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Abstract

Isothermaldatain the (V, P)-planeare generallynot suficiently preciseto

determinethe bulk modulusandits pressurederivative usingfinite differ-

ences.Insteadthe dataarefit to ananalyticexpressionrandthe derivatives
of theanalyticexpressiorareused.The derivativesobtainedin this fashion
may be sensitve to the fitting form andthe domainof datausedfor thefit.

This point is illustrated by re-analyzingtwo datasetsfor 3-HMX. In this
case the uncertaintyin the modulusdueto the fitting form is greaterthan
the statisticaluncertaintyof the fits associatedvith the experimentalerror
bars. Moreover, thereis a systematidifferencebetweerthe two datasets
which hasa significanteffect on the Hugoniotlocusin the regime of the
CJ-detonatiompressure.

1 Introduction

Hydrostaticcompressionexperimentsare usedto measurethe equilibrium
pressuralonganisothermasafunctionof density Theisothermabulk modulus
andits derivative canthenbe computed.Thesequantitiesdeterminghe Hugoniot
locusfor weakshocksin the form of a linear (shockvelocity)-(particlevelocity)
relation. This techniquecanbe appliedto explosive crystalsfor which the inert
Hugoniotis difficult to measuralueto thereactve natureof the material.

Theisothermalbulk modulusis definedby Kt = —VgV—P\T andits derivative

by K = %LPT =-1-V %h/g—\ﬂr Thermodynamiaelationscanbe usedto



transformbetweensothermaklndisentropicvalues:
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wheref is the coeficient of volumetricthermalexpansion,andCp is the specif-
ic heatat constantpressure.We notethat 3 andCp can be measuredlirectly.
Furthermore,
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whererl is the Grineisencoeficient, and at ambientconditionspT < 1. Con-
sequentlyif asexpectedthe temperaturaderivativesin equation(2) are on the
orderof 1 or lessthentheir effectis small. Hence we canneglectthetemperature
derivativesandobtain
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For the principal Hugoniotlocus, the interceptandslopeof the us-up relation
aregivenby

(2)

KS/p7 (3)
s=(Ks+1)/4, (4)

whereKs andK{ areevaluatedattheinitial state. Theserelationsallow theHugo-
niot to be determinedfrom isothermaldataover a limited domainof pressure,
typically up to a shockpressureon the orderof Ks. In general,the Griineisen
coeficient andspecificheatare neededo extenda singleisothermPr (V) to an
equationof stateP(V, e) neededo computethe Hugoniotlocus.
Theisothermaldataareusuallynot sufficiently preciseto be ableto calculate
dervativesby simplefinite differenceslnsteadananalyticform for theisotherm
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Pr(V) is assumedAtfter fitting parameterso matchthe data,derivativescanbe
obtainedanalytically In effect, the fitting form is usedto smooththe data. An
importantquestionis the sensitvity of Kt andKy to thefitting form andto the
domainof datausedfor thefit. We illustratethe potentialpitfalls associatedvith
fitting formsby re-analyzingwo datasetsfor f-HMX. In this casewe shawv that
theuncertaintyin Kt andKt dueto thefitting form is greaterthanthe statistical
uncertaintyof the fits associatedvith the experimentalerror bars. In addition,
thereis a systematidifferencebetweenthe two datasets. The differencehasa
significanteffect on the Hugoniotlocusin the regime of the CJ-detonatiorpres-
sure.

2 HMX data

Dataonanisothermof B-HMX wasfirstreportedoy Olinger, Roof& Cady[1]
in 1978. More recentlythe measurementsereextendedirom 7.5GPato 42GPa
by Yoo & Cynn|[2]. Thoughnot specifiedve assumehatbothexperimentsvere
performedatroomtemperatureThetwo experimentaisedthe samegeneratech-
niquebut weredifferentin detail.

Olinger, Roof & Cadyuseda Bridgmanarvil to compressa sample0.2mm
thick and0.3mm in diameter The sampleconsistedf smallHMX crystalsand
NaF powder suspendedh a methanol-ethanahixture. The HMX densitywas
determinedy measuringhe lattice parametersvith X-ray diffraction. The pres-
surewasdeducedrom the compressiomf NaF determinedy X-ray diffraction.
Yoo & Cynnuseda diamondarvil to compressa sample0.12mm in diameter
Micron-sizedHMX crystalswere suspendedh argon. Again, the HMX density
was determinedvia X-ray diffraction. The pressurevas determinedvia a ruby
fluorescenceéechnique.The datafrom both experimentsvereusedto determine
Kr andK7. However, adifferentfitting form wasusedin theanalysisof eachdata
set.

