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Abstract

Threeyearsof large-scalePDE-constrainedoptimization researchanddevelopmentaresum-
marizedin this report. We have developedanoptimizationframework for 3 levelsof SAND op-
timization and developed a powerful PDE prototyping tool. The optimization algorithms have
beeninterfacedandtestedon CVD problemsusinga chemicallyreactingfluid flow simulator re-
sulting in an orderof magnitudereductionin computetime over a black box method. Sandia’s
simulation environmentis reviewed by characterizingeachdiscipline andidentifying a possible
target level of optimization. BecauseSAND algorithmsaredifficult to teston actualproduction
codes,a symbolic simulator (Sundance)wasdevelopedand interfacedwith a reduced-spacese-
quentialquadraticprogramming framework (rSQP++)to provideaPDEprototypingenvironment.
Thepower of Sundance/rSQP++is demonstratedby applyingoptimizationto a seriesof different
PDE-basedproblems. In addition,we show the meritsof SAND methodsby comparingseven
levelsof optimization for a source-inversion problemusingSundanceandrSQP++.Algorithmic
resultsarediscussedfor hierarchicalcontrol methods. The designof an interior point quadratic
programmingsolver is presented.
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Chapter 1

Intr oduction

This reportpresentstheresultsof a three-yearresearchprojectto investigatealgorithms andsoft-
warefor thesolutionof optimizationproblemsconstrainedby partialdifferentialequations(PDE).
We referto theseproblemsasPDE-constrainedoptimizationproblems,or PDECO.Our emphasis
hasbeenondevelopingalgorithms for large-scaleproblemsandtheuseof parallelcomputers.

Severalexamplesof PDECOareoptimalestimationof materialparameters,givenexperimental
dataanda physicalmodel;optimaldesignof a device givena simulator andthedefinitionof an
objective; nondestructive detectionof defects;anddetermination of thesourceof a contaminant,
givenaflow anddispersionmodel.All of theseproblemsexhibit largenumbersof stateanddesign
variablesandcanbestatedin thegeneralform¤Î£C¡�£B¤¥£BÏ�§ÑÐÓÒvÔ8Õ/Ö:×Ô8Õ/Ö

subjectto: Ø ÒcÔ:Õ/Ö:× ³ � Ò5ÙÛÚÝÜßÞÛàá×
where

Ö
is thesetof parameterstobedeterminedand

Ô
is thevectorof “state”variablesfor thePDE

systemrepresentedby theconstraintØ ÒvÔ8Õ/Ö:× ³ �
. Theobjectivefunctionmeasuresthediscrepancy

thatwewish to reduceor, in otherproblems,thedesigncriteriawewish to improve. In thisreport,
we concentrateon equalityconstraints;our work on inequalityconstraintsis lesswell developed.
We assumethat given any valueof the parameters,

Ö
, we cancomputethe correspondingstate

variables
Ô
.

Two generalapproachesfor solvingsuchproblemsareavailable. Thefirst is to useanexist-
ing PDEsolver for theconstraintsto compute

Ô
asa functionof

Ö
andevaluate

ÐYÒcÔ^ÒcÖ:×Õ/Ö:×
. This

approach,referredto asthe“black-box” approach,is easyto usebecauseit requiresno modifica-
tion to anexisting PDEsimulator, but restrictsthechoiceof optimizationalgorithm to thosethat
areslowly convergent for PDECOtype problems. Ideally, we would like to usea methodthat
convergesquickly to theoptimum value,but rapidconvergenceusuallyrequiresthecomputation
of the gradientof the objective function

Ð
with respectto

Ö
. The computation of this gradient,

however, requirestheknowledgeof thederivativeof
Ô?ÒvÖ:×

with respectto
Ö

andthis information is
notoftenavailablefrom many traditional PDEsolvers.Furthermore,it is oftenextremelydifficult,
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if not impossibleasa practicalmatter, to modify thePDEsolver to computethis information.For
theseandotherreasons(detailedin chapter2) black-boxmethodsaretypically restrictedto smaller
sizeproblems,in particularsmaller designspaces.

The secondpossibility is alreadysuggestedby the above discussion,namely, to modify the
PDE solver to obtainthe neededgradient,sensitivity, andadjoint information. The ability to do
this opensup a wide variety of moreefficient optimization techniquesandprovidesthe tools to
addressmuchlarger problems.The demonstrationof the power of this approachwasthe major
thrustof ourwork. Theconclusionto draw is thatPDEandsimulationsoftwareshouldbedesigned
with optimization in mindto enablethispower to beappliedto themany interestingandimportant
SNL problemsdescribedbelow. Onefacetof our researchhasbeento developa PDEframework
thatgivesoptimizationalgorithmsunprecedentedcontrolover thePDEprocesses.

Black-boxmethodsarealsoreferred to asnestedanalysisanddesign(NAND) andcharacterize
themajority of currentSNL approaches.Theability to interfaceseamlesslywith any simulation
codeis anobviouskey strengthof theblack-boxmethodsand,coupledwith a rangeof algorithms
andframeworks,suchDAKOTA [37, 38, 39], havebeenableto solvecomplex engineeringdesign
problems.As notedabove, however, many limitationsto this strategy remain,but the continued
existenceof PDEcodesfor whichgradientinformationis notavailablehasspurredotherresearch
at SNL in patternsearchmethodsto try to improve the efficiency of thesesolvers for problems
wheretherearenootherchoices[57].

Optimization methodsthatareableto obtaingradient,adjoint,andsensitivity informationfrom
thePDEsolvercanoftenbeevenmoresuccessfulby not requiringexactsolution of theconstraint
equationsateachiteration.This is especiallyimportantin problemswherethePDEconstraintsare
nonlinear. In suchcases,theconstraintsareonly completelysatisfiedin thelimit asconvergenceto
theoptimalparametersis achieved. Thusthis strategy is calledsimultaneousanalysisanddesign
(SAND) [94] [83]. Thesemethodshavegreatpotentialfor solving largePDECOproblems.There
aremany assumptions associatedwith the applicationof SAND algorithmsto productionsimu-
lation codesandprobablythemostobviousdisadvantageis the implementationcostnecessaryto
equipPDE solverswith the necessaryfacilities to computegradientinformation. Nevertheless,
PDECOmaybetheonly option to addresslargedesignspaces.

1.1 Stateof the Field

To put our work into context, we briefly survey the historical developmentandcurrentstateof
algorithms andsoftwarefor PDECO.
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1.1.1 Algorithms and applications

Severalareasof researchhavemotivatedthedevelopmentof PDEconstrainedoptimization,includ-
ing shapeoptimizationin computational fluid dynamics[2] [8] [43] [44] [21] [22] materialinver-
sion in geophysics [81] [82] [3], dataassimilation in regionalweatherpredictionmodeling [124]
[74], structuraloptimization[86] [92] [93], andcontrol of chemicalprocesses[17]. A complete
discussion of all theaforementioneddisciplinesis beyondthescopeof thereport.Shapeoptimiza-
tion in computationalfluid dynamics(CFD),however, hasarguablymadethelargestcontributions
towarddirectandadjointsensitivities,which is oneof theimportantpiecesof informationneeded
by SAND algorithms,andwe thereforeprovideabrief backgroundof somekey developments.

In general,theshapeoptimizationproblemfor CFD is extremelyexpensive sincethestandard
solution approachrequiresthecompletesolutionof computationally expensive flow equationsfor
eachoptimization iteration. Pironeaufirst studied derivative-basedshapeoptimization usingthe
adjoint formulation for minimum drag for both Stokes and incompressible Navier-Stokes flow
[90]. Jamesonappliedthe adjoint methodto shapeoptimization usingthe Euler equations[62].
Numerousresultshave sincebeenpublished on shapeoptimization [79] [5] [6] [7] [14] [32],
includingcompressible Navier-Stokessimulationsshapeoptimization of threedimensionalwings
[75] . Dif ferentsolution procedureshave beenattemptedto try to improve the convergenceof
shapeoptimization algorithms. A “one-shot-method”wasintroducedearly in the 1990’s which
usedmulti-grid methodswheretheoptimizationandforwardproblemsweresolvedwith different
levelsof grid fidelity [114]. Typically, theoptimizationproblemsweresolvedon coarsermeshes.
Thesemethodsstill requiredcompleteconvergenceof theflow codefor eachoptimizationiteration,
but could be consideredthe first attempttoward SAND methods. The result was a significant
reductionof theoverallsolutiontime.

SAND wasintroducedin theearlyeightiesandnineties[52] [94] [83] andhasdevelopedmo-
mentumasthestate-of-the-artmethodology for optimization of large-scalesimulation problems.
Significantresultshave beengeneratedfor SAND methods, in particularfor the serial case[2]
[61] [8] [43] [114] [12] [67]. Lessrapid advanceshave beenmadein the areaof parallelPDE-
constrainedoptimization. The primary reasonfor this slow progressis that forward simulation
codedevelopment hasonly recentlyreacheda high level of maturity. Combinedwith the con-
tinuing growth in computercapabilities,large-scalePDECOfor parallelapplicationsis now an
importantareaof research[44] [20] [21] [22]. Most paralleldevelopments,however, involvespe-
cialty simulation codesconnectedto tailoredoptimizationmethods,therebyavoiding someof the
interfacingissuesthatareencounteredwith legacy productioncodes.Oneof ourprimarygoalswas
to addresstheseinterfacingissues,andalthoughinterfacingremainsproblematic, we have made
significantprogressin oursoftwaretoolsandgeneralunderstandingof productionPDEsimulators.

Transientsimulationposesyet anotherlevel of difficulty to large-scalePDE-constrainedopti-
mization. Oneof themainobstaclesis theefficient calculationof sensitivities in a time-stepping
schemefor largedesignspaces.Severalapproachescanbeconsidered,oneof which is to utilize
sensitivity calculationsfor differentiablealgebraicequations(DAE) for reduced-gradientcalcu-
lations. By convertinga PDE systemto DAEs, variousmethods,suchasmultiple shooting, can
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usedto discretizein time [89] [46]. EventhoughlargeDAE systemscanbesolved,thesemethods
arelimited to smallnumberof designparameters.For a largenumberof designvariables,adjoint
sensitivity in transientsimulationshave beenconsideredbut arenot efficient becauseof the large
storagerequirements.This resultsfrom the needto integratebackward in time to calculatethe
adjoint vector, which requiresstorageof the forward problem’s solution at every time step[64]
[53]. A recentandmostpromising resultfrom Akcelik et al [3] demonstrateda full spaceGauss-
Newton methodin which they efficiently solved a 2.1 million variableinversion problemusing
thetransientwave equation.Finally, work in theareaof time decomposition andcontrolalsohas
producedpromising algorithms andresults[54].

1.1.2 Software

Whileprogresshasbeenmadein developingalgorithmsfor PDECO,thespreadof thesealgorithms
to productionsoftwarehasbeenslow becauseof thetight couplingrequiredbetweenoptimizerand
PDEsimulation software. Althoughlittl e work hasbeendoneon softwareframeworksfor PDE-
constrainedoptimizationand,with theexceptionof thework presentedin this report,virtually no
work hasbeendoneon object-orientedframeworksfor PDECO,severalattemptshavebeenmade
to collect PDECOalgorithms in libraries(Veltisto andTRICE) [21] [22] [34]. An encouraging
trend is that optimization codesarestartingto be written in termsof flexible linear algebrain-
terfacessuchasPETSc[9], the Equation Solver Interface(ESI) [103], the Hilbert ClassLibrary
(HCL) [51], rSQP++[10], Trili nos [55] and the Trilinos Solver Framework (TSF) [56]. Simi-
larly on thePDEsimulation side,thestateof theart is evolving away from codesspecializedto a
particulardiscipline andtowardgeneral-purposeframeworkssuchasSIERRA andNevada[111].
Identifyingtheadditionalchangesto thedesignof bothoptimizationsoftwareandPDEsimulators
thatwill berequiredfor theuseof PDECOhasbeenamajorfocusof thisLDRD project.

1.2 Accomplishmentsof this Project

1.2.1 Classificationof PDECO Problems

Large-scalePDE-constrainedoptimization comesin many formsandthevarietyof algorithmsand
interfacingmechanismspresentsa complex rangeof optionsfor a heterogeneoussimulationenvi-
ronmentsuchastheonethatexistsatSNL. To achieveageneralapproachfor SAND optimization
for a large rangeof simulation codesis a lofty challenge,becauseby definition SAND methods
leveragethelinearalgebraof thesimulationcodeandthereforeeachinterfaceneedsto becustom
designed.This researchprojectaddressestheseinterfacingproblemsthroughavarietyof software
toolsandestablishesa systematicnomenclatureandapproachfor theconsiderationof SAND op-
timization. Chapter2 will introducea sequenceof levels of couplingbetweenPDE solver and
optimizer, with Level 0 beingthemostlooselycoupledandLevel 6 beingthemosttightly coupled
andpotentially yielding thehighestperformance.Currently, mostSandiaapplicationsarecapable
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of Levels0 and1 only.

Chapter2 containsa discussion of themathematical foundationsof PDECO,anda systematic
enumerationof the levels at which PDEandoptimizationcodescanbecoupled.Briefly, Level 0
is the most loosely coupledblack-boxalgorithm and Level 6 is the most tightly coupledfull-
spacealgorithm, which potentially yields the highestperformance.Currently, mostSandiaPDE
applicationsarecapableof Levels0 and1 only. In Chapter3 we discussthe generalsimulation
environmentat Sandiaandpossibilities for PDECOin variousdisciplines.In Chapter7 we show
performanceresultsfor differentlevelsof PDECO.

1.2.2 Software Development

Softwareis amajorchallengein PDECO,andmuchof ourwork hasbeento develop softwaretools
thatwill aid theexplorationof researchideasin PDECO,provideguidancefor futuredevelopment
of production-quality PDECOcapability, andprovide immediatePDECOcapability for Sandia
problems. Thesetools have beendesignedfrom the start with PDECOand interoperability in
mind. Wehavedeveloped:

â A softwareframework (rSQP++) for solving reduced-spacePDECOproblems.â A softwareframework (Split/O3D)for solvingfull-spaceandinequality-constrainedPDECO
problems.â A PDEsimulationcomponentsystem(Sundance)thatis capableof providing theadditional
operationsrequiredby themorestronglycoupledlevelsof PDECO.â An interfacebetweenrSQP++andanexistingproductionPDEcode,MPSalsa,whichallows
SAND capabilitythroughLevel 4.

All of thesetoolshave beenimplementedin C++, all inter operatevia theTrili noslinearalgebra
components, andall haveparallelcapability.

1.2.3 Numerical Experiments

Wehaveconductednumericalexperimentsto evaluatethedifferentlevelsof PDECO.In Chapter5,
we show resultsof Level 4 (c.f. Chapter2) couplingbetweentherSQP++optimizer anda Sandia
productioncode,MPSalsa.This resultedin anorderof magnitudespeeduprelative to a Level 1
“black box” method.Theseexperimentshave alsogivenus insight into theaccuracy requiredin
Jacobiancalculations.In Chapter7,wepresentasurvey of PDECOproblemssolvedusingrSQP++
andSundance.Becauseof Sundance’sveryflexible nature,wehavebeenableto exploreall levels
of coupling for PDECO;aswith MPSalsa,goingto Level 4 yieldsanorderof magnitudespeedup
relative to Level 1, andthengoing to thehighestdegreeof coupling (at this point, possible only
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throughusingSundanceasthePDEsolver), Level 6 yieldsa furtherorderof magnitudespeedup
beyondLevel 4. Figure1.1 and1.2 show the resultsof a numericalexperimentsolvinga source
inversionproblemconstrainedby a convectiondiffusionproblem.Largedifferencesin numerical
efficienciescanbebeobservedat eachlevel of optimization.

1.2.4 Hierar chical Control

Althoughnot originally partof theproposal,an interestingclassof problemsarosethatwe spent
sometime considering.In particular, it often occursin applicationsthat thereis morethanone
objective. Theso-called“multi-objective” optimizationproblemhassomespecialpropertieswhen
theconstraintsarePDEs. Suppose,for example,onewantsto drill a well into anaquiferto help
in preventing contaminantsfrom enteringa city watersystem.Theprimaryobjective is to reduce
thecontaminantsin thesystembelow a giventhreshold.Secondaryobjectives mayincludemini-
mizingcost,minimizing thetime to completion,andminimizing theamountof watertakenoutof
theaquifer. Thereis no singleway to handlethemulti-objective problem,but, building on work
donein thearea,wewereableto show how a formulation, called“hierarchicalcontrol,” thattakes
into accountan orderingof theobjectivescanyield solutions thataresignificantlysmootherand
thusmoreuseful in many applications.This work is describedin Chapter8 wherewe demon-
stratetheeffectivenessof our full-spaceSAND approachona problemwith significantinequality
constraints.

1.3 Conclusionsand Recommendations

With theincreasingpowerof ourmassivelyparallelcomputingplatformsandtheincreasingsophis-
ticationof our PDE-basedsimulationscomesan increasingdemandfor optimization procedures
that can exploit this power to improve designssignificantly, to control processesbetter, and to
solve complex inversion problemsmorerapidly. As we have indicatedabove, traditional, NAND
approachesto solve PDECOproblemsarenot up to the taskandtraditionalPDEsolversarenot
designedwith optimizationin mind andthusaredifficult to usewith fastermethods. The major
resultof this research projectis a demonstration thatthepotential speedupresulting from modern
SAND approachescanbeachieved.This demonstrationwasmadepossible by developing a pow-
erful PDEenvironmentandtwo advancedoptimizationcodes,whichwereto nontrivial problems.
For SNL to realizefully this potential will requirechangesin how SNL developsits simulation
codesandPDEsolvers. Thefollowing recommendations addresstheseissues.

1.3.1 Recommendations

1. Becauseof the large speedupresulting from sensitivities and SAND optimization, future
simulatorsandPDEsolversshouldbedesignedwith optimizationin mindand,in particular,
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with enhancementsthat include gradients,sensitivities, and adjoints. Thesefeaturesare
difficult to addasan afterthought.Along thesesamelines, SierraandNevadashouldbe
extendedto includethesecapabilities.

2. rSQP++and Split/O3D shouldbe further developedand also interfacedwith DAKOTA.
DAKOTA is alreadyinterfacedwith SIERRA,andwill eventually be interfacedto Nevada,
so the rSQP++/Split/O3Dinterfaceto DAKOTA will facilitatePDECOwith SIERRA and
Nevada.

3. Thedevelopmentof Sundanceasaprototyping andrapiddevelopmentenvironmentfor par-
allel PDECOshouldbecontinued.In addition, the possibility of interfacingthe Sundance
symbolic problemdefinitioncapabilitywith SierraandNevadashouldbeexploredasapath
to providing improvedPDECOcapabilityto thoseframeworks.

4. SNL shouldemphasizethe developmentof frameworks andtools in C++ in a true object-
orientedmanner. Developersshouldbeencouragedto exploit existing frameworkssuchas
DAKOTA, rSQP++,Trilinos,andTSFandto developinter-operablecomponents.

5. Incorporatethe sensitivity proceduresthat we have demonstratedwith MPSalsainto on-
goingprojectssuchasXyce andPremo.

6. Extendtheresearch andtoolsbegunhereto transientproblems,inequalityconstraints,and
real-timeoptimization.

7. Apply PDECOtechnologyto homelandsecurityapplicationssuchasimproving theresponse
to chemical/biological/radiological attackson facilities,waterdistributionnetworks,andur-
banfacilities.
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Chapter 2

Mathematical Overview: Sensitivities and
Levelsof Optimization

2.1 Overview

An introduction of theappropriatemathematics is presentedto emphasizetheimportantlinearal-
gebraiccomponentsthatarenecessaryfor interfacingvariouslevelsof optimizationmethods.This
discussion is primarily designedto provide the PDE developer with the fundamentalknowledge
for consideringmoreefficient waysof solvingoptimizationproblems.Optimizationmethodsare
classifiedinto two maincategories,NAND andSAND, eachof which arefurtherbrokendown to
additionallevels.Theoptimizationlevelsdefinedifferentinterfacesfor achievinghigherefficiency.
Thecalculationof thederivatives(sensitivities) of “state” variableswith respectto “design” vari-
ablesis a crucial steptowardmoreefficient levelsof optimizationusingso-calledreduced-space
methods.The incorporationof different typesof sensitivities determinewhich levels of NAND
andSAND optimizationarepossible.

We considerequality-constrainednonlinearprograms(NLPs)of theform

¤¥£B¡ãä å ÐÓÒvÔ8Õ/Ö:×
(2.1.1)

s.t. Ø ÒvÔ8Õ/Ö:× ³ �
(2.1.2)

where: Ôçæ
IR èDéÖêæ
IR è6ëÐYÒcÔ:ÕPÖ?×Nì

IR í�è6é/î]èDëïFð IRØ ÒvÔ8Õ/Ö:×�ì IR í�è é î]è ë ï ð IR è é ¹
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Equation(2.1.2) representsa setof nonlinearsimulation equationswhich we refer to as the
constraints. In this notation, Ø ÒvÔ8Õ/Ö:× is a vector function whereeachcomponentØ6ñ ÒvÔ8Õ/Ö:× , òó³�(¹D¹D¹�ô ã , representsa nonlinearscalarfunctionof the variables

Ô
and

Ö
. Here,

Ö
areoftencalled

the design(or control, inversion)variableswhile
Ô

are referred to as the state(or simulation)
variables.Note that the numberof state

Ô
anddesign

Ö
variablesare

ô ã and
ô å respectively. A

typical simulation coderequiresthat the userspecifythe designvariables
Ö

andthenthe square
setof equationsØ ÒvÔ8Õ/Ö:× ³ �

is solvedfor
Ô
. In theoptimizationproblemin (2.1.1)–(2.1.2),

ÐÓÒvÔ8Õ/Ö:×
is a functionthatwe seekto minimize while satisfyingtheconstraints; this function is calledthe
objectivefunctionor just theobjective. In anoptimizationproblem,thedesignvariables

Ö
areleft

asunknownswhich aredetermined,alongwith thestates
Ô
, in thesolution of (2.1.1)–(2.1.2).In

someapplicationareas,thepartitioning into stateanddesignvariablesis fixedandknown apriori,
while in otherapplicationareastheselectionmaybearbitrary.

Herewe discussthe issuesinvolved in modifying an existing simulation codeor developing
a new codethat can be usedto solve optimization problemsefficiently usingvariouslevels of
gradient-basedmethods.

Thedevelopmenteffort requiredto implementtheneededfunctionality for a simulationcode
to beusedin agradient-basedoptimizationalgorithmvariesdependingonthelevel of optimization
method.Thegoalof this discussionis to bepreciseaboutwhattherequirementsarefor a simula-
tioncodefor differentlevelsof intrusiveoptimization.Wedefineintrusiveoptimizationasmethods
that requiremoreinformation from thesimulationcodeandmayrequiremoreeffort to interface.
We startwith sensitivities for the lower-level optimizationmethodsandthenmove on to thesen-
sitivities for themoreinvasive,higher-level methods. Thisdiscussion shouldgive thereadersome
ideawhattheexpectedimprovementsin performancecanbeby goingto higher-level optimization
methods.An additionalgoalof this treatmentis to motivatesimulation applicationdevelopersto
considerthepotentialof higher-level optimization methodsandto studyoptimizationmethodsin
furtherdetail.Referencesaremadeto morethoroughdiscussionsof specificoptimizationmethods
andresultsfrom variousapplicationareasfor theinterestedreader.

Weshouldalsomentionthatall of thevariouslevelsof optimizationmethodsthatarediscussed
herecan alsohandleextra constraintsbeyond the stateconstraintsshown in (2.1.2). From the
standpoint of anapplicationdeveloper, thesensitivity requirementsfor theseextra constraintsare
the sameasfor the objective function. In general,the sametypesof computationsthat mustbe
performedfor theobjectivefunctionmustalsobeperformedfor theextraconstraints.Thehandling
of theseextraconstraintsisnotdescribedhere,but isdescribedin thecontext of reduced-spaceSQP
in Section4.1.3.
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2.2 Implic it StateSolution and Constraint Sensitivities

Thesetof nonlinearequationsØ ÒcÔ:Õ/Ö:× ³ �
canbesolvedfor

Ô
usinga varietyof methods. Using

thesolution methodit is possible to defineanimplicit functionÔ ³ Ô?ÒvÖ:×Õ
s.t. Ø ÒvÔ8Õ/Ö:× ³ ��¹

(2.2.3)

Thedefinitionin (2.2.3)simply impliesthatfor any reasonableselectionof thedesignvariables
Ö
,

thesolutionmethodcancomputethestates
Ô
. Notethatevaluatingthis implicit functionrequiresa

completesimulationor “analysis”to beperformedby thesolution method.Thecostof performing
theanalysismayonly bean

àõÒ ô ã × computationin abest-case-scenario,but for many applications
thecomplexity of theanalysissolution is muchworse.

In the remainderof this section,we derive thesensitivities of thestates
Ô

with respectto the
designs

Ö
asrelatedthroughthe implicit function (2.2.3). We begin with a first-orderTaylor ex-

pansionof Ø ÒcÔ:Õ/Ö:× about
ÒvÔ_ö6Õ/ÖEö*×

givenby

Ø ÒvÔ8Õ/Ö:× ³óØ ÒvÔ�öDÕ/ÖEö
× È¶÷ Ø÷ ÔVø Ô Èù÷ Ø÷ ÖNø Ö È àõÒ*úBú ø ÔJúBú ¾ × È àÝÒ
úBú ø ÖGúBú ¾ × (2.2.4)

where: ûüû ã is asquareIR è é -by-IR è é Jacobianmatrixevaluatedat
ÒvÔ_ö6Õ/ÖEö*×û*üû å is a rectangularIR è6é -by-IR èDë Jacobianmatrixevaluatedat

ÒvÔ_ö6Õ/ÖEö*×
.

In thisnotation,theJacobianmatrix
û*üû ã is definedelement-wiseas

ý ÷ Ø÷ ÔÓþ í ñ ä ÿ ï ³ ÷ Ø�ñ÷ Ô ÿ , foròá³ �(¹D¹6¹�ô ã Õ�� ³ �(¹D¹D¹�ô ã ¹
If thematrix

û*üû ã existsandis nonsingular thentheimplicit functiontheorem[80,B.9] statesthat
theimplicit functionin (2.2.3)existsandis well definedin aneighborhood of asolution

ÒcÔ:öDÕ/ÖEö*×
. In

someapplications,thematrix
û*üû ã is alwaysnonsingular in regionsof interest.In otherapplication

areaswheretheselectionof stateanddesignvariablesis arbitrary, thevariablesarepartitionedinto
statesanddesignsbasedon thenon-singularity of

û*üû ã . Notethattheonly requirementfor thelatter
caseis for theJacobianof Ø ÒcÔ:Õ/Ö:× to befull rank. In any case,wewill assumefor theremainderof
this discussion that, for thegiven selectionof statesanddesigns,thematrix

û*üû ã is nonsingular for

everypoint
ÒvÔ8Õ/Ö:×

consideredby anoptimizationalgorithm. Thenon-singularityof
û*üû ã allowsusto

computea relationship betweenchangesin
Ô

with changesin
Ö
. If we requirethattheresidualnot

change(i.e. Ø ÒvÔ8Õ/Ö:× ³óØ ÒvÔ�ö6Õ/ÖEö*× ) thenfor sufficiently small ø Ô and ø Ö thehigherordertermscanbe
ignoredand(2.2.4)gives ÷ Ø÷ ÔÓø Ô È ÷ Ø÷ Ö�ø Ö ³ ��¹

(2.2.5)
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If
û*üû ã is nonsingular thenwecansolve (2.2.5)for

ø Ô ³�� ÷ Ø÷ Ô � À ÷ Ø÷ Ö ø Ö ¹ (2.2.6)

Thematrix in (2.2.6)representsthesensitivity of
Ô

with respectto
Ö

(for Ø ÒcÔ:ÕPÖ?× ³ constant)
whichdefines ÷ Ô÷ Ö�� � ÷ Ø÷ Ô � À ÷ Ø÷ Ö ¹ (2.2.7)

Wereferto thematrix
û ãû å in (2.2.7)asthedirectsensitivity matrix.

2.3 NAND

Now considerhow theabovecanbeusedto helpsolveoptimizationproblemsof theform (2.1.1)–
(2.1.2).Theimplicit function

Ô^ÒcÖ?×
allowsthenonlineareliminationof thestatevariables

Ô
andthe

constraintsØ ÒvÔ8Õ/Ö:× ³ �
to form thereducedobjectivefunction�ÐYÒvÖ:× � ÐYÒcÔ^ÒcÖ?×*Õ/Ö:× ¹

(2.3.8)

This nonlineareliminationleavesthe following unconstrainedoptimization problemin thespace
of thedesignvariablesonly:

min
�ÐVÒvÖ:× ¹

(2.3.9)

Theunconstrainedoptimizationproblemin (2.3.9)canbesolvedusinga varietyof methods.
Notethateachevaluation of

�ÐÓÒcÖ:×
requirestheevaluationof

Ô?ÒvÖ:×
which involvesacompletesimu-

lationor analysisto solve Ø ÒcÔ:ÕPÖ:× ³ �
for

Ô
. Therefore,acompleteanalysisis nestedinsideof each

optimizationor designiteration. Optimizationapproachesof this typearebroadlycategorizedas
nestedanalysisanddesignor NAND.

NAND optimization approachesthat do not computegradientswill be referred to as level-0
approachesand,asmentioned in thechapter1, aregenerallyrestrictedto searchmethods.These
will notbediscussedfurtherhere.As wewill seebelow, thereareseveralhigher-level approaches
thatusesensitivities (i.e. derivatives).

Gradient-basedoptimizationmethodsfor (2.3.9)requirethecomputationof the reducedgra-
dient ÷ �Ð÷ Ö æ

IR À	� è ë ¹ (2.3.10)

Thereareseveral relatively fastoptimizationmethodsthat rely only on the reducedgradientin
(2.3.10)suchasquasi-Newton methods (i.e. BFGS[85, Chapter8]). Thesemethodscanachieve
superlinearratesof convergencewhen

Ö
is of moderatedimension. A generaloutline for these

optimizationalgorithms is givennext in Algorithm 2.3.1.
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Algorithm 2.3.1 : Outline for NAND Algorithmsfor UnconstrainedOptimization

1. Initial ization: Choosetolerance 
 æ IR andtheinitial guess
ÖÓö,æ

IR è6ë , set �Ê³ �
2. Sensitivity computation: Computethereducedgradient

û��û å at
Ô ³ Ô?ÒvÖ���×*Õ/Ö ³ Ö��

3. Convergencecheck: If
úBú û���û å úBú�� 
 thenstop,solution found!

4. Stepcomputation: Computeø Öêæ
IR è ë s.t.

û ��û å ø Ö�� �
5. Globalization:Find steplength � thatensuresprogressto thesolution

6. Updatetheestimateof thesolution:Ö�� î À ³ Ö�� È � ø Ö�¥³�� ÈË�
gotostep2

A simple choicefor thestepcomputationin step4 of Algorithm 2.3.1is thesteepestdescent

direction ø Ö ³�� û ��û å � for which therequireddescentpropertyholds

÷ �Ð÷ Öbø Ö ³�� ÷ �Ð÷ Ö ÷ �Ð÷ Ö � � �
if
û��û å��³ �

. Most quasi-Newton methodscomputea searchdirection ø Ö by maintaining a positive-

definitematrix � andthencomputingø Ö ³���� � À û��û å � (which is alsoeasyto show hasthedescent
property).

The simplest way to computethe reducedgradientis to usefinite differences.For example,
usingone-sidedfinite differences,eachcomponentof thereducedgradientcanbeapproximatedas� ÷ �Ð÷ Ö! #"%$ ÐYÒcÔ^ÒcÖ�� È'&/Æ " ×Õ/Ö�� È(&/Æ " × � ÐYÒcÔ^ÒcÖ���×*Õ/Ö��6×& Õ*) ³ �N¹6¹D¹Pô å ¹ (2.3.11)

NAND optimization approachesthat usefinite differencesas in (2.3.11)will be referredto as
level-1approaches.

2.3.1 Exact ReducedGradients

Themajordrawbackof optimizationapproachesthatrely on thefinite-differencereducedgradient
in (2.3.11)is that

ô å analysesarerequiredperoptimizationiterationandtheaccuracy of thecom-
putedoptimal solution is degradedbecauseof thetruncationerrorinvolvedwith finite differences.
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An alternative approachis to computethe reducedgradientin a moreefficient andaccurate
manner. Theexactreducedgradientof

�ÐYÒvÖ:× ³ ÐÓÒvÔ?ÒvÖ:×Õ/Ö:×
is

÷ �Ð÷ Ö ³ ÷ Ð÷ Ô ÷ Ô÷ Ö È ÷ Ð÷ Ö (2.3.12)

where: û �û ã is a IR À	� èDé row vectorof thegradientw.r.t.
Ô

evaluatedat
ÒvÔ+��Õ/Ö��6×û �û å is a IR À	� èDë row vectorof thegradientw.r.t.

Ö
evaluatedat

ÒcÔ,�4Õ/Ö��D×
and

û ãû å is the direct sensitivity matrix definedin (2.2.7). By substituting (2.2.7)into (2.3.12)we
obtain ÷ �Ð÷ ÖÍ³-� ÷ Ð÷ Ô ÷ Ø÷ Ô � À ÷ Ø÷ Ö È ÷ Ð÷ Ö ¹ (2.3.13)

The first term in (2.3.13)canbe computedin oneof two ways. The first approach,called the
direct sensitivity approach, is to computethe direct sensitivity matrix

û ãû å ³ � û*üû ã � À û*üû å first and

thencomputetheproduct
û �û ã û ãû å . Theadvantageof thisapproachis thatmany simulationcodesare

alreadysetupto solvefor linearsystemswith
ûüû ã sincethey useaNewton-typemethodto solvethe

analysisproblem.Thedisadvantageof thedirectsensitivity approachis thatto form
û ãû å , ô å linear

systemsmustbesolvedwith theJacobian
ûüû ã for eachcolumnof

û*üû å asa right-handside. This is
generallya greatimprovementover the finite-differencereducedgradientin that the solution of
a
ô å linear systemswith

ûüû ã is cheaperthana full simulation to evaluate
Ô?ÒvÖ:×

andthe resulting
reducedgradientis muchmoreaccurate.Optimizationalgorithmsthat usethis direct sensitivity
NAND approachwill bereferredto aslevel-2optimizationmethods.

Thesecondapproachfor evaluating(2.3.13),calledtheadjointsensitivityapproach, is to com-
pute .

³ ÷ Ø÷ Ô � � ÷ Ð÷ Ô � æ
IR èDé (2.3.14)

first, followedby theformationof theproduct

. � û*üû å . Thecolumnvector

.
is calledthevectorof

adjointvariables(or theLagrangemultipliers,see(2.4.16)).Theadvantageof thisapproachis that
only a single solve with the matrix

ûüû ã � is requiredto computethe exact reducedgradient. This
removesthe

àÝÒ ô å ) complexities of the level-1 andlevel-2 optimizationapproaches.However, at
leastonecompleteanalysisis still requiredper optimization iterationto compute

Ô ³ Ô^ÒcÖ/��×
in

step2 of Algorithm2.3.1.Thedisadvantageof theadjointsensitivitiesapproachis thatsimulation
codeswhich solve linearsystemswith theNewton Jacobian

ûüû ã maynot beableto solve a linear
systemefficiently with its transpose.It canbea majorundertakingto revisea simulation codeto
solve with transposedsystems, especiallyif theJacobianis a parallelobject. NAND approaches
thatuseadjointsensitivitieswill becategorizedaslevel-3optimizationmethods.
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2.4 SAND

To this point we have only consideredNAND optimizationapproachesthat requireat leastone
full simulation problem Ø ÒvÔ8Õ/Ö:× ³ �

be solved at every optimization iteration. Thereare also
optimizationapproachesstartingwith an initial guess(

Ô�ö
,
Ö8ö

) where Ø ÒcÔ�öDÕ/ÖEö
× �³ �
thatwill solve

thesimulation (analysis)problemandtheoptimization (design)problemssimultaneously. These
higher-leveloptimizationapproachesarereferredtoassimultaneousanalysisanddesignor SAND.
Many of theSAND approachesrequirethesamereducedgradientin (2.3.13).We refer to SAND
methodsthatusedirect sensitivities as level-4 methodsandthosethatuseadjoint sensitivities as
level-5 methods. In addition to the reducedgradient,level-4 and level-5 SAND methodsalso
requirethat the simulation code(now to be referredto as the application)be able to compute
Newtonstepsof theform ø Ô10 ³ ÷ Ø÷ Ô � À Ø (2.4.15)

where
û*üû ã � À and Ø are the Jacobianand the residualof the constraintsØ ÒvÔ8Õ/Ö:× computedat the

currentestimate of the solution
ÒvÔ��4Õ/Ö��D×

. This is usuallynot a very difficult extra requirement
given the requirementsfor the reducedgradient. In addition to the requirementthat the reduced
gradient

û ��û å vanishes,SAND methodsmust also be responsiblefor solving Ø ÒvÔ8Õ/Ö:× ³ �
to an

acceptabletolerance. The condition that
úBú Ø ÒcÔ:Õ/Ö:×>úBú (where

úBú ¹ úBú
is somenorm) mustbe reduced

below a small toleranceis known asthe feasibility condition. Whenwe saythatanoptimization
stepimprovesfeasibility, wemeanthatit decreasestheinfeasibility

úBú Ø ÒcÔ:ÕPÖ?×>úBú . In additionto design
variables

Ö
, SAND methodsmustalsoexplicitly handlethestates

Ô
asoptimizationvariables.The

numberof statevariables
ô ã canbevery largeandthishasasignificantimpactonthemethodsand

implementationapproachesthatcanbeusedfor SAND methods.In someapplications (e.g.those
requiringtime-dependentsimulations),theamountof storagejust neededto storevectorsof sizeô ã canexhausttheRAM of evenhigh-endsupercomputers. Algorithm 2.4.1givestheoutlinefor
abasiclevel-4/level-5SAND method.

Algorithm 2.4.1 : Outline of a BasicLevel-4/Level-5SAND OptimizationAlgorithm

1. Initial ization: Choosetolerances
 ü Õ 
 � æ IR andtheinitial guess
Ô!öÛæ

IR è6é and
Ö8ö$æ

IR èDë ,
set �Î³ �

2. Sensitivity computation: Computethereducedgradient
û ��û å andtheresidualØ at

ÒcÔ���ÕPÖ��6×
3. Convergencecheck: If

úBú û ��û å úBú�� 
 � and
úCú Ø úBú�� 
 ü thenstop,solution found!

4. Stepcomputation:

(a) Feasiblity step:ComputeNewtonstep ø Ô�0 ³ û*üû ã � À Ø at
ÒcÔ+�4Õ/Ö��6×

(b) Optimality step:Computeø Öêæ
IR èDë s.t.

