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ABSrl’RACrl’

Small torques by the p]ancts can alter the direction of the liarth’s rotation  axis in
space. ‘1’hcsc direct ]>l:illctary-il](lL]ccd  nutations  have l~ccn  computed using a numerical
tccllniqL]c.  55 nutation  tcrn~swit hpcriodsbctweenO.2  and 243 yl:i]c}~rcsclltccl,  ‘1’hc
r~~axilllt]llllltltatiorl  iso.5 ]nilliarcscconds.  Also given areplanctary  -indL]cc(i  rates and
accelerations of precession and obliquity.

1. 1NTROI)IJCTION

'l'l~cll~ool]  aIld SL]l~(io]]litlatc  tl~cgravitatior]  al[orqucs  otltllc cJl)latcliarth. The
planetary torques are much smaller. At Venus’ closest approach to (I1c ]iarth, its torque is
four orders of magnitude smaller than the dominant bodies. ‘1’orqucs cause changes in the
Iiarth’s orientation in space, periodic nutation  and secular precession of the equator and
the rotation axis normal to it. Given the accuracy of modern obscr~rations, such small
planetary cffc.cts arc significant. The subject of this paper is the direct ]~laTlctal-y-il~(ll]ce(l
nutations  which arise from torques on the Earth. The indirect nutations,  which arise
through orbit pcr[urba[ions,  arc not considered here.

‘1’here is a history of computation of planetary nutation  terms. Woolard (1953)
and Kinoshita  (1977) considered several indirect planetary terms. Vondrak (1982,
1983a,b)  computc(i  the first cxtcnsivc series of direct and indircc[  terms mundcd to 0.01
mill iarcsccond  (mas). Kinoshita  and Souchay  (1990) tabulatcci  direct an(i indirect terms
trLlncatcd at ().()0S mas. l]artmann  and Soffel (1994) compared tllc analytically con~pLltcd
direct terms of Kinoshita  an(i SoLlchay with nutations  based on a l+L]ricr analysis of tides
computed Llsi ng a numcricall  y integrated ephemeris. 1 )iscrcpancics  up to 0.012 mas were
noted in both nLltation  col~~poncnts  for periods less than 20 yr and a longer period term
was suspcctcd. ‘1’he present paper recomputes the direct terms Llsilig, a d iffcrcnt tcchniqLlc
from either paper, resolves the cliscrcpancies,  and adds several terms inc]Llding onc 243 yl
term of siz,c 0.02 mas.

No planetary terms are present in the 1980 IAIJ nutation  theory (Sciclclmann
1982) and no J~lar]ctary-it]  dL]ccd  rates are in the JAU precession theory (1 .icskc et al.
1977). l;or the most prccisc apJJlications, the planetary influences arc a ncccssary
impmvcmcnt.

2, IIASIC liQIJATloNS

“]’hc nLltation  Of the C(]Ll:itOI J)]MV3 iS cxprcsscd as tWO Wlg]CS: (hC Ch2illgC  in (hc

angle bctwccn the equator ancl ecliptic planes, the nLltation  in oblicjuity Ac, and the
change in the intersection (cqLlinox)  of the two planes n~casLwed  along the ecliptic plane,
the nLltation  in longitL]dc AqI. l:or a rigid Earth the nutations  can bc given for three axes:
the figLlrq  axis, the instantancoLls spin axis, and the angL1lar  momcn[um  axis. The firsl is
most Llscfu], but the last is the easiest to cc)mputc since the dcriv:it i ve of the angular
nlonlcntLml  vcctm’ is cqLla] to the torque. All three axes arc close to onc anothc.r  ant] for
nutations  of sma]] amplitude, like those of this paper, it is most CO1lvC.lliC]lt  to conlpLltc the
nutation  of the angular nlonlcntLlnl  axis.

‘1’hc expressions for the torqL]c on the Ilartb were briefly dc] ivcd in Williams
( 1994). ‘J’hc coordinates in those expressions arc. modified hereto explicitly include the
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Ear(h’s precession. ‘J’hc torque  depends on the attracting planet’s gcoccn(ric  coordinates.
I ICrc coordinates Rm = (xJ]~, Ym, Z1ll)  have the Xrll and YII1 axes in the ecliptic plane
with Ihc X11) axis ]~~inting toward the intersection  of t]lc cc]ipti~ plal~e with the l]~oving
c.quator at the equinox.

sin E. dA~~/dt. = K  [  ( 1 / 2 )  (Ym2-Zm2)  sin 2F. + YmZm cos 2F. ]
dAf7dt : K [ - X mZ m COS & - XmY1[l si 1-

1 F. ] (1)

The factor K depends on the product of the gravitational constant G and the planet’s mass
m, the liarth’s moments of inertia C and A (with A<C), the spin rate 0}/,  about the
syllmctry  axis , and the planet’s geocentric distance R

K=3Gn1(C-A)/Cmz  R5 (2)

The gcocc.n(ric coordinates depend on the difference bctwccn  the heliocentric coordinates
of the planet and the I;arth 1< = I{lJ–I{C. As the orbit@ elements of the planets arc
cxprcsscd  in a fixed reference frame, it is necessary to transform 1? into the moving frame
to give 1{,,,. ‘1’hc most important part of this transfornlation is the ]Jrcccssion  of (I1c
equinox. Apar[ from using the accumulated general precession p r;ithcr [ban the luni-
solar precession, the time-varying rotation of the plane of the ecliptic is not explicit in the
following rotation.

()Xm ( Xcosp-Ysinp
Ycosp+Xsinp )

m = (
(3)

z )

‘1’hc rctrograrle 50.288  “/yr rate of p is small compared to the plane.t:try mean motions.

Solving the differential equations (1) by intcgl ation of the right-hand siclcs  is
sufficient to give a good first-order solution for the direct }>lanctary-i]lclllcc(l  nutation  and
precession. “1’hc computation of the right-hand sides is the subject of the next section.

3. CC) MI)[J’l’A”J’lC)NA1 , ‘1’l;Cf  lNIQUIi

‘1’hc right-hand sides of the differential equations (1) is proportional to the torques.
If each right-hand side is developed as a trigonometric series with each term of the form
s sin v +- c cos v, with v being a linear function of time, then the in[cgration  is easy.
Classically the coefficients (s, c) would be developed using analytical expansions with
power series in the planetary eccentricities ancl inclinations multiplying functions of the
scmimajor axes. } lcrc the cocff]cicnts  are determined by a tcchniqLlc  which js more
numerical (ban analytical.