Olinger, Roof & Cady[1] usedthe Hugoniotrelations,

V. . U
Vo Us ’
P = Po+ poUpUs ,

to transformeach(V, P)-datapointto a pseudo-particleelocity u, anda pseudo-



shockvelocity us. The pseudovelocitiescanbe expresseds

Up = [(P—Po)(Vo—V)] "2, (5)
P— Py Y2
Us=Vo [VO —V:| . (6)

In the (up, us)—planetheir dataarewell fit by a straightline, us = cr + srup. This
resultsin thefitting form
Vo—V
P(V) = - 56 - (7)
Mo—sr(Vo—V)]

Fromthefit they obtainedKtg = 13.5GPaandK;, = 9.3.

We notethat for the Hugoniotlocusof a solid, up to a pressureon the order
of thebulk moduluscompressionatffectsdominatethermaleffects. Thus,within
theexperimentadomainof pressurat is notsurprisingthatafitting form usedfor
Hugoniotloci is areasonabl@pproximatiorto anisotherm.

Yoo & Cynn|2] fit their datato a third-orderBirch-Murnaghanequationof
state(seee.g., [3, p. 64])

P(V) = 3Kro[n 2 —n "] |1+ (Kt 91 Z2-D],  ®

wheren =V /Vp. Their “best-fit” valuesareKto = 124GPaandKt, = 10.4 for
thedatabelow a pressuref 27GPa.

The reportedresultsfor the two experimentsdiffer by 8.5% for the moduli
and11% for the deriative of the moduli. Both datasetsareshown in Figure 1
in boththe (V, P)-planeandthe pseudo-elocity plane(Yoo & Cynn databelon
27GPa). Olinger, Roof & Cady listed the uncertaintyin their datapoints. It
is approximately2% in pressureand variesfrom 0.1%to 1.5%in V /Vp asthe
compressiomatio increases.Yoo & Cynndid not list the uncertaintyexplicitly
but error barswere shavn in the plots of [2, fig. 5]. From this we infer that
their uncertaintyin the pressurdas about0.1GPa + 2% andtheir uncertaintyin
V /Vo is about0.5%. It is naturalto askto whatextentthe differencein the bulk
modulusinferredfrom thetwo datasetscanbeattributedto the differentmethods
of analysig(i.e., assumeditting forms), to the uncertaintyin the datapointsor to
differencesn the experiment(i.e., crystalsize, experimentalgeometry pressure
medium,andmeanf determiningpressure).

This led usto reanalyzebothdatasetsusingbothfitting forms. In the process
we found thata leastsquarefit to the datareportedby Yoo & Cynn, usingtheir
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Figure1: P-V loci andup—us loci for HMX isotherm. Diamondsand circles are data
from Olinger, Roof &Cady[1] andYoo & Cynn [2], respeciiely.

fitting form, leadsto avalueof Ko = 14.7 GPawhichis 16%largerthanwhatYoo

& Cynnquotedastheir“best-fit”. However, this doesnot explainthediscrepang

betweerthevalueof K1g obtainedrom thetwo experimentsNor is thedifference
within the uncertaintyof the measurements.

3 Re-analysisof Data

The hydrostaticdataof Yoo & Cynn|[2] extendup to 42GPa. In additionto
measuringhepressurehey measuredhe RamarspectraThereis evidencein the
spectrunfor phasdransitionsat12GPaand27GPa. At 12GPathereis negligible
volume changeandthey suggesthe transitionis martensitic. Sincea crystal of
B-HMX is anisotropic hydrostaticcompressiomjivesriseto a shearstrainwhich
caninducea martensiticransition. At 27GPathereis a 4% volumechangellt is
naturalto limit thedomainof thefits basednthesedransitions.Consequentlywe
have donetwo fits for Yoo & Cynn’s data.Thedomainof the datausedfor fitting
doesaffectthe valuesof theresultantpparameters.