û ��û å ø Ö�� �
5. Globalization:Find steplength � thatensuresprogressto thesolution
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6. Updatetheestimateof thesolution:Ô2� î À ³ Ô1� È �43 ø Ô10 È û ãû å ø Ö65Ö�� î À ³ Ö�� È � ø Ö�¥³�� ÈË�
gotostep2

NotethatAlgorithm 2.4.1hasthesamebasicstepsasAlgorithm 2.3.1andthatthesestepsare
commonto many optimizationalgorithms.However, thefirst majordifferenceis thatthereduced
gradientcomputedin step2 is computedat the currentestimateof the solution

Ô��
insteadof the

fully convergedsolution
Ô ³ Ô^ÒcÖ7��×

asin Algorithm 2.3.1.Anothermajordifferenceis theexplicit
handlingof thestatevariables

Ô
andtheconstraintsØ . This is seenin thesensitivity computation

andtheconvergencecheck.Thesamemethodsthatcanbeusedin a NAND algorithmto computeø Ö , suchassteepestdescentandquasi-Newton, canalsobe usedin step4b. While the global-
izationmethodusedin a NAND algorithmmaybefairly simple,moresophisticatedglobalization
strategiesareneededfor SAND andthesestrategiesmayhave to be applicationdependent.The
lastmajordistinctionto pointoutbetweenAlgorithm 2.3.1and2.4.1is theupdateof thestatevari-
ables

Ô
in step6. It is easyto seethattheupdated

Ô8� î À satisfiesthelinearizedconstraintsshown in
(2.2.4)(with thehigher-ordertermsdroppedoutandsettingØ ÒvÔ8Õ/Ö:× ³ �

and ø Ô ³ ÒcÔ9� î À � Ô1�>×;: � ).
Therefore,one iteration of Algorithm 2.4.1 is essentiallya Newton iteration for the equationsØ ÒvÔ8Õ/Ö:× ³ �

whereboth
Ô

and
Ö

aremodified.Hence,many SAND methodsshow quadraticrates
of localconvergencein theconstraints(which is commonfor Newtonmethods).

What differentiatesa level-4 from a level-5 SAND methodin Algorithm 2.4.1is how the re-
ducedgradientin step2 andtheupdatefor thestatesin step6 arecomputed.TheSAND algorithm
shown in Algorithm 2.4.1is essentiallyequivalent to a reduced-spaceSQPmethodthatusesa co-
ordinatevariable-reductionnull-spacedecomposition (seeSection4.1.3). While thereareother
examplesof level-4andlevel-5SAND methods thantheoneshown in Algorithm 2.4.1,themajor
typesof computationsremainsthe same(i.e. intialization,sensitivity computation,convergence
check,stepcomputationandglobalization).

It hasbeenshown in many differentapplicationareasthat level-5 optimization methodscan
computea solution for optimization problemsof the form in (2.1.1)–(2.1.2) at cost which is a
small multiple of the cost of solving a single analysisproblem Ø ÒcÔ:ÕPÖ?× ³ �

for NLPs with a
moderatenumberof designvariables(i.e.

ô å ³ àõÒ �>�9� ×
). However, thesemethods, which use

quasi-Newton or similar techniques(for step4b in Algorithm 2.4.1),generallyrequiremoreand
moreoptimizationiterationsto solve an NLP asthe numberof designvariables

ô å is increased.
The total numberof optimization iterationsrequiredto reachan acceptablesolution toleranceis
generally

àõÒPÒ ô å ×=<?>1@V× where �BA 0 is somenumbergreaterthan0 but generallylessthan2.

2.4.1 Full Newton SAND

All of thelevel-2 throughlevel-5optimizationmethodsonly requirefirst derivativesin theform of
theJacobianmatrices CEDC�F and CEDCHG andobjectivegradientsCEIC�F and CEIC�G . However, if secondderivatives
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for the constraintsand objective function are available, then potentially more efficient higher-
level optimization methodsareavailable. Beforediscussing thesehigher-level methodsandthe
requirementsfrom applicationcodeswe mustfirst presentthe formal optimality conditionsfor a
solution to (2.1.1)–(2.1.2).

We begin with thedefinitionof an importantaggregatefunctioncalledtheLagrangian given
by JLKNM�OQPOHR�SUTWVUKXM6OQP6S6YZR9[6\1KXM6OQP6S

(2.4.16)

where: R^]
IR _a` is thevectorof Lagrangemultipliers.

Giventhedefinitionof theLagrangian,theoptimality conditions(alsoknown astheKKT condi-
tions[85]) statethatthefollowing arenecessaryrequirementsfor thesolution of (2.1.1)–(2.1.2):b Jb M ³ b Vb M YZR9[ b \b M ³�c (2.4.17)b Jb P ³ b Vb P YZR [ b \b P ³dc (2.4.18)b Jb R ³ \2KNM�OQP6S ³dc ¹ (2.4.19)

All SAND methodsseeka solutionof this setof nonlinearequations.Note that (2.4.17)can
besolved for

R
andthensubstitutedinto (2.4.18),yielding thedefinitionof thereducedgradientin

(2.3.13).Therefore,theoptimality conditions in (2.4.17)and(2.4.18)areequivalentto CeIC�G ³dc .
Thesystemof nonlinearequationsin (2.4.17)–(2.4.19)canbesolvedusingNewton’s method

whichhasthefollowing linearsubproblem(known astheKKT system)fgh CEikjC�F i CEiljC�F	C�G [ CHDC�F [C i jC�F;C�G C i jC�G i CHDC�G [CEDC�F CHDC�G
monp fhrq Mq Pq R mp ³-s fgh CHjC�F [CHjC�G [\ monp ¹ (2.4.20)

Theabove Hessiansof theLagrangianfunctionarecompositesof thefollowing Hessianmatrices
for theobjectiveandtheconstraints: but Vb M t ]

IR _ `wv _ `b t Vb M b P ]
IR _a` v _axb t Vb P t ]

IR _ xyv _ x (2.4.21)
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b t \=zb M t ]
IR _w` v _w`b t \;zb M b P ]
IR _ `av _ xb t \=zb P t ]

IR _wx v _ax
{}||||||||~||||||||��� ³-� ¹D¹6¹	� F ¹ (2.4.22)

Optimizationmethodsthat usesecondderivatives,or approximationsto them,will be classified
aslevel-6 methods.Theseoptimizationmethodsareamongthemostsophisticatedgradient-based
methodsdevelopedto dateandcontinueto bea topic of active researchthroughoutthescientific
community. The generaloutline for a level-6 SAND optimization methodis given in Algorithm
2.4.2.

Algorithm 2.4.2 : Outline of a Level-6SAND Optimization Algorithm

1. Initial ization: Choosetolerances� D O � F O � G ] IR andthe initial guess
M���]

IR _w` , P���] IR _ax
and

R��L]
IR _a` , set �¥³dc

2. Sensitivity computation: ComputeCHjC�F , CHjC�G C i jC�F i , C i jC�F	C�G , C i jC�G i and
\

at
KXM+�yOQP��aS

3. Convergencecheck: If ��� CHjC�F ������� F , ��� CEjC�G ������� G and ��� \ ���,��� D thenstop,solutionfound!

4. Stepcomputation: SolvetheKKT systemin (2.4.20)for
K q M�O q PBO q R�S

5. Globalization:Find steplength � thatensuresprogressto thesolution

6. Updatetheestimateof thesolution:M2���6� ³ M1�!Y � q MP����6� ³ P��!Y � q PRu���6� ³ Ru�!Y � q R�¥³�� Y �
gotostep2

Notethata level-6 SAND methodmustalsomaintainestimatesof theLagrangemultipliersin
additionto estimatesof thestates

M
andthedesigns

P
. Level-4andlevel-5SAND methodsusually

do not needan initial guessfor
R%�

anddo not maintainestimatesof
R
. The sameglobalization

strategiesusedin level-4 andlevel-5 SAND methodscanbe used,unaltered,in a level-6 SAND
method.In many applicationsareas,theselevel-6 optimizationmethodsarequadraticallyconver-
gentwith algorithmic complexities thatscaleindependentlyof thenumberof designvariables

� G
[20]. Oneof the main disadvantagesof this level of invasivenessis that it is difficult for many
differenttypesof applicationcodesto generateaccuratesecondderivativesin a reasonablyeffi-
cient manner. Therefore,therecanbe a large developmentoverheadandcomputationalexpense
involved in applyinglevel-6 methods.The KKT systemin (2.4.20)is expensive to solve andits
solution is a bottleneckin a level-6 SAND method.Therefore,themostcritical partof a level-6
SAND methodis how theKKT systemin (2.4.20)is solvedandtherearemany differentdirectand
iterativeapproaches;thebestapproachis, of course,applicationdependent.
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2.5 Implementation Issuesand Summary

In this section,we discussseveral issuesthat relate to the implementation of sensitivities, the
overall optimizationmethodcomplexities/scalabilities,andtheinterfaceto optimizationmethods.
First the7 levelsof optimizationaresummarizedbelow:

Level 0 is aNAND nongradient“black box” approachwheretheoptimizerdoesnotrequireany
informationfrom thePDEcodeotherthantheobjective functionvalueperoptimizationiteration.
This zerolevel is perfectlysuitedfor simulationproblemsandcodesthatarecomplex anddo not
calculateexactJacobiansanddonot requiretheinvestigationof largedesignspaces.Level 0 may
betheonly option for PDEcodeswherethecomplexity of thephysicsprecludesthecalculationof
analyticderivativesandwherestandardapproximationsarepoor. Theinterfacingcostis minimal,
becausemostblack-boxmethodscancommunicatethroughthefile system.

Level 1 is a NAND gradient-based“black box” approachwheretheoptimizer requiresthatthe
PDE codecomputetheobjective functionvalueandthegradientper optimizationiteration. The
gradientis typically calculatedusinga finite differencemethod.Level 1 is suitedfor simulation
codesthat arecomplex, but smoothenoughto allow reasonableaccuracy in the finite difference
calculation.Level 1 is alsosuitable for problemsthatposeaninsurmountablesoftwarechallenge
and/ordo not requirethe investigationof large designspaces.Similar to level 0 approaches,the
interfacingeffort is minimal.

Level 2 is a NAND gradient-basedmethodthat usesdirect sensitivities from the simulation
code. Therearea few simulation codesat Sandiathat calculatedirect sensitivities. Black-box
approachescantypically take advantageof thesesensitivities to calculatethe objective function
gradient. The costof this calculationis more thanrepaidby the fact that no extra simulations
areneeded,unlike theuseof finite differences.Besidesthecomputationalefficiency, direct sen-
sitivities aremoreaccurate,which resultsin a fasterconvergencerateandbettersolutions. The
level of effort to develop direct sensitivities is highly dependenton the designof the simulation
code.However, it is theobviousfirst stepto improve efficiency andtheobviousfirst steptoward
SAND optimization. As explainedin chapter2, mostsimulation codesarealreadydesignedto
solve thelinearsystemandthe implementationof directsensitivities requiressolvingthis system
with differentright handsides.

Level 3 is a NAND gradient-basedmethodthat usesadjointsensitivities from thesimulation
code. Black-boxapproachescanagaintake advantageof thesesensitivities to calculatethe re-
ducedgradientof the objective function. Therearesignificant computational savings becauseit
requiresonly onesolution involving the transposesystemof theJacobianof the forwardsimula-
tion (independentof thenumberof designvariables

� G ). Similar to directsensitivities, theadjoint
methodproducesaccurategradients.Theeffort to developdirectsensitivities is highly dependent
on the designof the simulation code. If the simulation codehasaccessto the Jacobianfor the
forwardsimulation andthesimulation codesolverscanbeusedon thetransposeof theJacobian,
thenthe implementationis relatively inexpensive andstraightforward. Theadjoint formulationis
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anecessarysteptowardSAND optimizationmethods.Oncetheadjointvectorcanbecalculated,a
considerableamountof theimplementationeffort is completefor a SAND method.

Level 4 is a SAND gradient-basedmethoddependenton directsensitivities. Theimplementa-
tion effort associatedwith directsensitivitiesis thesameasdescribedfor level2. Insteadof passing
this information to ablack-boxoptimizer, it is passeddirectly to algorithmscloselycoupledto the
simulation. Additional implementationeffort is thereforeinvolved to make useof a closelycou-
pled algorithm. The extent of the effort dependshighly on how amenablea codeis to coupling
with otheralgorithms.

Level 5 is a SAND gradient-basedmethodthat is dependenton the “adjoint formulation”.
Thesealgorithmsrequirethesolutionof systemsinvolving thetransposeof thestateJacobian.This
methodis similar to level 3, exceptthatfor anonlinearproblemit is considerablymoreefficient.

Level 6 is known asthe full-spacemethod[20] andhasthe mostcomputational potential for
very largedesignspaces.Thelevel of intrusivenessis thehighestasa resultof having to assemble
andsolve the full KKT systemor the relatedQP subproblem. A full-spacealgorithmgenerally
requiresthecalculationor approximationof secondderivativesin theform of Hessianmatrices.

It is very important to understandthe implicationsof computinganaccuratereducedgradient
in (2.3.13)that is usedin level-2 throughlevel-5 methodsandhow this differs from theway that
simulationcodesareusuallyimplemented.In asimulationcodethatusesNewton’smethodtosolve\2KNM�OQP���S ³^c , it is not critical thatexactsolveswith CEDC�F beperformed,evennearthesolution. All
that is requiredis a solution that improvesfeasibility (i.e. decreases��� \1KXM6OQP6S ��� ). Therefore,many
advancedsimulation codesaredesignedto computeapproximateJacobians(i.e. operatorsplitting
andotherinexactmethods)to makethecomputationof thesolutionscheaper. For optimizationthis
is generallyunacceptable.Any significanterror in theJacobianswill be reflectedin the reduced
gradient. In otherwords, inaccurateJacobianinformationis reflectedin inaccuratesolutionsto
the optimizationproblem. This alsoappliesto the Jacobianmatrix CHDC�G . While a simulation code
may be designedto useexact Jacobiansandto solve linear systems accuratelywith CEDC�F andmay

even be ableto solve systems involving CEDC�F [ accurately, sucha codeis certainlynot designedto

computeefficient sensitivities for the designvariables CEDCHG . This matrix CEDC�G canbe approximated
usingfinite differences,but this will potentially imposeanadditional� K � G S costperoptimization
iteration,evenfor thelevel-3adjointsensitivity approach.In addition,thissensitivity matrixmust
beexact(or asaccurateaspossible)or thewrongreducedgradientis computed.In sometypesof
applications, thedevelopmenteffort andcomputationalresourcesrequiredto compute CHDC�G canbe
quitesmall,while in otherareascomputing thismatrixcanbedifficult and/orexpensive.

While exact first derivativesareessentialfor level 2-5 methods,exact secondderivativesfor
level-6 methodsarenot ascritical sincesecondderivativesdo not alter theoptimality conditions,
but only theefficiency of theoptimizationalgorithm. Quasi-Newtonapproximations,for example,
may not be accurateat all, but they have drasticallyreducedthe computational time on many
problems[85, Chapter10]).
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In general,going from onelevel of optimizationmethodto thenext, interfacinga simulation
codegetsmoredifficult, but theresultingoptimization algorithmbecomesmoreefficient. There-
fore, the real trade-off usuallybetweendifferentlevelsof intrusive optimization is thatof devel-
oper(i.e. human)resourcesversuscomputational resources.For applicationswith fewer design
variables,level-5methodsmayactuallybefasterthanlevel-6methodsbecauseof thecostof com-
puting(or approximating) andusingsecondderivatives. For many otherapplications, reductions
in computationaltime (which maynot bevery significant)do not justify thesometimessubstan-
tial investment in developer resourcesneededto implementa level-6 method.However, in cases
with largenumbersof designvariables,level-6methodsoffer theonly hopeof beingableto solve
difficult optimizationproblemsusingreasonableamountof computing resources.

Tables2.1 and2.2 summarizethevariouslevels of intrusive optimizationandthegeneralre-
quirementsfrom simulationcodesfor NAND andSAND optimizationmethods.Oneof themore
significantpiecesof information in thesetablesis thespecificrequirementsfrom simulationcodes
to beusedwith a particularlevel of intrusive optimization. Theapplicationrequirementsin each
tableareadditive. For example,all of therequirementsfor level-2 methodsareincludedin there-
quirementsfor level-3methods.However, theavailability of aquantityfrom a lower-level method
in ahigher-level methoddoesnotmeanthatthatquantitywill actuallybecomputed.For example,
theability to computethedirectsensitivity matrix CHFC�G in a level-5 methoddoesnot meanthat this
matrix is actuallycomputed.To compute C�FC�G in a level-5methoddefeatsthewholepurposeof the
adjointcomputation.

Note that the complexity per optimization iterationand the generalnumberof optimization
iterationsfor level-2methodsis thesameasfor level-4methodsandthesamecomparisonapplies
for level-3 and level-5 methods.The differenceis that the higher-level methodshave a smaller
constantthanthe lower-level methodsandtheseconstantsarenot shown in � K ¹X¹X¹ S notation. The
ratio of NAND versesSAND solution timeswill be applicationdependent,but therecanbe an
orderof magnitudedifferenceor morewith many applicationsfor variousreasonsthatwe cannot
discussin detailhere.In otherapplications,thedifferencesin performancewill besmaller.

The last issueis how the requirementslisted in Tables2.1 and2.2 canbemetby anapplica-
tion codeandhow this functionality canbeusedby anoptimizationalgorithm. Oneof themajor
complicationsis thatthesesimulationcodesrun in avarietyof computingenvironmentsthatrange
from simple serialsingle-processprogramsto massively parallelprograms.Furthermore,theway
thata linearsystemis solvedmayvary greatlyamongapplicationareas.In someapplicationar-
eas,directsparsesolversmaybepreferable(e.g.in chemicalprocesssimulation) while massively
parallelpreconditionedKrylov-subspaceiterative solvers(e.g. in many PDE simulators)are the
preferredmethods. Or the linearadjointequationin (2.3.14)couldbesolvedusinga nonmatrix-
basedmethod(e.g.usinga time-stepping adjoint solver). Matrix operatorinvocationscan also
be performedin a variety of waysusingdifferentdatastructures. In addition, specializeddata
structurescanbeusedin many applicationareasandcangreatlyimproveperformance.Therefore,
a linear algebrainterfacethat is flexible enoughto allow for all of this variability is key to suc-
cessfullybeingableto interfacean advancedsimulation codeto a generalpurposeoptimization
algorithm. Thedetailsof onesuchinterfacearedescribedin Section4.2.3.
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Optimization

level

Application requirements

(additive betweenlevels)

Approximate

complexity per

optimization

iteration

Approximate

numberof

optimization

iterations

level-0

Evaluation of objective�����9�����
, see(2.1.1)

Analysis solution�u�����
, see(2.2.3) � ��� F � G � polynomial to

exponential in� G
level-1 Smoothnessof

�����9�����
and

�u����� � ��� F � G � � ����� G �l�?>1@��
level-2

Evaluation of direct sensitivity matrixC�FC�G , see(2.2.7)

Evaluation of objective gradientsCEIC�F and CEIC�G , see(2.3.12) � ��� F � G � � ����� G � �?>1@ �
level-3

Computation of adjoints�#� CHDC�F8  [ CEIC�F [ , see(2.3.14) � ��� F � � ����� G � �?>1@ �
Table 2.1. Summaryof level-0 to level-3 NAND optimization

methods.
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Optimization

level

Application requirements

(additive betweenlevels)

Approximate

complexity per

optimization

iteration

Approximate

numberof

optimization

iterations

level-4

Evaluation of objective�����9�����
, see(2.1.1)

Evaluation of constraintsresidual¡ ���9����� , see(2.1.2)

Evaluation of direct sensitivity matrixC�FC�G , see(2.2.7)

Evaluation of objective gradientsCEIC�F and CEIC�G , see(2.3.12)

Evaluation of Newton step¢ � � CEDC�F�  � ¡ ���9����� , see(2.4.15)

� ��� F � G � � ����� G �l�?>1@��

level-5

Action of CHDC�F   � on arbitrary vectors,

see(2.4.15)

Action of CHDC�F8  [ on arbitrary vectors,

see(2.3.14)

Action of CHDC�G on arbitrary vectors

Action of CHDC�G [ on arbitrary vectors

� ��� F � � ����� G � �?>1@ �

level-6

Evaluation of (or matrix-vector prod-

uctswith) HessiansC i D�£C�F i , C i D¤£C�F;CHG , C i D¤£C�G i , for ¥ �§¦7¨�¨�¨ � F , see

(2.4.22)C i IC�F i , C i IC�F;C�G , C i IC�G i , see(2.4.21)
� ��� F � � � ¦ �

Table 2.2. Summaryof level-4 to level-6 SAND optimization

methods.
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Chapter 3

PDE Envir onment

3.1 Overview

Theengineeringcommunity hasa critical needto simulatecomplex physicsand,for the last few
decades,hasdevelopednumerousproduction simulation codesto addresshigh fidelity problems.
Most of thesecodeshave beenparallelizedandscaleto hundredsandsometo thousands of pro-
cessors.This monumentaldevelopment andparallelizationeffort hasconsumeddevelopersfor
the last ten yearswith the somewhat unfortunateabsenceof any capabilitiesto addressSAND
optimization,althoughsomecodescanproducelimited sensitivity information,which asprevi-
ouslydiscussedis an initial requirementfor SAND optimization. Theuseof NAND methods in
combination with large scalePDE simulation codesarelimited to orderten designvariablesfor
the foreseeablefuture assuming the currenttrendsin computer hardwaregrowth do not change.
PDECOis thereforeacritical developmentstrategy for thoseinterestedin thecombination of large
designspaceandgradientbasedoptimizationof large scalecomplex problems.Using theseven
levelsof optimization,wereview thedifferentsimulationdisciplinesfor SNL andattemptto iden-
tify appropriateoptimizationlevels.

BeforecategorizingSNL simulation codes,additional issuesregardingsimulation codesneed
to bediscussed:

1. Implicit vs explicit - The moreefficient methodsassumethat the solution mechanismis
implicit and that a Jacobianis formedso that Newton’s methodcanbe applied. Explicit
codesdependonusingsolutionsfrom theprevioustimestepandJacobiansareneverformed.

2. Exact or inexact Jacobian- Thetheoreticaloptimality conditionsrequirethattheJacobian
is exact. Robustnessof theoptimizationalgorithmdependson theaccuracy of thegradient
calculations.Any useof approximationscould significantly affect the solution. Neverthe-
less,usefulsolutionshave beenobtainedfor many problemswith finite-difference,or other
approximate,gradients.
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3. Transient vs steadystate - Althoughmethodshave beendevelopedfor transientPDECO,
significantefficiency problemsstill needto be resolved for the generaloptimization algo-
rithms.

4. Continuum or non-continuum - SAND methodsrequiresmoothproblems;to date,thereis
noreasonablewayfor non-continuumcodesto takeadvantageof SAND basedtechnologies.
A classicexampleof non-continuummethodsis thedirectsimulationMonteCarlotechnique
[18] [4] [77].

5. Level of multi-ph ysics- Couplingdifferenttypesof physicscodescreatesdifficult issues
for thehigherlevel SAND methods. Issuessuchasexplicit solution proceduresandoperator
splitting aremajorhindrancesto SAND methods.

6. PDE smoothness- Gradientmethodsrequire smooth behavior. Applications involving
chemicalreactionsandstatechangestypically makeuseof databaseinformation andimpose
additional non-differentiablefunctions.Anotherexamplethatgivesriseto nondifferentiabil-
ities is thegainor lossof materialduringthecourseof thecomputations.

3.2 SandiaApplications and Classifications

At Sandia,a large rangeof complex simulation codeshave beendeveloped to addressa variety
of high fidelity, complex physicsproblemsin the areaof structuraldynamics,solid mechanics,
thermal/radiation transport,computationalfluid dynamics,fire, shockphysicsandelectricalsimu-
lation. Thescopeof providing large-scaleoptimizationcapabilitiesto thisengineeringcommunity
in anefficientandpracticalfashionis considerableandcontinuesto beasourcefor futureresearch.

The following sectionsdiscussgeneralcharacteristicsfor eachdiscipline and an attemptis
madeto identify thepotential optimizationlevel.

3.2.1 Structural Dynamics

Finite-elementstructural-dynamics simulation capabilitieshave beendeveloped that areable to
performstaticanalysis,directimplicit transientanalysis, eigenvalueanalysis,modalsuperposition-
basedfrequency response,andtransientresponse.Nonlinearcapabilitiesarecurrentlybeingde-
veloped.Shapeoptimizationproblemsaretheultimatedesigntargetfor structuraldynamicsandat
Sandiatherearea multitudeof structuraldesignchallenges.Thestructuralintegrity of electronic
packagesfor re-entryvehiclesis anexampleof animportantdesignproblem.Althoughthenumber
of designparametersareon theorderof a hundred,asmoresophisticationto thestructuraldesign
is added,thedesireto investigatelargerdesignspaceswill increase.

Staticanalysiswith nonlinearmaterialbehavior is anotheraspectof structuraldynamicsthat
can benefit from a SAND formulation. So-calledinversiontechniquesto find the most likely
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materialsin a mediumis a potentialareaof interestthat could lead to large numberof design
variables.However, theultimategoalfor structuraldynamicsis shapeoptimizationwhereSAND
methodscanhave a significantimpact. Developing efficient optimization methodsfor transient
problemsremainasignificantresearchchallenge.

3.2.2 Solid Mechanics

Nonlinearsolid mechanicsis fundamentalfor investigatingmanufacturingandgeomechanicalis-
sues.Finite-elementcodeshave beendevelopedthatcanhandlelargedeformations,temperature
dependency, andquasi-static mechanicsproblemsin threedimensions.A materialmodelfor elastic
andisothermalelastic-plastic behavior with combinedkinematic andisotropic hardeningis avail-
able. An eight nodeLagrangianuniform-strainelementis employed with hourglassstiffnessto
controlthezero-energy modes.Highly nonlineareffectsincludematerialnonlinearities, geometric
nonlinearitiesdueto largerotations, largestrains,andsurfacesthatsliderelative to eachother. El-
ementbirth anddeathalgorithms areavailable to handlemanufacturingsituationswherematerial
is eitheraddedor removed,suchassolderingandmilling. Contactbetweensurfacescanalsobe
modeledwith or without friction, which allows for simulating many difficult processes,suchas
connectorinsertion.

In additionto manufacturingexamples,thesecodesareusedto modelgeologicalsystemssub-
ject to a varietyof stresses.TheYucaMountain nuclearstoragefacility is anexamplewherethe
maximumsafetymarginsfor stressesneedto becalculatedasa functionof variousdeformations
to thestoragefacility andasa functionof variousloadsontothefacility.

Although significantoptimizationissuesexist in solid mechanicsin addition to large design
spaces,therea numberof issuesthat preventsconsiderationof intrusive methods. Perhapsthe
mostobvious impediment to SAND methods is the fact that solid mechanicscodesdo not for a
Jacobiananduseanexplicit pseudotime steppingschemeto converge to a solution. Non differ-
ential quantitiesasa resultof severematerialdeformationalsoposesa problem. Theremay be
somepossibilities for calculatingdirectsensitivities for a subsetof problems,but presumablythis
wouldrequirerestructuringthetypicalsolidmechanicscode.Certainly, birth/deathalgorithmsare
notdifferentiableandwould requireacompletenew approach.

3.2.3 Thermal

Thermalsimulationcapabilitieshandleanalysisof systemsin whichthetransportof thermalenergy
occursprimarily througha conduction process.This nonlinear, finite element,multi-dimensional
capabilityhasbeenextendedto handlesolid phasechemicalreactionsandradiationtransfer. A
steady-state,nonlinearthermalproblemwithout a chemicalreactionis well suitedfor any SAND
level optimizationscheme.However, the usualdifficultiesareassociatedwith the multi-coupled
physicsandtransientanalysis.
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3.2.4 Computational Fluid Dynamics

3.2.4.1 CompressibleFluid Flow

Compressiblefluid mechanicscodesareneededto simulateaccuratelytheaerodynamicsfor sub-
sonic, transonicandsupersonicflight. Many configurationsandflight situationscannotbe ade-
quatelytestedbecauseof high Machnumbers,high Reynoldsnumbers,andenthalpy conditions.
Aerodynamicsimulationscalculatepressures,shearstressfields,andforcesandmomentsexerted
on a structureby the surrounding compressible fluids. If the assumptions for a rigid body fail,
thestructuralresponseof thesystemneedsto be included.This is oftenanexplicit couplingand
thereforea difficult issuefor SAND optimization. However, therearenumerousdesignproblems
in compressiblefluid flow, suchassteady-stateEuler-based,shapeoptimization thatcantake ad-
vantageof any level of optimization method. A potentialproblemwith compressible fluid flow
problemsis that the preferredsolution mechanismis eithermatrix-freeor pseudotime-stepping
with multi-grid methods.TheJacobianis not formedandsensitivitiescannotbeeasilycalculated.

As a resultof this LDRD project,developmentof anadjointformulation is underway for San-
dia’s new compressiblefluid flow code. The goal is to initially conductshapeoptimization with
thesteadystateEulerequations.An adjoint formulationfor theRoeschemehasbeendeveloped
anda forwardNewtonbasedsolution is forthcoming.

3.2.4.2 Dir ect Simulation Monte Carlo

Computational fluid flow dynamicslocally refinesthe simulation meshin an attemptto resolve
small-scalephenomena.However, hydrodynamic formulationsbreakdown as the grid spacing
approachesthemolecularscale.Direct SimulationMonteCarlo(DSMC) methods[18, 4, 77] are
usedasan alternative to continuumformulations. In DSMC, the stateof the systemis givenby
the position andvelocitiesof particles,but the processdecouplesthe movement from collisions
andchemistry. First of all the particlesaremovedwithin a time stepalonga grid independently
of eachother. At theendof thetime steptheparticlesaresampledin eachgrid cell to determine
collision behavior andspeciesdistributionsusingprobabilistic techniques.At SNL, DSMC has
beenusedtosimulatelow-densityapplicationswith Knudsennumbersontheorderof 0.2subjected
to electromagneticfields.Numerousotherexamplesin theliteraturecanbefound[1, 107].

Clearly the lack of a continuum prevents the useof standardSAND methodsandan entire
simulation needsto be solved for any aspectsof an optimization algorithmto occur. Sensitivity
informationwill alsobedifficult to acquireby meansotherthantheuseof finite differences.

At SNL therearelargedesigncodesthatpredicttheaffectsof certaingeometriesonthebehav-
ior of rarefied gases.Thesehigh-fidelity problemsarecomputationally intensive; applyingshape
optimization,even with a small numberof designparameters,requiresan enormousamountof
computational resources.
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3.2.4.3 IncompressibleFluid Flow

Several Navier-Stokes codeshave beendevelopedto solve a numberof complex designprob-
lems. We describeonesuchcodein Chapter5 for a chemicalvapordepositionreactorproblem.
ThegeneralNavier-StokesCFD simulator is well suitedto take advantageof SAND optimization
methods.EventhoughseveralNavier-Stokescodeshave beenextendedto includechemistry, tur-
bulence,moving interfaces,andelasto-viscoplasticmaterials,greatcarehasbeentakento include
capabilitiesto form a full andexactJacobian.Thesecodesarecomplicated,however, anda level
6 interfacemayrequireacompleterevision. Level-5optimization is possiblesincetheJacobianin
accessibleandthesolution of systemsusingits transposeis available.

3.2.5 Fir e

Thefire environmentsimulationsoftwaredevelopmentprojectis directedatprovidingsimulations
for bothopenlarge-scalepoolfiresandbuildingenclosurefires.Oneclassof codesincludesturbu-
lence,buoyantlydrivenincompressible flow, heattransfer, masstransfer, combustion, sootforma-
tion,andabsorptioncoefficientmodeling. Anotherclassof codesrepresenttheparticipating-media
thermalradiationmechanics.Thesefire codesrank assomeof the morecomplex codesandare
mostly developedwith explicit solution methods to couplemulti-physics,includeapproximations
for differentphysicsprocesses,useinexactNewton methods,andaccommodatethelossof mate-
rial.

Theoretically, animplicit couplingof thedifferentphysicscouldmakea fire simulation a can-
didatefor higherlevels of optimization. The complexity of sucha simulation suggestscomplex
designproblemsandcomputeintensive simulations.However, themostproblematicissueassoci-
atedwith fire simulation is the lossof material. As in solid mechanics,thesealgorithms arenot
differentiable.Even assuming lossof materialis not an issue, the currentexplicit couplingstill
preventsthe useof levels 3 or higher. Level 2 methods could be consideredbut would require
crosssensitivities to accommodatethe many differentphysicscomponents.The calculationof
crosssensitivities for multiple physics componentsis anactiveareaof research.

3.2.6 ShockPhysics

ShockPhysicsis handledthrougha family of codesthatmodelcomplex multi-dimensional,multi-
materialproblemsthatarecharacterizedby largedeformationsand/orstrongshocks.Thesolution
strategy consistsof a two-step,second-orderaccurateEulerianalgorithmto solve the mass,mo-
mentum,andenergy conservationequations.Modelsexist for computing materialstrength,frac-
ture, porosity, andhigh-explosive detonationand initiation. The problemsthat canbe analyzed
includepenetrationandperforation,compression,high explosive detonationand initiation phe-
nomena,andhypervelocity impact. Strongshocksimulationsrequiresophisticatedandaccurate
modelsof thethermodynamic behavior of materials.Phasechanges,nonlinearbehavior, andfrac-
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turesareimportantto predictbehavior accurately. Equation-of-statepackagesareusedto predict
phasechanges.

More recently, Lagrangiansolid mechanicscapabilitiesweredevelopedto includearbitrary
meshconnectivity, superiorartificial viscosity, andimproved materialmodels. Problemscanbe
solvedusingLagrangian,Eulerian,or anarbitraryLagrangian-Eulerian(ALE) meshthat is based
ona linearfinite-elementformulation andmayhavearbitraryconnectivity amongtheelements.

Many issuesneedto beaddressedto implementany intrusiveoptimizationalgorithmfor Shock
physics codes,including transientanalysis,non-smooth behavior, explicit solution procedures,
materialadditionanddeletionmechanisms. Similar issuesexist asin fire simulation.

3.2.7 Electrical Simulation

A substantial numberof electricalsimulationsareconductedatSandiaandacommonproblemis to
matchexperimentaldatafrom anetwork of circuitsto thesesimulations.Capabilitiesto solvevery
large circuit problemsarecurrentlybeingdeveloped. This effort will supportanalysisof circuit
phenomenaatavarietyof abstractionlevels, includingdevice-level, analogsignals, digital signals,
and mixed signals. Although electricalsimulation should be smooth, old device modelshave
beenknown to uselimiter processesthat arenon-differentiable. Typically, large-scaleelectrical
simulation consistsof millions of deviceseachof which canhostat leastonedesignparameter.
Therefore,electricalsimulation is a reasonablygoodSAND optimizationcandidateprovidedthe
device modelissuescanbe resolvedandalsoprovidedoptimizationmethodsto handletransient
modelsefficiently canbe developed. Algorithms to handletransientprocessesareavailable,but
they arememoryandstorageintensive sincethey requirea largenumberof designvariablesand
largenumberof timesteps.

The solution approachgeneratesnonlinearsystemsof DAEs and usesNewton’s methodto
solve theresultingnonlinearequations.ThusXyce generatesa Jacobiansimilar to thoserequired
by PDE-basedsimulationsandtheoreticallyadjoint sensitivities canbe calculated.Similarly to
compressiblefluid, additionalsensitivity developmentis underway to develophigheroptimization
levelscapabilities.

3.2.8 Geophysics

Geophysicshaslongbeenthesourceof largeinversionproblemsthataresolvedto identify mate-
rials andrelatedpropertiesandto detecttargets.Eachof theseproblemsdealswith largenumber
of design/inversionparameters.They areoftensolved in the frequency domaintherebyavoiding
the issuesrelatedto transientphenomena.Considerableresearchhasbeenconductedat Sandia
to solve inversionproblemsand,althoughthesolutionproceduresarenot entirelyalongthesame
linesdescribedin this report,thesecodesdo useGauss-Newton methodsandconjugategradient
solvers[81] [82].
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Seismicinversion,structuralinversion, andsourceinversion areall importantproblemsthat
areamenableto thehighestlevel SAND methods. In fact,thestate-of-the-artSAND methodshave
beenappliedto aseismicinversionproblemwhere2.1million inversionparameterswereusedfor
atransientsimulation[3]. Theseproblemsareimplicit, they useexactJacobians,andcanbesolved
in eithersteady-stateor transientmode.In addition, they aresinglephysicsandtheir solutionsare
smooth.

3.2.9 Observations & Strategies

Severalconclusions havebeendrawn from our review of theSandiaPDEenvironment:

1. A wide rangeof physicsare simulatedby a variety of methods incorporatingboth linear
and nonlinearsolvers. An increasingnumberof complex design,control, and inversion
problems,involving a largenumberof design/control/inversionparametersdemandefficient
optimizationmethods.

2. Mostof thecritical Sandiasimulationcodesrun in parallelandthusnew optimizationalgo-
rithmsneedto bedesignedwith large-scaleparallelismin mind.

3. Thepredominantprogramminglanguageis C++; we stronglysupportthecontinueddevel-
opmentof frameworks,algorithms,andtoolsin C++.

4. High-fidelity, multi-physicssimulationsarecrucialto solveSandia’sscienceandengineering
problems. The initial stepto createa multi-physics capability is to useexplicit solvers.
However, asdiscussedabove,thiscreatesdifficultiesfor aSAND optimizationmethod.Thus
theuseof implicit methodsneedsto beexplored.

5. Transientsimulation dominatestheproblemspaceat SandiaandSAND optimizationmeth-
odsfor transientproblemsneedto beinvestigated.

6. Individualforwardsimulatorsarebeingconsolidatedinto two principalframeworks,namely,
SIERRAandNevada.Optimizationmethodsandinterfacesneedto beconsideredaspartof
theseframeworks.

Althoughimplementing PDECOrequiresa customdesignandanindividualapproachto each
simulation code,it hasbeenour goal to develop methods,algorithms, andframeworks that can
be leveragedin otherPDE simulation codes. Assuming that sensitivity information is available
from thesimulation codesandthesimulation codeconformsto theSAND assumptions,we have
developed a framework calledrSQP++that canbe interfacedwith mostcodes. The strengthof
thisstate-of-artobjectorientedcodeis thatalgorithmscanbemodifiedveryquickly to adaptto the
needsof theoptimizationproblem.In addition,wehave interfacedthiscodeto aPDEprototyping
code(Sundance)so that algorithmscanbe easily testedfor a rangeof PDE systems.The next
few chaptersarededicatedto describingtherSQP++framework, Sundance,anda full-spaceSQP
methodthatreliesonsolvingquadraticprograms.
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Chapter 4

rSQP++ Framework

Describedhereinis a new object-oriented(OO) framework for building successive quadraticpro-
grammingAlgorithms,calledrSQP++,currentlyimplementedin C++. Thegoalsfor rSQP++are
quitelofty. TherSQP++framework is designedto incorporatemany differentSQPalgorithmsand
to allow externalconfigurationof specializedlinearalgebraobjectssuchasvectors,matricesand
linearsolvers.Data-structureindependencehasbeenrecognizedasanimportantfeaturemissing in
currentoptimizationsoftware[123]. In addition,it is possible for anadvanceduserto modify the
SQPalgorithms to meetotherspecializedneedswithouthaving to touchany of thedefault source
codewithin therSQP++framework.