1 larmonic analysis is a Fourier analysis technique (Brouwcv  & (Ilcmencc  1961),

but it is uot I;ouricr  analysis of a time series. J;or the. Earth and the torqLling planet, the
orbital scmim:~jor axes, ccccntricitics, inclinations, nodes, and perihelion directions arc
considered fixed so the time variation of the torque ‘1’ depends on the mean longitude of
the planet 1., the mean longitude of the Earth I;, and ]) the gc.ncr:i!  precession. in the final
trigonometric series (IIC arguments of the sines and cosines arc linear combinations of the
three angles

V=:-jl; +j’l, +j”p (4)



t

whcrtj, j’, andj” arcintegcrs. 1 kmrier analysis of a ti]nc series LIses time as the
indcpcnclcnl  variable. ‘1’hc torque T(t) is treated as a oJlc-dinlensiona]  function. ‘1’hc rate
of (11c linear combinations (4) gives the frequencies at which amplitudes arc desired. in
harmonic analysis the torque is treated as a three dimensional function “l’(Ii, 1., p). lJsing
the conventional expressions for elliptical orbjts,  the torque expressions arc evaluated al
even intervals of the three. angles 1,, E, and p with each angle being sampled over a full
cycle. This even sampling pcrmi[s the torques to be l~ourier analy~ccl  in terms of (I1c
linear combinations of the three angles in Eq. (4). The trigonometric terms arc
orthogonal to onc another. ‘J’hc rates of the thrc.c  ang]c.s do not cntcl the proccdurc until
the trigonometric terms arc integrated to SOIVC the differential equations. 2’llc rates arc
trcatccl  as constant. Slight nonlinearities  in L, E, and ]) are ignorablc.  Unlike l;ouricr
analysis of a time series, there is no concern over separating terms with similar pcriocls
and there is no problcm  with angles with different periods (p has a 2.5,772 yr period while
the planetary periods ranp,c from 0.24 to 165 yr). Individual and complctc  sampling of
the three angles guarantees separation. In both types of Fourier analysis, the integration
can raise a small, long-period term in the torque to importance.

I
Note that harmonic analysis gives ~,cr-o frequc]lcy  terms which arc sccu]ar rates,

analogoLls  to Gauss’ method for orbits. The ra[es and very long pcI iod terms (j=j’=0) arc
discusscci in section 7.

4. REQUIRliMI~N’1’S,  CONSIDERATIONS> AND ACCURACI};S

What arc the practical rcquircnmnts  for harmonic analysis? Choices must bc
made for the range of integers (j, j’, j“) in the Fourier analysis and the number of samples
per ang]c. a) The maximum absolute values of j, j’, aJld j“ cannot excccd  the integers for
the Nyquist  frequency for N samples pcr angle. That is, N >2 Max(ljl, Ij’1, Ij “1), To give
an example, detecting the ncar]y commensurate term bctwccn  Venus and liarth which
involves the argument 8V-- 131i, where V is the mean Iongitudc  of Venus, requires that N
bc at least 27 when sampling the Earth’s longitude. b) N should also bc large enough to
sample (j, j’, j“) of any term of significant size. If N is too small, significant terms outsiclc
of the sampled range of jntcgcrs  will alias. Aliascd terms change markedly when N is
changed and as a practical matter when N is large enough there is no problcm.

P]anctary-inducc{i  nu(ations  were computed for the scvc~l  at~racting planets
Mercury, Venus, Mars-Neptune. ‘1’hc two planets adjacent to the 1 iarth rccjuirc the most
care. I“or Mars, integers (j, j’) up to 15 (since SE--I 5h4 has a 40 yI period) and samples of
31 were used. lior Venus, in(cgcrs (j, j’) up to 16 (a near corilr~~cllsllral)ilit  y 8V- 131;  has a
239 yr period) and N=133  were used. The other planets used inte.gcrs  up to 6, and 13
samples pcr angle. When subst itutcd into Eq. (1), the trigonometric functions of p in Iiq.
(3) arc raised [o tl~c powers 0, 1, and 2, so one expecls -2<j”S2  and this range was used.
Of the three integers (j, j’, j“), two shou]d sample positive and ncg:itivc  values, but the

negative values for the tl~ird can be excluded. That is, terms with negative and positive
frcqucncics  arc not indcpcndcnt. A check case reproducing solar nutations  was run by
placing [hc sun in a planetary orbit with zero radius.

‘]’hc p]:inctary orbital c]cmcnts  arc known with great accuracy aJ)d  arc ]nput to the

harmonic analysis schcnlc. Orbit clcmcnts  have bccll summarized in Simon ct al. (1994)
based on analytical planetary theories.(Brctagnon 1982; Simon 1983; Simon and
Brctagnon  1984; IIrctagnon  and }~rancou  1988) acljusted [o the IJl ;200 numerical fit ancl
intcgtration  of the p]anctary  data (Standish 1982, 1990). For evaluating the final series,
the Simon ct al. ( 1 994) set of polynomial expressions for planetary mean ]ongitudcs  with



rcspccl to the fixed J 2000 cqu inox arc rccommenctcd. ‘1’hc general precession p is
accumulated from J2000  and its ra(c is 50.288 “/yr.

What accuracy is needed? l;or the coefficients there is col~l]~Llt:iti(J1~:il  noise, round
off, and truncation limits. lixisting  observational and data analysis accuracies provide a
guide.

It has been a common practice to treat the accuracy of the Ayf and AC series alike.
But the observable parameters arc the displacements of the pole of rotation, AC and
sin & A~. It is argued here that the desired uncertainty of the A& series should be :i fmtor
of sin G = 0.40 smaller than the A~ series. When there are non-zero  Ac, coefficients, their
magnituctc  is larger than 0.4 A~ [SCC functions of c in Eq. (l)]. }lcrc, for any individutii
nutation  argument, the coefficients of both series are retained if the Ayf amplitude is
above the truncation limit. When fitting  data with the IAU nLltations,  tllc equal truncation
limit for the two series should lead to more noise (in a Z2 sense) fol AF. .

