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Abstract

Isothermaldatain the
�
V � P� -planearegenerallynot sufficiently preciseto

determinethe bulk modulusand its pressurederivative usingfinite differ-
ences.Insteadthedataarefit to ananalyticexpressionandthederivatives
of theanalyticexpressionareused.Thederivativesobtainedin this fashion
maybesensitive to thefitting form andthedomainof datausedfor thefit.
This point is illustratedby re-analyzingtwo datasetsfor β-HMX. In this
case,the uncertaintyin the modulusdueto the fitting form is greaterthan
the statisticaluncertaintyof the fits associatedwith the experimentalerror
bars. Moreover, thereis a systematicdifferencebetweenthe two datasets
which hasa significanteffect on the Hugoniot locus in the regime of the
CJ-detonationpressure.

1 Introduction

Hydrostaticcompressionexperimentsare usedto measurethe equilibrium
pressurealonganisothermasa functionof density. Theisothermalbulk modulus
andits derivativecanthenbecomputed.ThesequantitiesdeterminetheHugoniot
locusfor weakshocksin theform of a linear (shockvelocity)-(particlevelocity)
relation. This techniquecanbe appliedto explosive crystalsfor which the inert
Hugoniotis difficult to measuredueto thereactivenatureof thematerial.

The isothermalbulk modulusis definedby KT ��� V ∂P
∂V

��
T andits derivative

by K �T � dKT
dP ��� 1 � V ∂2P

∂V2

��
T

	
∂P
∂V

��
T . Thermodynamicrelationscanbe usedto



transformbetweenisothermalandisentropicvalues:

KS � KT

1 ��
 βT ��
 βVKT
CP ��� (1)

K �S � K �T � 
 βT ��
 βVKT
CP � 2 � 
 βT ��
 βVKT

CP ��� ∂
∂ logT logKT � 
 βVKT

CP � ∂
∂ logT log 
 β2V

CP ���� 1 ��
 βT � 
 βVKT
CP ��� 2 �

(2)

whereβ is thecoefficient of volumetricthermalexpansion,andCP is thespecif-
ic heatat constantpressure.We note that β andCP can be measureddirectly.
Furthermore,

βVKT

CP
� CV

CP
Γ � Γ � O 
 1� �

whereΓ is the Grüneisencoefficient, andat ambientconditionsβT � 1. Con-
sequently, if asexpectedthe temperaturederivatives in equation(2) are on the
orderof 1 or lessthentheireffect is small.Hence,wecanneglectthetemperature
derivativesandobtain

K �S � K �T � 
 βT ��
 βVKT
CP � 2

� 1 ��
 βT � 
 βVKT
CP ��� 2 � (2’)

For theprincipalHugoniotlocus,theinterceptandslopeof theus-up relation
aregivenby

c ��� KS� ρ � (3)

s ��
 K �S � 1� � 4 � (4)

whereKS andK �S areevaluatedat theinitial state.Theserelationsallow theHugo-
niot to be determinedfrom isothermaldataover a limited domainof pressure,
typically up to a shockpressureon the orderof KS. In general,the Grüneisen
coefficient andspecificheatareneededto extenda singleisothermPT 
 V � to an
equationof stateP 
 V � e� neededto computetheHugoniotlocus.

Theisothermaldataareusuallynot sufficiently preciseto beableto calculate
derivativesby simplefinite differences.Insteadananalyticform for theisotherm
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PT 
 V � is assumed.After fitting parametersto matchthedata,derivativescanbe
obtainedanalytically. In effect, the fitting form is usedto smooththe data. An
importantquestionis the sensitivity of KT andK �T to the fitting form andto the
domainof datausedfor thefit. We illustratethepotentialpitfalls associatedwith
fitting formsby re-analyzingtwo datasetsfor β-HMX. In this casewe show that
theuncertaintyin KT andK �T dueto thefitting form is greaterthanthestatistical
uncertaintyof the fits associatedwith the experimentalerror bars. In addition,
thereis a systematicdifferencebetweenthe two datasets. The differencehasa
significanteffect on theHugoniotlocusin theregimeof theCJ-detonationpres-
sure.

2 HMX data

Dataonanisothermof β-HMX wasfirst reportedby Olinger, Roof& Cady[1]
in 1978.More recentlythemeasurementswereextendedfrom 7.5GPa to 42GPa
by Yoo & Cynn[2]. Thoughnotspecifiedweassumethatbothexperimentswere
performedatroomtemperature.Thetwo experimentsusedthesamegeneraltech-
niquebut weredifferentin detail.