Successivequadraticprogramming(SQP)methodsareattractivemainlybecausethey generally
requirethefewestnumberof functionandgradientevaluationsto solvea problemascomparedto
otheroptimizationmethods[105]. Anotherattractivepropertyof SQPmethodsis thatthestructure
of theunderlying NLP canbeexploitedmoreeffectively thanothermethods[118]. A variationof
SQP, known asreduced-spaceSQP(rSQP),workswell for NLPswheretherearefew degreesof
freedom(dof) (seeSection4.1.1)andmany constraints.Quasi-Newtonmethodsfor approximating
the reducedHessianof the Lagrangianarealsovery efficient for NLPs with few dof. Another
advantageof rSQPis thatthedecomposition usedfor theequalityconstraintsonly requiressolves
with abasisof theJacobian(andpossiblyits transpose)of theconstraints(seeSection4.1.3).

4.1 Mathematical Background for SQP

4.1.1 Nonlinear Program (NLP) Formulation

TheSQPalgorithms implementedwith rSQP++solveNLPsin thestandardform:
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min
VUKª©6S

(4.1.1)

s.t.
\1Kª©6S ³dc (4.1.2)© j � © � ©6« (4.1.3)

where: ©O	© j O	©6«¬]¬VUKª©6S¯®°¬±
IR\2KX©6S¯®�²±´³ µ

IR _³�µ
IR ¶ .

Above,wehavebeenverycarefulto definevectorspacesfor therelevantvectorsandnonlinear
operators.In general,only vectorsfrom thesamevectorspacearecompatibleandcanparticipate
in linear algebraoperations.Mathematically, the only requirementfor the compatibility of real-
valuedvectorspacesshouldbethatthedimensionsmatchupandthatthesameinnerproductsare
used.However, having the samedimensionality will not be sufficient to allow the compatibility
of vectorsfrom differentvectorspacesin the implementation.The vectorspacesbecomevery
importantlaterwhentheNLP interfacesandtheimplementation of rSQP++is discussedin more
detail(seeSection4.2.3.2).

We assumethat theoperators
VUKª©6S

and
\Qz2KX©6S

for � ³·� ¹6¹D¹;¸ in (4.1.1)–(4.1.2) arenonlinear
functionswith at leastsecond-ordercontinuous derivatives. TherSQPalgorithmsdescribedlater
only requirefirst-orderderivativeinformationfor

VUKX©6S
and

\�zyKX©6S
in theform of avector ¹ VUKª©6S and

amatrix ¹ \2KX©6S respectively. Theinequality constraintsin (4.1.3)mayhave lowerboundsequaltos�º and/orupperboundsequalto
Y º . Theabsencesof someof theseboundscanbeexploited

by many SQPalgorithms.

It is very desirablefor the functions
VUKª©6S

and
\1Kª©6S

to at leastbe defined(i.e. no NaN or Inf
returnvalues)everywherein thesetdefinedby therelaxedvariablebounds

© j s q � © � ©6«�Y q .
Here,

q
(seethemethodmax var bounds viol() in theNLP interfacein Section4.2.3.2)is a

relaxation(i.e. wiggle room)that theusercansetto allow theoptimizationalgorithmto computeVUKª©6S
,
\2KX©6S

and » KX©6S outside the strict variablebounds
© j � © � ©6«

in order to computefinite
differencesandthelike. TheSQPalgorithmswill neverevaluate

V¼KX©6S
and

\2KX©6S
outsidethisrelaxed

region. This is animporantissueto considerwhendevelopingthemodelfor theNLP.

TheLagrangianfunction
JLK½ROH¾ j OH¾1«7S (andtheLagrangemultipliers (

R
,
¾ j , ¾1« )) andits gradi-

entandHessianfor thisNLP are
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JLKX©O�ROH¾ j O�¾1«7SÀ¿ Á�VUKX©6S�Y'R [ \2KX©6SYZ¾ [j KX© j s ©6SYZ¾ [« KX© s ©6«%SÃÂW]
IR (4.1.4)

¹ÅÄ JLKª©OHRO�¾�S*¿WÆ ¹ VUKª©6S�Y ¹ \1Kª©6S	RÇY'¾�ÈÉ]²
(4.1.5)¹ tÄ�Ä JLKX©O�R6SÊ¿¬Ë ¹ t VUKX©6S�Y ¶Ì z	Í6� R7Î z	Ï ¹ t \=zyKX©6SyÐÑ]� �  (4.1.6)

where: ¹ VUKX©6S¯®�²± ¹ \1Kª©6S!¿ÀÒ ¹ \a�wKX©6S ¹ \ t Kª©6S ¹6¹D¹ ¹ \ ¶ KX©6SÔÓ ®��±  � ³¹ t \;zyKX©6S¯®�²±  �  , for �
¿ � ¹D¹D¹=¸R^]Õ³¾ÖTW¾1« s ¾ j ]¬

.

Above,weusethenotation
RÎ×z;Ï

with thesubscriptin parenthesesto denotethe � th component

of the vectorand to differentiatethis from a simple mathaccent. Also, ¹ \2KX©6S�®¯ ±  � ³ is

usedto denoteanonlinearoperator(thegradientof theequalityconstraints¹ \2KX©6S in thiscase)that

mapsfrom thevectorspace


to a matrix space
 � ³ wherethecolumnsandrows in this matrix

spacelie in thevectorspaces


and
³

respectively. The returnedmatrix object Ø ¿ ¹ \Ù]� � ³
definesa linearoperatorwhereÚ ¿ Ø*Û mapsvectorsfrom Û ]Ü³ to Ú ]Ý . Thetransposedmatrix

object Ø [ definesa linearoperatorwhere Ú ¿ Ø [ Û mapsvectorsfrom Û ]4 to Ú ]�³ .

Notehow thevectorandmatrix spacesin theabove expressionsmatchup. For example, the

vectorsandmatricesin (4.1.5)canbereplacedby their vectorandmatrixspacesasÆ ¹ V¼KX©6S�Y ¹ \1Kª©6S	RÇY'¾�ÈßÞ Æ2àYdKl � ³S�³ÙY'áÈ°Þ  ¹
The compatibility of vectorsandmatricesin linear algebraoperationsis determinedby the

compatibility of the associatedvector spaces.At all times, we must know to which vector or

matrixspacea linearalgebraquantitybelongs.

Given the definition of the Lagrangianand its derivatives in (4.1.4)–(4.1.6),the first- and

second-ordernecessaryKKT optimality conditions [80] for a solution
KX©BâaOHR�âãOH¾9âj OH¾9â« S to (4.1.1)–

(4.1.3)aregiven in (4.1.7)–(4.1.13). Therearefour differentcategoriesof optimality conditions
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shown here: linear dependenceof gradients(4.1.7),feasibility (4.1.8)–(4.1.9),non-negativity of

lagrangemultipliers for inequalities(4.1.10),complementarity(4.1.11)–(4.1.12),and curvature

(4.1.13).

¹�Ä JLKX© â OHR â OH¾ â SÊ¿ ¹ VUKª© â S�Y ¹ \2KX© â S	R â Y'¾ â ¿ c (4.1.7)\2KX© â SÊ¿ c (4.1.8)© j � © â � ©6« (4.1.9)K½¾ j S â O?K½¾1«7S âLä c (4.1.10)Kl¾ j S â ÎæåçÏ K	Kª© j SQÎæåoÏ s KX© â SQÎæåçÏ½S/¿ c O for è ¿ � ¹D¹D¹=� (4.1.11)K½¾1«7S â ÎæåçÏ K	Kª© â S ÎéåçÏ s Kª©6«7S ÎéåçÏ SÊ¿ c O for è ¿ � ¹D¹6¹;� (4.1.12)ê [ ¹ tÄ�Ä JLKª© â OHR â S ê ä c O for all feasibledirections
ê ]² ¹

(4.1.13)

Sufficient conditionsfor optimality requirethatstrongerassumptionsbemadeabouttheNLP

(e.g.constraintqualificationon
\2KX©6S

andperhapsconditionson third-ordercurvaturein casec is

obtainedin (4.1.13)).

To solve a NLP, a SQPalgorithmmustfirst besuppliedaninitial guessfor theunknown vari-

ables
©��

andin somecasesalsotheLagrangemultipliers
R7�

and
¾y�

. Theoptimizationalgorithms

implementedin rSQP++generallyrequirethat
©6�

satisfythevariableboundsin (4.1.3),andif not,

the elementsof
©6�

areforcedin bounds.The matrix ¹ \1Kª©6S is abstractedbehinda setof object-

orientedinterfaces.TherSQPalgorithmonly needsto performmatrix-vectormultiplicationwith¹ \2KX©6S andsolve for a square,nonsingular basisof ¹ \1Kª©6S througha BasisSystem interface.

Theimplementation of ¹ \1Kª©6S is completelyabstractedaway from theoptimizationalgorithm. A

simpler interfaceto NLPs hasalsobeendevelopedwherethe matrix ¹ \1Kª©6S is never represented

even implicitly (i.e. no matrix-vector products)and only specificquantities are suppliedto the

rSQPalgorithm(seethe“TailoredApproach”in [104] andthe “direct sensitivity” NLP interface

onpage69).

4.1.2 Successive Quadratic Programming (SQP)

A popularclassof methodsfor solvingNLPsis successivequadraticprogramming(SQP)[26].

An SQPmethodis equivalent, in many cases,to applyingNewton’smethodto solvetheoptimality
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conditionsrepresentedby (4.1.7)–(4.1.8).At eachNewtoniteration � for (4.1.7)–(4.1.8), thelinear

subproblem(alsoknown astheKKT system) takestheformëÜì ØØ [ í ë êê,î í ¿ s ë ¹ÅÄ J\ í (4.1.14)

where: ê ¿É©����6� s ©��Z]¬ê,î ¿dR��Q�6� s Ru�(]^³ì ï ¹ tÄ�Ä JLKX©��1OHR��wSð]¬ � Ø ¿ ¹ \1Kª©��?S4]² � ³\ñ¿É\1Kª©��ÃSð]Õ³
.

TheNewton matrix in (4.1.14)is known astheKKT matrix. By substituting
ê%î ¿ÕRu���6� s Ru�

into (4.1.14)andsimplifying, this linear systembecomesequivalent to theoptimality conditions

of thefollowing QP

min ò [ ê Y � ó t ê [ ì ê
(4.1.15)

s.t. Ø [ ê Y'\ñ¿ c (4.1.16)

where: ò ¿ ¹ VUKª©��aSÝ]¬ ¹
The advantageof the QP formulationover the Newton linear-systemformulation is that in-

equalityconstraintscanbedirectly addedto theQPanda relaxationcanbedefinedwhich yields

thefollowing QP

min ò [ ê Y � ó t ê [ ì ê Y'ôÕK � S (4.1.17)

s.t. Ø [ ê Y�K �Lsõ� S=\ñ¿ c (4.1.18)© j s ©�� � ê � ©6« s ©�� (4.1.19)c��ö�÷�W� (4.1.20)
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where: ôÕK � SÝ] IR
±

IR.

Nearthesolutionof theNLP, thesetof activeconstraintsfor (4.1.17)–(4.1.20)will bethesame

astheoptimal active-setfor theNLP in (4.1.1)–(4.1.3)[85, Theorem18.1].

The relaxationof theQP shown in (4.1.17)–(4.1.20)is only oneform of a relaxationbut has

theessentialproperties.Notethatthesolution � ¿ � and
ê ¿ c is alwaysfeasibleby construction.

The penaltyfunction
ôÕK � S is eithera linear or quadraticterm whereif CEø Îæù	ÏC ù � ùQÍ�� is sufficiently

large thenanunrelaxedsolution (i.e. � ¿ c ) will beobtainedif a feasibleregion for theoriginal

QP exists. For example,the penaltyterm may take a form suchas
ôÕK � SÅ¿ÑKûúôWS � or

ôàK � Sr¿KüúôWSãK � Y � ó t � t S where
úô

is a largeconstantoftencalled“big M.”

Onceanew estimateof thesolution (
©%���6�

,
R��Q�6�

,
¾y�Q�6�

) is computed,theerrorin theoptimality

conditions (4.1.7)–(4.1.9)is checked. If theseKKT errorsarewithin somespecifiedtolerance,

the algorithm is terminatedwith the optimal solution. If the KKT error is too large, the NLP

functionsand gradientsare then computedat the new point
©����6�

and anotherQP subproblem

(4.1.17)–(4.1.20) is solved which generatesanotherstep
ê

andsoon. This algorithmis continued

until asolutionis foundor thealgorithmrunsinto trouble(therecanbemany causesfor algorithm

failure), or it is prematurelyterminatedbecauseit is taking too long (i.e. maximum numberof

iterationsor runtime is exceeded).

The iteratesgeneratedfrom
©����6�÷¿À©��°Y ê

aregenerallyonly guaranteedto converge to a

local solution to the first-orderKKT conditionswhencloseto the solution. Therefore,global-

izationmethodsareusedto insure(givena few, sometimesstrong,assumptionsaresatisfied)the

SQPalgorithmwill converge to a local solution from remotestartingpoints. Onepopularclass

of globalizationmethodsarelinesearchmethods. In a linesearchmethod,oncethestep
ê

is com-

putedfrom the QP subproblem,a linesearchprocedureis usedto find a steplength � suchthat©����6�ý¿§©��LY � ê givessufficient reductionin thevalueof a merit function þ Kª©����6�;SÇÿ þ KX©��wS . A

merit functionis usedto balancea trade-off betweenminimizing theobjective function
V¼KX©6S

and

reducingtheerrorin theconstraints
\1Kª©6S

. A commonlyusedmerit functionis the � � definedby

þ���� KX©6SÊ¿ V¼KX©6S�Y�� ��� \2KX©6S ��� � (4.1.21)

where
�

is apenaltyparameterthatis adjustedto insuredescentalongtheSQPstep
©�uY � ê for���Õc . An alternative linesearchbasedon a “filter” hasalsobeenimplementedwhich generally

performsbetterand doesnot requirethe maintenanceof a penaltyparameter
�

[122] . Other
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globalization methodssuchastrustregion (usingamerit functionor thefilter) canalsobeapplied

to SQP.

BecauseSQPis essentiallyequivalent to applying Newton’s methodto the optimality condi-

tions,it canbeshown to bequadraticallyconvergentnearthesolution of theNLP [84]. It is thisfast

rateof convergencethatmakesSQPthemethodof choicefor many applications. However, there

aremany theoreticalandpracticaldetailsthatneedto beconsidered.Onedifficulty is thatin order

to achievequadraticconvergencetheexactHessianof theLagrangian
ì

is needed,whichrequires

exact second-orderinformation ¹ t VUKª©6S and ¹ t \=zyKX©6S , �
¿ � ¹D¹D¹=¸ . For many NLP applications,

secondderivativesarenot readily availableandit is too expensive and/orinaccurateto compute

themnumerically. Otherdifficultieswith SQPincludehow to dealwith an indefiniteHessian
ì

.

Also, for largeproblems,thefull QPsubproblemin (4.1.17)–(4.1.20) canbeextremelyexpensive

to solvedirectly. Theseandotherdifficultieshavemotivatedtheresearchof large-scaledecompo-

sition methodsfor SQP. Oneclassof thesemethods is reduced-space(or reduced-Hessian)SQP,

or rSQPfor short.

4.1.3 Reduced-SpaceSuccessive Quadratic Programming (rSQP)

In a rSQPmethod,the full-spaceQP subproblem (4.1.17)–(4.1.20)is decomposedinto two

smallersubproblems that, in many cases,are easierto solve. To seehow this is done,first a

null-spacedecomposition [85, Section18.3] is computedfor somelinearly independentsetof the

linearizedequalityconstraintsØ
	 ]  � ³ 	 where
\ 	 KX©6SW] ³ 	 ]

IR � arethedecomposedand\ G KX©6Sð]Õ³ G ] IR

Î ¶   � Ï aretheundecomposedequalityconstraintsand

\2KX©6SÊ¿ ë \ 	 Kª©6S\ G KX©6S í ]�³ 	� ³ G ¿7Þ ¹ \2KX©��aS!¿ Ò ¹ \ 	 KX©��aS ¹ \ G Kª©��ÃSûÓ ¿ Ò Ø�	 Ø G Ó ]Ý � K ³ 	�� ³ G S ¹
(4.1.22)

Above, the vector space
³¬¿ ³ 	�� ³ G denotesa concatenatedvector space(also known as a

productof vector spaces)with a dimension which is the sum of the constituent vector spaces� ³ � ¿ � ³ 	+� Y � ³ G � ¿��/YZK ¸ s �+SÊ¿ ¸ . Thisdecomposition is definedby anull-spacematrix � and

amatrix � with thefollowingproperties:

� ]¬ ��� s.t.
K Ø�	 S [ � ¿ c� ]² � � s.t.
Ò � � Ó

is nonsingular
(4.1.23)
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where: � µ
IR

Î _   � Ï� µ
IR � .

It is importantto distinguishthespaces� and � from thethematrices� and � . Thenull-space

matrix � ]  ��� is a linearoperatorthatmapsvectorsfrom thespace
P ] � to vectorsin the

spaceof theunknowns � ¿ � PW]�
. Thematrix � ]� � � is a linearoperatorthatmapsvectors

from thespace
P ] � to vectorsin thespaceof theunknowns � ¿ � P ]¬

.

In many presentationsof reduced-spaceSQP, thematrix � is referredto asthe“range-space”

matrixsinceseveralpopularchoicesof thismatrixformabasisfor therangespaceof Ø�	 . However,

notethatthematrix � neednotbea truebasismatrix for therangespaceof Ø�	 in orderto satisfy

thenonsingularity propertyin (4.1.23).For this reason,herethematrix � will bereferredto asthe

“quasi-range-space”matrix to make thisdistinction.

By using(4.1.23),thesearchdirection
ê

canbebrokendown into
ê ¿àK �6s�� S �ñÛ F Y �!Û�� , whereÛ F ] � andÛ�� ] � aretheknown asthequasi-normal(or quasi-rangespace)andtangential(or

null space)stepsrespectively. By substituting
ê ¿ K �ýs � S �ñÛ F Y �!Û�� into (4.1.17)–(4.1.20) we

obtainthequasi-normal(4.1.24)andtargential(4.1.25)–(4.1.27) subproblems. In (4.1.25), ���^�
is adampingparameterwhichcanbeusedto insuredescentof themerit function þ KX©�Q�6��Y � ê S .

Quasi-Normal (Quasi-Range-Space)SubproblemÛ F ¿ s��   � \ 	 ] � (4.1.24)

where: � T��¤K Ø 	 S [ �"! ]Õ³ 	,� � (nonsingular via (4.1.23)).

Tangential (Range-Space) Subproblem (Relaxed)

min
K ò � Y �$# S�[ Û�� Y � ó t Û [ � � � [ ì �%! Û�� YZôÕK � S (4.1.25)

s.t. &'�kÛ�� Y�K �ñs�� S=P÷¿ c (4.1.26)( j ���!Û��!s K �ñÛ F S � � ( « (4.1.27)
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where: ò � T � [ ò ] �# T � [ ì �ñÛ F ] �� ]
IR&)� T��¤K Ø G S [ �%! ]Õ³ G � �& F T*�¤K Ø G S [ ��! ]Õ³ G � �P÷T & F Û F Y(\ G ] ³ G( j T�© j s ©�� s+�LÛ F ]¬

( « Td©6« s ©�� s,�LÛ F ]²
.

By usingthis decomposition, the Lagrangemultipliers
R 	 for the decomposedequalitycon-

straints(
K Ø-	 S [ ê Yá\ 	 ¿ c ) donotneedto becomputedin orderto producesteps

ê ¿ÕK ��s � S �üÛ F Y�!Û�� . However, thesemultipliers canbe usedto determinethepenaltyparameter
�

for the merit

function [85, page544] or to computethe Lagrangianfunction. Alternatively, a multiplier-free

methodfor computing
�

hasbeendevelopedandtestedwith goodresults[104]. In any case,it

is usefulto compute thesemultipliersat thesolutionof theNLP sincethey give thesensitivity of

theobjective functionto thoseconstraints[80, page436]. An expression for computing
R 	 canbe

derivedby applying(4.1.23)to � [ ¹ JüKª©OHR�OH¾�S to yieldR 	 ¿ s �   [/. � [ K ò YZ¾�SY�K & F S [ R G10 ]Õ³ 	 ¹ (4.1.28)

Therearemany detailsthatneedto beworkedout in orderto implementa rSQPalgorithmand

thereareopportunitiesfor a lot of variability. Someof themoresignificantdecisionsthatneedto

bemadeare:how to computethenull-spacedecomposition thatdefinesthematrices� , � , � , &2�
and & F , andhow thereducedHessian� [ ì � andthecrossterm # in (4.1.25)arecalculated(or

approximated).

Thereare several different ways to computedecomposition matrices � and � that satisfy

(4.1.23)[105]. For small-scalerSQP, anorthonormal� and � ( � [ � ¿ c , � [ � ¿43
, � [ � ¿43

)

canbecomputedusingaQRfactorizationof Ø-	 [84]. Thisdecompositiongivesriseto rSQPalgo-

rithmswith many desirableproperties.However, usingaQRfactorizationwhen Ø"	 is of very large

dimension is prohibitively expensive. Therefore,otherchoicesfor � and � havebeeninvestigated

that aremoreappropriatefor large-scalerSQP. Methodsthat aremorecomputationally tractable

arebasedonavariable-reductiondecomposition [105]. In avariable-reductiondecomposition, the

variablesarepartitionedinto dependent
©65

andindependent
©87

sets
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©95 ]�:5
(4.1.29)©;7 ]�<7
(4.1.30)© ¿ ë ©95©;7 í ]�:5 � <7 (4.1.31)

(4.1.32)

where: :5 µ
IR �<7 µ
IR _   �

suchthat the Jacobianof theconstraintsØ [ is partitionedasshown in (4.1.33)where = is a

square,nonsingular matrixknown asthebasismatrix. Thevariables
©)5

and
©;7

arealsocalledstate

anddesign(or controls)variables[20] in someapplications or basicandnonbasicvariables[78]

in others.What is importantaboutthis partitioning of variablesis thatthe
©>5

variablesdefinethe

selectionof thebasismatrix = , nothingmore. Sometypesof optimization algorithmsgive more

significanceto this partitioning of variables(for example,in MINOS [78] thebasicvariablesare

alsovariablesthatarenotatanactivebound)however noextrasignificancecanbeattributedhere.

Thisbasisselectionis usedto defineavariable-reductionnull-spacematrix � in (4.1.34)which

alsodetermines&?� in (4.1.35).

Variable-Reduction Partitioning

Ø [ ¿ ë K Ø�	 S [K Ø G S [ í ¿ ë = @A B í (4.1.33)

where: = ]Õ³ 	,� :5 (nonsingular)@ ] ³ 	,� <7A ]^³ G � :5B ]Õ³ G � :7 .
Variable-Reduction Null-SpaceMatrix
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� T ë s =   � @3 í (4.1.34)

&)� ¿ B s A =   � @ (4.1.35)

Therearemany choicesfor thequasi-range-spacematrix � thatsatisfy(4.1.23).Two relatively

computationally inexpensivechoicesarethecoordinateandorthogonaldecompositionsshown be-

low.

Coordinate Variable-Reduction Null-SpaceDecomposition

� T ë 3 c í (4.1.36)

� ¿ = (4.1.37)& F ¿ A
(4.1.38)

Orthogonal Variable-Reduction Null-SpaceDecomposition

� T ë 3
@ [ =   [ í (4.1.39)

� ¿ = KC3ýY =   � @D@ [ =   [ S (4.1.40)& F ¿ A s B @ [ =   [ (4.1.41)

Theorthogonal decomposition ( � [ � ¿ c , � [ �FE¿43 , � [ �GE¿H3 ) definedin (4.1.34)–(4.1.35)

and(4.1.39)–(4.1.41)is morenumericallystablethanthecoordinatedecomposition andhasother

desirablepropertiesin the context of rSQP[105]. However, the amountof denselinear algebra

requiredto computethe factorizationsneededto solve for linear systemswith � in (4.1.40)is� K;K � s �1S t �1S floating point operations(flops) which candominate the costof the algorithmfor

larger
K � s �+S . Therefore,for larger

K � s �1S , thecoordinatedecomposition ( � [ �IE¿ c , � [ �JE¿K3 ,� [ �LE¿K3 ) definedin (4.1.34)–(4.1.35) and(4.1.36)–(4.1.38)is preferred becauseit is cheaperbut

50



the downsideis that it is alsomoresusceptibleto problemsassociatedwith a poor selectionof

dependentvariables.Ill-conditioning in thebasismatrix = canresultwith greatlydegradedper-

formanceandevenleadto failureof anrSQPalgorithm. Seetheoption range space matrix

in Section4.3.1.1.

Anotherimportantdecisionis how to computethereducedHessian� [ ì � . For many NLPs,

second-derivative information is not availableto computethe Hessianof the Lagrangian
ì

di-

rectly. In thesecases,first-derivative informationcanbeusedto approximateM ï � [ ì � using

quasi-Newtonmethods (e.g.BFGS) [84]. When
K � s �1S is small, M is smallandcheapto update.

Undertheproperconditionstheresultingquasi-Newton rSQPalgorithmhasa superlinearrateof

localconvergence(evenusing # = 0 in (4.1.25))[15]. Evenwhen
K � s �1S is large,limited-memory

quasi-Newton methodscanstill beused,but thepriceonepaysis in only beingableto achieve a

linearrateof convergence(with asmallrateconstanthopefully).For someapplicationareas,good

approximationsof theHessian
ì

areavailableandmayhavespecializedproperties(i.e.structure)

thatmakescomputingtheexact reducedHessianM ¿ � [ ì � computationally feasible(i.e. see

NMPC in [10]). Seethe optionsexact reduced hessian andquasi newton in Section

4.3.1.1.

In addition to variationsthat affect the convergencebehavior of the rSQPalgorithm, such

asnull-spacedecompositions, approximations usedfor the reducedHessianandmany different

typesof merit functionsandglobalizationmethods,therearealsomany differentimplementation

options. For example,linearsystemssuchas(4.1.24)canbesolved usingdirector iterativesolvers

and the reducedQP subproblemin (4.1.25)–(4.1.27) can be solved usinga variety of methods

(activesetvs. interiorpoint)andsoftware[106].

Figure4.1 summarizesfive differentcategoriesof algorithmic optionsfor a rSQPalgorithm,

many of which weredescribedabove. This setof categoriesandthe options in eachcategory is

by no meanscompleteandmayotheroptionshave beendevelopedandwill be developedin the

future. In general,any optioncanbeselectedindependentlyfrom eachcategory andform a valid

algorithmwith uniqueproperties.An exceptionis thatmerit functionsarenot usedby theFilter

line-searchandtrust-region globalizationmethodsso it makesno senseto selecta merit function

whenusinga Filter method.While somepermutations of options arenot reasonable(i.e finite-

difference# with an exact reducedHessianM ), many permutationsare. Justthis setof options

canproduce480distinctly differentalgorithmsthatmayperformverydifferentlyonany particular

NLP.
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Null-Space Decompositions for Z and Y Reduced Hessian Approximations for B

QP Cross Term Approximations for w

Globalization

Merit Functions

L1 Augmented LagrangianPowell’s L1

Line Search Trust Region

Merit Func TRFilter LS Filter TRMerit Func LS

Variable Reduction

Orthogonal Coordinate

Orthonormal QR Quasi-Newton B

BFGS

Dense BFGS Limited Memory BFGS

SR1

Exact B Finite-Diff B

w = 0 Exact w Broyden w Finite-Diff w

Figure 4.1. UML analysis classdiagram: Differentalgorithmic

optionsfor rSQP

4.1.4 General Inequalities and Slack Variables

Upto thispoint,onlysimple variableboundsin (4.1.3)havebeenconsideredandtheSQP/rSQP

algorithms have beenpresentedin this context. However, theactualunderlyingNLP mayinclude

generalinequalitiesandtake theform

min NVUK N©6S (4.1.42)

s.t. N\1K N©6SÊ¿ c (4.1.43)N» j � N» K N©%S � N» « (4.1.44)

N© j � N© � N©6« (4.1.45)

where: N©BO N© j O N©6«¬] NNVUKª©6S¯® N¬±
IRN\2KX©6S¯® N²± N³N» KX©6S¯® N²± NO
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N» j O N» j ] NON ]
IR P_N³�]

IR P¶NO ]
IR P¶'Q .

NLPs with generalinequalitiesareconvertedinto the standardform by the additionof slack

variables NR (see(4.1.49)). After the additionof the slack variables,the concatenatedvariables

andconstraintsare thenpermuted(usingpermutation matricesS�Ä and S D ) into the orderingof

(4.1.1)–(4.1.3).Theexactmappingfrom (4.1.42)–(4.1.45)to (4.1.1)–(4.1.3)is given below

© ¿ SýÄ ë N© NR í (4.1.46)© j ¿ SýÄ ë N© jN» j í (4.1.47)©6« ¿ SýÄ ë N© GN» G í (4.1.48)\2KX©6SÀ¿ S D ë N\1K N©6SN» K N©6S s NR í (4.1.49)

Herewe considerthe implicationsof the above transformationin the context of rSQPalgo-

rithms.

Noteif SßÄ ¿K3 and S D ¿K3 thatthematrix ¹ \ takestheform:

¹ \ ¿ ë ¹ N\ ¹DN»s 3 í (4.1.50)

Onequestiontoaskishow theLagrangemultipliersfor theoriginalconstraintscanbeextracted

from the optimal solution
KX©OHR�OH¾�S

that satisfiesthe optimality conditions in (4.1.7)–(4.1.13)?

First, considerthe linear dependenceof gradientsoptimality condition for the NLP formulation

in (4.1.42)–(4.1.45)

¹ PÄ NJüK N© â O NR â O NR�7 â O N¾ â SÊ¿ ¹TNV¼K N© â S�Y ¹ N\2K N© â S NR â Y ¹UN» K N© â S NR;7 â Y N¾ â ¿ c ¹ (4.1.51)
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To seehow theLagrangemultiples
R â

and
¾ â

canbeusedto computeNR â , NR;7 â and N¾ â onesimply

hasto substitute(4.1.46)and(4.1.49)with S�Ä ¿K3 and S D ¿K3 into (4.1.7)andexpandasfollows

¹�Ä JLKX©OHR�OH¾�SÀ¿ ¹ VÖY ¹ \ãRÇYZ¾¿ ë ¹VNVc í Y ë ¹ N\ ¹DN»s 3 í ë R PDR PW í Y ë ¾ PÄ¾ PX í¿ ë ¹VNVÖY ¹ N\ãR PD Y ¹UN» R PW YZ¾ PÄs R PW Y'¾ PX í ¹ (4.1.52)

By comparing(4.1.51)and(4.1.52)it is clearthat themappingis NR ¿^R PD , NR�7ß¿^R PW ¿§¾ PX andN¾Z¿ ¾ PÄ . For arbitrary SýÄ and S D it is alsoeasyto performthe mappingof the solution. What

is interestingabout(4.1.52)is that it saysthat for generalinequalities N» zyK N©%S thatarenot active at

thesolution (i.e.
Kl¾ PX SQÎ×z;ÏB¿ c ), theLagrangemultiplier for theconvertedequalityconstraint

KlR PW S�Î z	Ï
will bezero.Thismeansthattheseconvertedinequalitiescanbeeliminatedfrom theproblemand

not impactthesolution,which is expected.Zeromultiplier valuesmeansthatconstraintswill not

impacttheoptimality conditionsor theHessianof theLagrangian.

Thebasisselectionshown in (4.1.22)and(4.1.31)is determinedby thepermutation matricesSýÄ and S D andthesepermutationmatricescanbepartitionedasfollows:

SýÄ ¿ ë SßÄ 5SýÄ 7 í (4.1.53)

S D ¿ ë S D 5S D « í ¹ (4.1.54)

A valid basisselectioncanalwaysbe determinedby simply including all of the slacks NR in

the full basisandthenfinding a sub-basisfor ¹ N\ . To show how this canbe done,suppose that¹ N\ is full rank andthe permutation matrix
K NSßÄ S [ ¿ Ò K NSßÄ 5US [ K NSßÄ 7ES [ Ó selectsa basis N= ¿K ¹ N\wS [ K NSýÄ 5/S [ . Thenthe following basisselectionfor the transformedNLP (with S D ¿V3

) could

alwaysbeusedregardlessof thepropertiesor implementationof ¹YN»
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SýÄ ¿ fgh NSýÄ 5 3
NSýÄ 7

monp (4.1.55)

= ¿ ë K NSßÄ 5 ¹ N\wS [K NSýÄ 5 ¹UN» S [ s 3 í (4.1.56)

@ ¿ ë K NSßÄ 7 ¹ N\wS [K NSýÄ 7 ¹UN» S [ í ¹ (4.1.57)

Notice thatbasismatrix in (4.1.56)is lower block triangularwith non-singular blockson the

diagonal.It is thereforestraightforwardto solve for linearsystems with this basismatrix. In fact,

thedirectsensitivity matrix Z ¿ s =   � @ takestheform

Z ¿ s ë K NSýÄ 5 ¹ N\ãS   [ K NSßÄ 7 ¹ N\wS [K NSýÄ 5 ¹UN» S [ K NSýÄ 5 ¹ N\ãS   [ K NSßÄ 7 ¹ N\wS [ s K NSýÄ 7 ¹UN» S [ í ¹ (4.1.58)

The structureof (4.1.58)is significantin the context of active-setQP solvers that solve the

reducedQPsubproblemin (4.1.25)–(4.1.27)usingavariable-reductionnull-spacedecomposition.

The rows of Z correspondingto generalinequalityconstraintsonly have to be computedif the

slackfor the constraintis at a bound. Also notethat the above transformationdoesnot increase

the numberof degreesof freedomof the NLP since
� s ¸ ¿ N� s N¸ . All of this meansthat

addinggeneralinequalitiesto a NLP impartslittl e extra cost for the rSQPalgorithmas long as

theseconstraintsarenotactive.

For reasonsof stability andalgorithmefficiency, it maybe desirableto keepat leastsomeof

the slackvariablesout of the basisandthis canbe accommodatedalsobut is morecomplex to

describe.

Mostof thestepsin aSQPalgorithmdonotneedto know thattherearegeneralinequalitiesin

theunderlyingNLP formulationbut somestepsdo(i.e.globalization methodsandbasisselection).

Therefore,thosestepsin a SQPalgorithm that needaccessto this information are allowed to

accessthe underlyingNLP in a limited manner(seethe Doxygendocumentation for the class

NLPInte rfacePack :: NLP).
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4.2 Software designof rSQP++

TherSQP++framework is implementedin C++usingadvancedobject-orientedsoftwareengineer-

ing principles. However, to solve certaintypesof NLPswith rSQP++doesnot requireany deep

knowledge of object-orientationor C++. Exampleprogramscanbesimple copiedandmodified.

4.2.1 An Object-Oriented Approachto SQP

4.2.1.1 Moti vation for Object-Oriented Methods

Mostnumericalsoftware(optimization, nonlinearequationsetc.)consistsof aniterativealgorithm

thatprimarily involvessimpleandcommonlinearalgebraoperations.Mathematiciansusea pre-

cisenotationfor theselinear algebraoperationswhenthey describean algorithm. For example,MÖ¿ Ø © denotesmatrix-vector multiplicationirrespectiveof thespecialpropertiesof thematrix Ø
or thevectors

M
and

©
. Suchelegantandconciseabstractionsareusuallylost, however, whenthe

algorithmis implementedin mostprogrammingenvironments andimplementationdetailssuchas

sparsedatastructuresobscuretheconceptualsimplicity of theoperationsbeingperformed.Cur-

rently it seemsthat developershave to choosebetweeneasyto useinterpretive environmentsor

moretraditionalcompiled languages.Interpretive environmentslike Matlab c
[

arepopularwith

userssincetheabstractionsthey provideareverysimilar to thoseusedin themathematicalformu-

lation [33]. Theproblemwith interpretive languageslikeMatlabis thatthey arenotasefficientor

asflexible asmoregeneralpurposecompiledlanguages.Whenthesealgorithmsareimplemented

in acompiledprocedurallanguage,likeFortran,thesyntaxis muchmoreverbose,difficult to read,

andproneto codingmistakes.Every datastructureis seenin intimatedetailandthesedetailscan

obscurewhatmay bean otherwisesimplealgorithm. While the level of abstractionprovidedby

environmentslikeMatlabis very useful,moreelaboratedatastructuresandoperationsareneeded

to handleproblemswith specialstructureandcomputing environments.

Modernsoftwareengineeringmodelinganddevelopmentmethods,collectively knownasObject-

OrientedTechnology(OOT), can provide muchmorepowerful abstractiontools [97], [96]. In

additionto abstractinglinearalgebraoperations,Object-OrientedProgramming(OOP)languages

like C++ canbeusedto abstractany specialtypeof quantityor operation.Also OOT canbeused

to abstractlargerchunksof analgorithmandprovide for greaterreuse.While newer versions of

Matlabsupportsomeaspectsof OOT, its proprietarynatureandits loosetyping aremajordisad-

vantages.A newly standardizedgraphicallanguagefor OOT is the Unified ModelingLanguage

(UML) [96]. TheUML is usedto describemany partsof rSQP++. AppendixF providesa very
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shortoverview to theUML.

Thereareprimarily two advantagesto usingdataabstraction:it improves the clarity of the

program,andit allows theimplementationof theoperationsto bechangedandoptimizedwithout

affecting thedesignof theapplicationor evenrequiringrecompilationof muchof thecode.The

conceptsof OOT anddataabstractionarediscussedin moredetaillaterin thecontext of rSQP.

4.2.1.2 Challengesin DesigningImplementations for Numerical SQPAlgorithms

Therearemany typesof challengesin trying to build a framework for SQP(aswell asfor many

othernumericalareas)thatallowsfor maximalsharingof code,andatthesametimeis understand-

ableandextensible. Specifically, threetypesof variability will bediscussed.

First,weneedto comeupwith awayof modelingandimplementing iterativealgorithms,such

asSQP, thatwill allow for stepstobereusedbetweenrelatedalgorithmsandfor existing algorithms

to beextended.This typeof higher-level algorithmicmodeling andimplementation is neededto

make the stepsin our rSQPalgorithms moreindependentso that they areeasierto maintainand

to reuse.A framework calledGeneral Iteration Pack hasbeendevelopedfor thesetypesof

iterativealgorithmsandservesasthebackbonefor rSQP++.

The secondtype of variability to deal with is in allowing for different implementationsof

variouspartsof the rSQPalgorithm. Therearemany exampleswheredifferent implementation

optionsarepossible andthebestchoicewill dependon thegeneralproperties(i.e. sizesof
�

,
¸

,

and
� s � etc.)of theNLP beingsolved.