We notethat bothfitting forms have 2 parametersandby constructionboth
go throughtheinitial stateV /Vo = 1 andP = 0. The velocity parametersr and
st in the (up, us)-planeandthe Birch-Murnagharparameter&ro andKrg x Kt
in the (V, P)-planeenterthefitting function aslinear parameters\We determine
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theseparameterfrom aleastsquaresit with weightsspecifiedoy theuncertainty
in thedatapoints.

For the fit in the (V, P)-plane,we treatedV asthe independentariableand
addedthe uncertaintyin the measured/alueof V to the measuredincertaintyin
P:

(3P)2 = (3P)2 + (3—55\/)2 .

Thisresultsin anon-lineaminimizationproblemfor thefitting parameterstHow-
ever, it canbe solvedby iteratingon thelinearproblem.Only afew iterationsare
neededo obtainconsisteng betweerdP’ anddP/dV.

For the fit in the (up, us)-planewe computethe uncertaintiesrom egs. (5)
and(6) assuminghatdV anddP areuncorrelated

dup\2  (OUs\2 4 (OP\2 ./ OV \2
(u_p) = () =3(%) 3 )
With up astheindependentariabletheuncertaintyin up is addedo thatof usin a
similar mannerasdescribedabove for V andP. Againthefitting parametersvere
obtainedby iteratingthelinear problem.
Theleast-squarefit to thedataof Olinger, Roof & Cadyis shovnin Figure2,

andthe least-squareét to the dataof Yoo & Cynnis shown in Figure3. The
valuesof thefitting parametersarelistedin table 1. In addition,

e a3 (PR 0

is givenfor eachcase.In all casesy’ < 1. Hence the isothermaldatacanbe fit
equallywell with boththe Birch-Murnagharandthe Hugoniotfunctionalform of
P(V).

For the domainof the data,K ~ Ko+ PK’. In this approximation the slope
dP/dV = (\Q)K6§ andincreasesapidly with increasingcompression At high
pressureshe slopeis large andthe dominantcontrikution to &P’ is from the un-
certaintyin V. This hasalarge effect onthevalueof x2 andthe uncertaintyin the
fitting parameters As an exampleof the magnitudeof the effect, for the Birch-
Murnagharfit totheYoo & Cynndataupto 27GPa,settingdV = 0wouldincrease
X3 from 0.49to 1.66. In addition, the uncertaintiesn the fitting parametersgy
andoy, would decreaséy aboutafactorof 2. Consequentlyat high pressure#
is importantto measurd/ asaccuratelyaspossible.
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Figure2: HMX datafrom Olinger, Roof& Cady[1]. Redsymbolsaredatapoints.Green
line is basedon Hugoniotfitting form andblueline is basedon Birch-Murnagharfitting
form.
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Figure 3: HMX datafrom Yoo & Cynn [2] (restrictedto P < 27GPa). Red symbols
aredatapoints. Greenline is basedon Hugoniotfitting form andblue line is basedon
Birch-Murnagharfitting form.



fitting form Kro Kig X2 C S
GPa) — — (kmis) —

Olinger, Roof & Cadydataset
pseudo-elocity 134 94 023 265 259
o +0.3 +0.7 +0.08 +0.17

Birch-Murnaghan 10.6 18.1 0.35| 2.36 4.78
o +1.7 434 +0.19 +0.86

Yoo & Cynndataset,P < 12GPa
pseudo-elocity 172 57 084 3.01 1.68
o +0.5 +0.7 +0.14 +0.18

Birch-Murnaghan 16.0 7.3 0.70| 290 2.07
o +25 +1.4 +0.22 +0.36

Yoo & Cynndataset,P < 27GPa
pseudo-elocity 175 56 064 3.04 1.65

o +0.3 +0.2 +0.07 +0.05
Birch-Murnaghan 14.7 86 0.49| 278 240
o +1.3 +0.8 +0.13 +0.21

Tablel: Resultsof fitting formsonthetwo datasets

A few obsenationsaboutthefits, basedntablel, areinstructive. For boththe
dataof Olinger, Roof & Cadyandthedataof Yoo & Cynnin thepressurelomain
P < 27GPa, thedifferencesn Ktg andK’., betweerthetwo fitting formsis greater
thanthe sumof the statisticaluncertaintiesn eachfit dueto theuncertaintyin the
datapoints. Thisis dueto the curvatureof us(up) for the Birch-Murnagharfitting
form whenup is small. We discussthe curvatureeffectin moredetailin the next
section.Theimplicationis thatthe assumeditting form canbe a dominanterror
in determiningthe modulusandits derwvative.