Olinger, Roof & Cadyuseda Bridgmananvil to compressa sample0.2mm
thick and0.3mm in diameter. Thesampleconsistedof smallHMX crystalsand
NaF powder suspendedin a methanol-ethanolmixture. The HMX densitywas
determinedby measuringthelatticeparameterswith X-ray diffraction.Thepres-
surewasdeducedfrom thecompressionof NaFdeterminedby X-ray diffraction.
Yoo & Cynn useda diamondanvil to compressa sample0.12mm in diameter.
Micron-sizedHMX crystalsweresuspendedin argon. Again, theHMX density
wasdeterminedvia X-ray diffraction. The pressurewasdeterminedvia a ruby
fluorescencetechnique.Thedatafrom bothexperimentswereusedto determine
KT andK �T . However, adifferentfitting form wasusedin theanalysisof eachdata
set.

Olinger, Roof& Cady[1] usedtheHugoniotrelations,

V
V0
� 1 � up

us �P � P0 � ρ0upus �
to transformeach 
 V � P� -datapoint to apseudo-particlevelocityup andapseudo-
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shockvelocityus. Thepseudovelocitiescanbeexpressedas

up �! "
 P � P0 � 
 V0 � V �$# 1% 2 � (5)

us � V0 & P � P0

V0 � V ' 1% 2 � (6)

In the 
 up � us� –planetheir dataarewell fit by astraightline, us � cT � sTup. This
resultsin thefitting form

P 
 V � � V0 � V V0 � sT 
 V0 � V �(# 2c2
T � (7)

Fromthefit they obtainedKT0 � 13� 5GPaandK �T0 � 9 � 3.
We notethat for theHugoniotlocusof a solid, up to a pressureon theorder

of thebulk moduluscompressionaleffectsdominatethermaleffects.Thus,within
theexperimentaldomainof pressureit is notsurprisingthatafitting form usedfor
Hugoniotloci is a reasonableapproximationto anisotherm.

Yoo & Cynn [2] fit their datato a third-orderBirch-Murnaghanequationof
state(see,e.g., [3, p. 64])

P 
 V � � 3
2KT0 � η ) 7% 3 � η ) 5% 3 �*� 1 � 3

4 
 K �T0 � 4� 
 η ) 2% 3 � 1� � � (8)

whereη � V � V0. Their “best-fit” valuesareKT0 � 12� 4GPa andK �T0 � 10� 4 for
thedatabelow apressureof 27GPa.

The reportedresultsfor the two experimentsdiffer by 8.5% for the moduli
and11% for the derivative of the moduli. Both datasetsareshown in Figure1
in both the 
 V � P� -planeandthepseudo-velocity plane(Yoo & Cynn databelow
27GPa). Olinger, Roof & Cady listed the uncertaintyin their datapoints. It
is approximately2% in pressureandvariesfrom 0.1% to 1.5% in V � V0 as the
compressionratio increases.Yoo & Cynn did not list the uncertaintyexplicitly
but error barswere shown in the plots of [2, fig. 5]. From this we infer that
their uncertaintyin the pressureis about0 � 1GPa + 2% andtheir uncertaintyin
V � V0 is about0.5%. It is naturalto askto whatextent thedifferencein thebulk
modulusinferredfrom thetwo datasetscanbeattributedto thedifferentmethods
of analysis(i.e., assumedfitting forms),to theuncertaintyin thedatapointsor to
differencesin the experiment(i.e., crystalsize,experimentalgeometry, pressure
medium,andmeansof determiningpressure).

This led usto reanalyzebothdatasetsusingbothfitting forms. In theprocess
we found thata leastsquarefit to the datareportedby Yoo & Cynn,usingtheir
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Figure1: P–V loci andup–us loci for HMX isotherm. Diamondsandcirclesaredata
from Olinger, Roof&Cady [1] andYoo & Cynn [2], respectively.

fitting form, leadsto avalueof KT0 � 14� 7GPawhichis 16%largerthanwhatYoo
& Cynnquotedastheir “best-fit”. However, thisdoesnotexplain thediscrepancy
betweenthevalueof KT0 obtainedfromthetwo experiments.Nor is thedifference
within theuncertaintyof themeasurements.

3 Re-analysis of Data

Thehydrostaticdataof Yoo & Cynn [2] extendup to 42GPa. In additionto
measuringthepressurethey measuredtheRamanspectra.Thereis evidencein the
spectrumfor phasetransitionsat12GPaand27GPa. At 12GPathereis negligible
volumechangeandthey suggestthe transitionis martensitic.Sincea crystalof
β-HMX is anisotropic,hydrostaticcompressiongivesriseto a shearstrainwhich
caninducea martensitictransition.At 27GPa thereis a 4% volumechange.It is
naturalto limit thedomainof thefits basedonthesetransitions.Consequently, we
havedonetwo fits for Yoo& Cynn’sdata.Thedomainof thedatausedfor fitting
doesaffect thevaluesof theresultantparameters.