An exampleis themethodusedto implementthenull-spacematrix � in (4.1.34).Oneoption,

referredto as the direct (or explicit) factorization,is to compute Z ¿ s =   � @ up front. This

methodrequires
K � s �1S solveswith thebasismatrix = andalsothestorageof adense

� � K � s �1S
matrix Z . Later, however, the tasksof performingmatrix-vector productsof the form � [ ò and�!Û�� , andbuilding the inequalityconstraintsin (4.1.27)are implementedusingthe precomputed

densematrix Z . Therefore,no further solveswith the basismatrix = are required. The other

option,calledtheadjoint(or implicit) factorization,is to define � implicitly andthento compute

productslike � [ ò ¿ s�@ [ K =   [ ò F S7Y ò G . Whentherearefew activevariablebounds(i.e. # active

bounds= nact
ÿßÿ�K � s �1S ), theadjointfactorizationis guaranteedto requirefewer solveswith =

anddemandlessstoragethanthedirectfactorization.However, it is difficult to determinethebest

choiceapriori. Seetheoption null space matrix in Section4.3.1.1.

Anotherexampleis the implementationof theQuasi-Newton reducedHessianM ï � [ ì � .
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Thechoicefor whetherto store M directlyor its factorization(andwhatform of thefactorization)

dependson the choiceof QP solver usedto solve (4.1.25)–(4.1.27). If therearea lot of degrees

of freedom(
K � s �+S is large) thenstoringandmanipulating the densefactorsof M will become

too expensive andthereforea limited-memoryimplementationmay bepreferred.Seetheoption

quasi newton in Section4.3.1.1.

Yetanotherexampleof variability in implementationoptionsis in allowingfor differentimple-

mentationsof theQPsolverasdescribedin Section4.2.6(Seetheoptionqp solver ).

A third sourceof variability is in how to exploit thespecialpropertiesof anapplicationarea.

Issuesrelatedto themanagementof variousalgorithmic andimplementation optionsaremoreof

a concernto thedevelopersandimplementorsof theoptimizationalgorithmsthanto theusersof

thealgorithms. As long asanappropriateinterfaceis availablefor userto selectvariousoptions

(seeSection4.3.1.1),the underlyingcomplexity is not really their concern.However, what is a

concernto advancedusersof optimization softwareis a desireto tailor thenumericallinearalge-

brato thespecificpropertiesof their potentially veryspecializedapplicationarea.Datastructures,

linearsolversandevencomputingenvironments(i.e. parallelprocessingusingMPI) canbespe-

cializedfor many applications. For example, a NLP mayhave constraintswherethebasisof the

Jacobian= is blockdiagonal.Therefore,linearsystemscanbesolvedby workingwith theblocks

separatelyandpossiblyin parallel.Examplesof thesetypesof NLPsincludeMulti-PeriodDesign

(MPD) [118] andParameterEstimationandDataReconciliation(PEDR)[116]. Anotherexample

of a specializedNLP is onewheretheconstraintsarecomprisedof discretizedPartial Dif ferential

Equations(PDEs). For thesetypesof constraints,iterative solvershave beendevelopedto effi-

ciently solve for linearsystems with thebasisof theJacobian= . Abstractinterfacesfor matrices

and linear solvershave beendevelopedthat allow the rSQPalgorithmto be independentof the

implementationof theseoperations.Theabstractionsthatallow for this variability aredescribed

in Section4.2.3.1.

For someNLPs, the matrix ¹ \1Kª©6�ÃS cannot even be formedimplicitly (i.e. no matrix-vector

products). And, linear systemswith the basisof the Jacobian= in (4.1.33)can not be solved

with arbitraryright handsides.Or, solveswith = [ arenotpossible (see[104]). For thesetypesof

NLPs,aspecial“direct sensitivity” interfacehasbeendeveloped(seeSection4.2.3.2).For a“direct

sensitivity” NLP, thenumberof algorithmic andimplementationoptionsis greatlyconstrainedand

is thereforean exampleof additional complexity createdby the interactionof all threetypesof

variability.

Abstractinterfacesto vectorsandmatriceshave beendevelopedandaredescribedin Section

4.2.3.1that serve asthe foundationfor facilitating the type of implementation andNLP specific
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aNLP\
aClient\

aBasisSystem\
: rSQPppSolver

: rSQPAlgo

: AlgorithmStep

aDecompositionSystem\

: rSQPState

: IterQuantity

aAlgoConfig\

Figure 4.2. UML object diagram : Coursegrained object dia-

gramfor rSQP++

linearalgebravariability describedabove. In addition, theseabstractinterfacesalsohelpmanage

someof thealgorithmic variability suchasthechoiceof differentnull-spacedecompositions.

4.2.2 High-Level Object Diagram for rSQP++

Therearemany differentwaysto presentrSQP++. Here,we take a top-down approachwherewe

startwith thebasicsandwork our way down into moredetail. This discussionis designedto help

thereaderto appreciatehow acomplex or specializedNLP is solved usingrSQP++.

Figure4.2 shows a high-level objectdiagramof a rSQP++application,readyto solve a user-

definedNLP. TheNLP objectaNLP is createdby theuseranddefinesthefunctionsandgradients

for theNLP to besolved(seeSection4.2.3.2).Closelyassociatedwith a NLP is aBasisSys-

tem object. TheBasisSystem object is usedto implementthe selectionof the basismatrix= . This BasisSystem object is usedby a variable-reductionnull-spacedecomposition (see

Section4.2.5). EachNLP object is expectedto supplya BasisSystem object. The NLP and

BasisSystem objectscollaboratewith theoptimizationalgorithmthoughasetof abstractlinear

algebrainterfaces(seeSection4.2.3.1).By creatinga specializedNLP subclass(andtheassoci-
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atedlinearalgebraandBasisSystem subclasses)the implementationof all of themajor linear

algebracomputationscanbemanagedin a rSQPalgorithm. This includeshaving full freedomto

choosethe datastructuresfor all of the vectorsandthe matricesØ , = , @ andhow nearlyevery

linearalgebraoperationis performed.Thisalsoincludestheability to usefully transparentparallel

linearalgebraon a parallelcomputereventhoughnoneof thecorerSQP++codehasany concept

of parallelism.

Oncea userhasdevelopedNLP andBasisSystem classesfor their specializedapplication,

a NLP objectcanbe passedon to a rSQPppSolver object. The rSQPppSolver classis a

convenient“f acade”[42] thatbringstogethermany differentcomponents thatareneededto build

a completeoptimizationalgorithmin a way that is transparentto theuser. The rSQPppSolver

objectwill instantiatean optimizationalgorithm(given a default or a user-definedconfiguration

object)andwill thensolvetheNLP, returningthesolution(or partialsolutiononfailure)to theNLP

objectitself. Figure4.2alsoshowsthecoursegrainedlayoutof arSQP++algorithm.An advanced

usercansolve eventhemostcomplex specializedNLP without needingto understandhow these

algorithmic objectswork togetherto implementan optimization algorithm. Understandingthe

underlyingalgorithmic framework is only necessaryif the optimization algorithms needto be

modified.Thefoundationfor thealgorithmicframework is discussedin Section4.2.4.A complete

exampleof a simplebut very specializedNLP thatoverridesall of thelinearalgebraoperationsis

describedin Section4.4.

While rSQP++offerscompleteflexibili ty to solvemany differenttypesof specializedNLPsin

diverseapplication areassuchasdynamicoptimizationandcontrol[16] andPDES[19] it canalso

beusedto solve moregenericNLPssuchasaresupportedby modelingsystemslike GAMS [29]

or AMPL [41]. For serialNLPswhich cancomputeexplicit Jacobianentriesfor Ø , a userneeds

to to createa subclassof NLPSerialPrepro cessExplJ ac anddefinetheproblemfunctions

andderivatives. For thesetypesof NLPs, a default BasisSystem subclassis alreadydefined

whichusesasparsedirectlinearsolver to implementall of therequiredfunctionality.

Figure4.3showsaUML packagediagramof all of themajorpackagesthatmakeup rSQP++.

At the very least,eachpackagerepresentsoneor more librariesand the packagedependencies

alsoshow thelibrary dependencies.In many cases,eachpackageis actuallya C++ namespace

(e.g. namespace Abstra ctLinAlgP ack
Æ

...
È
) and selectedclassesand methodsare

importedinto higherlevel packageswith C++ using declarations.Thefollowing arevery brief

descriptionsof eachpackage.The packagesaredescribedin moredetail in Sections4.2.3–4.2.5

andin AppendixC.

MemMngPack containsbasic(yet advanced)memorymanagementfoundationalcodesuchas
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MemMngPack

AbstractLinAlgPack

LinAlgPack

SparseLinAlgPack
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<<frameWork>>

GeneralIterationPack
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<<import>>

<<import>>
<<import>>
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Figure 4.3. UML package diagram : Packages making up

rSQP++

smartreferencecountedpointersandfactoryinterfaces(seeAppendix8.8). Theseclassesprovide

a consistent memorymanagementstyle that is flexible andresultsin robust code. Without this

foundation,much of the functionality in rSQP++would have beenvery difficult to implement

correctlyandsafely.

RTOpPack is comprisedof anadvancedlow-level interfacefor vectorreduction/transformation

operatorsthatallows thedevelopmentof high-level linearalgebrainterfacesandnumericalalgo-

rithms (i.e. rSQP++). The basic low-level operatorinterface is called RTOpwhich allows the

developmentof arbitraryuser-definedvectoroperators.The designof this interfacewascritical

to the developmentof rSQP++in a way that allows full exploitation of a parallelcomputerand

specializedapplicationwithout requiringrSQP++to have any conceptof parallelconstructs.The

advancedconceptsbehindthedesignof RTOpPack aredescribedin moredetailin [10].

AbstractL inAlgPack is a full-featuredsetof interfacesto linearalgebraquantitiessuch

asvectorsandmatrices(or linearoperators).A vectorinterfaceis thefoundationfor all numerical

applicationsandprovidessomeof thegreatestchallengesfrom anobject-orienteddesignpoint of
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view. Thevectorinterfacein Abstrac tLinAlgPa ck is built on thefoundationof RTOpPack

andallowstheefficientdevelopmentof many advancedtypesof optimizationalgorithms. Thereare

basicinterfacesfor general,symmetric andnonsingular matrices.TheBasisSystem interface

mentionedabove is also include in this package.Theselinear algebrainterfacesare devoid of

any concreteimplementationsandform the foundationfor all the linearalgebracomputationsin

rSQP++. Theseinterfacesaredescribedin moredetail alongwith the NLP interfacesin Section

4.2.3

LinAlgPac k containsconcretedatatypesfor denseBLAS-compatible linear algebra.Part

of this packageis a portableC++ interfaceto a FortranBLAS library. This packageforms the

foundationfor all denseserial linear algebradatastructuresandcomputations that take placein

rSQP++.

SparseLin AlgPack includesmany differentimplementationsof linear algebrainterfaces

definedin AbstractL inAlgPac k for serialapplications.In additionto a default serialvector

class,denseandsparsematrix classesarealsoprovided.Severalotherimportantmatrix interfaces

arealsodeclaredthatareusefulin circumstanceswhereseriallinearalgebraquantitiesaremixed

with more general(i.e. parallel) linear algebraimplementations.The implementationsand the

interfacesincludedin this packageprovide a (nearly)completelinear algebrafoundationfor the

developmentof any advancedoptimizationalgorithm.

SparseSol verPack providesinterfacesto directseriallinearsolvers,subclassesfor several

popularimplementations(suchasseveralHarwell solvers andSuperLU)andincludesa subclass

of BasisSystem thatusesoneof thesedirectsolvers.

NLPInterf acePack definesthe basicNLP interfacesthat areneededto implementvari-

ousoptimizationalgorithms(particularlySQPmethods).Thesebasicinterfacescommunicateto

an optimization algorithmthroughlinear algebraquantitiesusingthe Abstrac tLinAlgPa ck

interface.Thesebasicinterfacesaredescribedalongwith the linearalgebrainterfacesin Section

4.2.3.ThispackagealsocontainsseveralNLP nodesubclassesfor commontypesof NLPs.These

subclassesmake it veryeasyto implementaserialNLP.

Constrain edOptimiz ationPac k is a mixedcollectionof severaldifferenttypesof in-

terfacesandimplementations.Someof the major interfacesandimplementationsdefinedin this

packagearefor null-spacedecompositions,QPsolvers, merit functionsandgenericline searches.

GeneralIt erationPa ck is a framework for developing iterativealgorithms. Any typeof

iterative algorithmcanbe developedandthereis no specializationfor numericsin the package.

This framework providesthebackbonefor all rSQP++ optimizationalgorithmsandis describedin
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moredetailin Section4.2.4

ReducedSp aceSQPPack is thehighestlevel package(namespace)in rSQP++.It contains

all of the rSQPspecificclassesandcontainsthe basicinfrastructurefor building rSQP++algo-

rithms(suchasstepclasses)aswell asotherutiliti es.Also includedaretherSQPppSol ver fa-

cadeclassandtwobuilt-in configurationclassesfor active-setrSQP(rSQPAlgo ConfigMa maJama)

andinterior-point rSQP(Algo Config IP ). Basicinteractionwith a rSQP++algorithmthrough

a rSQPppSolver objectis describedin theDoxygendocumentation startingat

RSQPPPBASEDOC/ReducedSpaceS QPPack/ht ml/index. html

It is not important that theuserunderstandthedeatilsof all of thesepackagesbut somepack-

agesareof more interestto an advanceduserand thesepackagesaredescribednext. Someof

the otherpackagesaredescribedin AppendixC. For detailson the installation of rSQP++,see

AppendixB.

4.2.3 Overview of NLP and Linear Algebra Interfaces

All of thehigh-level optimizationcodein rSQP++is designedto allow arbitraryimplementations

of thelinearalgebraobjects.It is theNLPobjectthatdefinesthebasisfor all of thelinearalgebraby

exposing a setof abstract“f actories”[42] for creatinglinearalgebraobjects.Beforethespecifics

of theNLP interfacesaredescribed,thebasiclinearalgebrainterfacesarediscussedfirst. Theseare

theinterfacesthatallow rSQP++to utilize fully parallellinearalgebrain acompletelytransparent

manner.

4.2.3.1 Overview of AbstractLinAlgPack: Interfaces to Linear Algebra

Figure4.4showsaUML classdiagramof thebasiclinearalgebraabstractions. Thefoundationfor

all the linearalgebrais in vectorspaces.A vectorspaceobjectis representedthoughanabstract

interfacecalledVectorSpace. A VectorSpace objectprimarily actsasan“abstractfactory”

[42] andcreatesvectorsfrom the vector spaceusing the create member() method. Vec-

torSpace objectscanalsobe usedto checkfor compatibility usingtheis compatible()

method.EveryVectorSpace objecthasa dimension.ThereforeaVectorSpace objectcan

notbeusedto representaninfinite-dimensionalvectorspace.This is notaseriouslimitation since

all vectorsmusthave a finite dimensionwhenimplementedin a computer. Justbecausetwo vec-

torsfrom differentvectorspaceshavethesamedimensiondoesnot imply thattheimplementations
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create_member() : VectorWithOpMutable]
is_compatible(in  : VectorSpace) : bool

dim
^ VectorSpace

apply_reduction(in op, in ..., inout reduct_obj)_
sub_view(in  : Range1D) : VectorWithOp` VectorWithOp

apply_transformation(in op, in ..., inout reduct_obj)_
sub_view(in  : Range1D) : VectorWithOpMutable` VectorWithOpMutable

space`
Mp_StM()
a
Vp_StMtV()
Mp_StMtM()

MatrixWithOp
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a MatrixSymWithOp
b

V_InvMtV()
c
M_StInvMtM()
a
M_StMtInvM()
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MatrixSymWithOpNonsingular

space_cols`
space_rows`

{space_cols==space_rows}
d

set_basis(in Gc, in Px, in Pc, out C, out D)`
select_basis(inout Gc, out Qx, out Qc, out C, out D)` BasisSystemPerm

update_basis(in Gc, out C, out D, out ...)e BasisSystem
f
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D
g

C
h

P_var
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P_equ

Gc
j

«creates] »

Figure 4.4. UML class diagram : Abstr actL inAlg Pack ,

abstractinterfaces to linear algebra

will becompatible. For example,distributedparallelvectorsmayhave thesameglobaldimension

but thevectorelementsmaybedistributedto processorsdifferently(wesaythatthey havedifferent

“maps”). This is animportantconceptto remember.

Vectorimplementationsareabstractedbehindinterfaces.Thebasicvectorinterfacesarebroken

up into two levels:VectorWithOp andVectorWithOpMutable. TheVectorWithOp in-

terface is an immutableinterfacewherevector objectscan not be changedby the client. The

VectorWithOpMutable interfaceextendstheVectorWithOp interfacein allowing clients

to changethe elementsin the vector. Thesevector interfacesare very powerful and allow the

client to perform many different types of operations. The foundationof all vector function-

ality is the ability to allow clients to apply user-definedRTOpoperatorswhich perform arbi-

trary reductionsand transformations (seethe methodsapply reduction(...) and ap-

ply transformation(...)1). The ability to write thesetypesof user-definedoperatorsis

critical to the implementationof advancedoptimizationalgorithms. A singleoperatorapplica-

1Note that bothapply reduction(...) andapply transformation(...) canperform reductions

andreturn reductionobjectsreduct obj . Assumingthatonlyapply reduction(...) canperformareduction

is a common misunderstanding. Thedifferencesbetweenthesetwo methods is subtleandthereadershouldconsult

thetheDoxygendocumentation for moredetails.
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tion methodis the only methodthat a vector implementationis requiredto provide (in addition

to sometrivial methodssuchasreturningthedimensionof thevector)which makesit fairly easy

to adda new vectorimplementation. In addition to allowing clientsto applyRTOpoperators,the

othermajorfeatureis theability to createarbitrarysubviews of a vector(usingthesub view()

methods)asabstractvectorobjects.This is animportant featurein that it allows theoptimization

algorithmto accessthe dependent(i.e. state)and independent(i.e. design)variablesseparately

(in additionto any otherarbitraryrangeof vectorelements).Supportfor subviews is supported

by default by every vectorimplementationthroughdefault view classes(seetheclassVecto r-

WithOpMutableSub view ) that rely only on the RTOpapplicationmethods.The last bit of

major functionality is theability of theclient to extractanexplicit view of a subsetof thevector

elements.This is neededin a few partsof anoptimizationalgorithmfor suchtasksasdensequasi-

Newton updatingof thereducedHessianandthe implementationof thecompactLBFGSmatrix.

Asidefrom vectorsbeingimportantin theirown right, vectorsarealsothemajortypeof datathatis

communicatedbetweenhigher-level interfacessuchaslinearoperators(i.e.matrices)andfunction

evaluators(i.e. NLP interfaces).

The basic matrix (i.e. linear operator)interfacesare also shown in Figure 4.4. The Ma-

trixWithOp interfaceis for generalrectangularmatrices.Associatedwith any MatrixWithOp

objectis acolumnspaceanda row spaceshown asspace cols andspace rows respectively

in the figure. Sincecolumnand row VectorSpace objectshave a finite dimension,this im-

pliesthatevery matrix objectalsohasfinite row andcolumndimensions. Therefore,thesematrix

interfacescannotbeusedto representaninfinite-dimensionallinearoperator. Notethatall finite-

dimensional linear operatorscanbe representedasa matrix (which is unique)so the distinction

betweena finite-dimensional matrix anda finite-dimensional linearoperatoris insignificant. The

columnandrow spacesof amatrixobjectidentify thevectorspacesfor vectorsthatarecompatible

with thecolumnsandrows of thematrix respectively. For example,if thematrix k is represented

asa MatrixWithOp objectthenthe vectors l and m would have to lie in the columnandrow

spacesrespectively for thematrix-vectorproductlon�k m .

Thesematrix interfacesgo beyondwhat mostotherabstractmatrix/linear-operatorinterfaces

haveattempted.Otherabstractlinear-operatorinterfacesonly allow theapplicationsof lonKk m or

thetranspose(adjoint) l/npk�q9m for vector-vectormappings. EveryMatrixWithOp objectcan

provide arbitrarysubviews asMatrixWithOp objectsthroughthesub view(...) methods.

Thesemethodshave default implementationsbasedon default view classeswhich arefundamen-

tally supportedby the ability to take arbitrary subview of vectors. This ability to createthese

subviews is critical in order to accessthe basismatricesin (4.1.33)given a JacobianobjectGc

for rts . Thesematrix interfacesalsoallow muchmoregeneraltypesof linearalgebraoperations.

ThematrixMatrixWithOp interfaceallows theclient to performlevel 1, 2 and3 BLAS opera-
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tions (seeAppendixE for a discussionof theconvention for namingfunctionsfor linearalgebra

operations)

M n uwvyx{zCk-|~}�Ml n uwvyx{zCk-|�mo}+��l� n uwvyx{zCk-|�v�x�z�Mo|~}+� �
�

Oneof thesignificantaspectsof theselinearalgebraoperationsis thatanabstractMatrixWithOp

objectcanappearon theleft-hand-side.Thisaddsawholesetof issues(i.e.multiple dispatch[76,

Item 31]) thatarenotpresentin otherlinearalgebrainterfaces.

Thematrix interfacesassumethat thematrix operatoror the transposeof thematrix operator

canbeapplied.Therefore,acorrectMatrixWithOp implementationmustbeableto performthe

transposedaswell asthenon-transposedoperation.This requirementis importantwhentheNLP

interfacesarediscussedlater.

Several specializationsof the MatrixWithOp interfaceare also requiredin order to im-

plementadvancedoptimization algorithms. All symmetric matricesare abstractedby the Ma-

trixSymWithOp interface.This interfaceis requiredin orderfor theoperation

� nKu�v�x{zCMo|�vyx{zCk-|�v�x{zCM q |~}+� �
to be guaranteedto maintainthe symmetryof the matrix

�
. Note that a symmetric matrix

requiresthat the column and row spacesbe the samewhich is shown by the UML constraint�
... � in Figure4.4.

The specializationMatrixWithOpNonsingular is for nonsingular squarematricesthat

canbeusedto solve for linearsystems. As a result,thelevel 2 and3 BLAS operations

l n vyx{z�k�����|�m� n u�v�x{z�k ��� |�vyx{zCMo|� n u�v�x{zCMo|�vyx{zCk
����|
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aresupported.The solution of linear systemsrepresentedby theseoperationscanbe imple-

mentedin a numberof differentways. A direct factorizationfollowedby backsolvesor alterna-

tively apreconditionediterativesolver(i.e.GMRESor someotherKrylov subspacemethod)could

beused.Or, amorespecializedsolution processcouldbeemployedwhichis tailoredto thespecial

propertiesof thematrix (i.e. bandedmatrices).

The lastmajormatrix interfaceMatrixSymWithOpNonsingular is for symmetric non-

singularmatrices.This interfaceallowstheimplementationof theoperation

� n�uwvyx{z�Mw|�v�x{z�k�����|�vyx{zCM q |

andguaranteesthat
�

will beasymmetricmatrix.

A moredetaileddiscussion of thesebasiclinearalgebrainterfacescanbefoundin theDoxygen

documentation.

A majorpartof arSQPalgorithm,basedonavariable-reductionnull-spacedecomposition (see

Section4.2.5), is the selectionof a basis. The fundamentalabstractionfor this taskis Basis-

System (asfirst introducedin Figure4.2).Theupdate basis() methodtakestherectangular

JacobianGc ( rts ) andreturnsa MatrixWithOpNonsingular objectfor thebasismatrix
�

.

This interfaceassumesthat the variablesarealreadysortedaccordingto (4.1.31). For many ap-

plications, the selectionof the basisis known a priori (e.g.PDE-constrainedoptimization). For

otherapplications,it is not clearwhatthebestbasisselectionshouldbe. For thelattertypeof ap-

plication,thebasisselectioncanbeperformedon-the-flyandresultin oneor moredifferentbasis

selectionsduring thecourseof a rSQPalgorithm. TheBasisSystemPerm specializationsup-

portsthis typeof dynamicbasisselectionandallows clientsto eitheraskthebasis-systemobject

for a goodbasisselection(select basis()) or cantell thebasis-systemobjectwhatbasisto

use(select basis()). The selectionof dependentm�� andindependentm8� variablesandthe

selectionof thedecomposeds��1z�m8| andundecomposeds���z�m8| constraintsis representedbyPermu-

tation objectswhicharepassedto andfrom theseinterfacemethods.Theprotocolfor handling

basischangesis somewhatcomplicatedandis beyondthescopeof thisdiscussion.
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4.2.3.2 Overview of NLPInterfacePack: Interfaces to Nonlinear Programs

Thehierarchyof NLP interfacesthatall rSQP++optimizationalgorithmsarebasedon is shown in

Figure4.5. TheseNLP interfacesactprimarily asevaluatorsfor the functionsandgradientsthat

definethe NLP. Theseinterfacesrepresentthe variouslevelsof intrusivenessinto an application

area.

The base-level NLP interfaceis calledNLP anddefinesthe nonlinearprogram.An NLP ob-

ject definesthevectorspacesfor thevariables� andtheconstraints� asVectorSpace objects

space x andspace c respectively. TheNLP interfaceallows accessto the initial guessof the

solution m8� andtheboundsm8� and m8� asVectorWithOp objectsx init , xl andxu respec-

tively.

The NLP interfaceallows clients to evaluatejust the zero-orderquantities �?z�m8|�� IR ands�z�m8|��V� asscalarandVectorWithOpMutable objectsrespectively. Many different steps

in anoptimizationalgorithmdo not requiresensitivities for theproblemfunctions. Examplesin-

cludeseveraldifferentline searchandtrustregionglobalizationmethods(i.e.Filter andexactmerit

function).Nongradient-basedoptimizationmethodscouldalsobeimplementedthroughthis inter-

facebut smoothnessandcontinuity of the variablesand functionsis assumedby default. Note

that this interfaceis the sameasa NAND (nestedanalysisanddesign)approachif thereareno

equalityconstraints(i.e. removed usingnonlinearelimination). The NLP interfacecanalsobe

usedfor unconstrainedoptimization(i.e. � �2�>n¡  n£¢ ) or for a systemof nonlinearequations

(i.e. �¤�Y�1n�¥Dn�� �2�¦n§  ).

Thenext level of NLP interfaceis NLPObjGradient. This interfacesimply addstheability

to computethe gradientof the objective function rt�?z�m8|��4� asa VectorWithOpMutable

objectGf . For many applications,it is fareasierandlessexpensiveto computesensitivitiesfor the

objective functionthanit is for theconstraints.That is why this functionality is consideredmore

generalthansensitivities for the constraintsand is thereforehigher in the inheritancehierarchy

thaninterfacestheincludesensitivities for rts .
Sensitivities for the constraintsr¨s arebroken up into two separateinterfaces. Theseinter-

facesrepresentthe capabilitiesof the underlyingapplicationcode. The mostgeneral(from the

standpoint of theoptimizationalgorithm)interfaceis NLPFirstOrderInfo. This NLP inter-

faceassumesthat the applicationcan,at the very least,form andmaintaina MatrixWithOp

object Gc for the gradientof the constriantsr¨s . Recall that this implies that operationsof

the form ©Vn r¨s�q�ª and ©�n rts«ª can both be performedwith arbitrary vectors. Note that

while operationsof the form ©,n¬r¨s q ª canbeapproximatedusingdirectionalfinite differences
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calc_f(in x)
calc_c(in x)
x_init : VectorWithOp
xl : VectorWithOp
xu : VectorWithOp

NLP

calc_Gf(in x) NLPObjGradient

calc_Gc(in x)NLPFirstOrderInfo
®

calc_point(in x, out f, out c, out Gf, out py, out D) NLPFirstOrderDirect
®

calc_HL(in x, in lambda) NLPSecondOrderInfo
®

space_x¯
space_c¯

AbstractLinAlgPack::BasisSystem

basis_sys
°

AbstractLinAlgPack::VectorSpace

Figure 4.5. UML classdiagram : NLPI nter faceP ack , ab-

stract interfacesto nonliner programs

(i.e. r¨s q ª�n¡±³²µ´o¶�·:�¸z�s�z�m/}�¹ºª�|¼»�s�z�m8|º|�½¾¹y| ), operationsof the form ©�nGrts«ª cannot, so this

interfacecannotsimplybeapproximatedusingfinite differences.A NLPFirstOrderInfo ob-

ject canoptionally supplyaBasisSystem objectthatis specializedfor application’sGc matrix

object. By implementingtheNLPFirstOrderInfo interface(with the associatedVector-

Space, Matri xWithOp andBasisSystem subclasses),the critical linear algebracompu-

tationscan be performedin a rSQPalgorithm. SeeSection4.2.5 for a descriptionof how the

variable-reductionnull-spacedecompositionsuseaBasisSystem objectto defineall of there-

quireddecomposition matrices.An exampleof a very structuredNLP is describedin Section4.4

whereall of thelinearalgebraobjectsarespecializedfor theNLP.

For applicationsthatcannot satisfytheNLPFirstOrderInfo interface,thereis theNLP-

FirstOrderDirect interface.As thenameimplies,theNLPFirstOrderDirect interface

only requiresthe direct sensitivity matrix ¿ n » � ����À and the solution to the Newton linear

systemsx�ÁÂn � ��� s . With usuallyminor modifications, almostany applicationcodethat usesa

Newtonmethodfor theforwardsolutioncanbeusedto implementtheNLPFirstOrderDirect

interface(seeChapter5 for an exampleapplication). Both the orthogonaland the coordinate

variable-reductionnull-spacedecompositions canbe implementedwith just the quantities ¿ n» � ��� À andx�Á%n � ��� s .
Finally, the mostadvancedNLP interfacedefinedis NLPSecondOrderInfo. This NLP
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interfaceallows theoptimizationalgorithm to computeaMatrixSymWithOp matrix objectHL

for theHessianof theLagrangianÃ nÄrtÅÆyÆÈÇ nÄrÉÅ��?z�m8|'}§ÊKËÌºÍ �ÏÎ Ì rÉÅys Ì z�m8| . How this Hessian

matrixobjectis usedcanvarygreatly. Thismatrixobjectcanbeusedto computetheexactreduced

HessianMÐnTÑ%q«Ã4Ñ or canbeusedto form thefull KKT matrix. Many otherpossibilities exist

but thebestapproachwill beverymuchapplicationdependent.

TheNLP, NLPFirstOrderDirect, NLPFirstOrderInfo andNLPSecondOrder-

Info interfacesrepresentfour different levels of invasivenessto the application. The NLP in-

terfacewithoutequalityconstraintscanusedto implementa basicNAND optimizationalgorithm

while on the otherextremetheNLPSecondOrderInfo interfacecanbe usedto implement a

fully coupledinvasiveSAND methodwith accessto secondderivatives.

4.2.4 Overview of GeneralIterationPack : Framework for General It-

erative Algorithms

GeneralIt erationPa ck is a framework for building iterative algorithms in C++. This

framework is notspecificto numericalapplicationsandcanbeusedfor any applicationareawhere

it maybeuseful.Thechallengesin building sucha framework arein trying to keepthestepsand

othercomponents in the algorithmasdecoupledaspossible so that they canbe reusedin many

differentrelatedalgorithms.

To illustrate the designand the underlyingconcepts,considerthe iterative algorithmshown

in Figure4.6. In suchan algorithm, quantitiescomputed in onestepare usedby oneor more

other steps. In the example, the iteration quantitiesare m , x , Ò , and Ó . Thesequantitiesmay

representanything from scalarsto vectorsor matricesall thewayupto arbitrarilycomplex objects.

Suchalgorithmsmustbe initializedbeforethey canberun asshown in theexample. Oncesome

minimum initializationis completed,thealgorithmstartsto run. Theaverageiterationis executed

sequentiallyfrom step1 to step4 andthenloopsbackto step1 againwith the iterationcounterÔ
incrementedby one. During someiterations,however, oneor moreminor loopsbetweensteps

2 and3 may be required. The stepsin the algorithmaredependenton the othersteps(at least

implicitly) throughcommoniteration quantities. For example,steps2, 3 and 4 all accessthe

iterationquantity Ò . Stepsmay alsohave algorithmic control dependenciesrequiredto perform

minor loops. In the example, steps2 and3 areinvolved in a minor loop andthis suggestssome

typeof dependency betweenthem. The last typeof dependency thatexists is alsobetweensteps

andtheiterationquantitiesthatareupdatedor accessedandis relatedto thestoragerequirements

for iterationquantities. For example,step1 only requiresonestoragelocationfor x to updatex�Õ ,
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Step 1
pk = f1(xk)

M ajor Loop/ xk = xo
Star t

Step 2
qk = f2(pk,pk-1)

Step 3
rk = f3(qk)

[ rk < ρ  ]
   / pk =  f3’(rk,pk)

Step 4
xk+1 = f4 (qk,rk)

[ rk ≥ ρ  ]

M inor Loop

Finish

[ f4’(xk+1) < ε  ] / k = k+1
[ f4’(xk+1) ≥ ε  ]

Figure 4.6. UML Activity Diagram: Exampleiterative algo-

rithm

while step2 requiresdualstoragefor x (x9Õ and x�Õ ��� ) in orderto updateÒ¾Õ . Supposestep1 were

implementedlong beforestep2. In this case,it may have beenassumedthat only onestorage

locationwasneededfor x . Whenstep2 is later implemented,will step1 have to bemodifiedto

accommodatethe additional storagelocations?Many implementation techniqueswould require

thecodeimplementingstep1 to bemodifiedin thiscase,therebycouplingstep1 to step2 aswell

asto theimplementation of theiterationquantityx . Finally, theremustbesometerminationcriteria

for thealgorithm. Thischeckfor terminationoccursafterstep4 is completedin theexample.

Figure4.7 shows a UML 2 diagramfor the Gener alIterati onPack framework. At the

centerof the framework is an Algori thm object. Associatedwith an Algorithm objectare

oneor moreAlgorithmStep objectswhereeachis identifiedby auniquename(step name).

Stepobjects,which areinstantiationsof subclassesof AlgorithmStep, implementthestepsin

thealgorithm.Usingobjectsto representa sub-algorithmis a well known OO designpattern(see

the “Strategy” patternin [42]). Iterationquantitiesare abstractedbehindthe IterQuantity

interfaceandareaggregatedinto a singleAlgorith mState object. TheAlgorith mState

objectactsasa centralrepositoryfor thesequantities. Individual IterQuantity objectsare

identifiedby a uniquename(iq name). Aggregatingall of the iterationquantitiesinto onecen-

2TheUML [96] hasa conventionfor thenames of classesandobjectswhich is usedin this paper. Thenamesof

concreteclassesusethefontConcreteCl ass . Thisis alsothefontusedfor objects.An objectis aninstantiationof a

concreteclass.Abstractclassnames,aswell asabstractoperationnames,arein italicssuchasAbstractClass and

AbstractClass::operation(...). While a concreteclassmayhave directobjectinstantiations,anabstract

class(interface) maynot (i.e.becausetheseclassesalwayshaveoneor moreundefinedabstractoperation).
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tral locationhelpsto remove the datadependenciesbetweenStepobjects. The Stepobjectsuse

theIterQuantityAccess<...> interfaceto updateandaccessiterationquantities.Theop-

erationset k(offset) is calledto updatea quantity for thespecificiterationk + offset,

while get k(offset) is usedto accessa quantityalreadyupdated.Suchan interfaceto itera-

tion quantitiesrelievesStepobjectsfrom having to know if a quantityrequiressingleor multiple

storage.Soin thepreviousmentionedscenariofor ourexamplealgorithm,whentheclassfor step2

is implementedafterstep1, theclassfor step1 wouldnothaveto bemodifiedatall or evenrecom-

piled. Also, the operationget k(offset) validatesthat the quantitywasindeedupdatedfor

theiterationk + offset. This featurehasbeeninvaluableduringthedevelopmentof rSQP++

in catchingmistakesin algorithmlogic and/orimplementation. Finally, anAlgorithmTrack

object is usedto output intermediateinformationaboutthe algorithmby examining the Algo-

rithmSt ate object. By creatinga subclassof AlgorithmTrack, clientscaneasilymonitor

theprogressof analgorithm. If moresophisticatedmonitoring andcontrolof analgorithmby the

client is required,additional Stepobjectscanbeinsertedinto analreadypreformedalgorithm. In

addition,an algorithmcanbe alteredwhile it is runningby addingandremoving Stepobjects,

therebyallowing it to beadaptedfor changingneeds.

Figure 4.8 shows an object diagramfor the example algorithm in Figure 4.6. In this dia-

gram,the iterationquantitiesareshown aggregatedinside theAlgorith mState objectwhere

thelink qualifiernamesaregivenfor eachquantity. Theconcretetypeof eachof thesequantitiesis

IterQua ntityAcce ssContigu ous<...> whichprovidessequentialstoragefor successive

iterations.

This designalsoallows for distributedalgorithmic control. Algorithm control is sharedbe-

tweentheAlgori thm andAlgorithmStep objects.TheAlgorit hmobjectis responsible

for executing stepssequentially (from Step1 to Step4 in our example).AlgorithmStep ob-

jectsareresponsiblefor initialing minor loopsthroughthe Algori thm object(Step3 initiates

theMinor Loop in theexample).Figure4.9shows a UML collaborationdiagramillustratinghow

algorithmcontrolis implementedfor ourexamplealgorithm.Thescenarioshown is for two major

iterations(
Ô nK¢�ÖÈ× ) wheretheminor loop is executedoncein thefirst (

Ô nK¢ ) iteration.