Furthermorefor eitherfitting form, the differencein valuesof Kyo and K%O
determinedrom thetwo datasetsis greaterthanthe statisticaluncertaintyin the
fits. Thisis seengraphicallyin contourplots of x3 shavn in figure 4 for the t-
wo fits to the two datasets. The largestcontouris slightly larger but comparable
to the statisticaluncertaintiesn the parameter®f the fit. The factthatthe “er-
ror ellipses”don'’t overlapimplies thereis a systematiadifferencebetweenthe
experiments.
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Figure 4. Contourplot of x2 for Birch-Murnaghan(K—K' plane)and Hugoniot (c-s
plane)fitting form to HMX dataof Olinger, Roof & Cady[1] andYoo & Cynn|[2] (re-
strictedto P < 27GPa). Tencontourfor eachfit areequallyspacedetweerthe minimum
valueandtwice the minimumof x3.

Yoo & Cynn|[2] suggesthattheir pressuremediumresultsin a morehydro-
staticcompressionThisis notclear Thoughargonis softer(lowerbulk modulus),
thePoissorratiois thekey parameterAt roomtemperaturéhe ethanol-methanol
mixtureremainsaliquid upto 10GPa[4], whereasargonsolidifiesat 1.3GPa[5].
Systematidifferencedetweerthetwo experimentgnayalsoresultfrom the dif-
ferentmethoddor inferring the pressureanddifferencesn experimentaldesign.
Until this discrepanyg is resoledthe bestonecansayis thatKtg = 14+ 3.5GPa
andKf, = 7.5+ 1.9. Thesearelarge uncertaintie-25%) in importantparame-
ters.

Thepossibilityof amartensitigphasedransitionat 12GPa[2] suggestsestrict-
ing thedomainof thefit. For thepseudo-elocityfit theparameters ands change
by only 1%. In contrastthe parameter&ro andKt, for the Birch-Murnagharfit
changeby 8% and16%,respectrely. Thesechangesrewithin theerrorestimate.
Consideringhatthereis no volumechangen thetransition,the possiblekink in
the slopeof P(V) is undoubtablylost in the scatterof the data. It is interesting
to notethatthe parametergor the Hugoniotfitting form arelesssensitve to the
domainusedfor the fit thanthe parameter®f the Birch-Murnagharfit. This is
dueto thefactthatthereareno datapointsin thelow pressureegionin whichthe
curvatureof us(up) is greatest.



4 Discussion

A notablepropertyof the Birch-Murnagharfitting form is the curvaturein
the pseudo-elocity plane.As notedpreviously, for stiff materialssuchassolids,
weak shocksare dominatedby compressionagffectsandfor low pressureshe
isothermandthe Hugoniotlocusareexpectedto have a similar behaior. In con-
trastto metals,it is commonfor theHugoniotloci of liquids[6], poroussolidsand
polymers[7] to displaysignificantcurvaturein the (up, us)-planefor weakshocks.
The curvatureeffect alsohasbeenobsenedfor the explosve PETN [8] which is
alarge organicmolecularcrystal.

We think theeffectin liquids andlarge molecularcrystalsis dueto theclosing
of regionsof relatively low intermoleculaelectrondensity(analogoudo squeez-
ing out voids in poroussolidsand“free volume” in polymers)at low pressures.
Furthercompressiothenrequiresdistortionof intramoleculadegreesof freedom
characterizedby covalentbondingand/oraccessingtatessuccessiely higheron
the intermolecularepulsie core. This leadsto a large increasein the modulus
over arelatively smallpressurealomain. The rapidincreasdan the modulusis the
causeof the curvatureof the Hugoniotloci in the velocity plane. It would not
be surprisingfor HMX, which like PETNis alarge organicmolecularcrystal,to
displaya similar curvatureeffect.