We notethat both fitting forms have 2 parameters,andby constructionboth
go throughthe initial stateV � V0 � 1 andP � 0. Thevelocity parameterscT and
sT in the 
 up � us� -planeandtheBirch-MurnaghanparametersKT0 andKT0 + K �T0
in the 
 V � P� -planeenterthe fitting function aslinear parameters.We determine
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theseparametersfrom a leastsquaresfit with weightsspecifiedby theuncertainty
in thedatapoints.

For the fit in the 
 V � P� -plane,we treatedV asthe independentvariableand
addedtheuncertaintyin themeasuredvalueof V to themeasureduncertaintyin
P:


 δP� � 2 �,
 δP� 2 � 
 dP
dV δV � 2 �

Thisresultsin anon-linearminimizationproblemfor thefitting parameters.How-
ever, it canbesolvedby iteratingon thelinearproblem.Only a few iterationsare
neededto obtainconsistency betweenδP� anddP� dV.

For the fit in the 
 up � us� -planewe computethe uncertaintiesfrom eqs.(5)
and(6) assumingthatδV andδP areuncorrelated


 δup

up � 2 � 
 δus

us � 2 � 1
2 
 δP

P � 2 � 1
2 
 δV

V0 � V � 2 �
With up astheindependentvariabletheuncertaintyin up is addedto thatof us in a
similarmannerasdescribedabovefor V andP. Again thefitting parameterswere
obtainedby iteratingthelinearproblem.

Theleast-squaresfit to thedataof Olinger, Roof& Cadyis shown in Figure2,
andthe least-squaresfit to the dataof Yoo & Cynn is shown in Figure3. The
valuesof thefitting parametersarelistedin table1. In addition,

χ2
ν � 1

N ) 2 ∑
i - Pi � P 
 Vi �

δP� . 2

(9)

is givenfor eachcase.In all cases,χ2
ν � 1. Hence,the isothermaldatacanbefit

equallywell with boththeBirch-MurnaghanandtheHugoniotfunctionalform of
P 
 V � .

For the domainof the data,K � K0 � PK � . In this approximation,the slope

dP� dV �0/ V0
V 1 K 20 K0

V andincreasesrapidly with increasingcompression.At high
pressurestheslopeis largeandthedominantcontribution to δP� is from theun-
certaintyin V. Thishasa largeeffecton thevalueof χ2

ν andtheuncertaintyin the
fitting parameters.As an exampleof the magnitudeof the effect, for the Birch-
Murnaghanfit to theYoo& Cynndataupto 27GPa,settingδV � 0 wouldincrease
χ2

ν from 0.49to 1.66. In addition,theuncertaintiesin thefitting parameters,σK

andσK 2 , woulddecreaseby abouta factorof 2. Consequently, athighpressuresit
is importantto measureV asaccuratelyaspossible.
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Figure2: HMX datafrom Olinger, Roof& Cady[1]. Redsymbolsaredatapoints.Green
line is basedon Hugoniotfitting form andblue line is basedon Birch-Murnaghanfitting
form.

Figure3: HMX datafrom Yoo & Cynn [2] (restrictedto P 3 27GPa). Redsymbols
aredatapoints. Greenline is basedon Hugoniotfitting form andblue line is basedon
Birch-Murnaghanfitting form.
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fitting form KT0 K �T0 χ2
ν c s