Thedetailsfor theinterfacesandthecollaborationsbetweentheobjectsin this framework are

documentedin theDoxygengenerateddocumentationstartingin thefile

RSQPPPBASEDOC/GeneralIterat ionPack/h tml/index .html
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...
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do_step_next(step_name)
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get_k(offset:int):const T_info&

I te r Q u a n t i t y A c c e s s

T_info

0,1

1

1

- Central hub for algorithm
- Executes steps along major loop

- St rateg y  interface
- Performs computations
- Initiates minor loops

- Central Repository for
Iteration Quantities

General Iterat ion Pack

step_name

iq_name

- Encapsulates iteration
quantit ies for one or more
iterations
- Hides knowledge of storage
requirements
- Runtime checks for updates

*

*

- Interface for outputting
information about the algorithm
during each iteration

* 0,1

Figure 4.7. UML Class Diagram: GeneralI tera -

tion Pack : An object-orientedframework for building iterative

algorithms
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 : C o n c r e t e T r a c k

:  C o n c r e t e S t e p 1

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

"Step1"

"x"

:  A l g o r i t h m

:  C o n c r e t e S t e p 2"Step2"

:  C o n c r e t e S t e p 3"Step3"

:  C o n c r e t e S t e p 4"Step4"

:  A l g o r i t h m S t a t e

"p"

"q"

"r"

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

:  I t e r Q u a n t i t y A c c e s s C o n t i n u o u s < . . .>

s tate

t rack

Figure 4.8. UML Object Diagram: Instantiations (objects)of

GeneralI terat ionP ack classesfor theexamplealgorithmin

Figure4.6

algo: Algorithm

Step1 Step2

Step3

Step4track

1: do_algorithm() →

state: AlgorithmState

1.8: next_iteration() ↓

1.2: do_step(algo,2) ↑
1.4: do_step(algo,2) ↑
1.10: do_step(algo,2) ↑

1.3: do_step(algo,3) →
1.3.1: do_step_next("Step2") ←
1.5: do_step(algo,3) →
1.11: do_step(algo,3) →

1.7: output_iteration(algo) ↓
1.13: output_final(algo
            ,TERMINATE_TRUE) ↓

1.6: do_step(algo,4) ↓
1.12: do_step(algo,4) ↓
1.12.1: terminate(true) ↑

1.1: do_step(algo,1) ↑
1.9: do_step(algo,1) ↑

Figure 4.9. UML Collaboration Diagram: Scenariofor the

examplealgorithm in Figure4.6
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update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)Ø DecompositionSystem
Ù

DecompositionSystemVarReduct

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)Ú
update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)Ø DecompositionSystemVarReductImp

update_decomp(in Gc, out Z, out Y, out R, out Uz, out Uy)Ú DecompositionSystemOrthonormal

+update_basis(in Gc, out C, out D, out ...)Û AbstractLinAlgPack::BasisSystem
basis_sys
Ü

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)Ú DecompositionSystemCoordinate

update_matrices(in C, in N, in E, in F, in D, out Y, out R, out Uy)Ú DecompositionSystemOrthogonal

Figure 4.10. UML Class Diagram: Inheritancehierarchy for

null-spacedecompositions

4.2.5 Overview of Interfaces for Null-SpaceDecompositions

An importantcomputation in a rSQPalgorithmis the null-spacedecomposition usedto project

thefull-spaceQPsubprobleminto thereducedspace.In rSQP++,thedecomposition matricesÝ ,Þ
, ß'à and ß{á in (4.1.23),(4.1.26)–(4.1.27)arerepresentedby MatrixWithOp objectswhile the

nonsingular matrix â in ((4.1.24)is representedby a MatrixWithOpNonsingular object.

Oncethesematrixobjectsareinitializedfor thecurrentiteration,therestof therSQP++algorithm

canbe implemented by interactingonly with thesematricesthroughthe MatrixWithOp and

MatrixWithOpNonsingular interfaces.Thebasicinterfacethata rSQP++algorithmusesto

constructthematricesÝ ,
Þ

, ß?à , ß{á and â from thematrix ã isDecompositionSystem. This

interface,aswell asmorespecializedinterfacesfor variable-reductiondecompositions,is shown

in Figure4.10.

TheDecompositionSystem interfacehasan operationcalledupdate decomp(...)

whichtherSQP++algorithmcallsto updatethedecomposition matrices.TheDecomposition-

System interfacealsoexposesa setof factoryobjects(not shown in the figure) that cancreate

matrixobjectsfor Ý ,
Þ

, â , ß�ä and ß å thatarecompatible with theconcretedecomposition-system

object.

DecompositionSystemVarReduct is a specializedinterfacethatall variable-reduction

decompositionsinherit from. DecompositionSystemVarReductImp is animplementation

nodesubclassthatprovidesa commonimplementationthatall variable-reductiondecompositions
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canshare.This matrix subclassdefinesthefactoryobjectsfor Ý and ß-ä . Thekey to makingthe

variable-reductiondecomposition subclassesindependentof thespecialpropertiesof theunderly-

ing NLP andlinear solver is to usea BasisSystem objectwhich takescareof the basishan-

dling. TheBasisSystem objectprovidesaccessto thebasismatrix æ asaMatrixWithOp-

Nonsingular objectaswell asthematricesç , è , and é asMatrixWithOp objects.Givena

BasisSystem object,theDecompositionSystemVarReductImp subclasscanfully de-

fine the null-spacematrix Ý in (4.1.34)andthe projectedmatrix ß�ä in (4.1.35). This subclass

performsall of the interactionwith theBasisSystem objectto form thebasismatrices.How-

ever, this subclasscannot definethe matrix objectsfor
Þ

, â and ß å sincethesedependon the

definitionof thequasi-range-spacematrix
Þ

. Thecomputation of thesematrixobjectsaredeferred

to subclassesthroughthepure-virtualmethodupdate matrices(...). This methodpasses

thebasismatrixobjectsfor æ , ç , è , é andpotentiallythedirectsensitivity matrixobjectfor ê to

thesubclasswhich thenreturnsupdatedmatrixobjectsfor
Þ

, â and ß å .
The coordinatedecomposition definedin (4.1.36)–(4.1.38)is implementedby the subclass

DecompositionSystemCoordinate. The implementationof this subclassis very simple

as â�ëKæ , ß{á%ë�è .

The orthogonaldecomposition definedin (4.1.39)–(4.1.41) is implementedby the subclass

DecompositionSystemOrthogonal. Theimplementationif this subclassis morecomplex

becauseof themorecomplicateddefinitionsof
Þ

, â , and ßìá . SeetheDoxygendocumentation for

thissubclassfor moredetailsonhow thesematricesareimplemented.

Thelastdecomposition systemsubclassisDecompositionSystemOrthonormal which

implementsa differenttypeof null-spacedecomposition basedon a QR factorization.Thelinear

algebraperformedin this classusesdensecomputationsandis thereforeonly applicableto small

serialNLPs.

Sincethe null-spacedecomposition is suchan important part of a rSQPalgorithmit is very

importantto validatethatdecompositionmatricesÝ ,
Þ

, â , ß<à and ß{á obey thecorrectproperties.

ThetestclassDecompositionSy stemTeste r hasbeendevelopedfor thispurpose.Thetests

performedby this classdo not significantlyincreasethetotal runtimefor theapplicationandcan

beperformedoneventhelargestandmostdifficult problems. Thetestsperformed,of course,catch

grossprogramming andothererrorsbut arealsosensitive to ill conditioning in theproblem.If any

of thetestsfail, theoverallrSQPalgorithmis terminated.Thisclassacceptsmany differentoptions

thatcontrolthelevel of outputproducedto therSQPppJo urnal.out file (seetheoptionsgroup

DecompositionSys temTester ).

The decomposition systeminterfacesand subclassesare part of the package(namespace)
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Constra inedOptim izationPa ck andaredocumentedin the Doxygencollectionstarting

in

RSQPPPBASEDOC/ConstrainedOp timizatio nPack/htm l/index.h tml

4.2.6 Interfaces to Quadratic Programming Solvers

Anothervery importantnumericalcomputation in a rSQPalgorithmis thesolution to thereduced-

spaceQPsubproblemin (4.1.25)–(4.1.27). In orderto decoupletherSQPcodeaway from theQP

solver usedto solve theQP subproblem,an abstractinterfaceto QP solverscalledQPSolver-

Relaxed hasbeendeveloped.TheQPSolverRelaxed isverygeneralandhasseenapplication

in areasotherthanSQP(suchasMPC in [11]). TheQPsolvedby this interfaceis of theform

ítîµïð�ñ IR ò�ó ô õ;ö-÷ùøú�û«ö¾õ9ü�ö-÷�ýVþCÿ��
(4.2.59)

s.t.
ÿ����ùÿ

(4.2.60)ö����§ö��§ö	�
(4.2.61)
 ������{þ è � ö����yÿ�� 
 � (4.2.62)��{þ é � ö�÷Kþ����,ÿ���� ë�� (4.2.63)

where: ö��yö � � ö ���
IR ��óÿ��ºÿ � �

IRýVþCÿ�� �
IR ! IR

ô � IR ��óü ë ü õ"� IR � ó$# � ó���þ è � � IR %'& ò # � ó
 � � 
 � �(� � IR %)& ò���þ é � � IR %'*,+ # � ó� �
IR %'*,+

As shown in (4.2.59)–(4.2.63), a very simple relaxationof the constraintsis built into the

formulation. Theform of this relaxationis biasedtowardusein aSQPalgorithm.Theform of the

function
ýTþCÿ��

in theobjective(4.2.59)is specifiedby thesubclassesthatimplementthis interface.
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An appropriateform of thisfunctionfor aconvex QPsolvermightbe
ýVþCÿ�� ë þCÿ'÷ ø ú�û ÿ û �.-ý , where-ý

is a largeconstant.For a QPsolver capableof handlingan indefiniteHessian,
ýVþCÿ�� ë ÿ -ý

,

when
-ý

isalargeconstant,maybeabetterchoice.No matterhow thefunction
ýVþ�ÿ/�

is defined,as

longas
ö9þ ýVþ�ÿ/�0�ºú¾ö9þCÿ��21 3�4�365

is sufficiently large,then
ÿ

will beat its lowerbound
ÿ ë ÿ � (

ÿ � ë7�
usually)in (4.2.60)if anunrelaxedfeasibleregionexits for (4.2.61)–(4.2.63).

ThemethodQPSolverRelaxed::solve qp(...) is calledto passtheargumentsdefin-

ing theQPto theQPsolver andto returnthesolution. If thesolution is not found,thena partial

solution will bereturnedandsomeinformationasto thestatusof thereturnedpoint will begiven

(i.e. dualfeasible,primal feasible,etc.).Theproblemvectorsô , � , � , ö � , ö � , 
 � and 
 � arerepre-

sentedasVectorWit hOp objects.Whatmakesthis interfacedifferentfrom otherQPinterfaces,

suchasdescribedin [115], is thatthedefiningmatrix objectsarerepresentedthroughtheabstract

interfacesMatrixSymWithOp for theHessian
ü

andMatrixWithOp for theJacobianmatri-

cesè and é . In thisway, theclient (i.e. therSQPalgorithmin thecaseof rSQP++) neednotknow

aboutthespecialpropertiesof theHessianor theJacobianmatricesor how theQPis solved.

For someQPsolvers thatimplementtheQPSolverRelaxed interface,suchasQPOPTand

QPSOL,interactionwith the matrices
ü

, è and é throughtheMatrixWithOp interfaceis all

thatis neededto solvetheQPin areasonablyefficientmanner(with respectto thespecificsolver).

However, most implementationsof theQPSolverRelaxed interfacecannot efficiently solve

theQPwith just theinterfaceprovidedthroughMatrixSymWithOp andMatrixWithOp. For

many of theseQP solver subclasses,more specializedmatrix interfacesmust be supported by

matrix objectsfor
ü

, è and/or é . For example, thesubclassfor QPKWIK [106] mustbeableto

extract thedenseinverseof theCholesky factorof theHessian
ü

. In orderto do this, thematrix

objectfor
ü

mustsupporttheMatrixExtractInvCholFactor interface.Therefore,to use

QPKWIK efficiently, theHessian
ü

is usuallystoredandmanipulatedusingthedenseinverseof

the Cholesky factor. For otherQP solvers,other lessintrusive matrix interfacesareall that are

required. For example,with QPSchur(see[10] ) the QP canbe efficiently solved if
ü

supports

theMatrixSymWithOpNonsingular interface.Otherapproachesfor solving theQPdefined

in (4.2.59)–(4.2.63) with QPSchurandtheinterfacesthattheHessianandJacobianmatrix objects

mustsupportarediscussedin [10].

In addition to passingin thematricesandvectorsthatdefinetheQP, theclientcanalsopassin

initial guessesfor thesolution
ö

(primalvariables)andtheLagrangemultipliers(dualvariables)for

thesimplebound 8 , generalinequality 9 andgeneralequality : constraints. Givengoodestimates

for theprimalanddualvariables,anactive-setQPsolvercanfind thesolution in veryfew iterations.

At thetimeof thiswriting, QPSolverRelaxed subclasseshavebeendevelopedfor QPOPT
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(QPSolver RelaxedQP OPT) [47], QPSOL(QPSolverR elaxedQPS OL) [45], QPKWIK (QPSolver-

Relaxed QPKWIK) [106],LOQO(QPSolv erRelaxed LOQO) [117] andQPSchur(QPSolve r-

Relaxed QPSchur ) [10].

Therealvariability amongdifferenttypesof QPsis in theform of theHessian
ü

andJacobianè and é matrices.By defininga singleinterfacefor QPsolvers, mostof thesamecodethatsets

up the QP vectors,calls the solver, and interpretsthe returnedsolution canbe reusedfor many

differentQPsolver implementations.Usingthis QPinterfacemakesit relatively easyto swapQP

solversin andoutof rSQP++.

Another major advantageto having a single interface to many different QP solvers is that

it waspossibleto implementa testingclasscalledQPSolve rRelaxedT ester . The method

QPSolve rRelaxedT ester::ch eck optim ality conditio ns(...) checkstheopti-

mality conditions of the QP, definedin (4.2.59)–(4.2.63),given the solution (or partial solution)

returnedfrom QPSolverRelaxed::solve qp(...). It is critical to stresshow important

this testingclassis andhasbeenfor easingthedevelopmentof new QP solver subclassesandin

regressiontestingexistingQPsolvers. In addition,this testingmethodcomputestherelativeerrors

in theoptimality conditionsandis usefulin determininghow muchlossof precisionhasoccurred

dueto roundoff andill conditioning.Thishelpsto diagnosewhenaQPsolvermaybeunstableor

whentheQPbeingsolvedis very ill conditioned. A lot of work hasgoneinto thedevelopmentof

theQPSolve rRelaxedT ester testingclass,andthis work canbe leveragedwhenever a new

QPsolver implementationis created.

4.3 Configurations for rSQP++

An algorithmconfigurationobject,asshown in Figure4.2, is requiredto build a valid rSQP++

algorithmandto initialize it beforethe algorithmis run. This is wherea lot of the complexity

involved with a rSQP++algorithmoccurs.Theindividual stepobjectsusedto build thealgorithm

generallyarevery compactandperformsimpler, well definedtasks. Most of thesestepobjects

arebuilt to be fairly autonomouswith little specificknowledgeaboutothersteps.For the most

part, Stepobjectscommunicatewith eachother throughthe iteration quantities that they have

in common. Becausethe individual Stepobjectsaredecoupled,they canbe usedandreusedin

many relatedrSQP++algorithms. However, as is the casewith any non-trivial application, the

total complexity of the softwareis asgreator greaterthanthe complexity of the algorithmit is

implementing.This increasein overallcomplexity is unavoidable. Whathasmadeobject-oriented

methodssuccessfulin somany areasis thatthisoverallcomplexity is decomposedintomanageable
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chunksthatmostof uscancomprehend.Thereis a continuousstrugglein softwaremodelingand

designbetweenmore encapsulationto make entitiesappearsimpler on the outside versesless

encapsulationwith finer-grainedobjectsthataremoreflexible but arealsoharderto dealwith and

understandasa whole. It is our aim to implementalgorithms in rSQP++thatstrike a reasonable

balancebetweensimplicity andflexibility.

Onceanalgorithm is configured(i.e. Stepobjectshave beenaddedto the rSQPAlg o object,

anditerationquantityobjectshave beenaddedto the rSQPState object)it is largely self con-

tained. Automatic garbagecollectionis usedextensively in the form of smartreferencecounted

pointers(seetheclassref count ptr<...> in Section8.8).Thesesmartpointersallow theal-

gorithmto bemodified(Stepanditerationquantityobjectsto beaddedandremoved)with minimal

dangerof causinga memoryleakor othermemoryusageproblemoftenassociatedwith develop-

mentin C andC++.

A universal rSQP++solver encapsulationclasscalledrSQPppSolver hasbeendeveloped

that hidesmany of the detailsof using a configurationobject to setupand algorithmand then

solve a NLP. This encapsulationclassusesan algorithmconfigurationclasscalledrSQPAlg o-

ConfigM amaJama (seeSection4.3.1)as the default but otherconfigurationscanbe usedas

well. TheclassrSQPppSolver providessimpleaccessto a rSQP++solver andshouldbeused

by eventhemostadvanceduserastheentrypoint to rSQP++.

Doxygengenerateddocumentation for muchof whatis discussedherebeginsin thefile

RSQPPPBASEDOC/ht ml/index. html .

It is importantto stresswhataradicaldeparturefrom typicalalgorithmic implementationmeth-

odsthatthisdesignrepresents.In a typical numericalcodethatsupportsseveraldifferentoptions,

eachpart of the algorithmis augmentedwith “if ” statementsor “select-case”control structures

that implement the logic for the differentoptions. Adding a new option to thesetypesof codes

requiresaddinganother“else if ” or “case” clause. If the codealreadysupportsmany different

options, thentheexisting “if ” or “select-case”logic maybe fairly complex anda developer may

befearful (andrightly so) to adda new optionwithout understanding all of the logic in all of the

existing “if ” or “select-case”controlstructures.Now considerthedesignusedfor rSQP++.All of

thecomplicatedlogic usedto sortout theuser-specifiedoptions is containedin theconfiguration

object. However, oncetheconfigurationobjectconstructsanalgorithm, thatalgorithmis usually

muchsimplersinceit doesnot have to considerall of thepossible options andtherearefar fewer

controlstructuresfor differentalgorithmic options.As aresult,it is mucheasierfor adeveloperto

reasonaboutwhatthealgorithmdoesandhow to modify it to meetmorespecializedneeds.All of

this canbedonewithouthaving to know very muchat all abouttheugly configurationobjectthat
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wasusedto configurethealgorithm.

4.3.1 MamaJama Configurations

Thereis a rSQP++classcalledrSQPAlg o ConfigM amaJama that is usedto configuremany

relatedreduced-spaceSQPalgorithms. This single configurationclasswas usedduring much

algorithmdevelopmentandcontinuesto bemodifiedandenhanced.Thename“MamaJama”was

usedfor a completelack of something moreappropriateandis meantto signify that this is a do-

all configurationclass. In the future, more specializedrSQP++algorithms will most likely be

modificationsof thealgorithmsconstructedby objectsof thisconfigurationclassor initially based

on its sourcecode.

4.3.1.1 Solver options

Variousoptions canbe setin a flexible anduserfriendly format (seethe classOption sFrom-

Stream in Appendix8.8). Optionsareclusteredinto different “options groups”. An example

excerpt from an optionsfile is shown in Appendix8.8. Theseandmany otheroptions may be

includedin therSQPpp.o pt file.

Thefull setof options thatcanbeusedwith rSQPppSolver andthe“MamaJama”configu-

rationis describedin theDoxygendocumentationstartingin thefile

RSQPPPBASEDOC/ReducedSpaceS QPPack/ht ml/rSQPpp Solver*.h tml

DocumentingrSQP++is a major taskand this issueis discussedin moredetail in the next

section.

4.3.1.2 Documentation,Algorithm Description and Iteration Output

Oneof the greatestchallengesin developing softwareof any kind is in maintaining documenta-

tion. This is especiallya problemwith softwaredevelopedin a researchenvironment. Without

gooddocumentation,software canbe very difficult to understandandmaintain. In addition to

theDoxygengenerateddocumentation,which is very effective in describinginterfacesandother

specifications,thereis alsoa needto documentthemoredynamicpartsof anoptimization algo-

rithm. Highly flexible anddynamicsoftware,whichrSQP++is designedto be,canbeveryhardto

understandjustby lookingat thesourcecodeandstaticdocumentation.
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A problemthatoftenoccurswith numericalresearch codesis that thealgorithmdescribedin

somepaperis not what is actuallyimplemented in the software. This cancausegreatconfusion

lateronwhensomeoneelsetriesto maintainthecode.Someof thesediscrepanciesareonly minor

implementationissueswhile othersseriouslyimpactthebehavior of thealgorithm.

Primarily, two featureshave beenimplementedto aid in the documentation of a rSQP++al-

gorithm: theconfiguredalgorithmdescriptioncanbeprintedout beforethealgorithmis run, and

informationis outputabouta runningalgorithm.

Thefirst featureis thataprintoutof aconfiguredrSQP++algorithm canbeproducedby setting

the option rSQPppSolver::pri nt algo = true in rSQPpp.opt,wherethis is shorthand

for theprint algo optionin therSQPppSolver optionsgroup.With thisoptionsetto true ,

the algorithmdescriptionis printedto the rSQPppAl go.out file beforethe algorithmis run.

The algorithmis printedusingMatlab-like syntax. The identifier namesfor iterationquantities

usedin this printout are largely the sameas usedin the sourcecode. There is a very careful

mappingbetweenthe namesusedin the mathematicalnotationof the SQPalgorithm and the

identifiersusedin thesourcecodeandalgorithmprintout. This mappingfor identifiersis givenin

AppendixA. Eachiteration-quantity namein thealgorithmprintouthas’ k’ , ’ kp1’ or ’ km1’

appendedto theendof it to designatetheiteration,
þ<;/�

,
þ<;�÷=�2�

or
þ<;>�?�2�

respectively, for which

it wascalculated.Much of thedifficulty in understanding analgorithm,whetherin mathematical

notationor implementedin sourcecode,is knowing preciselywhataquantity represents.By using

acarefulmappingof namesandidentifiers,it is mucheasierto understandandmaintainnumerical

software.

This algorithmprintout is put togetherby the rSQPAl go object(throughfunctionalityin the

baseclassGeneral Iteration Pack::Alg orithm ) aswell as theAlgorithmStep ob-

jects.Eachstepis responsiblefor printingout its own partof thealgorithm. Thecodefor produc-

ing this outputis includedin the samesourcefile aseachof the do step(.. .) functionsfor

eachAlgorithmStep subclass.Therefore,thisdocumentationis decoupledfrom otherstepsas

muchastheimplementationcodeis, andmaintainingthedocumentationis moreurgentsinceit is

in thesamesourcefile. An exampleof this printout for a rSQPalgorithmis shown in Appendix

8.8. EachStepobject is given a namethat otherstepsrefer to it by (to initiate minor loopsfor

instance).Also, the nameof the concretesubclasswhich implements eachstepis includedasa

guideto helptrackdown theimplementations.

Many of theoptionsspecifiedin theinputfile areshown in theprintedalgorithm. Theusercan

thereforestudythealgorithmprintout to seewhateffect someof theoptionshave. For example,

the option rSQPSolve rClientIn terface:: opt tol is shown in step5 (“CheckConver-
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gence”)in Appendix8.8.Someof theoptionsdeterminethealgorithmconfiguration,whichaffects

whatstepsareincluded,how stepsaresetup andin whatorderthey areincluded. Theseoption

namesarenot specificallyshown in thealgorithmprintout.For example, theoptionrSQPAlg o-

ConfigM amaJama:: max dof quasi newton dense determineswhenthealgorithmcon-

figurationwill switch from usingdenseBFGSto usinglimited-memoryBFGSbut this identifier

namemax dof quasi newton dense is not shown anywherein the listing. However, the

configurationobjectcanprint outashortlog (to therSQPppAlgo.out file) to show theuserthe

logic for how theseoptions impacttheconfigurationof thealgorithm.

In additionto thisprintedalgorithm,outputcanbesenttoajournalfile rSQPppJournal.ou t

while thealgorithmis runto displayinformationabouteachstep’scomputations.Thenamesgiven

to quantitiesin thejournaloutputarethesameasin thealgorithmprintout. Thelevel of outputis

determinedby theoption rSQPSolv erClientI nterface: :journal print level and

thevaluePRINT ALGORITHMSTEPSis usuallythemostappropriateanddoesnot produceex-

cessiveoutput.Loweroutputlevelscanbesetfor generatinglessoutputfor fasterexecutiontimes

while higheroutput levelscanbesetto generatelots of informationthat is usefulin debuggingor

for otherpurposes.SeeAppendix8.8for anexampleof this typeof printout.

A moredetailedlook at theoutput files rSQPppAlgo.out andrSQPppJou rnal.out is

givenin Section4.5 in thecontext of aspecificexampleNLP.

4.3.1.3 Algorithm Summary and Timing

In additionto themoredetailedinformationthatcanbeprintedto thefile rSQPppJournal.ou t ,

summaryinformationabouteachrSQP++iterationis printedto thefile rSQPppSummary.ou t .

Also, if theoption rSQPppSol ver::algo timing = true is set,thenthisfile will alsoget

asummarytableof therun-timesandstatistics for eachstep.Thesetimingsareprintedout in tabu-

lar formatgiving thetime, in seconds,eachstepconsumedfor eachiterationaswell asthesumof

thetimesof all thesteps.Thebottomof thetablegivesstepstatistics: thetotaltimefor eachstepfor

all theiterations(total( sec) ), theaveragesteptimeperiteration(av(sec)/k ), theminimum

steptime(min(sec ) ), themaximumsteptime(max(sec) ) andthetotalpercentageof timeeach

stepconsumed(%total ). SeeAppendix8.8for anexampleof a rSQPppSummary.out file.

This timing information canbe usedto determinewherethe bottlenecksarein an algorithm

for aparticularNLP. Of coursefor verysmallNLPstheruntimeis dominatedby overheadandnot

numericalcomputations sothetiming of smallproblemsis not terribly interesting.

Lessdetailedinformationcanalsobeprintedto theconsolethroughtherSQPppSolver class
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(seeAppendix8.8).

A moredetailedlook attheconsoleoutputandtheoutputfile rSQPppSummary.out is given

in Section4.5 in thecontext of aspecificexampleNLP.

4.3.1.4 Algorithm and NLP Testingand Validation

Many computationsareperformedin orderto solveanonlinearprogram(NLP) usinga numerical

optimizationmethod. If thereis a significanterror (programming bug or round-off errors)in any

stepof the computation, the numericalalgorithmwill not be able to solve the NLP, or at least

not to asatisfactorytolerance.Whenausergoesto solveauser-definedNLP andtheoptimization

algorithmfailsor thesolutionfounddoesnotseemreasonable,theuseris left to wonderwhatwent

wrong. Could theNLP becodedincorrectly?Is therea bug in theoptimization softwarethathas

goneup till now undetected?For any non-trivial NLP or optimizationalgorithmit is verydifficult

to diagnosesuchaproblem,especiallyif theuseris notanexpertin optimization.Evenif theuser

is anexpert,thetypical investigativeprocessis still very tediousandtimeconsuming.

Fortunately, it is possibleto validate theconsistency of theNLP implementation(i.e.gradients

areconsistentwith function evaluations)aswell asmany of the major stepsof the optimization

algorithm. Suchtestscanbeimplementedin a way thattheaddedcost(runtimeandstorage)is of

only thesameorderasthecomputations themselves andthereforearenotprohibitively expensive.

Thereareseveralpossiblesourcesfor sucherrors.Thesesourcesof errors,from themostlikely to

theleastlikely areerrorsin theNLP implementationanduserspecializedpartsof theoptimization

algorithm(e.g.aspecializedBasisSystem object),errorsin thecoreoptimization code,or even

errorsin thecompilersor runtimeenvironments used.

Therearemany waysto make a mistake in codingtheNLP interface.For instance,assuming

the user’s underlyingNLP modelis valid (i.e. continuousanddifferentiable), the usermay have

madea mistake in writing thecodethatcomputes
�?þA@��

, B þC@�� , D �'þC@�� and/or D�B þA@�� . Supposethe

gradientof theconstraintsmatrix D�B is notcalculatedin someregions.Thematrix DEB maybeused

by a genericBasisSystem objectto find andfactorthebasismatrix æ andtherefore,theentire

algorithmwouldbeaffected.To validate D�B , theentirematrix couldbecomputedby finite differ-

encesof courseandthencomparedto the DEB computedby theNLP interface,but thiswouldbefar

too expensive in runtime ( F þCGIHJ� ) andstorage( F þKGIHJ� ) costsfor largerNLPs. Computingeach

individual componentof the gradientsby finite differencesis an option but it mustbe explicitly

turnedon (seetheoptionNLPFirs tDerivati vesTester ::fd testing method ). As a

compromise, by default, directionalfinite differencingcanbeusedto show that DEB is not calcu-
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latedproperly, but cannot strictly prove that D�B is completelycorrect. This works as follows.

TheoptimizationalgorithmaskstheNLP interfaceto computeDEBML at thepoint
@ L . Then,at the

samepoint
@ L , for a randomvector N , thematrix-vectorproduct D�B þA@ L � N is approximated,using

centralfinite differencesfor instance,as DEB þC@ L � NPO"Q ø ë þ B þA@ L ÷=R N �S� B þC@ L �TR N �0�ºúVUWR whereR O � �	X	Y . Thenthe matrix vectorproduct Q û ëZDEB�L$N is computedusingthe D�B[L matrix object

computedby theNLP interfaceandtheresultantvectorsQ ø and Q û is thencompared.Even if the

userdoesanexemplary job of implementingtheNLP interface,thecomputedQ ø and Q û vectorswill

not beexactly equal(i.e. Q øE\ë]Q û ) dueto unavoidable round-off errors.Therefore,we needsome

typeof measureof how well Q ø and Q û compare.For every suchtestin rSQP++therearedefined

error (error tol ) andwarning(warning tol ) tolerancesthatareadjustable by theuserbut

aregiven reasonabledefault values. Any relative error greaterthanerror tol will causethe

optimizationalgorithmto be terminatedwith an error message.Any relative error greaterthan

warning tol will causea warningmessageto be printedto the journal file to warn the user

of somepossibleproblems.For example,relative errorsgreaterthanwarning tol =
� � X ø û but

smallerthanerror tol =
� �/X	^ mayconcernus,but thealgorithmstill maybeableto solve the

NLP. Thefinite-differencetestingof theNLP interfacecanbecontrolledby settingoptionsin the

NLPFirs tDerivati vesTester andCalcFini teDiffPro d optionsgroupsasshown in

Appendix8.8. Testingthe NLP’s interfaceat just onepoint, suchasthe initial guess
@)_

, is not

sufficient to validatetheNLP interface. For example,supposewe have a constraintB ø _ þA@�� ë @a`û
with baB ø _ ú b @;û ëdc @ ûû . If the derivative wascodedas beB ø _ ú b @;û ëfc @;û by accident,this would

appearexactly correctat the points
@8û ëf� and

@;û ë � but would not be correctfor any other

valuesof
@9û

. Therefore,it is importantto testtheNLP interfaceateverySQPiterationif onereally

wantsto validatetheNLP interface.Of course,just becausetheNLP interfaceis consistent,does

notmeanit implementsthemodeltheuserhadin mind,but this is adifferentmatter. If theNLP is

unbounded,infeasibleor otherwiseill posed,theSQPalgorithmwill determinethis (but theerror

messageproducedby thealgorithmmaynotbeableto stateexactlywhattheproblemis).

Every major computation in a rSQPalgorithmcanbe validated,at leastpartially, with little

extracost.For example,aninterfacethatis usedto solve for a linearsystem
@ ë§ã X ø � suchasthe

MatrixWithOpNonsingular canbecheckedby computingg
ëKã @ andthencomparingg to�
. Theinterfacescanalsobevalidatedfor thenull-spacedecomposition (seeDecomposition-

SystemT ester in Section4.2.5)andQPsolver (seeQPSolverRelaxe dTester in Section

4.2.6)objects.Sincesophisticateduserscancomein andreplaceany of theseobjects,it is a good

ideato be ableto testeverything that canrealisticallybe testedwhenever the correctnessof the

algorithmis in questionor new objectsarebeingintegratedandtested.Much of this testingcode

is alreadyin placein rSQP++, but moreis neededfor morecompletevalidation.

Suchcarefultestingandvalidationcodecansave a lot of debuggingtime andalsohelpavoid
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reportingincorrectresultswhich canbeembarrassingin anacademicresearchsetting or costlyin

businesssetting.Testingandvalidationis nosmallmatterandshouldbetakenseriously, especially

in a dynamic environmentwith lotsof variability like rSQP++.

4.3.1.5 Debugging

Wheneversoftwareis involved, theneedfor debuggingis unavoidable.Whenanew userattempts

to solveaNLP usingrSQP++,themostlikely bugswill bein theNLP implementationthattheuser

hasto provide. Here,somestrategiesfor debuggingarediscussedthatshouldhelpa userto track

down bugsassociatedwith the NLP implementationandfix themasquickly aspossible. There

aremany differenttypesof errorsthatcanoccurandgoinginto all of thesetypesof errorswould

requirea long discussion. However, below area few of themorecommontypesof errorsthatare

worthmentioning.

1. Segmentationfault do to runtime memorymanagementerror.

2. A linearalgebraincompatibility exceptionis thrown.

3. Gradientsof problemfunctionsdo not matchfunction values(i.e. finite-differencetesting

failed).

4. Algorithm prematurelyterminateddueto somealgorithmic error.

5. Unexpectedor unreasonablesolution is found.

Segmentationfaultsor thrown exceptionsaresomeof theeasiest(or thehardest)bugsto track

down. Theseare almostalwayscausedby someprogramming error and are not relatedto the

validity of the mathematicalformulationfor the NLP being implemented.The othererrorsare

harderto trackdown andareusuallycausedby amalformedNLP.

Theeasiestof theseerrorsto trackdown is whenagradientof theobjectiveor constraintsdoes

not matchthe function valueto an acceptabletolerance.It is this type of error that is discussed

here. Debugginga large NLP with lots of variablesandconstraintsis generallyvery difficult.

Therefore,seriousdebuggingshouldbeperformedonthesmallestandsimplestexample thatdoes

not exhibit the corrector expectedbehavior. For example,the smallestpossible meshsizeand

discretizationmethodshouldbe usedfor a scalableNLP suchasa PDE solver usingthe finite-

elementmethod.Assuming thataproblemcanbederivedthatis sufficiently small(i.e.
G'�6HihTU � )

hereare the stepsto follow in order to diagnosea problemwith the NLP formulation. First,
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the initial point for the NLP needsto be dumpedto the file rSQPppJo urnal.out andeach

componentof the gradienthasto be checked independently(i.e. component-wise).To do this,

set the options NLPTeste r::print all=true and NLPFir stDerivat ivesTeste r-

::fd testing method=F D COMPUTEALL. This will causetheprint out of the initial guess@a_
(xinit ), thebounds

@ � (xl ),
@ � (xu ), thevalueof theobjective

�'þC@�_j�
(f ), constraintsB þC@e_j�

(c ), the gradientsof the objective D �?þC@�_j� (Gf ), constraintsDEB þC@�_j� (Gc) and the relative error

in every gradientcomponent. From this information it will be easyto seewhich componentofD �'þC@a_j� or DEB þC@a_j� is causingtheproblem.

4.4 Examples NLP subclasses

ThereareseveralexampleNLP projectsthatcomewith thebasedistribution of rSQP++.Several

of theincludedexample projectsimplementthefollowing simpleNLP

min
ø ú�û6@ õ @

(4.4.64)

s.t. B0k:ë @ k þC@ml k�n �po ûrq��T�2�)�?� � @ml k�n �[o ûrq ë7� � for soë �St[t[t�G~úWU�t (4.4.65)

This scalableNLP has
þCGJ�uHJ� ë G~úVU ë H degreesof freedomandis referredto asexample

#2 in [115] and[104]. This NLP hasvery specializedstructureanda valid selectionof dependent

andindependentvariablesis straightforwardto find. Selectingthefirst
H

variablesasdependent

variablesgivesthefollowingdefinitionsof thebasisandnonbasismatrices

æ ë
vwwwwx
@ % n ø �T� @ % n ûy�?� . . . @ % n % �?�

z|{{{{} (4.4.66)

ç ë
vwwwwx
@ ø �?� � @;ûy�?� �

. . . @ % �T� �
z|{{{{} (4.4.67)
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which both happento be diagonalmatrices. Also, the exact Hessianof the Lagrangian~
andthereducedHessianof theLagrangian� (usinga variable-reductiondecomposition) take the

simple forms

~ ë �"� �� õ �T� (4.4.68)� ë ç õ æ X õ æ X ø ç � � æ X ø ç � ç õ æ X õ � ÷ � (4.4.69)

where � is a diagonalmatrix with components
þ � �[l k�� k q ë": l k q for sDë �St[t[t�H . Note that the

reducedHessian� in (4.4.69)is alsoadiagonalmatrix.

This NLP andits specificstructureareof no practicalinterestbut this NLP is sufficient asa

simple exampleto show how rSQP++canbeusedto fully exploit thestructureof aclassof NLPs

from aspecializedapplicationarea.

Threedifferentimplementationsof this NLP aredescribed.Thefirst NLP subclassis derived

from the genericNLPSeria lPreproce ssExplJac nodesubclass.This exampleNLP sub-

classis includedto show how this genericNLP interfacesubclasscanbe usedandto provide a

contrastto the morespecializedimplementations. The last two NLP subclassesderive directly

from the NLPFirstOrderInfo andNLPFirstOrderDirect interfacesand demonstrate

how to exploit thestructureandpropertiesof aNLP.

ThisfirstNLPsubclassiscalledExampl eNLPSeria lPreproc essExplJa c andthesource

codefor thisprojectcanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPSeri alPreproc essExplJ ac .

ThefilesExampleN LPSerialP reprocess ExplJac.h andExample NLPSerial Preproces s-

ExplJac .cpp containthedeclarationsanddefinitionsfor theNLPsubclassandthefile Exampl e-

NLPSeri alPreproc essExplJa cMain.cpp containsthesimpledriver programthatusesa

rSQPppSolver objectto solve theNLP.

ThesecondtwoNLPsubclassesarecalledExampleNLPFirs tOrderInf o andExample -

NLPFirs tOrderDir ect . Both of thesesubclassesderive from a nodesubclassExampl e-

NLPObjGradient which implementsthe bulk of the commonfunctionality. The Exampl e-

NLPObjGradient subclasstakesa VectorSpace objectasan argumentin its constructor.

Using this singleVectorSpace objectthis entireNLP’s implementation canbe defined. This
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vectorspaceis usedto definethespaces��� , ��� and � which happento all be the samefor this

NLP. A composite vector-spaceobjectof type VectorSpa ceComposi teStd is usedfor the

space�Ðë7�����J��� . A SpecializedRTOpoperatoris usedto implementthetheconstraintsresid-

ualcomputationin (4.4.65).Notethattheobjective in (4.4.64)is simply adotproductfor whicha

defaultRTOpoperatoralreadyexists.

TheNLP subclassExampl eNLPFirs tOrderInf o derivesfrom NLPFirstOrderInfo

andExample NLPObjGra dient . A specializedBasisSystem subclasscalledExampl e-

BasisSy stem derivesfrom thestandardbasis-systemsubclassBasisS ystemComposite-

Std . The BasisS ystemCompositeStd subclassimplementstheBasisSystem interface

for thecasewherethematrixobjectGc issimplyanaggregateof aMatrixWithOpNonsingular

matrix objectfor C andaMatrixWithOp matrix objectfor N. For theNLP, thestandardmatrix

subclassMatrix SymDiagon alStd is usedfor thematricesæ and ç sincethey arediagonal.

Theonly functionality thattheExampleBasisSy stem subclassaddsis thespecializedforma-

tion of thedirectsensitivity matrix êIë � æ�X ø ç which is alsodiagonalfor this simpleNLP and

is alsorepresentedusinga MatrixSy mDiagonal Std object.Thecomputationof thediagonal

vectorsfor æ and ç is alsoperformedby aspecializedRTOpoperatorobject.Thecompletesource

codefor thisexamplecanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderInf o.

ThelastNLP subclassExampleNLPFirs tOrderDir ect derivesfromNLPFirstOrder-

Direct andExampleNL PObjGradi ent . Thissubclassimplementsthecalc point(...)

methodto computethe diagonaldirect-sensitivity matrix ê ë � æ X ø ç . Again, this direct-

sensitivity matrix is implementedasa MatrixSym DiagonalS td object. For completesource

code,seethedirectory

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPFirs tOrderDir ect .