Thestrongesturvatureeffectusuallyoccursatpressurebelowr afew kilobars.
Thereis only oneisothermablatapointfor HMX below 1.5GPa. Consequentlyto
justify theuseof the Birch-Murnagharfitting form over the simplerHugoniotfit-
ting form would requireadditionallow pressurelata.Experimentallyit is difficult
to measurdhe densityat low pressurewith the precisionnecessaryo determine
accuratehthemoduli. An alternatveis to determinghe bulk moduli from sound
speedmeasurementdecausef anisotroy of the crystal(3-HMX is monoclin-
ic), it is necessaryo determinethe full elastictensor The isentropicmodulus
corresponds$o the Reussaveragebulk modulus,andeq. (1) thendetermineghe
isothermalmoduluswhich canbe comparedwith the fits to the hydrostaticda-
ta. Recently Zaug[9] haspartially determinedhe elastictensorof HMX from
soundspeedmeasurementsgsingthe impulsive stimulatedlight scatteringtech-
nique. Pinningdown Kt in this way would greatlyreducethe uncertaintyin the
fitting parameters.

Theuncertaintyin Kyg andK’TO hasimportantimplicationsfor theHMX shock
Hugoniot. Hydro simulationsfrequentlyusea Mie-Griineisenequationof state
for solidswith a referencecurve basedon the principal Hugoniotand a linear
Us-Up relationfor the Hugoniotlocus, eq. (7). Both the isothermaldataandthe
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Figure5: HMX datain (up, us)-plane. Red diamondsand blue circles are isothermal
dataof Olinger, Roof & Cady[1] andYoo & Cynn[2], respectiely. Black circlesare
Hugoniotdatafor solventpressedHMX (0.5%porosity)[10, p. 596],andblackdiamond-
sareCraig’s Hugoniotdatafor singlecrystalHMX (unspecifiedbrientation)[11] and[10,

p. 595] aroundthe CJ-detonatiopressure34—-425Pa. Greenline indicatesphasdransi-
tion at 27GPain theisothermaldata[2]. In addition: A) Dashedred andblue linesare
linearfits to isothermaldata.B) Black line is Bernecler's [13] proposediecaviselinear
fit to Hugoniotdata. Blue line is Birch-Murnagharfit to Yoo-Cynndatabelov phase
transitionat27 GPa.

Hugoniotdatafor HMX areshawn in figure 5. Extrapolatingto CJ-detonation
pressureps ~ 8mmy/ps, thereis a large differencebetweerthe linear fits based
on the dataof Olinger, Roof & Cady andthe dataof Yoo & Cynn. Thus,the
systematidifferencebetweerthetwo datasetshasimportantconsequences.
We notethatthereis alsoHugoniotdatafor PBX-9501[14], whichis 95wt%
HMX. In the (up, us)-plane thefit to the PBX-9501Hugoniotdatais closerto the
fit to thedataof Olinger, Roof & Cadythanto thedataof Yoo & Cynn. Moreover,
recentmeasurementef the von Neumannspike of a detonationwave in PBX-
9501arecompatiblewith extrapolatingthelow pressuréHugoniotdata[15].
Priorto Yoo & Cynn’s recentexperiment,Dick [12] andBernecler [13] sug-
gesteda high pressureshockinducedphasetransitionin HMX basedon the fact
thatthe high pressurdHugoniotdatalay considerablyoelow the straightline fit to
the dataof Olinger, Roof & Cady This leadBernecler [13] to proposeapproxi-
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matingthe Hugoniotlocuswith a piecaviselinearfit. TheBirch-Murnagharfit to
Yoo& Cynn’sdatabelow thephasdransitionat27GPis effectively asmoothver-
sion of Bernecler’s fit. It interpolatesbetweenthe low pressuradataof Olinger,
Roof & Cady(exceptfor their 3 highestpressuralatapoints)andthe higherpres-
suredataof Yoo & Cynn. Consequentlyon the basisof thefit to Yoo & Cynn’s
data,a shockinducedphaseransitionwould not appeato bewarranted.
Needlesdo sayanaccurateequationof statefor HMX is anecessaryngredi-
entfor simulationsusedto determindnitiation sensitvity. Understandingxperi-
mentalerrorsanddetermininganequationof stateconsistentvith all thedataare
importantissueghatrequiremoreattention.
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