A rigid-body nutation  series is the goal of this paper, but the transformation [o a
non-rigid-body theory predicts a resonance w}lich can increase the siz.c of some terms
(Wahr 1981; l)chant 1990; Mathews ct al. 1991). To reach a particular goal for the norl-
rigict  thco~y rcqLlircs  knowing smaller rigid-body terms near the rcsonancc.  “1’hc
rcsonancc is estimated to be near 430 d retrograde (Ilcrring  ct al. 1991).

Analyses of different V1.111  data sets give formal unccrlaintics  of 0.01 to 0.03 mas
in A& and 0.03 to 0.07 mas in A~ when solving for individual (Juni-  solar) nutation  series
components (Char]ot  ct al. 1 995; Souchay ct al. 1995). This is cqLlivalcnt  to the noise
cxpcctcd  from a spectral analysis of the data. Spectral accuracy shoL]ld improve with
increasing time span of observations. Kinoshita  and Souchay’s (1990) and Vondrak’s
(1982) truncation limit for individual coefficients was 0.005 mas. Ilarimann  ancl Soffcl
(1994) used 0.0025 Inas. A trLlncation  limit of 0.002S  mas is acloptcd  ILcrc for AyJ.

‘1’hc harmonic analysis tcchniquc is vc.ry accurate and the computations of this
paper should have noise on individual coefficients WC.11  under 1 mic.roarcsccond.  This is
more than adequate for tllc direct terms, but it is WCII to consider the full nutation  series.
The errors in each coefficient of a large number of trigonometric terms will add [ogcthcr
in some manner when the series is cvaluatecl.  ‘1’hc silnplcst  approximation is that they
add randomly so that n terms with accuracy a for each cocfflcicnt  give. a final rms (root
mean square) uncertainty of o 411/2.  Errors may not add randomly. l;or example, the
evaluation of the planetary (c.rms peaks up at cellain  times and their errors also peak up
(SCC section 6). Kinoshita  and SoLJchay  have a total of nearly 400 ILlni--so]ar  and planetary
terms. Thus, the final evaluation of the nutation  series should have at least 14 times the
noise of individual coc.fflcicnts.

I 5. N~JTATION R]iSIJl .TS

The direct l~l:il~ct:tl-y-ill(lllcc(l  nutations  of the Earth were conlpLltcd  for attr:tcting
planets other than Ptuto. All four coefficients resulting from the. harmonic analysis were
recorded to the nearest O. 1 pas (microarcsccond) if tllc amplitude (root sL]nl square of sine
and cosine cocfficicnts) in AyJ was >0.5 pas (158 tcnns).  A summary tabLllation  of the 55
largest terms is given in ‘1’ab]c 1, where the coefficients are given in l]licro:ircsccc~l~(ls  and
are rounded to the nearest microarcscconci.  The tabulation lower limil was set at 2.5 pas
in amplitude for AyJ. ‘1’able 1 gives 55 terms: 41 froln Venus, 4 from Mars, 8 from
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Jupiter, and 2 from Saturn lkw the argument, the first letter of each planet is used to
indicate the mean longitude. As a rcfincmcnt, an (lppolzcr-like transformation was
applied to correct the nutation  coefficients from the angular momcntunl  axis to the figure
axis, but this is a very small effect (no more than 0.1 pas) which will, at mos(, cause the
last digit to round diffcrcnt]y.  The nutation  cocfficicnls should bc accurate to all digits
given in ‘1’able 1.

Bccausc of the lar~c variation in the distance of Venus from the lhlh, the
nutation  signatures arc complex. in Table 1 there arc sequences will) arguments j(V- Ii)
and jV–(j+2)Ii--2p which arc encoding these signatures. The former scqucncc  gives a 1.6
yr (synodic  period bctwccn  Venus and Earth) signature in A~ resembling a roundccl
sawtooth. If the planetary-inctuccd precession (section 7) is also included, then the
signature rcscmblcs roundcct  steps with rapid c}~angc  at closest approach. ‘Imhe second
scqucncc  includes the (iominant  3V–5E–2p  term at 8.1 yr. The other terms in the sccon(i
scqucncc  give an 8.1 yr modulation of a synoctic-period  signature. Venus makes s]ightly
more than 13 revolutions to the Earth’s 8 and the Earth-Venus geometry nearly repeats
after 8 yr. The 3V- 51; term gives this fundamental period since, using rates, 3(13/8 )-5 =
– 1 /8 cycles/yr. l;ivc synodic  periods is also 8 yr. Thus, the Venus-induced nutations  will
show considcrab]c repetition every 8 yr. The second l:irgcst nutation  term is the 5.9 yr
Jupiter term, and it has a 22 yr beat period with the 8.1 yr Venus term. These features
may bc seen in the plots of direct terms in Souchay  and Kinoshita  (1991) and 1 lartmann
and Soffcl (1994).

The planetary torques can give rise to terms with the same arguments as the solar
nutations.  Venus causes the only significant contribution and gives a ha]f-year term with
argument 2E+2p  in ‘1’ab]c 1 which has the same argument (21 M2p=21  .’=:21 ‘+2fL–211)  as
the largest solar nutation. ‘1’here is also a Venus-induced term in Aqf of 3 pas sin l“,
where f’ is the solar/J ~arth  mean anomaly, corresponding to the second largest solar term.

The cxtcndcci  file of terms with anlp]itLldes  20.S pas has ] S8 entries: 1 from
Mercury, 103 from Venus, 26 from Mars, 22 from JulJitcr,  5 from Saturn, and 1 from
lJranus. I/or the three planets not represented in Table. 1, the largest amplitudes arc 1.1
pas for Mercury (2403 d period), 0.7 pas for Uranus (1 5294 d), and 0.4 pas (29900 d) for
NcptLmc.  Venus terms with periods as short as 53 d ( 1 lV-1  11;) and 54 d (14 V- 16E-2p)
arc present (both 0.6 Iias). Computation of sc.tected  Venus terms with different sampling
indicates that the noise for some coefficients in the cxtcndcd  file may reach O. 1 pas. The
cxtcndcd  file is availab]c  on request.