SincetheinterfacesNLPFirstOrderInfo andBasisSystem canbeimplementedeasily

for theNLP in (4.4.64)–(4.4.65) therewasreallynopracticalpurposefor implementingtheNLP-

FirstOrderDirect interfacesinceit providesonly a subsetof the functionality. The only

purposefor implementingthe Exampl eNLPFirst OrderDire ct subclasswas to provide a

simple completeexamplefor theNLPFirstOrderDirect interface.

All of thelinearalgebrafor theseNLP subclassis basedona singleVectorSpace objectas

mentionedabove. Therefore,any valid VectorSpace objectcanbeusedalongwith thevectors

it creates.As a result,serial,parallelor othervectorimplementationscaneasilybeused.These

NLP subclasseshavebeenusedvariousserialandparallelvectorimplementations.
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� ����� ��� Wall Clock Time (sec) Scalability

2,000 1,000 1 0.21 1.00

2,000 1,000 2 0.27 2.57

2,000 1,000 4 0.53 10.10

20,000 10,000 1 1.50 1.00

20,000 10,000 2 0.96 1.28

20,000 10,000 4 0.75 2.00

200,000 100,000 1 21.00 1.00

200,000 100,000 2 11.00 1.05

200,000 100,000 4 5.60 1.07

2,000,000 1,000,000 1 190.00 1.00

2,000,000 1,000,000 2 93.00 0.97

2,000,000 1,000,000 4 47.00 0.98

Table 4.1. CPU times and scalability for the exampleNLP in

(4.4.64)–(4.4.65) where� � is thenumberof processorsand’Scal-

ability’ is the wall-clock CPU time multiplied by the numberof

processorsdividedby theCPUtime for oneprocessor.
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Table4.1showstheCPUtimesandscalabilitiesfor usinganexampleparallelVectorSpace

class(usingMPI) on a distributed-memoryBeowulf cluster. TheexampleNLP wasrun with bad

initial guessesand the numberof rSQPiterationswas cut off at 100 in order to get consistent

timings. The rSQPalgorithmuseda limited-memoryBFGSapproximation [31] with very good

parallel scalability. As a result, all of the linear algebracomputations for this simple NLP are

all fully scalable.Herewe definescalability asthe ratio of the wall-clock CPU time multiplied

by thenumberof processorsdividedby thewall-clock time for runningtheproblemon only one

processor. Giventhis definition,perfectscalabilityis 1.00which simply meansthat if we double

the numberof processors,the bestthat we canusuallyhopefor is to have the wall-clock time

halved. Thetimingsin Table4.1 aretypical for scalableparallelprograms.Whentheamountof

computation versescommunication is small, thecommunicationtendsto dominatewhich is seen

for vectorsof size
H ë G���H ë �V� �W�V� wherethereis actuallyan overall slowdown asmore

processorsareutilized. However, for vectorsof size
H ë G���H ë � � � �W�V� we seea definite

speedupasmoreprocessorsareaddedbut thescalabilityis lessthanperfect.Whenthesizeof the

vectorsareincreasedto
H ë G���H ë � �W� � �V�V� , thealgorithm shows almostperfectscalability.

Notethat25,000unknownsperprocessors(i.e. for ç � ë=� ) is consideredsmallfor PDEsimulators

thatuseparalleliterativesolvers.Finally, for very largevectorsof size
H ë G���H ë �V� �V�V� � �V�V� ,

thetimingsshow betterthanperfectscalability(i.e. � t��V��h��Vt �W� ) which canalsobeseenin other

parallelprogramsfrom time to time(usuallydo to cacheor otherhardwareissues).

Notethatall of thelinearalgebraoperationsfor thissimple exampleNLP arevectoroperations

whichoffer theworstcomputationto communicationratios.Therefore,theseresultsrepresentthe

worst-casescenariofor rSQP++with respecttoparallelscalability. For morepracticalapplications,

theamountof computation perprocessis muchhigherandthereforetheseapplicationsshow better

overall scalability for smallerproblemsizes.

Theseresultsshow thattherSQP++framework impartsverylittl eserialoverheadandtherefore

allowsfor theimplementationof veryscalableoptimizationalgorithmsfor applicationareaswhere

parallelismcanbeexploited(e.g.PDEconstrainedoptimization). Therefore,theburdenis com-

pletelyon thedevelopersof applicationsandparallellinearalgebralibrariesto achievescalability.

4.5 Detailed Descriptions of Input and Output Files

In this section,a detaileddescriptionof the input andoutputto rSQP++is given. Hereit is as-

sumedthataNLP subclassis developedandadriverprogramhasbeenwrittenasexplainedin the

examples(seeAppendixB for a descriptionof addinga new projectto thebuild system).For this
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discussion, wewill usetheincludedexampleNLP calledExampleNLPBand ed whichprojectis

locatedat

$RSQPPP BASEDIR/rSQ Ppp/examp les/Examp leNLPBand ed .

This is a fairly simpleNLP thatis designedto allow theindependentscalingof
G

and
H

sothat

basicserialalgorithmscalabilitiescanbetested.For a moredetaileddescriptionof this NLP see

theDoxygengenerateddocumentationat

RSQPPPBASEDOC/ExampleNLPBan ded/html/ index.htm l .

Beforesolving this NLP a working directoryneedsto becreatedto storethe input andoutput

files asfollows

$ mkdir $RSQPPP_BASE_DIR/ tests/Exa mpleNLPBanded

$ cd $RSQPPP_BASE_DIR/tests/E xampleNLP Banded

Thenext stepis to createasymbolic link to theprebuilt executable.Assumingthetestsuitefor

thereleaseversionwasbuilt this link canbecreatedasfollows

$ ln -s $RSQPPP_BASE_DIR/i nter media te/E xampleNLP Banded/

rele ase/ solve _exa mple_ nlp .

The options file rSQPpp. opt needsto be created(usingemacs for instance)asshown in

Appendix8.8. Notethatmostof theoptionsarecommentedoutandmostof thosethatarenotare

at thedefault values.

ExecutingNLPcreatesoutputto theconsoleandtheoutputfilesrSQPppAlg o.out , rSQPppSummary.out

andrSQPppJournal.o ut whichareshown in AppendixD.

4.5.1 Output to Console

Theconsoleoutputshown in Appendix8.8is generatedby adefaultAlgorithmTrack objectof

typerSQPTr ackConsol eStd which is automaticallyinsertedby therSQPppSolver object.

Thefirst thingprintedis thesizeof theNLP wheren = 30400 is thetotal number of variables,

m = 30000 is the total numberof equality constraintsandnz = 599910 is the numberof

nonzerosin theJacobianDEB (Gc) for thisexample.Next, a tablecontainingsummary information

for eachiterationis printed.Eachcolumnin this tablehasthefollowingmeaning
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� k : TheSQPiterationcount.Thiscountstartsfromzerosothetotalnumberof SQPiterations

in oneplusthefinal k .� f : Thevalueof theobjective function
�?þC@��

at currentestimate of thesolution
@ L� ||c||s : Thescaledresidualof thenormof theequalityconstraintsB þC@�� atcurrentestimate

of thesolution
@ L . Thescalingis determinedby theconvergencecheck(seestep6 in Ap-

pendix8.8 & 8.8) andthis valueis actuallyequalto the iterationquantityfeas kkt err

(seethefile rSQPppAlg o.out ). This is theerrorthatis comparedto thetolerancerSQP-

SolverC lientInte rface::f eas tol in theconvergencecheck.Theunscaledcon-

straintnormcanbe viewed in themoredetailediterationsummarytableprintedin thefile

rSQPppSummary.ou t .� ||rGL||s : Thescalednormof thereducedgradientof theLagrangianÝ õ D> 2¡ at current

estimateof thesolution
@ L . Thescalingisdeterminedby theconvergencecheck(seestep6 in

Appendix8.8& 8.8)andthisvalueis actuallyequalto theiterationquantity opt kkt err

(seethefile rSQPppAlg o.out ). This is theerrorthatis comparedto thetolerancerSQP-

SolverC lientInte rface::o pt tol in theconvergencecheck.Theunscalednorm

canbe viewed in the moredetailedsummarytableprintedin the file rSQPppSummary-

.out .� QN : This field indicateswhethera quansi-Newton updateof the reducedHessianwasper-

formedor not. Thefollowing arethepossiblevalues:

– IN : Reinitialized(usuallyto identity � )
– DU : A dampenedupdatewasperformed

– UP : An undampedupdatewasperformed

– SK : Theupdatewasskippedonpurpose

– IS : Theupdatewasskippedbecauseit wasindefinite� #act : Numberof active constraintsin the QP subproblem. This field only hasmeaning

for anactive-setalgorithms. For interior-pointalgorithms, thiswill justequalthenumberof

boundedvariablesanddoesnotprovideany interesting information.� ||Ypy||2 : The
1¢1£tC1,1¤û

norm of the quasi-normalcontribution
þ Þ  á � L . This norm gives a

senseof how largethefeasibilitystepsare.� ||Zpz||2 : The
1¢1£tC1,1¤û

normof thetangentialcontribution
þ Ý  à � L . Thisnormgivesasense

of how largetheoptimality stepsare.
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� ||d||inf : The
1,1�tK1¢1¥¤

normof the total step
ö L¨ë þ Þ  á � L ÷pþ Ý  à � L . This normgivesa

senseof how largethefull SQPstepsarein
@
.� alpha : Thesteplengthtakenalong

@ L(n ø ë @ L ÷T¦)ö L . A steplengthof
¦ ë�� represents

a major event in the algorithmsuchasa line searchfailure followed by the selectionof a

new basisor a QP failure followed by a reinitializationof the reducedHessian.A small

numberfor
¦

indicatesthatmany backtrackingline searchiterationswhererequiredandis

anindicationthatthecomputedsearchdirection
ö L is apoordirection.

After the iterationsummary is printed,the CPU time is given in Total time . This is the

CPU time that is consumedfrom the time that the rSQPTrackConso leStd objectis created

up until the time that the final stateof the algorithmis reported.Therefore,this CPU time may

containmorethanjust theexecution time of thealgorithm.For moredetailedbuilt-in timings, see

thetableat theendof thefile rSQPppSummary.out .

Following the total runtime,the numberof functionandgradientevaluations is given for the

objectiveandtheconstraints(i.e.96evaluationsof
�'þC@��

and B þC@�� and15evaluationsof D �'þC@�� andDEB þC@�� ). Notethatthereasonthereis anexcessivenumberof functionevaluationsis thattheoptions

rSQPppSolver::te st nlp = true and rSQPSolve rClientIn terface:: check-

results = true arebeingusedwhichresultsin many finite-differencecomputationsfor var-

ious tests. The resultsfrom somethesetestsareshown in the file rSQPppJou rnal.out in

Appendix8.8. If theseoptionsaresetto false thenthe numberof function evaluationscome

down to only 20 for thisexampleNLP.

Below, themajortypesof outputthatarewritten to eachoutputfile arediscussed.Thepurpose

of thisdiscussionis to familiarizetheuserwith thecontentsof thesefilesandto givehintsof where

to look for acertaintypesof information.Muchof theoutputproducedby rSQP++is omittedfrom

thefiles includedin Appendix8.8–8.8for thesakeof space.

Beforegoing into the detailsof eachindividual file, first a few generalcommentsaremade.

At thetop of every outputfile is a headerthatbriefly describesthegeneralpurposeof theoutput

file. This headeris followed by an echoof the options form the OptionsF romSteam object.

Theseoptionsincludethoseset in the input file rSQPpp.opt or by someothermeans(e.g. in

theexecutableor on thecommandline). Thepurposeof echoingtheoptionsin eachfile is to help

recordwhatthesettingwerethatwereusedto producetheoutputin thefile. Of coursetheoutput

is also influencedby other factors(e.g. other command-line options, propertiesof the specific

NLP beingsolvedetc.) andthereforetheseoptions donotdeterminethecompletebehavior of the

software.
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4.5.2 Output to rSQpppAlgo.out

After theinitial headerandtheechoedoptions

*********** ************* ************* ************** ************* ****

*** Algorithm informatio n output ***

*** ***

*** Below, information about how the the rSQP++ algorithm is ***

*** setup is given and is followed by detailed printouts of the ***

*** contents of the algorithm state object (i.e. iteratio n ***

*** quantities) and the algorithm descriptio n printout ***

*** (if the option rSQPppSolver ::print_algo = true is set). ***

*********** ************* ************* ************** ************* ****

*** Echoing input options ...

...

the concretetype of the configurationobject is printed (in this case’class Reduced-

SpaceSQPPack::rS QPAlgo ConfigM amaJama’ ) followed by a headerproducedby the

configurationobject it self. The next few lines of output simply tracessomeof the tasksthe

configurationobjectperforms.For example,theline

Detected that NLP object supports the NLPFirstOrder Info interfac e!

statesthattheconfigurationobjecthasdetectedthattheuser’s NLP supportstheNLPFirst-

OrderInfo interfacewhich will determinewhat type of algorithm will be configured. This

detectionis performedusingthebuild-in dynamic cast< ...> C++ operator.

Thenext bit of outputgives the logic for how theconfigurationobjectdecideswhich features

to usewith thegiven NLP. For example,theoutput

range_space _matrix == AUTO:

(n-r)ˆ2*r = (400)ˆ2 * 30000 = 5050327 04 > max_dof_q uasi_newton_d enseˆ2 = (500)ˆ2 = 250000

setting range_spa ce_matrix = COORDINATE

shows that the F þºþCG��=§W� û §W� flops requiredfor the orthogonal variable-reductionnull-space

decomposition exceedsnumberof flopsfor thedensequasi-newtonupdateandthereforethecoor-

dinatedecomposition will beused.Similar logic is usedto determineif densequasi-Newton or a

limited-memoryapproximationwill beusedby thealgorithm.

Laterin thefile, theoutputline
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Configuring an algorithm for a nonlinear equality constra ined NLP ( m > 0 && mI == 0 && num_bounded_x == 0) ...

statesthatanalgorithmwill beconfiguredfor aNLP withoutany inequalityconstraints.

This typeof outputshows how a configurationobjectcantailor thealgorithmit constructsto

the specificdemandsof the NLP beingsolved. This is a fundamentaldifferencefrom the way

that most numericalsoftware is written. In most numericalsoftware, the codeis written with

switchstatements for everypossibleoptionthatis supported,makingthecodehardto developand

understand.In rSQP++,thecomplexity of supportinga large setof optionsis first-and-foremost

handledby differentobjectconfigurations.No matterhow complex thelogic is thatis usedto setup

analgorithm, theresultantconfiguredalgorithmbecomesamuchsimplerself-containedentitythat

is easierto understand.

Theremainderof the rSQPppAlgo.opt file givesdetailson theconfiguredalgorithm.The

first bit of information is a list of stepobjectsthat the rSQPppAlgo object is configuredwith

alongwith thenamesof theconcreteclassesusedto implementthesteps.Thisoutputbeginswith

*** Algorithm Steps ***

1. "EvalNew Point"

(class ReducedSpaceS QPPack::EvalN ewPointStd_Ste p)

...

This list of Stepobjectsis followedby a listingof theiterationquantities

*** Iteration Quantities ***

...

thathavebeenaddedto theAlgorithm State object.Theseiterationquantitiesareof more

interestto algorithmdevelopersbut they also show the list of possibleiterationquantitiesthat

an advancedusercould queryin a user-definedAlgorithm Track objectthat is passedto the

rSQPppSolver object.

Near the endof the rSQPppJournal.ou t file is a fairly detaileddescriptionof the con-

figuredalgorithm, step-by-step,in a Matlab-like format. The purposeof this algorithmdescrip-

tion is to documentthe major aspectsof the algorithmin a way that the user(or algorithmde-

veloper)shouldbe able to reasonaboutthe implementedalgorithm. A short sub-algorithmis
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output for eachstep object. Each step object shows all of the iteration quantitiesthat it ac-

cessesand updates. For example, the null-spacecontribution Zpz k is computedfirst in step¨
7. "NullSp aceStep" © beforeit canbeusedto computethefull directiond k in step

¨
8.

"CalcDF romYPYZPZ" © . This type of information is very helpful in determiningwhat order

quantitiesmustbecomputedin andwhatthedependenciesare.

Thelaststepin thealgorithmprintoutis alwaysthestep"Major Loop" which is animplicit

stepthatsimply statesthe logic build in to theAlgor ithm classfor performingthemajor loop

(i.e. transitioning form
;

to
;�÷ª�

) andin prematurelyterminatingthealgorithmif themaximum

numberof iterationsor themaximumruntimeis exceeded.

Thevery lastpartof thisfile containsthefollowing

*********** ************* ************* ************** ************

Warning, the following options groups where not accessed.

An options group may not be accessed if it is not looked for

or if an "optiona l" options group was looked from and the user

spelled it incorrectly:

Here,thenameof any optiongroupthatwasspecifiedin thefile rSQPpp. opt (or by some

othermeans)that wasnot readby someobject is printed. In this example,all of the specified

optionsgroupswherereadby at leastoneobjectduringalgorithmconfiguration.Thepurposeof

this printout is to show any optionsgroupsthat may have beenspelledincorrectlyor were just

not readfor somereason.Noneof the option from any of theseprintedoptionsgroupshadany

influenceon the algorithmwhat so ever. This informationhelpsa userto avoid the frustrating

situation whereanoption is changedbut thealgorithmrunsunaltered.If thereis everany question

asto why an option did not seemto have the desiredeffect, this outputin the the textttrSQPpp-

Algo.outfile is thefirst placeto look for anexplanation.

4.5.3 Output to rSQpppSummary.out

The file rSQpppSummary.out is usually the first placeto look (after the consoleoutputas

describedabove) to investigatetheruntimebehavior of aconfiguredalgorithm.

After theinitial headerandechoedoptionsareprintedtheresultsof theNLPtesting(if rSQPpp-

Solver: :test nlp=true ) is given.This is followedby a tablewhereeachline is asummary

of eachiteration. Eachcolumnof this table is describedin the Doxygendocumentation for the

track classrSQPSummaryStd . The summarytableis followedby a printoutof the numberof

functionevaluationsandthetotal solution time(justasin theconsoleoutput).
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TherSQpppSummary.out file alsoproducesa table(if rSQPppSolver::pri nt algo

= true ) of theCPUtimesperstep,per iteration. This outputbeginswith the following header

anda list of majorsteps

*********** ************* ************* *

*** Algorithm step CPU times (sec) ***

Step names

----------

1) "EvalNew Point"

...

Thesearethesamestepsthatareprintedin therSQPppAl go.out file.

Thetablethatfollows this makesit easyto determinewhich stepobjectsandwhich computa-

tionsareconsuming themostCPUtime. Thistypeof grosstiming is veryimportantin determining

wherethebottlenecksareoccurringandwhatstepsrequirethemostattentionfor aparticularNLP.

Note that the information producedin this tablesupplementstraditional profile timings that are

producedbut toolslike gprof . For example,thesamelinearsolver maybecalledin severaldif-

ferentstepsandthe profiler outputmay make it difficult to determinein what stepsmostof the

solveswherebeingperformed. In this exampleNLP, for the optionsused,the bulk of the run-

time (83.93%)is consumedby thestep
¨
1) "EvalNe wPoint" © . By looking in therSQPpp-

Algo.ou t file, it is easyto seethat themajorcomputationsin this stepis theevaluationof the

functionsandthegradientsof theNLP andtheformationof thedecompositionmatrices.By com-

paringiterationsk=0 andk=1 onecanseethattheruntimedropsdramaticallyfrom 18.96seconds

to only 2.xxx secondsfor subsequentiterations. Therefore,onecould quickly infer that the ini-

tializationthatgoeson in this stepis quitesignificant.Furtherinvestigationwould revealthat the

dominatetime in this stepis consumedby the direct sparsesolver (MA28 in this case)andthe

initial analyze-and-factor usedto selectthebasisis adominatecost.

4.5.4 Output to rSQpppJournal.out

Theoutputfile rSQpppJ ournal.ou t containsdetailed,step-by-step,iteration-by-iteration out-

put for a runningalgorithm. The algorithmdescriptionin the outputfile rSQPppAlgo.out is

very helpful in understandingthe journal output. Dependingon the output level for the option

rSQPSol verClient Interface ::journal print level setin rSQPpp.opt thisout-

put canbe fairly minimal (i.e. PRINT ALGORITHMSTEPS) or dumpeverything(i.e. PRINT-

ITERATI ONQUANTITIES ). The outputshown in Appendix8.8 is the output level PRINT-

ALGORITHMSTEPSandthereforetheamountof outputis independentof theNLP sizewhich
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is usually the most appropriatelevel (unlessdebugging). For small NLPs, settingthe level to

PRINT ITERATION QUANTITIES usuallyproducesenoughoutputfor debuggingthatopening

anddebuggeris unnecessaryin many cases.

After the headerandthe echoedoptionsareprinted,the tracefrom the initial NLP testing is

given(if rSQPppSolver::t est nlp=t rue ). Thefirst partof thetestingoutputis thebasic

testson theVectorSpace objectsreturnedfrom theNLP interface. More detailedoutputfor

thesevector-spacetestscanbeproducedby setting optionsin theoptionsgroupVector Space-

Tester (seetheDoxygendocumentation). Following thebasictestsof thevector-spaceobjects

andthe vectorobjects(which arecreatedby the vector-spaceobjects)arefinished,othersimple

testsare performedwhich basicallycomprisea unit test for the NLP interface. Following this

simple unit test,thederivative objectsGf andGc computedby theNLPFirstOrderInfo are

checkedagainstthefunctionsf andc usingdirectionalfinite differencing.This outputshows the

following relativeerrorsfor asinglerandomdirection

rel_err(Gf’ *y,FDGf’*y) = rel_err(6.53 040559e+002,6. 53040559e+002 ) = 1.9347756 5e-011

rel_err(sum (Gc’*y),sum(F DGc’*y)) = rel_err(2 .20905038e+00 8,2.20905038e+ 008) = 1.37878129e-0 13

This outputshows that thefinite-differencedirectionalproductsagreewith theanalyticdirec-

tional productsby approximately10 and12 significantdigits for Gf andGc respectively. Such

a high accuracy for the finite-differenceproductsis a resultof the fourth-orderfour-point finite

differencingthatis usedby default. To setdifferent(andcheaper)finite-differencingstrategiessee

theoptionsgroupCalcFini teDiffPro d (seeAppendix8.8).

After the initial NLP testingcompletes(successfully),the rSQPalgorithmis startedwith the

line

*** Starting rSQP iterations ...

Most of the outputproducedfor this exampleNLP is omitted for the sake of spaceandthe

outputthatis includedis usedto pointout severalimportantitems.

First note that eachstepprints out somebasiclogic and someinformation for most of the

iterationquantitiesthatarecomputed.For example, "EvalNew Point" printsout theobjective

functionvaluef k andthe infinitely normsof thegradientof thegradientof theobjective Gf k

and the constraintsc k . The numberof significant digits printedfor floating point numbersin

thejournaloutputis controlledby theoptionrSQPSol verClien tInterfac e::journa l-

print digits (which is 6 by default).
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Notethatif rSQPSolv erClientI nterface ::check result s=true thatthe"Eval-

NewPoin t" stepwill performfinite-differencetestsof theNLP gradientsfor eachrSQPiteration.

Also note that the resultsareslightly different than for the initial NLP testingsincea different

randomdirectionalvector is generated.This time the relative error for the gradientof the ob-

jective Gf is greaterthanthedefault warningtoleranceof NLPFir stDerivat ivesTeste r-

::warni ng tol=1e- 10 . This resultedin thefollowingwarningbeingprinted

For Gf, there were 1 warning toleranc e

violations out of num_fd_direct ions = 1 computation s of FDGf’*y and

the maximum violation was 4.408797e-0 10 > Gf_waring _tol =

1.000000e-0 10

If therelativeerrorhadbeengreaterthanNLPFirst Derivativ esTester: :error tol ,

thenanerrormessagewouldhavebeenprintedandthealgorithmwouldhavebeenterminated.For

somedifficult ill-conditionedNLPs, the finite-differencetestsmay fail even thoughthereis not

a programming bug. Either the error tolerancecanbe increasedor the testscanbe turnedof all

togetherin thesecases.

Thelastimportantdetailtopointoutis theconvergencecheckin step̈ 5: "Check Convergen ce" © .
Theoutput

(0) 5: "CheckConv ergence"

scale_opt_f actor = 1.000000e+00 0 (scale_opt_ error_by = SCALE_BY_ONE)

scale_feas_ factor = 1.000000e+0 00 (scale_fea s_error_by = SCALE_BY_ONE)

scale_comp_ factor = 1.000000e+0 00 (scale_com p_error_by = SCALE_BY_ONE)

opt_scale_f actor = 1.100000e+00 1 (scale_opt_ error_by_Gf = true)

opt_kkt_err _k = 1.230623e+00 2 > opt_tol = 1.000000e-0 08

feas_kkt_er r_k = 1.208973e+00 7 > feas_tol = 1.000000e-0 10

comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06

step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Have not found the solution yet, have to keep going :-(

shows exactly how optimality and feasibility errors are computedand how they are com-

paredto the convergencetolerancesopt tol and feas tol that areset in the optionsgroup

rSQPSol verClient Interface . Seethe step"CheckCo nvergence " in the printedal-

gorithmdescription in the file rSQPppAlgo.out in Appendix8.8 for the detailson how each

of thesequantitiesarecomputedandcomparethesecomputederrorsto thecolumns||c||s and

||rGL|| s in theconsoleoutputasshown in Appendix8.8.

Thefinial convergencecheckin iterationk=13 shows thefinal KKT errors
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opt_kkt_err _k = 3.273859e-01 2 < opt_tol = 1.000000e-0 08

feas_kkt_er r_k = 1.518593e-01 2 < feas_tol = 1.000000e-0 10

comp_kkt_er r_k = 0.000000e+00 0 < comp_tol = 1.000000e-0 06

step_err = 0.000000e+00 0 < step_tol = 1.000000e-0 02

Jackpot! Found the solution!!! !!! (k = 13)

and then the algorithmis terminatedand the optimal solution is communicatedto the NLP

object.
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Chapter 5

MPSalsa/rSQP++ Interface and Results

5.1 Intr oduction

Our first prototyping projectconsistedof interfacinga rSQPalgorithmto a chemicallyreacting

flow simulatorin an attemptto solve an optimizationproblemfor a ChemicalVaporDeposition

(CVD) reactor. We selectedchemicallyreactingfluid flow becauseboththesimulationandopti-

mizationhavevery large-scalepotential.In additionthis problemdid not requiretransientmodel-

ing. Theinitial designprobleminvolvedonly asingle velocity valueasthedesignparameter.

Consideringthatvery littl e information existsaboutinterfacingrSQPalgorithmsto largeand

massively parallelproductioncodes,the primary goal wasto identify issuesassociatedwith in-

terfacingintrusive algorithmsto existing parallelproductioncodes.Our strategy wasto startas

simple aspossible andthenconsiderhigherlevelsof optimization. We thereforestartedwith the

direct approach.(level 4). We werenot ableto completelydevelop the adjoint interfacebut we

couldnot conveniently solve thetransposeJacobianmatrixwithin thecode.

Small numberof designvariableshave beentestedin serial and parallel. For the parallel

implementation,rSQPis duplicatedon eachprocessandthatcauseslimitedscalability. rSQP++

hassincethenbeenmodifiedandhasdemonstratedgoodscalabilityasshown in table4.1.

102



5.2 CVD Reactor Optimization Problem

The rotatingdisk reactoris a commonconfigurationfor performingChemicalVaporDeposition

(CVD) of thin films, includingmany importantsemiconductingmaterials.Theoptimization prob-

lem formulatedin this paperis generatedfrom thework of Sandiaresearchersattemptingto im-

provethedesignof theinlet of arotatingdiskCVD reactorfor usein growing thin films of Gallium

Nitride (
ü¬« ç ).

ü¬« ç is usedin bluelight emitting diodesandotherphotonic devices.Thequal-

ity of the electronicdevice is highly dependenton the uniformity of the growth rateat different

positionsin thereactor. We areattemptingto usesimulationsandoptimizationalgorithmsto de-

termineif a new reactor, designedwith a restrictedinlet for reducingthecostsof reactantgases,

canachievehighly uniform
ü¬« ç film growth.

Thefinite elementmeshfor thebaseshapeof thereactoris shown in Figure5.1(a).

This is an axisymmetric (2D) model,wherethe left sideis the axis of symmetry. A mixture

of trimethylgallium, ammonia, andhydrogen gases(
ü�«9þ æ¬ ` � ` , ç� ` , and  û ) enterthe top of

the reactor, flow over the disk, which is heated,andthenflow down the annularregion out the

bottomof themesh.At theheateddisk, the
ü¬«8þ æ� ` � ` and ç� ` reactto deposita

ü¬« ç film and

releasethreemoleculesof methane( æ¬>® ). This simplifiedmechanismhasbeenshown to work

well in modeling
ü�« ç film uniformitiessincethegrowth rateis predominantlytransportlimited

[88]. This meshdepictsa restrictedinlet design,wherethetop of thereactorhasa smallerradius

thanthelowerpartof thereactor.

The main parameterusedin this paperis the inlet velocity of the gases,̄ . Two additional

parametersin this modeldefinetheshapeof the inlet, namelytheShoulderRadiusandShoulder

Height, which definethe position wherethe meshtransitions from the inlet radiusto the larger

reactorradius.Themeshis movedalgebraicallyandcontinuouslyasa functionof thesegeometric

designparameters.Figure5.1(b)showshow themeshchangesfor adecreasedshoulderradius,and

Figure5.1(c)shows how themeshdeformscontinuously for larger valuesof theshoulderradius

andshoulderheight.If theoptimumoccurstoo far away from wheretheinitial meshis generated,

it wouldbeappropriateto remeshthenew geometryfrom scratch.

Theobjective functionmeasurestheuniformity of thegrowth rateof
ü�« ç over thedisk. We

chosean ¡ û norm over an ¡±°³²�´ norm so that the objective is continuous and hasa continuous

derivative. Sincethe ¡ û normhadverysmallvaluesovera rangeof parameters,thelog wastaken.

Thefinal form of theobjective functionis

ObjectiveFunction ëKé4ë=µ � ô þ<¶ ê ÷=� � X ø _ � (5.2.1)
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(a)

(b)

(c)

Figure 5.1. Threedifferentmeshesfor therestrictedinlet design

of the rotating disk reactor areshown: (a) thebaselinecase mesh

wherethe shoulder radiusis above the edgeof the disk and the

height is half of theinlet height; (b) a meshwhentheshoulderra-

diusparameteris decreased; (c) a meshwheretheshoulder radius

andheight arebothincreasedabove thebasecase.
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where
¶ ê is thestandarddeviationsquaredandis definedas¶ êJë �

ç �T· ò¸ ¹ 4 ø þ ô ¹ � ô»º�¼�½ôWºr¼�½ � û t (5.2.2)

Here ç � is thenumberof nodeson thesurface,ô
¹
is thegrowth rateof

ü¬« ç at node¾ , and ôVº�¼�½ is

theaveragegrowth rate.

5.3 Numerical Methods

5.3.1 ReactingFlow Simulation

The governing equationsand numericalmethodssummarizedin this sectionhave beenimple-

mentedin theMPSalsacomputercode,developedatSandiaNationalLaboratories.Morecomplete

descriptionsof the codeandcapabilitiescanbe found in the following references[108], [100],

[109], [101], [88], [40]. The fundamentalconservationequationsfor momentum, heat,andmass

transferarepresentedfor a reactingflow application.Theequationsfor fluid flow consistof the

incompressible Navier-Stokesequationsfor a variable-densityfluid andthe continuity equation,

which expressconservationof momentum andtotal mass.Thesteady-statemomentum equation

takestheform: ¿ þ
u � D � u � D � T

� ¿
g ë�� � (5.3.3)

whereu is thevelocityvector,

¿
is themixturedensity, andg is gravity vector. T is thestresstensor

for aNewtonianfluid:

T ë �ÁÀ I
� Uc 9 þ D � u

�
I
÷ 9SÂÃD u

÷ D u
õaÄ

(5.3.4)

Here
À

is theisotropichydrodynamic pressure,9 is themixtureviscosity, andI is theunity tensor.

Thetotalmassbalanceis givenby: D � þ ¿ u � ë7� (5.3.5)

Thedensitydependsonthelocal temperatureandcomposition via theidealgaslaw. For non-dilute

systems,themulticomponentformulationis used:¿ ë À'Å ·/Æ¸ k 4 ø ~�k(ÇÈkâÊÉ �
(5.3.6)

where
ÀËÅ

is thethermodynamic pressure,â is thegasconstant,É is thetemperature,ÇÌk is themole

fractionof the sÎÍÐÏ species,~�k is themolecularweightof the s	ÍÐÏ species,and ç¬Ñ is thenumberof

gas-phasespecies(which is � for themodelin thispaper.
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Thesteady-stateenergy conservation equationis givenas:¿ -æ � þ u � D � ÉùëªD � þ :�D>É �'�Ò¶)� (5.3.7)

where
-æ � is themixtureheatcapacityand : is themixturethermalconductivity. Thelasttermon

theright handside
¶

is thesourcetermdueto theheatof reaction,which is negligible underthe

processconditionsin thisexampleproblem.

Thespeciesmassbalanceequationis solvedfor ç�Ñ -1 species:¿ þ
u � D � Þ L � ëªD � j L ÷ ~ÓLSÔÕ L for

; ë �V�[t[t$tÖ� ç×Ñ -1 � (5.3.8)

where Ø	k is the massfraction of the s ÍÐÏ species,j L is the flux of speciesÙ relative to the mass

averagedvelocity u and ÔÕ'Ú is themolarrateof productionof speciesÙ from gas-phasereactions.

A specialspeciesequation,which enforcesthe sumof the massfractionsto equalone,replaces

oneof thespeciesbalances(usuallythespecieswith thelargestmassfraction):

·/Æ¸ Ú(Û�Ü Ø Ú�Ý�Þ for Ù Ý=ß Ñ (5.3.9)

Thediffusiveflux term(MulticomponentDixon-LewisFormulation)includestransportdueto both

concentrationgradientsandthermaldiffusion(Soreteffect):

j Ú Ý=à Ø Ú.á Þâ Ú ã ä/åæ ç$èÛ/Ú ã çjé Ú çjê â ç�ë é�ìÚà Ø Ú ê.ííïî (5.3.10)

Where
â ç

is themolefractionof speciesð , é Ú ç is theordinarymulticomponentdiffusion coeffi-

cient,and

é�ìÚ is thethermaldiffusioncoefficient. ã is themeanmolecularweightof themixture

givenby: ã Ý ä�åæ Ú6Û�Ü â ÚpãÓÚ�Ý Þä�åæ Ú(Û�Ü Ø ÚãñÚ (5.3.11)

Theconversionbetweenmass( Ø Ú )andmole(
â Ú ) fractionsis:Ø Ú�Ý ãñÚã â Ú (5.3.12)

At thedisk surface,surfacechemicalreactionstake place. In generalthesecanbevery com-

plicated,but for thismodelproblemthereactionhasbeenshown to beapproximatedverywell by
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a transportlimitedmodel.In this case,thegrowth rateof ò¬ó ß on thesurface(aswell asthecon-

sumptionof ò�óeôKõ�öE÷(ø�÷ and ß ö.÷ , andtheproductionof õ¬ö�ù ) is proportionalto theconcentration

of trimethylgallium ( ò�óeôúõ¬öÌ÷�ør÷ ) at thesurface.

In general,thenumerousphysical propertiesin theaboveequationsaredependenton thelocal

temperatureandcomposition. In theMPSalsacode,weusetheChemkinlibrary anddatabasefor-

matto obtainthesephysicalproperties.Thesetermsaddconsiderablenonlinearityto theproblem.

Theabove systemof û coupledPDEs(for unknowns u ü , u ý , u þ , ÿ ,

í
, Ø��������	��
��
 , Ø��	��� , Ø ä ��
and Ø���� ) aresolvedwith theMPSalsacode.MPSalsausesa Galerkin/least-squaresfinite element

method[109] to discretizetheseequationsover thespatialdomain.While thiscodeis designedfor

generalunstructuredmeshesin 2D and3D, andrunson massively parallelcomputers,this appli-

cationis 2D, usesthemeshshown in Figure5.1(a),andwasrunonasingleprocessorworkstation.

Thediscretizedsystemcontains��������� unknowns.

A fully coupledNewton’s methodis usedto robustly calculatesteady-statesolutions. While

analyticJacobianentriesaresuppliedfor derivativeswith respectto thesolution variablesandthe

density, derivativesof theotherphysicalpropertiesareonly calculatedwith thenumericalJacobian

option. This optionusesfirst orderfinite differencingon the elementlevel. The resultinglinear

systemat eachiteration is solved using the Aztec packageof parallel, preconditioned iterative

solvers. In this paper, we exclusively usedanILU preconditionerandtheGMRESsolver with no

restarts.On a singleprocessorSGI workstation, a typical matrix formulationrequiredû seconds

for the inexact analyticJacobianand û�� secondsto calculatethe (nearly)exact finite difference

numericalJacobian.A typical linearsolve required��� seconds.

Parametercontinuation methodshave beenimplementedin MPSalsavia the LOCA library

[99], [102]. LOCA includesan arclengthcontinuation algorithmfor trackingsolution branches

evenwhenthey goaroundturningpoints(folds). As will beseenin Section5.4,this is apowerful

tool for uncovering solution multiplicity. In addition,a turningpoint trackingalgorithmhasbeen

implementedto directly delineatethe region of multiplicity asa functionof a secondparameter.

A complementarytool for performinglinearizedstability analysisby approximating thefew right-

mosteigenvaluesof thelinearizedtimedependentproblemhasalsobeensuccessfullyimplemented

[69], [102], [30].
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Figure 5.2. Resultsfor a 1 parameter continuation run (bold

line), showingthe Objective Function as a function of the inlet

velocity of thereactantgases.Two results for therSQPoptimizer

areshown, wheretherun starting at ������� (circle symbols with

connectingarrow) converged to theexpectedlocal minimumwhile

therunstarting at � �"!$# (squaresymbolswith connectingarrow)

converged to a point not seenon thecontinuation run.

5.4 Results

5.4.1 One Parameter Model

The first resultsare shown in Figure5.2 for the oneparametersystem. Here the inlet velocity%
is the designparameterwhile the ShoulderRadiusandShoulderHeight parametersareheld

fixed at �'&)(�* and *+&,��- as in Figure5.1(a). Startingat a velocity of
% Ý �.� (cm/sec),a simple

continuation run down to a velocity of
% Ý / showed a clear minimum near

% Ý ÞVÞ & / and

ObjectiveFunction0 Ý ë �'&Ãû .
Two runsof this problemusingthe rSQPoptimizer wereperformed.For this run, the exact

numericalJacobianwasused,andupto * secondordercorrectionstepsperiterationwereallowed.