(GPa) — — (km/s) —

Olinger, Roof & Cadydataset
pseudo-velocity 13.4 9.4 0.23 2.65 2.59

σ 4 0.3 4 0.7 4 0 � 08 4 0 � 17
Birch-Murnaghan 10.6 18.1 0.35 2.36 4.78

σ 4 1.7 4 3.4 4 0 � 19 4 0 � 86

Yoo & Cynndataset,P � 12GPa
pseudo-velocity 17.2 5.7 0.84 3.01 1.68

σ 4 0.5 4 0.7 4 0 � 14 4 0 � 18
Birch-Murnaghan 16.0 7.3 0.70 2.90 2.07

σ 4 2.5 4 1.4 4 0 � 22 4 0 � 36

Yoo & Cynndataset,P � 27GPa
pseudo-velocity 17.5 5.6 0.64 3.04 1.65

σ 4 0.3 4 0.2 4 0 � 07 4 0 � 05
Birch-Murnaghan 14.7 8.6 0.49 2.78 2.40

σ 4 1.3 4 0.8 4 0 � 13 4 0 � 21

Table1: Resultsof fitting formson thetwo datasets

A few observationsaboutthefits,basedontable1,areinstructive.For boththe
dataof Olinger, Roof& Cadyandthedataof Yoo& Cynnin thepressuredomain
P � 27GPa,thedifferencesin KT0 andK �T0 betweenthetwofitting formsisgreater
thanthesumof thestatisticaluncertaintiesin eachfit dueto theuncertaintyin the
datapoints.This is dueto thecurvatureof us 
 up � for theBirch-Murnaghanfitting
form whenup is small. We discussthecurvatureeffect in moredetail in thenext
section.Theimplicationis that theassumedfitting form canbea dominanterror
in determiningthemodulusandits derivative.

Furthermore,for eitherfitting form, the differencein valuesof KT0 andK �T0
determinedfrom thetwo datasetsis greaterthanthestatisticaluncertaintyin the
fits. This is seengraphicallyin contourplots of χ2

ν shown in figure 4 for the t-
wo fits to thetwo datasets.Thelargestcontouris slightly largerbut comparable
to the statisticaluncertaintiesin the parametersof the fit. The fact that the “er-
ror ellipses”don’t overlap implies thereis a systematicdifferencebetweenthe
experiments.
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Figure 4: Contourplot of χ2
ν for Birch-Murnaghan(K–K 5 plane)and Hugoniot (c–s

plane)fitting form to HMX dataof Olinger, Roof & Cady[1] andYoo & Cynn [2] (re-
strictedto P 3 27GPa). Tencontourfor eachfit areequallyspacedbetweentheminimum
valueandtwice theminimumof χ2

ν.

Yoo & Cynn[2] suggestthat their pressuremediumresultsin a morehydro-
staticcompression.Thisis notclear. Thoughargonis softer(lowerbulk modulus),
thePoissonratio is thekey parameter. At roomtemperaturetheethanol-methanol
mixtureremainsa liquid up to 10GPa[4], whereasargonsolidifiesat1.3GPa[5].
Systematicdifferencesbetweenthetwo experimentsmayalsoresultfrom thedif-
ferentmethodsfor inferring thepressureanddifferencesin experimentaldesign.
Until this discrepancy is resolvedthebestonecansayis thatKT0 � 14 4 3 � 5GPa
andK �T0 � 7 � 5 4 1 � 9. Thesearelargeuncertainties( 4 25%)in importantparame-
ters.

Thepossibilityof amartensiticphasetransitionat12GPa[2] suggestsrestrict-
ing thedomainof thefit. For thepseudo-velocityfit theparametersc andschange
by only 1%. In contrasttheparametersKT0 andK �T0 for theBirch-Murnaghanfit
changeby 8%and16%,respectively. Thesechangesarewithin theerrorestimate.
Consideringthat thereis no volumechangein thetransition,thepossiblekink in
the slopeof P 
 V � is undoubtablylost in the scatterof the data. It is interesting
to notethat theparametersfor theHugoniotfitting form arelesssensitive to the
domainusedfor the fit thanthe parametersof the Birch-Murnaghanfit. This is
dueto thefactthattherearenodatapointsin thelow pressureregion in which the
curvatureof us 
 up � is greatest.
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4 Discussion

A notablepropertyof the Birch-Murnaghanfitting form is the curvaturein
thepseudo-velocity plane.As notedpreviously, for stiff materialssuchassolids,
weakshocksaredominatedby compressionaleffectsandfor low pressuresthe
isothermandtheHugoniotlocusareexpectedto have a similar behavior. In con-
trastto metals,it is commonfor theHugoniotloci of liquids[6], poroussolidsand
polymers[7] to displaysignificantcurvaturein the 
 up � us� -planefor weakshocks.
Thecurvatureeffect alsohasbeenobservedfor theexplosivePETN[8] which is
a largeorganicmolecularcrystal.

Wethink theeffect in liquidsandlargemolecularcrystalsis dueto theclosing
of regionsof relatively low intermolecularelectrondensity(analogousto squeez-
ing out voids in poroussolidsand“free volume” in polymers)at low pressures.
Furthercompressionthenrequiresdistortionof intramoleculardegreesof freedom
characterizedby covalentbondingand/oraccessingstatessuccessively higheron
the intermolecularrepulsive core. This leadsto a large increasein the modulus
over a relatively smallpressuredomain.Therapidincreasein themodulusis the
causeof the curvatureof the Hugoniot loci in the velocity plane. It would not
besurprisingfor HMX, which like PETNis a largeorganicmolecularcrystal,to
displayasimilarcurvatureeffect.