‘1’hc series for the two nutation  components w(’.re evaluate.d for the time intcrva]
1950 to 2050. l~or AyJ ancl AF. the cxtrcmc deviations from zero were 0.46 mas and 0.15
mas, rcspcctivcly, an(i the rms values were 0.18 mas and 0.08 mas, rcspcctivcly.

6. COMPARISONS ANIJ I>lSCIJSS1ON

‘rhc results in ‘1’able 1 have been compared with Tables 14 and 15 of K inoshita
and Souchay  (1990). Most coefficients compare within 2 pas and arc considered [o
agree. Noteworthy discrepancies arc marked in the last column (KS). Three terms not
present in Kinoshila  and Souchay  which arc above their 5 pas truncation ]imit arc
incticatcd with note 1. ‘1’here is no note for the many terms sma]]tu than 5 pas for As or
A~. “1’hc missing 243 yr Venus term has a 23 pas amplitude. The term results from a
small torque amplificct  by the long-period near commensurability. The missing 243, 8.1,
and 7.8 yr terms share a common characteristic. In all analytical expansion, they would



arise from powers of the eccentricities and inclinations greater than one. ‘1’hc
discrepancies of notes 2, 3, and 5 arc misprints in the published paper (J. Souchay,  private
communication 1 994). The two terms of note 2 were incorrectly listed as V–Ii- 2p and
V--2li–2p,  though the slow rate of p makes this a minor problcm  fo~ numerical
evaluation. The Venus term of note 3 has an e.xtrancous  12 pas out-of-pbasc (sine)
coefficient in AC This largest term also has differences of 3 pas for the in-phase AF. and 5
~las for in-pllasc  A~f. The Mars term of note 4 is in erl or by 11 ~as (amplitude). Note 5
rcsu]ts from a Jupiter term listed as E-J rather than E- 3J–2p.  Kinoshita  and Souchay  also
listed the 29.5 yr Saturn term of note 6, below their nominal cutoff limit, which has the
sine and cosine coefficients interchanged.

Several of the foregoing corrections, including the larger ones, arc also evident in
the comparisons done by IIartmann and Soffel (1994). They were tcn(ativc  about the
29.5 yr Saturn term ancl the 243 yr VenLls term because of their lon~ periods. ‘1’hcy had u
good estimate for the forn)cr, but their latter term, though about the right magnitLldc,  was
phase shifted (the sine coe.fficicnts  for both nutation  components have rcvcrscci signs).
To compare with 1 Iartmann  and Soffcl it is ncccssary  to combine terms which have the
same planetary arguments, but different precession (p) fi~ctors. When this combination is
done with the computations of this paper (extended file), the cliffcrcnccs arc no larger
than 1 pas for all (crms cxccpt  the 243 yr one.

Vondrak’s  (1982) series, truncated at 5 pas and rounded to [lIC nearest 10 pas,
rcsu]ts from an analytical expansion through the first ])owcr of the planetary ccccntricitics
(c) and inclinations (i). It shows reasonable agreement, but there arc some diffcrcnccs.
The missing terms 3V--5E, 5V–8E–p,  and 8V- 13J3--2p  arc expcctcd since they arise from
powers of c and i greater than onc in the analytical cx]~ansions. 3’llcsc three terms arc
also missing in Kinoshita  and Souchay.  Two terms (3V-4E  ancl 6V91  i--2p) near
Vondrak’s  trLmcation  limit would bc below it according to the compLltations of this paper,
but such effects can bc cxp]aincd  by noise. More notable, the tCrJllS V-t Ii+2p,  Iii-J+2p,
and V–U arc too large.

The amplitudes below the 2.5 pas cutoff of Tal~lc  1 have a I oot-sum-square (rss)
value of 13 pas for A~ and 5 pas for A~. . Since p is near zero, it is appropriate to
compute the error by combining terms which differ o~)ly in p factols. ‘1’hc rss values of
the truncated amplitu(lcs  arc then 10 pas and 4 pas, rcspcctivc]y.  If randomly phased
these truncated terms would contribute rms errors of”1 pas anti 3 yas, rcspcctivc]y,  to Ayf
and A:, but Venus dominates so, given the scqucnccs  of related terms, larger peak crmrs
arc certain and different rms errors arc possible. The series of truncated terms was
cvaluatcci  20 times pcr year for the (imc interval 1950 to 2050. To Ay/ and At. they
contributed rms errors of 8 pas and 4 pas, rcspcctivcly,  but tlic peak errors (absolute
values) were 29 pas and 17 pas, rcspcctivcly. The peak error is an order of magnitude
larger than the trLmcation  limit! Examining the time-varying nutations,  the largest errors
tend to bc associated with “corners” adjacent to “steps” of rapid cbangc.

For the computation of the numerical cocfflcicnts of ‘1’able 1 harmonic analysis
was used instead of analytic expansions. ‘1’hc analytic point of view is valuable for
inter >rcting  the results. I’hc differential cquat ions ( 1 ) depend on terms in the numerator

$(Ylll , XlllYIll,  etc.) and the R5 in the denominator. 1 ‘or circular, coplanar orbits the
distance depends on the scmim:ijor  axes of the Harth and the attracting planet ancl the

2 – j? ac al, COS(E- 1.). lnvcrtcd  anddiffcrcncc in their mean longitudes R2 = ac2 + a~~
raised to a power, the resulting series contains only a constant and cosines of the
multiples j(E-1 .), where j is an integer. For circLllar, coplanar orbits the terms in the



l~lll~lcralorco~ltail)  a constant (for the A~diffcrcntial  equation, but not A$, and
trigo]~olllctric icrllls it~vol\'ing  21~+21>, 21.+2p, and F,+1,+21>. Thcproduct  ofthc constant
terms in the numerator and denominator gives precession, the constant in the numerator
times the periodic terms from the denominator gives nlltation  terms in AyJ with arguments
of the form j(E-I.), while mixing [hc periodic terms from the numcla[or with the
expansion of the denominator gives nulation  arguments j]-~-~+2)] ~~p and ~+2)] i–j] .+2p.
If [hc longitudes had bccJ] defined as being nmasurcd from the moving equinox, the 2p
would not bc ncccssaIy.  Iior circu]ar,  coplanar orbits, the nutation  :irglJmcJlts  have
integer mul[iplicrs  of E and 1. which sum to -2, 0, or 2, and the periodic terms give on] y
sines in AyJ and cosines in AE. . The arguments of the largest terms in Table 1 fit Ihcsc
patterns and the corresponding coefficients arc dominated by the mxo-ccccntricity,  z.cro-
inclination part of our imaginary expansion.