Thelinearsolver tolerancewassetatarelativeresidualreductionof Þ �'1+2 . Whenstartingat
% Ý �.�
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Figure 5.3. Radialprofilesof thesurfacedeposition rateat three

differentsolutions: theinitial guess at �3�4!$# , andthefinal solu-

tionsfrom thetwo optimizationruns at �5� �6�$798;: and � �"<.7=#6# .
andconvergedPDE constraints,the optimizer convergedin Þ * iterationsto a point at

% Ý û'&)���
and 0 Ý ë �'&)(�� (in about3 hourscomputetime). However, whenstartingat

% Ý Þ � andwith

a convergedsteady-statesolution, the optimizer reachedthe minimum at
% Ý ÞWÞ &,� / and 0 Ýë �'&�û.� / in Þ � iterations.As canbeseenin Figure5.2, thefirst run doesnot appearto evenbeon

thesolution branchof convergedPDEconstraints.

Threedeposition profilesasa functionof radialpositionareshown in Figure5.3. Theprofile

at theinitial conditionsof
% Ý ��� hasaminimumgrowth rateat thecenterandhasa ->&�*�? nonuni-

formity. Thesolution foundby theoptimizerat
% Ý ÞVÞ &)� / , thatalsoappearsto be theminimum

from thecontinuation run,shows a muchflatterprofile with aninternalmaximum,andanoverall

nonuniformity of Þ &,��? . Theothersolutionfoundby theoptimizer at
% Ý û'&)��� hasa verysimilar

shape,a smalleroverall growth rate,anda Þ &)-�? nonuniformity. Growth ratenonuniformities in

theneighborhoodof Þ &,��? aredesirable.

Subsequentparametercontinuation andlinearizedstability analysiscalculationsrevealedthat
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Figure 5.4. Results for a 1 parameter continuation run with arc

length continuation and linearized stability analysis are shown.

The dashed lines representunstablesolution branches. The sym-

bolsshow theresultsof thetwo optimizationrunsfrom Figure5.2.

thissolutionis indeedasolutionto thePDEconstraints,yetasolution thatis linearlyunstable.The

resultsof anarc lengthparametercontinuationrun with linearstability determinationsareshown

in Figure5.4. The dashedline indicatedphysically unstablesolutions while the solid lines are

locally stable.Onecanseethattherearethreelocal minimain theobjective function,only oneof

which is linearly stable.Over a largerangeof inlet velocities, �'& ÞWÞA@ % @�Þ *>&)-�� , therearethree

solutionsthatexist at thesameparametervalues.The rSQPoptimizer, whenstartedat
% Ý �.� ,

jumpedinto thebasinof attractionfor a local minimum at
% Ý û'&,�.� . Thephysical basisfor the

multiplicity is well understood. Recirculationflow cellscandevelopasa resultof thebuoyancy

forceof theheatedreactorsurface.

5.4.2 Thr eeParameter Model

The oneparametermodelshowed that it is imperative to be awareof solution multiplicity and

unstablesolution branches.Continuationrunson the turning points defining the boundariesof

multiplicity were performedto seehow the region of multiplicity changesasa function of the
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Figure 5.5. Results of turning point continuation runs showing

how the region of multiplicity identified in Figure5.4 changesas

a function thegeometric Shoulder Radiusparameter.

additionalgeometricparameters.Theeffectof ShoulderRadiusonthemultiplicity regionis shown

in Figure5.5,andtheeffectof ShoulderHeightontheregionof multiplicity is shown in Figure5.6.

Theresultsshow thatthemaximumvelocitywheremultiplicity occurshasadirectdependenceon

the ShoulderRadiusandis relatively insensitive to the ShoulderHeight. The minimum velocity

wheremultiplicity occursis insensitive to theShoulderRadiusbut hasaninversedependenceon

theShoulderHeight.

A single three-parameteroptimization run was performed,startingat the sameconditions

wheretheone-parameterrun thatconvergedto thestableminimumwasstarted:Velocity Ý�Þ ��&)� ,
ShoulderRadius Ý �'&)(�* , andthe ShoulderHeight Ý *>&)��- . The run wasperformedwith up to *
secondordercorrectionstepsperoptimizationiteration.After ��� iterations,theobjective function

hadbeendriven down to 0 Ý ë �'&)(�� , which is not aslow asthe 0 Ý ë �'&Ãû�� / achieved in the1

parameteroptimization. Possiblereasonsfor this arethat the three-parametermodelis converg-

ing to a local minimum or that thesingularitiesin the region arecausingconvergenceproblems.
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Figure 5.6. Results of turning point continuation runs showing

how the region of multiplicity identified in Figure5.4 changesas

a function thegeometric Shoulder Heightparameter.
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Figure 5.7. A comparison of the 3-parameteroptimization run

after 8$# iterationsandthe1-parameterrun,startedat thesamecon-

ditions,which convergedafter ��� iterations.

Futurerunswill needto be madeto fully understandthis preliminary result. The result of the

three-parameterrun is comparedto theone-parameterrun in Figure5.7.

5.4.3 Effectsof JacobianInexactnessand SecondOrder Corr ections

To testtheeffectsof inexactnessin theJacobianandSecondOrderCorrectionStepsontheconver-

genceof the optimizationalgorithm,threemorerunsof the 1-parametermodelwereperformed.

Theseall startedat
% Ý]Þ � for comparisonwith thesuccessfuloptimizationrun,which wascom-

putedwith a full numericalJacobianandup to * secondordercorrectionstepsper iteration. The

resultsareshown in Figure5.8.

In thefirst additionalrun, theanalytic(inexact)Jacobianwasused,andthesecondordercor-

rectionswereretained.This Jacobianleavesout thederivativesof all thephysicalpropertieswith

respectto thelocal state(temperatureandcomposition), only including thecorrectdensitydepen-

dence.TheFigureshows thatthis runconvergesvisibly to thesameoptimum astheoriginal case,

bothin iteration ÞVÞ , thoughtheoriginal casereachedtheoptimumin Þ � iterationsandtheinexact

casefailed to meettheconvergencecriterionafter ��� iterations.Two morerunswereperformed
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Figure 5.8. A comparison of � runs for the 1-parametermodel,

comparing exact andinexactJacobians, andwith andwithout sec-

ondorder correction steps(S.O.C.).
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wherenosecondordercorrectionstepswereallowed.Therunwith theinexactJacobianconverged

visibly to theoptimum after -�� iterationsthough hadnot convergedwithin thetoleranceafter Þ �.�
iterations.Therunwith theexactnumericalJacobianwithoutsecondordercorrectionshadnotyet

convergedto theoptimumandwasprematurelystoppedafter Þ ��� iterations,surprisingly perform-

ing worsethantherunwith theinexactJacobian.

For thisproblem,MPSalsarequiredû�� secondsto fill thefull numericalJacobianascompared

to only û secondsfor theanalyticJacobian,while aniterative linearsolve requiredapproximately��� seconds.Therunswith secondordercorrectionsrequired,onaverage,* linearsolvesperitera-

tion, while therunswithoutsecondordercorrectionsrequiredexactly � linearsolvesperiteration.

Thereforefor thisproblem,thequickestnumericalapproachfor visibly reachingtheoptimumwas

using the inexact analytic Jacobianand with the secondorder correctionsteps. The runs with

the inexactJacobiandid not trigger theconvergencetolerancesetin thealgorithm, andtherefore

performedmany wastediterationsafter visibly reachingtheoptimum. Sincetherearenumerous

approximationsin themodel,particularlywith thechemistrymechanisms,theoptimumneedsonly

beconvergedto two digitsof accuracy.

5.5 Optimization problem- SourceInversion

TherSQP/MPSalsacodewasalsousedto investigatesourceinversionproblems. Potentialappli-

cationof this problemis chemical/biological/radiological attackson our nation’s infrastructure,

suchaswaterdistribution systems,large facilities,andurbanareas.Givenconcentrationdataat

severalsensorlocationswithin a facility, thegoal is to determinetheoriginal locationandmagni-

tudeof theattacksubjectto Navier Stokesfluid flow. We assumethatchemicaltransportfollows

diffusive behavior andthereforewe useheatasa chemicalsource,andtemperatureaschemical

concentrations.Eventhoughthisapplicationis a realtimeoptimizationproblem,our initial devel-

opmentefforts wereconfinedto thesteadystateproblem.Two modelswereinvestigated,thefirst

wasa simpleboxgeometryandthesecondwasa two dimensionalmodelemulatingactualairport

terminaldimensionsandoperatingconditions.

Figure 5.9 shows the box geometrythat was initially usedto testour inversion algorithms.

Theleft figureshows theconvective steamlines,enteringat thetop left (Dirichlet condition)and

leaving at thebottomright (appropriateoutflow conditions). Theright figureshows thediffusion

behavior asa resultof introducingthreesourcesmarkedon thesideof thebox with their relative

magnitudes.
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Prior to conductingthe inverseproblem,the forward problemwasexecutedto calculatethe

concentrationvaluesatvariouspointsin theboxgeometry, markedwith a red“x”. Theconcentra-

tionsat these25sensorlocationswerethenusedto solve thefollowingoptimizationproblem:

A forwardproblemwassolvedusingMPSalsawith a 1600elementfinite elementdiscretiza-

tion. This led to 1681constraintsfor the discretizedNavier StokesPDE.Threeout of 16 fluxes

weresetnonzero(of magnitudes1,2, and5 asseenin the figure) andsensordatawasrecorded.

Thentheinverseproblemwassolvedfrom a trivial initial guessusingrSQP/MPSalsaasfollows:

minimize: Þ� Bæ C D'EFHG ôJI ë I C ø$ôLK ë KNM6øPO�QSR (5.5.13)

subjectto K»ôJTVUXWmø Ý � where K representstheNavier Stokesequations(section5.3.1).

The16fluxesconvergedto thevaluessetin theforwardproblemin 88rSQPiterations.

Becauseof our investmentandexperiencein PDE constrainedoptimization appliedto CVD

reactors,this prototypeproblemwas solved within 2 days of first discussing the potentialof

rSQP/MPSalsaasacounter-terrorismcapability.

A morecomplex geometryandparametervalueswastestedto emulatethe conditionsof an

airport facility. Figure5.10 shows a 2D representationof an actualtwo-storyairport terminal.

Thismodelrepresentedonesixthof theterminal,whichwascontrolledby asingleHVAC system.

Themodelproblemusedrealisticdimensionsof a terminal,propertiesof air, diffusioncoefficient

for YZ0\[ (a common tracerfor experiments). Flow rateswerevariedbut did approachreasonable

conditions.

Theproblemwasformulatedthesameastheboxproblemabove,exceptthattwo of theair flow

velocitiesenteringthis sectionof the terminal(from down thehall) wereleft asunknowns. This

meantthat the nonlinearNavier-StokesPDE’s, in additionto the convection-diffusion equation,

werepartof theconstraints.In laterruns,aone-equation(Spalart-Almaras)turbulencemodelwas

solved in conjunctionwith theseequations.In our first prototype,only threelocationsalongthe

bottomfloor wereselectedascandidatesourcelocations,leadingto a total of * designvariables.

Tensensorlocationswerepicked(seeredx ’s in thebottom figure).

A finite elementdiscretizationof the PDE’s led to over ����������� algebraicconstraintsfor the

5-parameteroptimizationproblem.Onerun ran for 2 hourson 64 processorsof theRossCPlant

machineand successfullyreducedthe objective function 3 ordersof magnitudefrom a simple

initial guess.
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Figure 5.9. Sourceinversionof convection-diffusion in a box

geometry. This was out initial prototype problem for sourcein-

version of chem/bio/rad attack scenarios. Theleft box showscon-

vective streamlinesandtheright box shows thediffusive behavior

with thered“x” markersdenoting sensorlocations

Muchwaslearnedfrom this prototypeproblem.For theoptimizationproblem,thisdirectsen-

sitivity approachusedherecouldwork well up to 20 designvariables,but an adjointsensitivity

approachwould be preferredto allow for numerouscandidatesensorlocations. Allowing flow

ratesasdesignvariableswasa big step,sinceit invokedseveralcouplednonlinearPDEsascon-

straintsinsteadof onelinearconvection-diffusionPDE.Issuesthatwerenot facedin thisprototype

problemare(1) solving thetransientproblemand(2) dealingwith noisysensordata.

From a modelingstandpoint, several areashave beenidentifiedwherefuture work would be

neededto continuethis effort. One is dealingwith high Reynoldsnumbers(turbulence)for air

in the large domains. A secondis a new interfacefor choosingpotentialsourcelocations,since

our methodof meshingthemindividually andassigning a sidesetID is not adequatelyflexible or

scalable.Anotheris dealingwith agents(suchasanthraxparticles)that requireextensions to the

Navier Stokesequations.
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Figure 5.10. Sourceinversion 2D cross-sectional model of a

two-story airport facility. The top figure shows flow streamlines,

themiddlefigureshows concentrationsof anagent beingreleased

from two locations along the bottom floor, and the third shows

thetensensor locationsandconcentration profilesfrom adifferent

sourcevalues.

5.6 Conclusions,Stability, Interface & Validation

Solutionmultiplicity of nonlinearsteady-stateproblemsmustberecognizedandcanbediagnosed

usingstability analysistools. The techniquein this paperof trackingtheregion of multiplicity is

not scalableto largernumbersof designparameters,andis moreexpensive thantheoptimization

calculations.At a minimum,thestability of thecandidateoptimum mustbecheckedwith a linear

stability analysistool. Concerninginexactnessin the Jacobianmatrix, andthe effect of second

ordercorrectionsteps,we have gatheredsomeevidence.For this run, it appearsthat inexactness

in theJacobiandoesnotseriouslyhinderconvergence,particularlyif secondordercorrectionsteps

areused.

Severalconclusionscanbedrawn from interfacinga rSQPalgorithmto a completefluid flow

simulator. Calculatingsensitivities is perhapsthe singlemostimportantmodificationto a simu-

lation codefor PDECO.Oncea sensitivity capabilityexists, the interfaceto a rSQPalgorithmis

trivial. As a resultof theMPSalsaproject,severalsensitivity projectshavebeeninitiatedwith new

simulation developments.In addition, a researchprojecthasbeenstartedto investigatemethods

to handletransientoptimization problemsefficiently. Anothervery important conclusionis that

conductingalgorithmic researchwith large-scalesimulationcodesis very difficult. TherSQPal-

gorithmscanbe testedon small systems, but to validateour algorithmsacrossmany PDE-based
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problemsis not practical,especiallyif that meansinterfacingwith productionandcumbersome

simulation codes.To addresstheseproblemswe have developeda symbolic simulation capabil-

ity and interfacedit with our rSQPalgorithms. The next two chaptersprovide a descriptionof

SundanceandSundancecoupledto rSQP++.
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Chapter 6

Sundance

Traditional PDE codessolve one of a specificclassof PDEswith litt le hopeof obtaining the

gradients,adjoints,or Hessiansneededfor PDECO.Evenwith modernPDEframeworkssuchas

SIERRA andNevada,it will requireconsiderabledevelopmenteffort to obtainthesequantities.

Thus,for optimization with existing PDE codes,onemustusethe PDE solver asa “black box,”

andwearerestrictedto relatively inefficientLevel-0 or Level-1 methods.

SincePDE-constrainedoptimizationrequirescapabilitiesbeyondthoseavailablein traditional

PDEcodes,we have developeda PDEsolver systemthathasbeendesignedfrom thegroundup

with large-scalePDE-constrainedoptimization in mind. This system,calledSundance,accepts

a systemof coupledPDEsandboundaryconditionswritten in symbolic form that is closeto the

notationin which a scientist or engineerwould normallywrite themwith pencilandpaper. Each

function or variationappearingin this symbolic descriptionis annotatedwith a specificationof

thefinite-elementbasiswith which thatobjectwill bediscretized.This information, alongwith a

mesh,is thenusedby Sundanceto assemblethe implied discretizedoperators.At this point, the

usercouldsimply askSundanceto solve thesystem, or it could requestcertainevaluations to be

made.Thesesymbolic capabilitiesmake Sundancea powerful rapidprototyping andalgorithmic

researchtool, however, for presentpurposesthe real power of Sundance’s symbolic interfaceis

that thesymbolic expressionscomprisingthePDEandboundaryconditionscanbedifferentiated

allowing automatedderivationof gradientsandHessiansasneededin PDECO.Wemustemphasize

thatfor performancereasons,thehigh-level objectsusedfor problemspecificationarenotusedfor

numericalcalculations.Rather, they areusedto marshala setof internalobjectsthatcanbeused

for efficient calculations.

Sundancehasbeendevelopedusinga component-orienteddesign.Abstractconceptssuchas
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linearsolvers, basisfunctions,quadraturerules,or reorderingschemes(to namejustafew) arerep-

resentedin termsof abstractinterfaces.A particularrealizationof sucha concept,for instancean

Aztecsolver, is thenimplementedasaconcretetypeandcanbepluggedinto theSundancesystem

via theinterface.This designhastwo key advantages.First, it makesSundancehighly extensible,

sincedeveloperscanaddnew componentswithout modifying the coreof Sundance.Second,it

allows theuseof thehighest-performancethird-partycomponentswith Sundance.Sundancedoes

not have built-in meshers,solvers,or visualizationcapabilities;rather, it usesthird-partycompo-

nentsfor all of thosetasks.

In this chapterwe will startwith an introductory exampleillustratingbasicSundancesyntax.

We will thengive anoverview of thecorecomponentsof Sundance,with codeexamplesasnew

capabilitiesareintroduced.Simpleexamplesof theuseof Sundancefor a linearPDECOproblem,

a nonlinearPDE,anda transientPDEaregivenhere.Furtherexamplesof theuseof Sundancein

nontrivial, nonlinearPDECOproblemsaregiven in Chapter7. For a comprehensive presentation

of Sundance’s capabilitiesand further examplesof forward problems,seethe SundanceUser’s

Guide[72].

6.1 An intr oductory example

Webegin with asimpleexampleof a forwardproblemthatwill show basicSundancecomponents.

ConsiderthePoissonequationwith aunit sourceê O�] Ý Þ (6.1.1)

ontherectanglê=�'UX��_ - ^ Þ U��`_ . Thesidesof therectanglewill belabeledleft, right, bottom, top. For

boundaryconditions, wewill choosea left HomogeneousNeumann,

ê ]cbed f Ý �a bottom Dirichlet, ] Ý ÜO T Oa right Robin, ]hg êci b�jk Ý ÷ O gml ÷a top Neumann,

ê ]nb�jk Ý Þ;o (
It is easyto checkthatthesolution is ] Ý Þ� T Opg Þ(�q & (6.1.2)
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Thesolution is in thesubspacespannedby second-orderLagrangepolynomials,so if we choose

thatasourbasisfamily wecanexpectto obtaintheexactsolution. Wecancomputetheerrornorm

at theendof thecalculationasacheckthatthecodeis workingproperly.

This is a simpleproblem,but it in fact requriesmostof thecomponents usedby Sundanceto

domorecomplex problems.

6.1.1 Step-by-stepexplanation

We start with a step-by-stepwalkthroughof the codefor solving the Poissonproblem. When

finished,therewill be a summary and then the completePoissonsolver codewill be listed for

reference.

6.1.1.1 Boilerplate

A dull but essentialfirst stepis to show the boilerplateC++ commonto nearlyevery Sundance
code:

#include "Sundanc e.h"

int main(int argc, void** argv)

{

try

{

Sundance::i nit(argc, argv);

/*

* code body goes here

*/

}

catch(exc eption& e)

{

Sundance:: handleExceptio n(__FILE__, e);

}

Sundance: :finalize();

}

Thebodyof thecode– everything elsewe discusshere– goesin placeof thecommentcode

body goes here .
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6.1.1.2 Getting the mesh

Sundanceusesa Mesh objectto representa discretizationof theproblemdomain.Therearetwo

waysto getaMesh object:a Createit usingSundance’s built-in meshgenerationcapability. This is limited to meshing

verysimpledomainssuchasrectangles.a Readameshthathasbeenproducedusinga third-partymeshgenerator. TheMeshReader

classprovidesaninterfacefor readingarbitraryfile formats.

For thissimple problem,wecanuseSundanceto generatethemesh.

MeshGenerat or mesher = new RectangleM esher(0.0, 1.0, nx, 0.0, 2.0, ny);

Mesh mesh = mesher.build Mesh();

If youknow alittl eC++– justenoughto bedangerous– youmight think it oddthattheresultof

thenew operator, which returnsa pointer, is beingassignedto a MeshGener ator objectwhich

is – apparently– not a pointer. That’s not a typo: theMeshGener ator objectis a handle class

thatstoresandmanagesthepointerto theRectangl eMesher object. Handleclassesareused

throughoutuser-level Sundancecode,andamongother things relieve you of the needto worry

aboutmemorymanagement.

6.1.1.3 Defining coordinate functions

In thePoissonexample,theboundaryconditions involve functionsof thecoordinatesT and q . We
will createobjectsto representthecoordinatefunctionsT and q .
Expr x = new CoordExpr(0 );

Expr y = new CoordExpr(1 );

Youhaveprobablyguessedthattheintegerargumentto theCoordExpr constructorgivesthe

coordinatedirection:0 for T , 1 for q , 2 for r .
The coordinatefunctionsare wrappedin Expr handleobjects. ClassExpr is usedfor all

symbolic objectsin Sundance.Expr s canbeoperatedon with theusualmathematicaloperators.

With ourcoordinatefunctionsrepresentedasExpr objects,wecanbuild complicatedfunctionsof

position.
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6.1.1.4 Defining the cell sets

We’ve alreadyreada mesh.We needa way to specifywhere on themeshequationsor boundary

conditions areto beapplied.Sundanceusesa CellSet objectto representsubregionsof a geo-

metricdomain.A CellSet canbeany collectionof meshcells,for exampleablockof maximal

cells,a setof boundaryedges,or asetof points.

TheCellSet classhasasubset( ) methodthatcanbeusedasa“filter” thatidentifiescells

thatarein asubsetdefinedby theargumentsto thesubset method.

Wewill applydifferentboundaryconditionsonthefour sidesof therectangle,sowewill want

four CellSet s,onefor eachside.We first createacell setobjectfor theentireboundary,

CellSet boundary = new Boundary CellSet();

andthenwefind thefour sidesassubsetsof theboundarycell set.Thefour sidesof therectan-

gle canbespecifiedwith logical operationson coordinateexpressions,asshown in thefollowing

code:

CellSet left = boundary. subset( x == 0.0 );

CellSet right = boundary .subset( x == 1.0 );

CellSet bottom = boundary.subse t( y == 0.0 );

CellSet top = boundary.s ubset( y == 2.0 );

6.1.1.5 Creating a discretefunction

We will usediscretefunctionsseveralplacesin this problem.A discretefunctiontakesasa con-

structorargumenta vectorspaceobjectthatspecifiesthemesh,basis,andvectorrepresentationto

beusedin discretizingthefunction.

Thefirst stepis to createa vectorspacefactoryobjectthat tells uswhatkind of vectorrepre-

sentationwill beused.We’ll usePetravectors,sowecreateaPetraVect orType .

TSFVectorTy pe petra = new PetraVector Type();

We cannow createa Sundanc eVectorSp ace containingthemesh,a basis(2ndorderLa-

grangein thiscase)andthevectorspacefactory.
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TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(me sh, new Lagrange(2), petra);

Finally, wecancreatediscretefunctionsto representthesourceterm Wtsvu�&,� andtheexpression÷O g l ÷ thatappearsin theright BC. Notethatthere’snoparticularneedto usediscretefunctionsfor

thoseterms;wedosoheresimply to provideanexampleof constructingadiscretefunction.

Expr f = new DiscreteFun ction(discret eSpace, 1.0);

Expr rightBCExpr = new Discrete Function(disc reteSpace, 1.5 + y/3.0);

6.1.1.6 Defining unknown and test functions

We’ll use2ndorderpiecewiseLagrangeinterpolation to representour unknown solution ] . With

a Galerkinmethodwe definea testfunction w usingthesamebasisastheunknown. Expressions

representingthetestandunknown functionsaredefinedeasily:

Expr v = new TestFunctio n(new Lagrang e(2));

Expr u = new UnknownFunc tion(new Lagrange(2) );

6.1.1.7 Creating the gradient operator

Thegradientoperatoris formedby makingaList containingthepartialdifferentiationoperators

in the T and q directions.

Expr dx = new Derivative (0);

Expr dy = new Derivative (1);

Expr grad = List(dx, dy);

The gradientthusdefinedis treatedasa vectorwith respectto the overloadedmultiplication

operatorusedto apply the gradient,so that an operationsuchasgrad*u expandscorrectly tox
dx*u, dy*u y .

6.1.1.8 Writing the weak form

We will usetheGalerkinmethodto constructa weakform. Begin by multiplying Poisson’s equa-

tion Equation6.1.1by a testfunction w andintegratingë D F w ê O ] ë D F w>Wtsz�'& (6.1.3)

125



Thenext stepis to integrateby parts,whichhastheeffectsof loweringtheorderof differentiation

(andthusrelaxingthedifferentiability requirementson theunknown andtestfunctions)andalso

makingtheboundaryflux. Theresultingweakform isë D F ê w b ê ] ë D F w>W g D'{ F w êci b�jk s�� (6.1.4)

andwewill requirethatthisequationholdfor any testfunction w in thespaceof 2ndorderLagrange

interpolantsonourmesh.Theboundarytermgivesusawayto applycertainboundaryconditions:

we can apply the NeumannandRobin BCs by substituting an appropriatevalue for

êci bZjk in

theboundaryterm. Referringto theboundaryconditionsabove andour definitionof thediscrete

functionrightBC Expr , theweakform is written in Sundanceas

Expr poisson = Integral( -(grad*v)*(gr ad*u) - f*v)

+ Integral(t op, v/3.0)

+ Integral(r ight, v*(rightBCExpr - u));

NoticethatthehomogeneousBC ontheleft sidedoesnotneedto bewrittenexplicitly because

thatboundarytermis zero.

6.1.1.9 Writing the essentialBCs

The weak form containsthe physics in the body of the domainplus the Neumannand Robin

boundaryconditions. We still needto applytheDirichlet boundaryconditionon thebottomedge,

whichwedowith anEssenti alBC object

EssentialBC bc = EssentialBC(bo ttom, v*(u - 0.5*x*x));

The first argumentgives the region on which the boundarycondition holds, and the second

givesan expressionthat is to be set to zero. Notice that thereis a test function in the BC; this

identifiestherow spaceonwhich theBC is to beapplied.

6.1.1.10 Creating the linear problem object

A StaticLi nearProbl em object containseverything that is neededto assemblea discrete

approximation to our PDE: a mesh,a weakform, boundaryconditions, specificationof testand

unknown functions,and a specificationof the low-level matrix and vector representationto be

used.All of this informationis givento theconstructorto createaproblemobject
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StaticLinea rProblem prob(mesh, poisson, bc, v, u, petra);

It mayseemunnecessarytoprovidev andu asconstructorargumentshere;afterall, thetestand

unknown functionscouldbededucedfrom theweakform. In morecomplex problemswith vector-

valuedunknowns,however, wewill wantto specifytheorderin whichthedifferentunknownsand

testfunctionsappear, andwemaywantto groupunknownsandtestfunctionsinto blocksto create

ablocklinearsystem.Suchconsiderationscanmakeagreatdifferencein theperformanceof linear

solversfor someproblems.Thetestandunknown slotsin thelinearproblemconstructorareused

to passinformation aboutthefunctionorderingandblockingto thelinearproblem;thesefeatures

will beusedin subsequentexamples.

6.1.1.11 Specifying the solver

A goodchoiceof solver for thisproblemis BICGSTAB with ILU preconditioning. We’ll uselevel

2 preconditioning, andaskfor aconvergencetoleranceof u6�'1Vu|� within *.��� iterations.

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory (2);

TSFLinearSo lver solver = new BICGSTABSolver(precond , 1.e-14, 500);

6.1.1.12 Solving the problem

Thesyntaxof Sundancemakesthenext steplook simpler thanit really is:

Expr soln = prob.solve(s olver);

What is happeningunderthe hoodis that the problemobjectprob builds a stiffnessmatrix

and load vector, feedsthat matrix and vector into the linear solver solver . If all goeswell,

a solutionvector is returnedfrom the solver, andthat solution vector is capturedinto a discrete

functionwrappedin theexpressionobjectsoln .

6.1.1.13 Viewing the solution

Wenext write thesolutionin a form suitable for viewingby Matlab.

FieldWriter writer = new MatlabWriter ("heat2D.dat") ;

writer.writ eScalar(mesh, "temperature ", soln);
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6.1.1.14 Checking the error norm

Finally, we compareto the exact solution by computing the error norm. The solution hasbeen

returnedasaSundanceexpression,sowecanform anexpressionfor theerror

Expr exactSoln = 0.5*x*x + y/3.0;

Expr error = exactSoln - soln;

andthentake the } O norm

double errorNorm = error.norm() ;

6.1.2 Completecodefor the poissonproblem

#include "Sundanc e.h"

/** \example heat2D.cpp

* Solve Poisson’ s equation with a unit source term on the

* rectangl e [0,1] x [0, 2] with the following boundary conditio ns:

*

* Left: Natural, du/dx = 0

* Bottom: Dirichlet, u= 0.5 xˆ2

* Right: Robin, u + du/dx = 3/2 + y/3

* Top: Neumann, du/dy = 1/3

*

* The solution is u(x,y) = 0.5*xˆ2 + y/3.

*

* This problem can be solved exactly in the space of second-ord er polynomial s.

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(argc, argv);

/* create a simple mesh on the rectangle */

int nx = 20;

int ny = 20;

MeshGenerat or mesher = new RectangleMe sher(0.0, 1.0, nx, 0.0, 2.0, ny);

Mesh mesh = mesher.getMes h();

/* define coordina te functions for x and y coordina tes */

Expr x = new CoordExpr(0) ;

Expr y = new CoordExpr(1) ;

/* define cells sets for each of the four sides of the rectangle */

CellSet boundary = new Boundary CellSet();
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CellSet left = boundary.s ubset( x == 0.0 );

CellSet right = boundary. subset( x == 1.0 );

CellSet bottom = boundary .subset( y == 0.0 );

CellSet top = boundary.su bset( y == 2.0 );

/* Create a vector space factory, used to

* specify the low-level linear algebra representat ion */

TSFVectorTy pe petra = new PetraVectorT ype();

/* create a discrete space on the mesh */

TSFVectorSp ace discreteSp ace = new SundanceVe ctorSpace(mes h, new Lagrange(2), petra);

/* We’ll use a discrete functio n to represent the

* source term, providing a test

* of our ability to evaluate discrete functions on maximal cells */

Expr f = new DiscreteFunc tion(discrete Space, 1.0);

/* We’ll use a discrete functio n to represent the imposed

* boundary value on the right-hand boundary. This provides a

* test of our ability to evaluate discrete functio ns on

* lower-di mensional cells. */

Expr rightBCExpr = new Discrete Function(discr eteSpace, 1.5 + y/3.0);

/* create symbolic objects for test and unknown functions */

Expr v = new TestFunction (new Lagrange (2));

Expr u = new UnknownFunct ion(new Lagrange(2)) ;

/* create symbolic differential operators */

Expr dx = new Derivative( 0);

Expr dy = new Derivative( 1);

Expr grad = List(dx, dy);

/* Write symbolic weak equation and Neumann and Robin BCs */

Expr poisson = Integral(- (grad*v)*(gra d*u) - f*v, new GaussianQu adrature(2))

+ Integra l(top, v/3.0) + Integral(ri ght, v*(right BCExpr - u));

/* Write essential BCs:

* Bottom: u=xˆ2

*/

EssentialBC bc = Essentia lBC(bottom, v*(u - 0.5*x*x ),

new GaussianQuad rature(4));

/* Assemble everything into a problem object, with a specificatio n that

* Petra be used as the low-lev el linear algebra represent ation */

StaticLinea rProblem prob(mesh, poisson, bc, v, u, petra);

/* create a preconditione r and solver */

TSFPrecondi tionerFactory precond = new ILUKPrecondi tionerFactory( 1);

TSFLinearSo lver solver = new BICGSTABSolver(precond , 1.e-14, 500);

/* solve the problem and return the solution as a symbolic object */

Expr soln = prob.solve(so lver);
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/* write to matlab */

FieldWriter writer = new MatlabWriter( "heat2D.dat") ;

writer.writ eField(soln);

/* compare to known solution */

Expr exactSoln = 0.5*x*x + y/3.0;

// compute the norm of the error

double errorNorm = (soln-exactS oln).norm(2);

double tolerance = 1.0e-9;

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);

}

Sundance: :finalize();

}

6.2 A PDE-constrained optimization example

We now show a simple exampleof how to useSundanceto setup anoptimizationproblemwith

a PDEconstraint.ConsiderthePoissonequationwith sourcetermsparameterizedwith a design

variable~ , ê O�] s æ�� ~ ���������+� TV& (6.2.5)

A simpleoptimizationproblemis to choose~ suchthatthestatefunction ] is agoodfit to a target

function d] . This target-fitting problemcan be posedasa least-squaresproblemwith objective

function W)ô�~ ø�s u� D F ô ] ôL~ ø ë d] ø O g�� � æ+� ~ O� (6.2.6)

where � setsthe control cost. As written, we could solve this problemwith a patternsearch

methodin which we solve 6.2.5for ] at eachfunction evaluation. Alternatively, we canlet the

statesbecomeindependentvariables,but impose equation6.2.5asa constraint.In thatcase,we

haveaLagrangian}�ô�~�U ] UX��ø�s u� D'F ô ] ë d] ø O g � � æ � ~�O� ë D'F ê ]cb ê � ë æ � ~ � D'F � �������+� T (6.2.7)

where � is aLagrangemultiplier. Thenecessarycondition for solvingtheoptimizationproblemis

thatthevariationsof theLagrangianwith respectto ~ , ] , and � areall zero.
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This exampleis a quadraticprogramwith anequalityconstraint,andthesolution is obtained

with a singlelinearsolve of theKKT system.However, theKKT systemis indefiniteandis most

efficiently solvedusingablockSchurcomplementmethod.

6.2.1 Sundanceproblem specification

With Sundance,all we needdo to posethis problemis to write the LagrangianusingSundance

symbolic objects.

Notethatin thisproblem,thestatevariable] andLagrangemultiplier � areunknown functions

definedwith afinite-elementbasis.However, thedesignparametersareunknown “global” parame-

ters,definedindependentlyof themesh.In Sundance,mesh-basedunknownsareUnknownFunction

expressionsubtypesandglobal unknowns are UnknownParamet er expression subtypes. To

optimizeperformancein parallel,Sundanceimposestherestrictionthatall globalunknownsmust

appearin aseparateblockfrom any meshedunknowns;thatblock is thenreplicatedacrossproces-

sorswhile blockscontainingmeshedunknownsaredistributed. Matrix blocksmapping between

the global unknown spaceanda meshedunknown spaceare implementedwith multivectors,in

which eachrow (or column,dependingon the orientationof the block) is a distributed vector.

Thespecificationof theunknownsandblockstructurefor thisproblemis donewith thefollowing

Sundancecode:

Expr u = new UnknownFunction(new Lagrange( 2));

Expr v = u.variation() ;

Expr lambda = new UnknownFunc tion(new Lagrange(2) );

Expr mu = lambda.varia tion();

Expr alpha1 = new UnknownPara meter();

Expr alpha2 = new UnknownPara meter();

Expr alpha3 = new UnknownPara meter();

Expr alpha = List(alph a1, alpha2, alpha3);

Expr beta = alpha.vari ation();

TSFVector Type petra = new PetraVect orType();

TSFVector Type dense = new DenseSeri alVectorType() ;

TSFArray< Block> unks = tuple(Block( alpha, dense), Block(u, lambda, petra));

TSFArray< Block> vars = tuple(Block( beta, dense), Block(mu, v, petra));

Once the unknowns have beenspecified,we can write out the objective function and La-

grangianin symbolic form:
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Expr objectiveF unction = 0.5*Integr al(pow(u-targe t, 2.0))

+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFu nction - Integral((d x*u)*(dx*lamb da))

- Integra l(lambda*forci ng);

Theequationsetcanbeobtainedby takingsymbolicvariations of theLagrangian.

Expr eqn = lagrangian. variation(Lis t(u, lambda, alpha)) ;

We will solve the systemusinga Schurcomplementsolver, usingTSF’s block manipulation

capabilities.Theuser-level codeto specifya Schurcomplementsolver for a 2 by 2 block system

is

TSFPrecon ditionerFacto ry prec = new ILUKPrecondit ionerFactory( 1);

TSFLinear Solver innerSolver = new BICGSTABSolver(1.0e-1 2, 1000);

TSFLinear Solver outerSolver = new BICGSTABSolver(1.0e-1 0, 1000);

TSFLinear Solver solver = new SchurCompleme ntSolver(inne rSolver, outerSolver );

Finally, weshow completesourcecodefor thePDE-constrainedoptimizationexample.

#include "Sundanc e.h"

/**

*

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/*

Create a mesh object. In this example, we will use a built-in method

to create a uniform mesh on the unit line. In more realistic problems

we would use a mesher to create a mesh, and then read the mesh using

a MeshReader object.

*/

int n = 10;

const double pi = 4.0*atan(1.0) ;

MeshGenerat or mesher = new LineMesher( 0.0, pi, n);

Mesh mesh = mesher.getMes h().getSubmes h();
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/* Define a symbolic object to represent the x coordinate function. */

Expr x = new CoordExpr(0) ;

Expr psi = List(sin(x), sin(2.0 *x), sin(3.0*x ));

Expr target = sin(x);

/*

* Define a cell set that contains all boundary cells

*/

CellSet boundary = new Boundary CellSet();

/*

* Define a cell set that includes all cells at position x=0.

*/

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

/*

* Define a cell set that includes all cells at position x=1.

*/

CellSet right = boundary. subset( fabs(x - pi) < 1.0e-10 );

/*

Define an unknown function and its variatio n. The constructor

argument is the basis family with which the function will be

represent ed, in this case second-ord er Lagrange (nodal) polynomials.

*/

Expr u = new UnknownFunct ion(new Lagrange(2)) ;

Expr v = u.variati on();

Expr lambda = new UnknownFuncti on(new Lagrange(2));

Expr mu = lambda.v ariation();

Expr alpha1 = new UnknownParameter();

Expr alpha2 = new UnknownParameter();

Expr alpha3 = new UnknownParameter();

Expr alpha = List(alpha1, alpha2, alpha3);

Expr beta = alpha.variati on();

TSFVectorTy pe petra = new PetraVectorT ype();

TSFVectorTy pe dense = new DenseSerialV ectorType();

TSFArray<Bl ock> unks = tuple(Bl ock(alpha, dense), Block(u, lambda, petra));

TSFArray<Bl ock> vars = tuple(Bl ock(beta, dense), Block(mu, v, petra));

Expr forcing = alpha * psi;

/*

Define the differentiat ion operator of order 1 in direction 0.

*/

Expr dx = new Derivative( 0);
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Expr objectiveFunc tion = 0.5*Integral( pow(u-target, 2.0))

+ 0.5*alp ha*alpha;

Expr lagrangian = objectiveFunc tion - Integral((dx* u)*(dx*lambda) )

- Integra l(lambda*forci ng);

Expr eqn = lagrangian.var iation(List(u , lambda, alpha));

/*

Now specify the boundary conditions on the left and right CellSets.

