J. M. Isidro and A. V. Ramallo, Topological Current Algebras in Two Dimensions, Physics Letters B 316, 488–495 (1993), hep-th/9307176.

[180] C. Becchi, A. Rouet and R. Stora, Renormalization of Gauge Theories, Ann. Phys.

98, 287 (1976).

[181] I. V. Tyutin, Gauge Invariance in Field Theory and in Statistical Physics in the Operator Formulation, Lebedev Institute Preprint FIAN No. 39 (1975), (in Russian), unpublished.

[182] M. Scheunert, W. Nahm and V. Rittenberg, Graded Lie algebras: Generalization of Hermitian Representations, Journal of Mathematical Physics 18(1), 146 (1977).

[183] P. Christe and R. Flume, On the Identification of Finite Operator Algebras in Two-dimensional Conformally Invariant Field Theories., Phys. Lett. B 188, 219 (1987).

[184] P. Goddard, W. Nahm and D. Olive, Symmetric Spaces, Sugawara’s Energy Momentum Tensor in Two Dimensions and Free Fermions, Phys. Lett. 160B (1985).

[185] I. Affleck, Conformal Field Theory Approach to the Kondo Effect, Acta. Phys. Pol.

B 26(12), 1869–1932 (1995), cond-mat/9512099.

[186] I. Affleck, On the Realization of Chiral Symmetry in (1 + 1) Dimensions, Nucl.

Phys. B265, 448–468 (1986).

[187] A. M. Legendre, Exercices de Calcul Intégral sur divers ordres de transcendantes et sur les quadratures, Paris (1811).

[188] M. Abramowitz and I. Stegun, Handbook of Mathematical Functions, Dover (1965). [189] A. P. Prudnikov, Y. A. Brychkov and O. I. Marichev, Integrals and Series Vol. 3, Gordon and Breach Science Publishers (1990).

[190] A. Erdeyli, Higher Transcendental Functions: The Bateman Manuscript Project Vol. 1, McGraw-Hill Book Company, Inc (1953).

[191] W. N. Bailey, Generalized Hypergeometric Series, no. 32 in Cambridge Tracts in Mathematics and Mathematical Physics, Cambridge University Press (1935).

[192] L. J. Slater, Generalized Hypergeometric Functions, Cambridge University Press (1966).

[193] S. G. Naculich and H. J. Schnitzer, Duality between SU(N)_k and SU(k)_N WZW Models, Nucl. Phys. B347, 687–742 (1990).

[194] A. Nichols, Logarithmic Currents in the SU(2)_0 WZNW model, hep-th/0102156. [195] L. Dixon, D. Friedan, E. Martinec and S. Shenker, The Conformal Field Theory of Orbifolds, Nucl. Phys. B282, 13 (1987).

[196] N. Read and H. Saleur, Exact Spectra of Conformal Supersymmetric Nonlinear Sigma Models in Two Dimensions, hep-th/0106124.