Thestrongestcurvatureeffectusuallyoccursatpressuresbelow afew kilobars.
Thereis only oneisothermaldatapoint for HMX below 1.5GPa. Consequently, to
justify theuseof theBirch-Murnaghanfitting form over thesimplerHugoniotfit-
ting form wouldrequireadditionallow pressuredata.Experimentallyit is difficult
to measurethedensityat low pressurewith theprecisionnecessaryto determine
accuratelythemoduli. An alternative is to determinethebulk moduli from sound
speedmeasurements.Becauseof anisotropy of thecrystal(β-HMX is monoclin-
ic), it is necessaryto determinethe full elastictensor. The isentropicmodulus
correspondsto theReussaveragebulk modulus,andeq.(1) thendeterminesthe
isothermalmoduluswhich canbe comparedwith the fits to the hydrostaticda-
ta. Recently, Zaug[9] haspartially determinedthe elastictensorof HMX from
soundspeedmeasurementsusingthe impulsive stimulatedlight scatteringtech-
nique.Pinningdown KT0 in this way would greatlyreducetheuncertaintyin the
fitting parameters.

Theuncertaintyin KT0 andK �T0 hasimportantimplicationsfor theHMX shock
Hugoniot. Hydro simulationsfrequentlyusea Mie-Grüneisenequationof state
for solids with a referencecurve basedon the principal Hugoniot and a linear
us-up relationfor the Hugoniot locus,eq. (7). Both the isothermaldataandthe
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A) B)

Figure5: HMX datain
�
up � us � -plane. Reddiamondsandblue circlesare isothermal

dataof Olinger, Roof & Cady[1] andYoo & Cynn [2], respectively. Black circlesare
Hugoniotdatafor solventpressedHMX (0.5%porosity)[10, p.596],andblackdiamond-
sareCraig’sHugoniotdatafor singlecrystalHMX (unspecifiedorientation)[11] and[10,
p. 595] aroundtheCJ-detonationpressure,34–42GPa. Greenline indicatesphasetransi-
tion at 27GPa in the isothermaldata[2]. In addition: A) Dashedredandblue lines are
linearfits to isothermaldata.B) Black line is Bernecker’s [13] proposedpiecewise linear
fit to Hugoniot data. Blue line is Birch-Murnaghanfit to Yoo-Cynndatabelow phase
transitionat27 GPa.

Hugoniotdatafor HMX areshown in figure 5. Extrapolatingto CJ-detonation
pressure,us � 8mm� µs, thereis a large differencebetweenthe linear fits based
on the dataof Olinger, Roof & Cady and the dataof Yoo & Cynn. Thus, the
systematicdifferencebetweenthetwo datasetshasimportantconsequences.

Wenotethatthereis alsoHugoniotdatafor PBX-9501[14], which is 95wt%
HMX. In the 
 up � us� -plane,thefit to thePBX-9501Hugoniotdatais closerto the
fit to thedataof Olinger, Roof& Cadythanto thedataof Yoo& Cynn.Moreover,
recentmeasurementsof the von Neumannspike of a detonationwave in PBX-
9501arecompatiblewith extrapolatingthelow pressureHugoniotdata[15].

Prior to Yoo & Cynn’s recentexperiment,Dick [12] andBernecker [13] sug-
gesteda high pressureshockinducedphasetransitionin HMX basedon thefact
thatthehighpressureHugoniotdatalay considerablybelow thestraightline fit to
thedataof Olinger, Roof & Cady. This leadBernecker [13] to proposeapproxi-
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matingtheHugoniotlocuswith apiecewiselinearfit. TheBirch-Murnaghanfit to
Yoo& Cynn’sdatabelow thephasetransitionat27GPis effectively asmoothver-
sionof Bernecker’s fit. It interpolatesbetweenthe low pressuredataof Olinger,
Roof& Cady(exceptfor their3 highestpressuredatapoints)andthehigherpres-
suredataof Yoo & Cynn. Consequently, on thebasisof thefit to Yoo & Cynn’s
data,ashockinducedphasetransitionwouldnot appearto bewarranted.

Needlessto sayanaccurateequationof statefor HMX is anecessaryingredi-
entfor simulationsusedto determineinitiation sensitivity. Understandingexperi-
mentalerrorsanddetermininganequationof stateconsistentwith all thedataare
importantissuesthatrequiremoreattention.
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