in an expansion using the planetary eccentricities (c) and inclinations (i) it is
useful LO refer to the leading power of c and i as the degree. ‘1’crms  dominated by the
circular, coplanar effects of the previous paragraph wc)uld be of (ic~,rcc  z.cro. in Eq. ( 1 )
thC tCl”lllS  WhjCh  alC ]jIICar ill ~n~ @VC  dCgreC  OJ)C  tCll))S in j With a sjn~lc  p or ‘-]) in t h e

arguments. Many examples arc to bc found in Table 1. The largest is 3V–5E-p  at 8.1 yr.
in the torque, terms of increasing dcgrcc  should bc smaller, but when integrated to give
the nutations  it is possible for higher-degree terms to achicvc  prolnincnce if of long
period. q’crms  of non-~.cro  dcgrcc  will normally have out-of-phase coefficients (cosines
in AV and sines in AE) bccausc the nodes and perihelion directions introduce a phase.
Using the notation of Eq. (4) the dcgrcc of a term is Ij+ j’–j “l, except if this sum is zero and
j “=t I when the term is of dcgrcc two. The largest tcrlns of degree  onc in c arc
‘5 V--8 Ii–2p tit 7.8 yr and J at 11.9 yr. The largcs( two terms of second degree arc 3V-5Ji
at 8.1 yr and 5V—811—p at 7.8 yr. The 243 yr term with argument 8V-- 13F,—2p  is of dcgrcc
three and would bc made up of the combinations C3 ailcl  ci2, where the ccccntricitics of
both llarth an(i VcnLls enter to give six combinations. The 241 y] term 8V–13E–p is of
cicgrcc four. l~or analytical expansions see Vondrak (1982) an(i Kinoshita  and Souchay
(1 990).

] ,ong-period terms get amplificci dLlring the integration. “1 ‘here is a fifth-cicgrcc,
40 yr Mars term with argument 8E–15M--2p and amplitude 1.5 pas. ‘1’hc sixth-dcgrcc, 26
yr term 911– 17M–2p  was chcckcd  and has an amplitLldc  of 0.4 pas. ‘1’here arc linear
combinations of angles giving long periods which arc not rcprcscntcci  in the table an(i
which were not scarchcd for. It is argLlcci  that terms SLIC1l as Ii- 12J 2p or 171i–32M–2p
arc small because they enter at high dcgrcc: dcgrcc  9 for the former anti  dcgrcc  13 for the
latter.

liixc(i planetary orbits were Llscd for the computations of ‘1’able 1, bLlt there arc
perturbations on the orbits. Periodic perturbations of (he foLlr  inner planet orbits arc
small, bLlt there arc sizable perturbations of the oLltcr  ])lanet  orbits. J upitcr’s mean
longitu(ic  is pcrturbcci with an amplitude of 0.006 radians dLlc to the niJ~c  century “great
inequality” with argument 2J–5S.  Mixcci  with the lar~,cst  JLl])ite.r-ill(  lLlccd  nLltation  term in
the table, this i>crturbation causes largest terms (in pas)

A~J = 0.6 sin(4J-5S+2p)  + 0.1 cos(4J-5S+2p)
- 0.6 sin(5S+2p) + 0.1 COS(5S+  2p)

Ac. = -().3 cos(4J--5S+2p)  -t O.?J cos(5S+-2p) (5)



This class of ~~lallctary-irlci~lccd  nutations  is small enough that it dots nol require fLwt}lcr
investigation lmrc. “1’hc influence of secLllar  orbital changes is considered in [hc ncx[
section.

7. RATliS  AN]) ACC1{I.IXA’1’1ONS

in addition to nutation,  the planetary torques also give rise to rates and
accclcraticms of precession and obliquity. Their values also result from the harmonic
analysis proccdurc. ‘1’hcsc rates and accelerations pcrlnit  rcfincmcnts in precession theory
(Williams 1994). in addition to an improved numcrica] rcprcscntalion  of prcccssion,
rcfincmcnts in the theory will give a more accurate val Llc for the moment of inertia
combination ((;- A)/C.

When integrated, the zero frequency coefficients in the harmonic analysis give
pure secular (t) terms in precession and ob]iqLlity.  The harmonic analysis also gives very
long pcriocl  terms wi[h argLmlcnts of p and 2p (perjods  of 25772 and 12886 yr,
rcspcctivcly, at .12000). These very long period terms arise from the finite planetary
inclinations and ccccntricitics and the motion of the equinox with mspcct  to the
corresponding nodes and perihelion directions. The terms depending on planetary nodes
in scc(ion  4 of Williams (1994) arc the first approximation of the p terms. ‘1’hc very long
period terms arc prcscntcd  here as rates and accelerations. l’able 2 gives the contribution
of each planet to the precession and obliquity rates at .12000 from the combined pure
sc.cular  and two very long period terms. Total rates al c 313.645 pas/yr for precession and
--13.520 pas/yr for obliquity. ~’ab]c 2 updates table 2 in Williams ( 1994) and is more
accLlratc.  l’hc changes from the former table arc -4.6 pas/yr in precession ancl 0.7 pas/yr
for obliquity rate. ‘1’he earlier table did not include the inflL1cncc  of the planetary
ccccntricitics and it Llscd a first-degree computation for the inclinations. “J’hc direct
planetary contribLltion to precession rate may also be compalcd with Vondrak  ( 1982),
Kinoshita  and Souchay  (1 990), and Hartmann  and Soffel (1 994). ‘1’hc contributions to the
precession rate from the pure secular, p, and 2p terms arc 320.905 i[as/yr, -8.184 pas/yr,
and 0.924 pas/yr, rcspcctivc]y,  and the corresponding contribL1tions  to the obliquity rate
arc O, – 13.356 pas/yr, and --0.165 pas/yr.

