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Summary

A FFT-based algorithm for fast volume integration has been developed.  This technique should significantly expand the range of application of boundary integral methods.
The boundary integral method is a powerful technique for solving partial differential equations, but it is only effective for a small class of problems. Relatively few problems can be reformulated as a boundary-only integral equation, and this severely limits the application of this technique. Many problems can however be expressed as a boundary integral plus a volume integral contribution, for example, nonhomogeneous (Poisson), nonlinear problems, etc.  Using standard procedures, direct evaluation of volume integrals is computationally expensive and a volume mesh is required.  Thus, under these circumstances it would probably be better to employ a finite element approach. 
In this work it is shown that the fast boundary integral evaluation based upon the FFT [1] can be extended to volume integration [2].  Fig. 1 shows a crude schematic of the method: the problem domain is overlaid with a regular Fourier grid and this grid is employed to rapidly compute far-field boundary integrals. In the present work it has been shown that the Fourier grid can also be exploited to rapidly compute volume integrals. This is accomplished without a volume mesh and for arbitrary boundary geometry.  
The volume integrals will contain the Green’s function, and thus this new algorithm must be able to handle singular integrals.  Figure 2 shows that this is possible with a low order quadrature.

With this technique, it is expected that boundary integral methods can now be applied to a much larger class of problems, and work in this direction is ongoing. 
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Figure 1. 2-D illustration of relationship between problem domain and the uniform FFT grid - Shaded area is the problem domain , B is the uniform grid.
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Figure 2. Convergence of evaluation schemes for singular volume integrals.
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