l’rcccssion  and ob]iqLljty accelerations arise in several ways. ‘1’here arc long-tinlc-
scalc variations in the planetary orbits which change the “pure secular” and vcr long

Jpcriocl  (p and 2p) rates, and there arc the time. expansions (t for thr torques or t for the
intcgratccl  qLlantitcs)  of the very long period p and 2p terms. The cI)nsc.qLlcncc  of orbital
clcmcnt  rates was computccl  by changing the e]emcnts  in the harmonic analysis program
by onc century, computing precession and obliquity I afcs, and diffcrcncing from the
J2000 values. ‘1’hc ecliptic motion is not explicit in Ilq. (3), but was al]owcd for by
diffcrcncing the motion of the orbit planes of the attracting planets and 1 iar[h. ‘1’hc
computation gives accckrations  in precession of –t).?, --22.7, and 0.9 pas/ccntury2 from
the pure secular, p, and 2p contribLltions, For obliquity accclcra[ion,  tllc corresponding
figures arc (), 2.(), and --().’7 pas/ccntury2. ~ronl  the expansion of l]]c p and 2p terms the
accelerations arc 60.9 ancl 1.8 pas/century2 for precession and - 1().6 and 1.9 pas/ccntury2
for obliquity. Accclcrations also arise from mixing tllc prcccssioll  and obliquity rates
with the. secular change in the obliquity (-46.83 “/cell  tury)  through the trigonometric
functions in l~q. ( 1). I/or precession the pure secular and 2p terms dcpc.nd on cos E and
the p terms depend on cm 28. / sin E. For obliquity the 2p terms depend on sin E. and the p
terms depend on cos r.. Those accelerations are --13.6, --().4, and O pas/ccntu1”y2  for
precession and O, -0.1, and O pas/ccntury2  for obliquity. ‘J’tlc laltcr type of accc]crations



wou]cl au(omatical]y  bc a part of a solution of the differential equations for precession
variables using  functions of a time-varying obliquity (see section 8 of Williams 1 994).
Ilcrc  the rates and accelerations have been split into their three conlponcn~s  so that they
can be used in such a precession solution. q’hc total direct plallct:iry-ill(lllcc(l  precession
acceleration is 25 pas/cent Lu-y2  and the obliquity accc]cration  is -8 pas/ccntury2.

8. SUMMARY

“1’orqucs from the planets contribute to nutations  of the 1 iarth. ‘]’bough small, they
should not bc ignored for processing high accuracy observations. l’his paper concentrates
on the direct planetary nutations  which arise from gravitational torques on the liarth
(indirect nutat  ions from orbit perturbations are also important, but ;irc not considered
here). ‘1’hc differential cqua(ions  for direct nutations  arc given in srction 2.

‘1’hc cliffcrcntial  equations arc solved using a numeric:il  tcc~niquc  (section 3). ‘1’hc
resulting nLltation terms alc dcscribcd  in section 5 and those with amplitudes larger than
2,5 pas arc given in “1’able 1. Sc)me corrections and additions to cal-lie] work arc noted in
section 6, The. largest addition is a 23 yas term with 243 yr period. ‘1’hc direct planetary
torques also give rise to rates and accelerations of precession and obliquity (section 7).
l’able 2 gives the rates duc to each planet. improvements in the nutation  and precession
theories should benefit the fitting and interpretation of high-accLlracy  cla~a types such as
intcrfcromctry and ranging.
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‘1’ab]c 1. llirc.ct }>lallctary-ir~  duccdnutatiol~s  \vitllalll]>litLldcs  lal`gcr tl~a1~2.5~las.  Each
argument consists of a linear combination of the mean longitudes of the five planets
Venus-Saturn, and the general precession p accLlnlulatccl  from J2000. ‘1’hc column
headed KS lists notes cm the comparison with Kinoshita and SOuchaY (1990).

Argumen L A~ (pans) Ac, (pa::)
V }4: M J S p s i n Cos sin Cos

Period KS
days y e a r s

——
1-3 0 0 0 1
1-1 0 0 0 0
3-100 0 --1
0 ]  0 0 0 0
110002
2 --2 0 0 0 )
2-2 0 0 0 0
2-200 0 --1
1-2 0 0 0 0
0 2 0 0 0 1
020002
3-3 0 0 0 0
3 - 3 0 0 0 -1
2-3 0 0 0 0
1 - 3 0 0 0 -1
1 --3 0 0 0 - 2
4-4 0 0 0 0
3 --4 0 0 0 0
2 - 4 0 0 0 -1
2 -4 0 0 0 - 2
~ - 5 0 0 0 0
3 - 5 0 0 0 0
3 - 5 0 0 0 -1
3 -5 0 0 0 - 2
6-6 0 0 0 0
4 - 6 0 0 0 -)
4 - 6 0 0 0 -2
3 -6 0 0 0 - 2
‘ / - ’ / 0 0 0 0
5 -’/ o 0 0 -1
5 -’/ o 0 0 -2
4-”/00 o -2
6 - 8 0 0 0 -2
5-8 000-1
!)-8 0 0 0 -2
-/-900 o -2
6 - 9 0 0 0 -2
8-10 0 0 0 -2
911 0 0 0 -2
8-13 0 0 0 -1
8-13 0 0 0 -’2
0 1-2 0 0 0
0 1-1 0 0 0
0 2 - 4 0 0 -2

--2
85
--2

0
--3
--1.
3 5
--1.
0
3

-9
19
--1
0

-1
1.7
3.1
0

- 2
35

7
7

- l o
215

4
2

–50
o
3
1

- 2 0
0

-1.2
- 6

1
- 7

0
- 5
- 3

4
6

- 9
3
5

- 6
0
9

- 3
0

- 3
0
5

--9
- 3

0
0
3

14
--5

0
0
4

- 8
0
0

- 3
43

0
0
9
0
3
0
3
0
7
0
1

27
0

-. 4
0
0

--2
22

5
0
0

- 3
0

- 5
0
0

-1
0

-3
0

-2
0
0

-2
0
2?
o
0
0
4
0
0
0

23
0
0

--5
0

. . 2
0

--2
0

--3
0

-1
32

0
2
0
0
1

- 9
0
0
0

1
0
1
0
2
0
0
)
o
0
4
0
0
0
1
‘1
o
0

1
15

0
0

-6
93

0
3

22
0
0
0

- 9
0

- 5
-3

0
-3

0
-2
-3

2
3
0
0
2

583.89
583 .92
583.96
365.26
33g) .]]

?.91 .95
291 .96
291 .97
9“1!) .38
182.62
18’2 .62
194.64

194.64
1454.94
-26!) .”/3
-265 .”/3
345.98
4~6 .69

-48”/ .66
-48”/ .64

116. ”/8
..2CJ:59.~j

--2958.28
-’295’1 .35

9’1 .32
‘/2”] .52
“/’2 ’/.58

- 3 2 5 . 1 0
83.42

323.93
323.94

‘/33.47
2 0 8 . 3 5

2 8 6 3 . 0 2
2 8 6 3 . 8 9

153.56
485.03
123.59
1 0 0 . 6 3

88083  .94
889:13.94
-5’/ 64.01

‘/”/9.94
- 2 8 8 0 . 2 4

1 . 5 9 9  2
1.599
1 . 5 9 9
1 . 0 0 0
0 . 3 8 1
0.799
0 . 7 9 9
0 . 7 9 9

- 2 . 6 7 0  ‘2
0 . 5 0 0
0 . 5 0 0
0 . 5 3 3
0 . 5 3 3
3 . 9 8 3

- 0 . 7 2 8
- 0 . 7 2 8

0 . 4 0 0
1.1.41

-1. .335
- 1 . 3 3 5

0 . 3 2 0
- - 8 . 1 0 2  1
- 8 . 0 9 9
- - 8 . 0 9 7  3

0 . 2 6 6
1 . 9 9 2
1 . 9 9 2

- 0 . 8 9 0
0 . 2 2 8
0 . 8 8 7
0 . 8 8 7

- 2 . 0 0 8
0 . 5 7 0
7 . 8 3 9  1
7 . 8 4 1
0.4’20
1 .328
0 . 3 3 3
0 . 2 7 6

2 4 1 . 1 5 5
2 4 3 . 4 3 3  3
- 1 5 . 7 8 1  4

2 . 1 3 5
--7.886



o 3 - 6 0 0 -2 2 -1 3 3 - 1 9 2 0 . 5 5 - 5 . 2 5 8
0 0 0 1 0 0 34 -5 0 0 4332.59 11.862
000302 4 2 1 - 2 4328.60 11.853
000203 1 5 3 -1 2165.80 5.930
0 0 0 2 0 2 -106 0 0 46 2165.30 5.928
0 0 0 3 0 2 --~2 2 ) 5 1443.”15 3 .953
03 0 -4 0 -2 -3 -1 0 -1 5!>~ .16 1.509
0 1 0 -3 0 -2 -11 0 0 - 5 488.96 3 . 3 3 9  5
01 0 - 1 o o 12 0 0 0 398.88 1 . 0 9 2  5
0 0 0 0 1 0 0 -4 0 0 10”/!>9.23 2 9 . 4 5 7  6
0 0 0 0 2 2 -12 0 0 5 y,:j~j:{ .47 14.712

Notes to column KS in table 1.
1 ) Not present in KS above 5 pas. 2) Different integer factor for p in A~. 3) Different
coefficient for Ac.  4) Different coefficient for A~. 5) Mistaken argument for Ac. .
6) Coefficients interchanged.

“J’A1]I .132.  Prcccssion andobliquity  rates at J2000
from direct planetary torques on the Earth’s bu]gc.
~JSCS  (C--A)/C = 0.0032737634.

Piane L VJ rai_e e. raLe
Pas/yr pas /yr

Mercury
Venus
Mars
Jupj Ler
Saturn
Uranus
Nept_une
Total

3.697
181 .565

5 . 9 9 8
117.068

5.188
0.300
0.029————-

313.645

- 0 . 0 8 8
- 1 6 . 8 1 3

0.356
2.804
0.219
0.001

0 . 0 0 1
- 1 3 . 5 2 0

,., . ,.. ,



lixtcnded l:ilc. Direct plancta~-induced nuta(ions  with amplitudes larger than 0.5 was.
1 lath argument consists of a linear combination of the mean longitl]dcs  of the seven
planets Mercury-Uranus, and the genera] precession p accumulated from J2000. Thc
dc.grcc is the implicit power of the planetary ccccntricitics and inclinations.

Argument AV
QVF:MJSUp sin

) o-4 0 0 0 0 -2
0 1 0 0 0 0 0 0
0 2 0 0 0 0 0 1
0 2 0 0 0 0 0 2
0 3 - 1 o o 0 0 2
0 3-1 0 0 0 0 1
0 2-3 0 0 0 0 0
0 l-l 0 0 0 0 1
0 1-1 0 0 0 0 0
0 1-1 0 0 0 0 -1
0 0 1 0 0 0 0 0
0 1 3 0 0 0 0 1
0 1 1 0 0 0 0 2
0 4 - 2 0 0 0 0 1
0 2 - 2 0 0 0 0 1
0 ?,-2 o 0 0 0 0
0 2-2 0 0 0 0 - 1
0 1-2 0 0 0 0 1
01-2 0 0 0 0 0
0 1-2 0 0 0 0 -1
0 0 2 0 0 0 0 0
0 0 2 0 0 0 0 1
0 0 2 0 0 0 0 2
0 3-3 0 0 0 0 1
0 3-3 0 0 0 0 0
0 3-3 0 0 0 0 --1
02-30 0 0 0 1
0 2-3 0 0 0 0 0
0 2 - 3 0 0 0 0  - - 1
0 2 - 3 0 0 0 0 --2
0 3-3 0 0 0 0 0
0 1-3 0 0 0 0 --1
0 1 - 3 0 0 0 0 --2
0 4-4 0 0 0 0 1
0 4-4 0 0 0 0 0
0 4-4 0 0 0 0 --1
0 3-4 0 0 0 0 0
0 3 - 4 0 0 0 0 --1
0 3-4 0 0 0 0 --2
0 2-4 0 0 0 0 0
0 2-4 0 0 0 0 --1
0 2-4 0 0 0 0 --2
0 1-4 0 0 0 0 --2

0 . 4
0 . 0
0 . 4

- 1 . 6
- 0 . 9

0.’2
0 . 0

- 1 . 5
8 4 . 6
- 2 . 2

0 . 0
0 . 5

- 3 . 3
0 . 2

- 0 . 6
3 5 . 0
- 1 . 2
- 0 . 9

0 .1
0 . 7

- 0 . 5
0 . 8

- 8 . 7
- 0 . 3
1 8 . 7
- 0 . 8

1 . 3
- 0 . 2
- 1 . 8
- 0 . 5

0 . 8
-1.1.
1 7 . 0
- 0 . 2
1 1 . 0
- 0 . 6
-o. )
- 0 . 7
-0.3

1 . 3
- 1 . 9
3 4 . 9

0 . 0

Cos

3.0
--1.2
--3 .5
0.0
0.0

--1.0
- 0 . 6
- 6 . 4

0 . 0
9 . 5

-2.”/’
- 2 . 3

0 . 0
-0.7
- 2 . 5

0 . 0
5.1
0 . 2

- 8 . 7
0 . 2

- 0 . 2
- 3 . 2

0 . 0
-1.3

0 . 0
3 . 4

- 0 . 3
13.7
- 0 . 3
-3.1
- 0 . 3
- 4 . 6

0 . 0
- 0 . 7

0 . 0
2 . 4
3.9

- 0 . 3
- 0 . 5
- 0 . 5
-“7.9

0 . 0
0 . 8

sin

- 0 . 4
0 . 0

- 0 . 8
0 . 0
0 . 0

- 0 . 5
0 . 0

- 3 . 4
0 . 0

-5.1
0,0

- 1 . 2
0 . 0

- 0 . 4
--1.3

0 . 0
--2.7

0 . 1
0 . 0

--0.1
0 . 0

--1 .7
0,0

--0.7
0 . 0

--1.8
--0.2

0 . 0
0 . 2
0 . 5
0 . 0
2 . 4
0 . 0

- 0 . 4 ’
0,0

- 1 . 3
0 . 0
0.1
0 . 2
0 . 0
4.2
0 . 0

- 0 . 3

(:0s

0.2
0.0

-0.2
O.rl
0.4

--0.1
0 . 0
0 . 8

- 0 . 1
-1.2

0 . 0
--0.3
3,5

-0.1
0 . 3
0 . 0

- 0 . 6
0 . 5
0 . 0
0 . 4
0 . 0

- 0 . 4
3. “1
0 . 2
0 . 0

- 0 . 4
-().’/

0 . 0
-3.0
- 0 . 2

0 . 0
- 0 . 6
‘/.3
0.3
0 . 0

- 0 . 3
0 . 0

- 0 . 4
- 0 . 1

0 . 0
- 1 . 0
15.3

0 . 0

Period Deg
days years

2402.79
2 2 4 . 7 0
1 1 2 . 3 5
132.35

9 4 . 2 2
9 4 . 2 2

162.26
583.89
583.92
5 8 3 . 9 6
3 6 5 . 2 6
139.12
139.11

81.13
2 9 1 . 9 5
2 9 1 . 9 6
291.97

--975.48
--975.38
--9”? 5.28

182.63
182.62
182.62
194.64
194.64
194.64

1454.71
1454.94
1455.16
1455.39
- 2 6 5 . 7 4
- 2 6 5 . 7 3
- 2 6 5 . 7 3
345.98
145.98
145.98
4 1 6 . 6 9
4 1 6 . 7 1
416.73

- 4 8 7 . 6 9
- 4 8 7 . 6 6
- 4 8 7 . 6 4
-353.82

6.578
0.615
0.308
0.308
0.258
0 . 2 5 8
0.444
1.599
1.599
1.599
1.000
0.381
0.381
0.222
0.799
0.799
0.799

- 2 . 6 7 1
- 2 . 6 7 0
- 2 . 6 7 0

0.500
0.500
0.500
0.533
0.533
0.533
3.983
3.983
3.984
3 . 9 8 5

- 0 . 7 2 8
- 0 . 7 2 8
- 0 . 7 2 8

0.400
0.400
0 . 4 0 0
1.1.41
1.141
1.141

- 1 . 3 3 5
- 1 . 3 3 5
--1.335
- 0 . 4 2 1

,. ,,,.- j
“-” .?,’ ‘2’:; ; “!



o 5 - 5
0 rj – 5
0 4 -5
0 3-5
0 3 - 5
0 3 --5
0 2-5
0 6 - 6
0 6 - 6
0 ~ -6
0 4 -6
0 4 -6
0 4 - 6
0 3 -6
0 3 - 6
0 “1 -7
0 “1 -7
0 6 -“?
o 5 “1
o 5 - “1
o 5 -“t
o 4 -“1
o 4 -7
0 8 -8
0 8 --8
0 7 -8
0 6 - 8
0 6 -8
0 5 –8
o 5 _8

o tj - 8
0 9 -9
0 9 -9
0 ‘1 -9
0 ‘1 -9
0 6 -9
0 6 -9
0 5 - 9
0  30-30
0 8-10
0 8-10
0 “/-30
o 6-10
0 6-10
0  33-31
0 9-1~
o 9-31
0 8-11
0 “/-13
o 10-12
0 9-12
0 8-12
0  11-13
0  20-13

0 0 0 0 0
0 0 0 0 - 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 - 2
0 0 0 0 - 2
0 0 0 0 0
0 0 0 0 - 1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 - 1
0 0 0 0 - 2
0 0 0 0 -1
0 0 0 0-2
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 0
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 -2
0 0 0 0 -1.
0 0 0 0 -2
0 0 0 0 0
0 0 0 0  - - 1
0 0 0 0 0
0 0 0 0 --3
0 0 0 0 --2
0 0 0 0 0
0 0 0 0 --1
0 0 0 0  - - 2
0 0 0 0 0
0 0 0 0 --1
0 0 0 0 --1
0 0 0 0 --2
0 0 0 0 -1
0 0 0 0 -2
0 0 0 0 -2
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 - 2
0 0 0 0 -2
0 0 0 0 -3
0 0 0 0 - 2
0 0 0 0 0
0 0 0 0 -1
0 0 0 0 -2
0 0 0 0 -2
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