*/

EssentialBC bc =

Essential BC(left, u*mu + v*lambda) && EssentialBC (right, u*mu + v*lambda);

/*

Create a solver object: stablized biconjuga te gradient solver

*/

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver innerSolv er = new BICGSTABSolver(1.0e-12, 1000);

TSFLinearSo lver outerSolv er = new BICGSTABSolver(1.0e-10, 1000);

TSFLinearSo lver solver = new SchurComplementSolver( innerSolver, outerSo lver);

/*

Combine the geometry, the variationa l form, the BCs, and the solver

to form a complete problem.

*/

StaticLinea rProblem prob(mesh, eqn, bc, vars, unks);

prob.printR owMaps();

mesh.printC ells();

/*

solve the problem, obtaining the solution as a (discrete ) Expr object

*/

Expr soln = prob.solve(so lver);

/*

write the solution in a form readable by matlab

*/

FieldWriter writer = new MatlabWriter( );

cerr << "u" << endl;

writer.writ eField(soln[1] [0]);

cerr << "lambda" << endl;

writer.writ eField(soln[1] [1]);

cerr << soln[0] << endl;
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/*

compute the error and represe nt as a discrete function

*/

Expr exactSoln = sin(x);

/*

compute the norm of the error

*/

double errorNorm = (soln[1][0] - exactSoln).n orm(2);

double tolerance = 1.0e-10;

/*

decide if the error is within tolerance

*/

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

Testing::ti meStamp(__FILE __, __DATE__, __TIME__);

}

catch(exc eption& e)

{

TSFOut::pri ntln(e.what()) ;

Testing::cr ash(__FILE__);

Testing::ti meStamp(__FILE __, __DATE__, __TIME__);

}

Sundance: :finalize();

}

6.3 Symbolic components

6.3.1 Constant expressions

Thesimplesttypeof Expr to createis aconstantreal-valuedExpr, for example:

Expr solarMass = 2.0e33; // mass of the Sun in grams

Any constantthat appearsin an expression,for examplethe constant�>&,� in the expression

below,

Expr f = 2.0*g;

will alsobe turnedinto a constant-valued expression.It is importantto understandthatonce

createdandusedin an expression,a constant’s value is immutable. If you want to changethe

constant,youshouldinsteaduseaParameter .
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6.3.2 Parameter expressions

Often you will form a PDE with parametersthat will changeduring the courseof a calculation.

For example,in a time-marchingproblemboththetime andthetimestepcanchangefrom stepto

step.Or, you maywant to run a fluid flow simulation at severaldifferentvaluesof theReynolds

number. To includein yourequationaparameterthatis constantin spacebut canchangewith time

or someotherway, youshouldrepresentthatparameterwith aParameterexpression.

Expr time = new Paramete r(0.0);

for (int i=0; i<10; i++)

{

cerr << time << ‘‘ ‘‘ << sin(pi*tim e) << endl;

// update the time

time.setV alue(time.val ue() + 0.1);

}

Theaboveassumesthattheparameterisknown. However, in someproblemsaparametermight

beanunknown to bedeterminedin thecourseof solvinga problem;for instance,it couldbeade-

signparametertobedeterminedthroughoptimization.In thatcase,useanUnknownParamete r ,

describedin section6.3.6.

6.3.3 Coordinate expressions

CoordEx pr is anexpressionsubtypethatis hardwiredtocomputethevalueof agivencoordinate.

For example,thefollowing constructsanExpr thatrepresentsthecoordinateonthezeroth( T ) axis:

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Sucha coordinateexpressioncanbe usedto definesimpleposition-dependentfunctions,for

example

Expr f = sin(x) + 1/4.0*sin(2.0 *x) + 1/8.0*sin(3.0* x);

6.3.4 Differ ential operators

The key expression subtypefor forming differentialoperatorsis the Derivat ive object, rep-

resentinga partial derivative in a given direction. A Derivativ e is constructedwith a single

integerargumentgiving thedirectionof differentiation,for example,
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Expr dx = new Derivative (0); // differentiat e with respect to 0 coordinate

Derivativesareappliedusingthemultiplication (* ) operator.

Sundanceexpression objectsareprogrammedto obey the rulesof differentialcalculus. For

example,

Expr dx = new Derivative (0); // differentiat e with respect to 0 coordinate

Expr x = new CoordExpr(0 ); // represe nts x-coordina te value

Expr y = new CoordExpr(0 ); // represe nts y-coordina te value

Expr f = x*sin(x) + y*x;

Expr df = dx*f;

cout << df << endl; // prints sin(x) + x*cos(x) + y;

Differentiationof discretefunctionsrequiresspecialcare,andis discussedin 6.3.7.4

6.3.5 Testand unknown functions

ExpressionsubtypesTestFu nction andUnknownFunction areusedto representtestand

unknownfunctionsin weakPDEsandboundaryconditions.They areconstructedwith aBasis Family

objectwhichspecifiesthesubspaceto whichsolutionsandtestfunctionsarerestricted.For exam-

ple,

Expr T = new UnknownFunc tion(new Lagrange(1) );

Expr varT = new TestFunc tion(new Lagrange(1) );

constructsunknown andtestfunctionsthat live in the spacespannedby first-orderLagrange

interpolates,i.e.,all piecewiselinearfunctions.

6.3.6 Testand unknown parameters

ExpressionsubtypesTestPar ameters andUnknownParameter areusedto representtest

andunknown functionsthatareindependentof space.Their constructorstake no arguments.See

6.2.1for anexampleof theuseof testandunknown parameters.
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6.3.7 Discretefunctions

Discretefunctionsrepresentthevalueof a field thathasbeendiscretizedona spaceof basisfunc-

tions.Discretefunctionshaveanumberof importantuses:a representingthesolutionof afinite-elementproblema representingafield for whichnoanalyticalexpression is available

A discretefunction object can be createdin a numberof ways: by computingthe valueof an

expressionon the nodesin a mesh,by readingit from a file, or by “capturing” a solutionvector

into adiscretefunction.

6.3.7.1 Creating a scalar-valued discretefunction

To createadiscretefunction,wefirst needto know thediscretespaceonwhichthefunctionwill be

defined.Theconstruction of thisspacerequiresatminimumamesh,abasisfunction,andavector

type.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis = new Lagrange(1);

TSFVectorSp ace discreteS pace = new SundanceV ectorSpace(my Mesh, basis, petra);

Onceyouhaveadiscretespace,youcancreateadiscretefunctionasfollows:

Expr f = new DiscreteFun ction(discret eSpace, sin(x)*sin(y ));

6.3.7.2 Creating a vector-valued discretefunction

Discretefunctionsrepresentingvector-valuedfieldshave somewrinkles thatareimportant to un-

derstand.Considera discretefunction representinga two-componentvectorfield,

i siô ]�� U ] l ø .
How is the vectorunderlyingthis function stored? Onecan imagine creatingtwo independent

discretefunctions

Expr ux = new DiscreteFu nction(discre teSpace, sin(x)*sin( y));

Expr uy = new DiscreteFu nction(discre teSpace, cos(x)*cos( y));
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andformingavector-valuedexpressionusingtheList operator,

Expr u = List(ux, uy);

This is well-definedSundancecode,but it is not usuallywhat you want. A calculationwill

have improvedperformancedueto cacheefficiency if bothfunctionsareaggregatedinto a single

vector, with ]�� and ] l at eachcell listedtogether. To achieve thisaggregation,weneedto createa

discretespacecapableof representingvector-valuedfunctions.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis = new Lagrange(1);

TSFArray<Ba sisFamily> multiVari ableBasis = tuple(ba sis, basis);

TSFVectorSp ace multiVari ableDiscreteS pace

= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);

Expr u = Discrete Function::disc retize(multiV ariableDiscre teSpace,

List(sin( x)*sin(y), cos(x)*co s(y)));

In many problems,it is necessaryto usea mixedsetof basisfunctions. For example,in the

Taylor-Hood discretizationof the incompressible Navier-Stokes equations, the velocity compo-

nentsarerepresentedwith 2ndorderpolynomialsandthepressurewith 1storderpolynomials.

TSFVectorTy pe petra = new PetraVector Type();

BasisFamily basis1 = new Lagrange(1);

BasisFamily basis2 = new Lagrange(2);

TSFArray<Ba sisFamily> multiVari ableBasis = tuple(ba sis2, basis2, basis1);

TSFVectorSp ace multiVari ableDiscreteS pace

= new SundanceV ectorSpace(myM esh, multiVar iableBasis, petra);

Expr uAndP = DiscreteFun ction::discre tize(multiVari ableDiscreteS pace,

List(y, x, 0.0));

6.3.7.3 Readinga discretefunction

Many meshfile formatshave the ability to storefield dataalongwith the mesh. This field data

can be associatedwith elementsor with nodes,dependingon the application and the physical

meaningof thefield. Differentmeshfile formatwill index fields in differentways;for example,

the Exodusformat associatesnameswith fields, while Shewchuk’s Triangleformat simply lists

attributes.Generally, wecanlook upfieldsby eitheranameor by anumberindicatingtheposition

in anattributelist. Someexamplesfollow:

MeshReader reader = new ShewchukMeshReader(‘‘myMesh ’’);

Expr temperature = reader.getNo dalField(0);

Expr velocity = reader.g etNodalField( 1, 2, 3)

Expr pressure = reader.g etElementalFi eld(4)
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MeshReader reader = new ExodusMeshRea der(‘‘myMesh.e xo’’);

Expr pressure = reader.g etElementalFi eld(‘‘pressure ’’);

Expr velocity = reader.g etNodalField( ‘‘ux’’, ‘‘uy’’, ‘‘uz’’)

Expr temperature = reader.getNo dalField(‘‘te mperature’’);

6.3.7.4 Derivativesof discretefunction

Many basisfunctionsusedin finite elementscalculationsareonly piecewise differentiable: the

functionis continuouseverywhereanddifferentiablein theinteriorof eachcell, but thederivative

is not definedat boundariesbetweencells. Suchbasisfunctions,andfunctionsrepresentedwith

them,aresaidto have õ�� continuity. Sincethederivativeof sucha functionwill notbecontinuous

at elementboundaries,thederivative of a õ�� function is not necessarilyõ�� . Thus,thederivative

of a discretefunctiondefinedwith a particulardiscretespacecannotbe representedexactly with

anotherdiscretefunctiondefinedwith thatsamespace.

For this reason,it is impossible to createdirectly a discretefunction from the derivative of

anotherdiscretefunction.Thefollowingwill resultin a runtime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));

Expr dfdx = new Discrete Function(disc reteSpace, dx*f);

If W is a õ�� function, it is possible to integrate derivativesof W . The integral is well-defined

sincetheregiononwhich W is nondifferentiablehavenovolume.Numerically, it is usuallypossible

to do suchintegrals becausethe quadraturepointsare usually in the interiors of cells. So it’ s

perfectlysensible,andquite common,to write a weakPDE that includesderivativesof discrete

functions.

What is not possibleis to obtain pointwise valuesof the derivative of a discretefunction.

This is not a common operationduring the solution of a PDE, but you may often want to see

derivative valuesduringpostprocessing andanalysis.Becausepointwisevaluesarenot available,

it is impossible tocreatedirectlyadiscretefunctionfromthederivativeof anotherdiscretefunction.

Thefollowingwill resultin a runtime error:

Expr f = new DiscreteFun ction(discret eSpace, sin(x));

Expr dfdx = new Discrete Function(disc reteSpace, dx*f);

If youreallywantto look atpointwisederivativevalues,thebestthatcanbedoneis to approx-

imatethederivativeby projectinginto a õh� space.Therearemany waysto dothis;oneof themost
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commonis a least-squaresprojection,in which you choosecoefficientssuchasto minimize the

squaredresidual.

This is a commonenoughoperationthatSundancehasa predefinedmethodfor least-squares

projection:

// f0 is a discrete function

Expr gradF = L2Projectio n(discreteSpa ce, List(dx, dy)*f0) ;

Note that sincethis operationrequiresthe solution of a linear system,it is time-consuming.

Again, it usuallyneedsto bedoneonly asa postprocessingstep.

Finally, it shouldbepointedout that thedifferencebetweena derivative andits } O projection

will decreaseasthefunctionbecomessmoother. For thisreason,the } O residualof aderivativecan

beusedasanerrorestimator.

6.3.8 Cell property functions

In someproblems, youwill needanexpression to representpropertiesof ameshcell. For example,

stabilization methods suchasSUPGhave termsinvolving � , the local meshspacing. In some

problems,anexplicit expressionfor a boundarynormalis needed.

ThelocalmeshspacingcanbeobtainedusingaCellDiame terExpr , createdasfollows.

Expr h = new CellDiamete rExpr();

Similarly, the outward normal of a boundarycell is given by a CellNor malExpr , con-

structedas

Expr n = new CellNormalE xpr();

6.4 Geometric components

6.4.1 Meshes

Sundancecanuseunstructuredmeshesin 1, 2, or 3 dimensions. To Sundance,a Mesh objectis

a connectedcomplex of cells. A zero-cell is a point. A maximal cells is definedwith dimension
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equalto thespatialdimension of themesh.Eachfacetof a maximalcell is itself a cell, andsoon

down to zerocells. Every discretegeometricentity in Sundanceis a cell; thereis no distinction

between“elements”,“edges”,and“nodes”.All arerepresentedby Cell objects.

Sundancecurrentlysupportsthefollowing cell types:a zero-cells:pointsa one-cells:linesa two-cells:trianglesandquadrilaterals(“quads”)a three-cells:tetrahedra(“tets”) andhexahedra(“bricks” or “hexes”)

The systemfor representingcells is extensible,so that an advancedusercanaddadditionalcell

typessuchasprisms.

Most of themethodsof theMesh classarefor Sundance’s internaluseandwill almostnever

appearat theuserlevel. You will sometimeswork with Cell objectsdirectly, for instancewhen

probingthevalueof a functionat apointduringpostprocessing.

6.4.1.1 Mesh I/O

Therearealmostasmany meshfile formatsasthereareengineers,andit wouldbefoolishto try to

build supportfor file I/O directlyinto theMeshobject.SundanceusesanextensibleMeshReader

classheirarchyto provide an interfacefor readingfrom meshformats. The currentversionof

Sundancesupports readersfor threemeshformats: a native Sundancetext format, Shewchuk’s

Triangleformat,andSandia’s ExodusII format. If you want to supportsomeothermeshformat

youwill have to implementyourown MeshReaderBase subtype.

Using a MeshReader is very simple. You createa MeshReader object as a handleto

an appropriatesubtype,and then you call the readMesh( ) methodto return a Mesh object.

Thefollowing codereadsameshin Shewchuk’sTriangleformatfrom files tBird.1.p oly and

tBird.1 .ele :

MeshReader reader = new ShewchukMeshReader("tBird.1 ");

Mesh mesh = reader.getMe sh();

Similarly, to write ameshto Triangleformatonedoes
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MeshWriter writer = new ShewchukMeshWriter("myMesh" );

writer.writ eMesh();

6.4.1.2 Mesh generator interface

ClassMeshGenerator providesaninterfacefor meshgenerators,andthereareimplementations

for building several simple meshtypes. In principle it would be possibleto connecta powerful

third-partymeshgeneratorto Sundancethroughthe meshgeneratorinterface,but it is generally

simpler to have themesherwrite themeshto afile whichcanbereadby aMeshReader object.

The mostcommonuseof MeshGenerator is to build toy meshesfor testproblems.The

threebuilt-in MeshGener ator subtypesarea LineMes her meshesa linea Rectang leMesher meshesa rectanglewith trianglesa Rectang lerQuadMe sher meshesa rectanglewith quadrilaterals

6.4.2 Cell sets

A CellSet objectis usedto definea setof cellson which anequationor boundarycondition is

to beapplied.A CellSet canbedefinedindependentlyof any particularmesh;insteadof a list

of cells,it is aconditionor setof condition thatcanbeusedto extracta list of cellsfrom amesh.

6.4.2.1 The setof all maximal cells

The MaximalCellSet object identifiesall maximalcells in a mesh. The constructorhasno

arguments:

CellSet maxCells = new MaximalC ellSet();

6.4.2.2 The setof all boundary cells

A Boundar yCellSet objectidentifiesall boundarycellsof dimension � ë u . For example,in

a 3D problema Boundary CellSet will containall 2D cellson theboundary, but not linesor
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pointsthathappento lie on theboundary.

Theconstructorhasnoarguments:

CellSet boundaryC ells = new BoundaryC ellSet();

6.4.2.3 Defining subsets

Givena cell set,we canusethesubset( ) methodto definea condition thatcanextracta subset

of theoriginal cell set. Thecondition canbea mathematicalequationor inequality thatmustbe

satisfiedby any cell to beacceptedinto theset,or it canbeastringlabel. In “real world” problems

themostcommoncondition for defininga cell setwill bea label that is associatedwith thecells

by thecodethatproducedthemesh.

CellSet boundary = new Boundary CellSet();

CellSet wall = boundary. subset(‘‘wall ’’);

CellSet arc = boundary.s ubset(x*x + y*y == 1.0 && x < 0.5);

6.4.2.4 Logical operationson cell sets

Cell setscanbecreatedby doingsetoperations– unionandintersection– on two or moreexisting

cell sets.Union andintersectionarerepresentedby theoverloadedaddition(+) andlogical AND

(&&) operators.

6.5 Discretization

6.5.1 Basisfamilies

Everyunknown field or testfunctionin aSundanceproblemmustbegivena basisfamily .

Currently, the only basisfamilies supportedin Sundanceare the Lagrangefamily and the

Serendipityfamily. Lagrangebasisfunctions use Lagrangeinterpolationabout the element’s

nodes.Serendipitybasisfunctionsarespecializedtoquadrilateral(“quad”) andhexahedral(“brick”)

cells;they requirefunctionvaluesoncornerandedgenodesonly, noton faceor centernodes.
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6.5.2 Quadratur e families

Theintegralsin a Sundanceweakform aredoneby numericalintegration,or quadrature.What is

relevantto user-level Sundancecodeis how onecanspecifya suiteof quadraturerulesto beused

for a givenweakform. Noticethat it will not suffice to specifya quadraturerule,becausea given

term may be integratedon several differentcell types. For example,a meshmay containboth

quadcellsandtrianglecells,andthetwo differentcell typeswill requiretwo differentquadrature

rules. What is neededis a specificationof a family of quadraturerulesratherthana single rule.

Theuser-level specifierof a family of quadraturerulesis theQuadratur eFamily object.The

buildQu adratureP oints() methodof Quadratu reFamily returnsa setof quadrature

pointsandweightsappropriateto agivencell type.Theuserpicksaquadraturefamily by selecting

the appropriatesubtypeof Quadratu reFamilyB ase and supplyingthe desiredconstructor

arguments.For example,

QuadratureF amily gauss4 = new Gaussia nQuadrature(4) ;

createsanobjectthatcanproducea 4-thorderGaussianquadraturerule for any cell type.

6.5.2.1 Gaussian Quadratur e

Gaussianquadraturerulesspecifybothpointsandweightsto give optimal accuracy for all poly-

nomialsthrougha given degree. Gaussianquadraturerules for a line can be derived from the

propertiesof theLegendrepolynomials; seeany textbookon numericalanalysisfor a discussion.

Gaussianquadraturerulesfor quadrilateralsandbrickscanbeformedas“tensorproducts”of line

rules.Thedevelopmentof Gaussianquadraturerulesfor trianglesandtetrahedrais anongoingre-

searcharea;anonlineliteraturesurvey through1998canbefoundatSteveVavasis’ quadratureand

cubaturepage1. SymmetricGaussianquadraturerulesthroughmoderateorderhave beendevel-

opedfor trianglesby Dunavant[36] andfor tetrahedraby Jinyun[63]. A summaryof thequadrature

rulesthatwill begeneratedby Sundance’s GaussianQuadra ture objectis givenin thetable

below.

1http://www.cs.cornell.edu/home/vavasis/quad.html
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Cell type Available orders Reference Comments

Line all e.g.Hughes[59]

Triangle 1-12 Dunavant[36] Orders3,7,and11havenegativeweights.

Quad any Tensorprojectof two line rules.

Tet 1-6 Jinyun[63] Order3 hasanegativeweight.

Brick any Tensorprojectof threeline rules.

6.5.3 Upwinding

Sundancehas no built-in upwinding capability, however, it is straightforward to use existing

Sundancecomponentsto do upwindingvia the streamwiseupwinding Petrov-Galerkin(SUPG)

method.

6.5.4 Specification of row and column spaceordering

Theorderin whichequationsandunknownsarewrittencanmakeadifferencein theperformance

of a linear solver, and in keepingwith the goal of flexibili ty, Sundancegivesyou the ability to

specifythis ordering. In orderto understandhow Sundance’s orderingspecificationworks, let’s

look into how Sundancedecidesunknown andequationnumbering.

Given a meshand a set of unknowns, the Sundancediscretizationenginewill traversethe

meshonemaximalcell at a time andfind all unknowns associatedwith that cell and its facets.

In a problemwith multiple unknowns, sayvelocity, pressure,andtemperature,therecanbemore

thanoneunknown associatedwith a cell; if so, theunknownsareassignedin theorderthat their

associatedUnknownFunction objectsarelistedin theStaticLi nearProbl emconstructor.

Thisschemegives ustwo waysto controltheunknown ordering:

a Cell ordering specifiestheorderin whichcellsareencounteredasthemeshis traversed.a Function ordering specifiestheorderin whichdifferentfunctionsarelistedwithin asingle-

cell.
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6.5.4.1 Cell ordering

Cell orderingis controlledby giving the linearproblemconstructora CellReo rderer object.

Currently, therearetwo subtypesof CellRe orderer ,a RCMCell Reorderer usesthereverseCuthill-McKeereorderingalgorithm(e.g.,Saad[98]).

TheRCM algorithmis amodifiedbreadth-firstsearchwith desirablebehavior duringmatrix

factoring.a Identit yCellReor derer usestheoriginal orderingusedby themesh,i.e., it doesno

reordering.

ThedefaultisRCMCellReordere r , andit isagoodgeneralchoice.Youmight useIdenti tyCellReo rderer

in caseswhereyourmeshalreadyhasafavorablecell ordering,saving the(small)expenseof doing

anunnecessaryreordering.

The cell reorderingsystemis extensible; your favorite reorderingalgorithmcanbe addedto

Sundanceby writing anew CellReo rderer subtype.

Thesamecell reorderingschemeis usedfor equationnumbering(rows)andunknown number-

ing (columns).Thus,cell reorderingsarealwayssymmetric.

6.5.4.2 Function ordering

Functionorderingis controlledby the order in which testor unknown functionsappearin the

linear problemconstructor. For example, if ux , uy , andp areunknownswe canorderthemas:

List(ux , uy, p) , or asList(p, ux, uy) or any of theotherpermutations. A list with

thedesiredorderingis givento theStaticLin earProble mconstructor,

StaticLinea rProblem problem(mes h, eqn, bc, List(vx, vy, q), List(ux,

uy, p), vecType);

Noticethatthetestfunctionsneednothavethesameorderingastheircorrespondingunknowns:

anonsymmetricorderingsuchas

StaticLinea rProblem problem(mes h, eqn, bc, List(vx, vy, q), List(p,

ux, uy), vecType) ;

is possible.
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6.5.5 Block structuring

It is possible to groupunknownsandequationsinto blocks, in which casethestiffnessmatrix be-

comesablockmatrixwith eachblockbeinganindependentobject.Sundance’sblockingcapability

makespossibletheuseof blocksolversandpreconditioners.

As with functionordering,block structuringis specifiedby organizationof theunknown and

testfunctionargumentsto theStaticLin earProble mconstructor.

Array<Block > unkBlocks = List(Block(L ist(U, V), petraType ), Block(P, petraTyp e));

6.6 Boundary conditions

Therearemany waysto applyboundaryconditions(BCs)in afinite elementsimulation,andSun-

danceis designedto be flexible in methodsof applying BCs. To begin with, the way a BC gets

written dependsstronglyon the way the weakproblemhasbeenformulated;for example,BCs

will be written quitedifferently in least-squaresformulationsthanin Galerkinformulations. For

the purposesof user-level Sundancecode,the most importantclassificationof boundarycondi-

tions is thedistinction betweenBCs thatadd into anexpressionandBCs that replaceanexpres-

sion. BCs thataddin to anexpression aresimply incorporatedinto an Integral object,while

replacement-typeboundaryconditions arespecifiedusingEssential BCobjects.In Sundance,

geometricsubdomainsareidentifiedusingCellSe t objects.ThesurfaceonwhichaBC is to be

appliedis specifiedby passingasanargumenttheCellSe t representingthatsurface.

6.7 Problemmanipulation

Oneof themostpowerful featuresof Sundanceis theability to automatetranformationsof prob-

lems.

6.7.1 Linearization

It is possibleto have Sundanceautomatethe linearizationof a nonlinearequation. Automated

linearizationis restrictedto full Newton linearization;alternative linearizationschemessuchas

Oseenmustbedoneby hand.
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The linea rization( u, u0) methodsof Expr andEssentia lBC areusedto returna

new linearexpressionor BC. Linearizationis alwaysdoneaboutan initial guessu0 , which must

beadiscretefunctionwith thesamestructureastheunknown argumentu. Thenew expression has

a new unknown function for theNewton step,or differential,which will have thesamestructure

astheoriginal unknown u. Calling lineari zation() on a linear expression simply obtains

thesamelinearexpression,but in termsof the Newton stepfor the original unknown. Note that

if either the PDE or BC are nonlinear, both mustbe linearizedin order to transformboth into

equationsfor theNewtonstep.

6.7.1.1 Example: Poisson-BoltzmannEquation

For example,thePoisson-BoltzmannequationD ê ]nb ê w g w>� 1S� sz� (6.7.8)

with boundaryconditions ] ô��� �¡/ø¢s ]�£ � (6.7.9)

canbelinearizedasfollows.

Expr eqn = Integral((gra d*u)*(grad*v) + exp(-u)*v);

EssentialBC bc = EssentialBC(to p, (u - uBC)*v);

Expr linearizedEq n = eqn.linear ization(u, u0);

EssentialBC linearizedBC = bc.lineari zation(u, u0);

TheresultingexpressionandBC areequationsfor theNewtonstep,accessibleasanunknown

functionthroughthedifferent ial() methodon theoriginalunknown,

Expr du = u.diffe rential();

Completecodefor thesolutionof thePoisson-Boltzmannequation(6.7.8)is shown below.

#include "Sundanc e.h"

/** \example inlinePoiss onBoltzmann1D .cpp

* Solve the Poisson-Bol tzmann equation \f$\nablaˆ2 u = eˆ-u$ on the unit

* line with boundary condition s:

* Left: Natural, du/dx=0

* Right: Dirichl et u = 2 log(cosh(1/ sqrt(2)))

*
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* The solution is 2 log(cosh(x /sqrt(2))).

*

* The problem is nonlinear, so we use Newton’s method to iterate

* towards a solution.

*

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/* create a simple mesh on the unit line */

double L=1.0;

int n = 10;

MeshGenerat or mesher = new Partitioned LineMesher(0. 0, L, n);

Mesh mesh = mesher.getMes h();

/* define an expression represe nting the x-coordina te function */

Expr x = new CoordExpr(0) ;

/* create a cell set representi ng the right boundar y */

CellSet boundary = new Boundary CellSet();

CellSet right = boundary. subset( x == L );

/* create a discrete space on the mesh */

TSFVectorSp ace discreteSp ace

= new SundanceVe ctorSpace(mes h, new Lagrange(2));

/* create an expression for the initial guess. This will be reused as the

* starting point for each newton step. Assume u(x)=x as an initial

* guess, and discretize it.

*/

Expr u0 = new DiscreteFun ction(discret eSpace, x);

/* create symbolic objects for test and unknown functions. At each newton

* step we will solve a lineari zed equation for a step du, so our

* unknown is du. */

Expr u = new UnknownFunct ion(new Lagrange(2), "du");

Expr v = new TestFunction (new Lagrange (2), "du");

/* create a differential operator representin g the x-derivative. */

Expr dx = new Derivative( 0);

/* lineariz ed weak equation for the step du */

Expr nonlinearEqn = Integral((d x*u)*(dx*v) + v*exp(-u));

Expr linearizedEqn = nonlinearE qn.linearizati on(u, u0);

Expr du = u.differ ential();

/* Dirichle t boundary condition */

double uBC = 2.0*log(cosh (L/sqrt(2.0)) );

EssentialBC bc = Essentia lBC(right, (u-uBC)*v ) ;

EssentialBC linearizedBC = bc.lineariz ation(u, u0);
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/* linear problem for the step du */

StaticLinea rProblem prob(mesh, linearizedEqn, linearizedBC , v, du);

/* create linear solver */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver solver = new BICGSTABSolver(1.0e-12 , 1000);

NewtonLinea rization newton(prob , u0, solver);

Expr soln = newton.solve( NewtonSolver( solver, 8, 1.0e-12, 1.0e-12));

// compare to exact solution

Expr exactSoln = 2.0*log( cosh(x/sqrt(2 .0)));

Expr error = new Discrete Function(disc reteSpace, soln-exac tSoln);

/* write to matlab */

string filename = "pb1D." + TSF::toStr ing(MPIComm:: world().getRan k())

+ ".dat";

FieldWriter writer = new MatlabWriter( filename);

writer.writ eField(soln);

// compute the norm of the error

double errorNorm = (exactSoln - soln).norm(2) ;

double tolerance = 1.0e-4;

TSFOut::pri ntf("error = %g\n", errorNorm);

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);

}

Sundance: :finalize();

}

6.7.2 Variations

Automatedcalculationof variationscanbe useful in a numberof ways. For PDEsthat canbe

derived from a variational principle, Sundance’s variationalcapabilitycanbe usedto derive the

PDE.A particularlyinterestingapplicationof this is to deriveaFOSLSdiscretizationfrom aleast-

squaresfunctional. Another important useof automatedvariationalcalculationsis to obtainthe

first-ordernecessaryconditionsfor optimality.

An exampleof theuseof thevaria tion() methodtoobtainfirst-orderoptimality conditions

for aPDE-constrainedoptimizationproblemwasshown in section6.2.
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6.7.3 Sensitivities: Gradients and Hessians

With someoptimization algorithms, we will want to evaluatethe gradientor Hessianof an ob-

jective function with respectto a field ] or parameter~ . In Sundance,this is doneusing the

directS ensitivit y methodof Expr .

6.8 Linear Algebra and Solvers

Therearemany high-quality numericallinearalgebrapackagesin use,soSundanceis designedto

allow third-partylinearalgebrapackagesto beimportedasplugins.All numericallinearalgebrain

Sundanceis doneusingtheTril inosSolverFramework (TSF),andtheTSFin turnsupportsplugins

of third-partytypes.

Userspecificationof a linearalgebrarepresentationis doneby meansof a TSFVect orType

object. This objectknows how to build a vectorspacegivena meshandsetof functions, andthe

vectorspacein turnknowshow to build avectorof theappropriatetype.

6.9 Transient problems

Currently, Sundancehasnohigh-level supportfor transientsimulations.However, it is notdifficult

to codesimpletimestepping schemesdirectly in Sundance.

ConsiderCrank-Nicolson(BE) time discretizationfor the transientheatequation.If we dis-

cretizein time but leave spaceundiscretizedfor themoment, thestepfrom ] C to ] C�¤�¥ is givenby

thePDE ] C�¤�¥ ë ] C s u� G;¦¨§ ê O�] C�¤�¥ g ê OX] Cª© (6.9.10)

plus associatedBCs. We cannow solve this equationusingSundance,andthe solution may be

usedasthestartingvaluefor thenext step.

#include "Sundanc e.h"

/**

* \example timeStepHeat 1D.cpp

*

* This example shows how to do timestepping in Sundance. We solve the

* transien t heat equation in one dimension using Crank-N icolson time

* discreti zation. The time discretiz ation is done at the symbolic level.
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* Spatial discretizatio n is done via StaticLinearP roblem, yielding system

* matrices and vectors that can be used to march the problem in time.

*

* We solve the heat equation u_xx = u_t with boundary condition s

* u(0)=u(1 )=0 and initial conditions u(x,t=0)=sin( pi x). The solution

* is u(x,t)=exp( -piˆ2 t) sin(pi x).

*/

int main(int argc, void** argv)

{

try

{

Sundance::i nit(&argc, &argv);

/* create a simple mesh on the unit line */

int n = 100;

MeshGenerat or mesher = new LineMesher( 0.0, 0.5, n);

Mesh mesh = mesher.getMes h();

/* create unknown and variation al functions */

Expr delU = new TestFunct ion(new Lagrange(1)) ;

Expr U = new UnknownFunct ion(new Lagrange(1)) ;

/* create a differentiati on operator */

Expr dx = new Derivative( 0);

/* the initial conditions will be u0(x,t=0) = sin(pi*x).

* create a coordinate expressi on to represen t x, then

* create sin(pi*x ), and then project it onto a discrete function . */

Expr x = new CoordExpr(0) ;

double pi = 4.0*atan(1.0) ;

TSFVectorSp ace discreteSp ace

= new SundanceVe ctorSpace(mes h, new Lagrange(1));

Expr u0 = new DiscreteFun ction(discret eSpace, sin(pi*x));

/*

set up crank-ni colson stepping with timestep = 0.02. The time

discreti zation is done at the symbolic level, yielding

an elliptic problem that we solve repeated ly for the updated

solution at each time level.

*/

double deltaT = 0.02;

Expr cnStep = delU*(U - u0) + deltaT*( dx*delU)*(dx* (U + u0)/2.0);

Expr eqn = Integral(cnSte p);

/* Define BCs to be zero at both ends */

CellSet boundary = new Boundary CellSet();

CellSet left = boundary.s ubset( fabs(x - 0.0) < 1.0e-10 );

CellSet right = boundary. subset( fabs(x - 1.0) < 1.0e-10 );

EssentialBC bc = Essentia lBC(left, delU*U);
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/* create a solver object */

TSFPrecondi tionerFactory prec = new ILUKPreco nditionerFact ory(1);

TSFLinearSo lver solver = new BICGSTABSolver(prec, 1.0e-14, 300);

/*

put the time-discretiz ed eqn into a StaticLinear Problem object

which will do the spatial discretiz ation.

*/

StaticLinea rProblem prob(mesh, eqn, bc, delU, U);

/*

Now, loop over timesteps, solving the elliptic problem for u at each

step. At the end of each step, assign the solution solnU into u0.

Because Exprs are stored by reference, the updating of u0 propagates

to the copies of u0 in the equation set and in the

StaticLi nearProblem. The same StaticLinear Problem can be reused

at all timestep s.

*/

int nSteps = 100;

for (int i=0; i<nSteps; i++)

{

/* solve the problem */

Expr soln = prob.solv e(solver);

TSFVect or solnVec;

soln.ge tVector(solnVe c);

u0.setV ector(solnVec) ;

/* write the solution at step i to a file */

char fName[20] ;

sprintf (fName, "timeStepHea t%d.dat", i);

ofstrea m of(fName);

FieldWr iter writer = new MatlabWri ter(fName);

writer. writeField(u0) ;

cerr << "[" << i << "]";

/* flush the matrix and RHS values */

prob.fl ushMatrixValue s();

}

cerr << endl;

/* compute the exact solution and the error */

double tFinal = nSteps * deltaT;

Expr exactSoln = exp(-pi* pi*tFinal) * sin(pi*x);

/*

compute the norm of the error

*/

double errorNorm = (exactSoln-u 0).norm(2);

double tolerance = 1.0e-4;

/*

decide if the error is within tolerance

*/

Testing::pa ssFailCheck(__ FILE__, errorNorm, toleran ce);

}

catch(exc eption& e)

{

Sundance::h andleError(e, __FILE__);
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}

Sundance: :finalize();

}
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Chapter 7

SundanceOptimization Survey

7.1 Sundance-rSQP++ Inter face

Herewe describethebasicsof a softwareinterfacethatallows rSQP++ to solve (possiblyin par-

allel) PDE-constrainedoptimizationproblemsthat aremodeledusingSundance.Oneof the re-

quirementsfor this interfacewasthat it shouldbe aseasyaspossible(andrequireas little new

codeaspossible)to prototype a new optimizationapplication. Thereareseveraldifferentaspects

to a Sundance-rSQP++applicationthatarelogically independentof eachotherandthe software

structurereflectsthisseparationof concerns.Beforegoinginto thespecificsof thesoftwarestruc-

ture,we describethedifferentindependentcomponents thathave to bedealtwith. A few of these

independentcomponents are(1) thestatementof thePDE-constrainedoptimizationproblem,(2)

thelinearalgebraimplementation,and(3) how theoptimizationproblemis solved.

Thebasiclinearalgebraimplementationsusedby a Sundanceapplicationis determinedby an

abstractTSF:: TSFVectorType object.Forexample,asshownin Chapter6,everySundance -

::Discr eteFuncti on andSundance::Stati cLinearPr oblem objectmusthaveaTSF-

VectorType objectpassedinto their constructors.By parameterizinga Sundanceapplication

with aTSFVectorType objectandacompatibleTSF:: TSFLinearSolver object,thespec-

ification of the linear algebraimplementations is completelydetermined. The interfaceNLP-

Interfa cePack:: SundanceProblemFactory (or SPF for short) has beendefinedto

abstractthe SundancePDE-constrainedoptimization formation. The SPF interfaceallows the

developmentof a Sundanceoptimizationformulation thatis independentof thelinearalgebraim-

plementation andthiscomponentis discussedin Section7.1.2.
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Anothercritical part of the Sundance-rSQP++interfaceis the linear algebrainterface. Sun-

danceusestheTrilinosSolverFramework (TSF) asits abstractinterfaceto linearalgebrain much

thesamewaythatrSQP++usesAbstra ctLinAlgP ack (ALAPfor short).BothTSFandALAP

supportRTOpoperatorsandhave a very similar objectmodel(botharebasedon HCL [51], but

with ALAP to a lesserextent) so it was fairly trivial to develop the “Adapter” [42] subclasses

to put ALAP interfaceson TSF linear algebraobjects. The detailsof this ALAP-TSF interface

are discussedin Section7.1.1. The particularsof thesebasic linear algebrainterfacesare not

of much concernto individuals that simply want to useSundance-rSQP++ to prototype PDE-

constrainedoptimizationproblems. To relieve basicusersfor the concernsaboutlinear algebra

implementationsusedby Sundance,by a simple concreteC++ classcalled NLPInte rface-

Pack::S undanceLi nAlgFacto ry (seeFigure7.2) hasbeendevelopedthat automatesthe

tasksof allowing usersto selectbasicoptionsandof creatingcompatibleTSFVectorType and

TSF::TSFLinearSolver objectsthat areusedby a specificSPF object to definethe Sun-

danceoptimizationproblem.Theexamplemainprogramin Section7.1.4shows how this classis

usedto specifythelinearalgebrafor aSundance-rSQP++ optimizationproblem.

Finally, oncethelinearalgebraimplementationsandthePDEoptimizationproblemhavebeen

defined,thelastcomponentto specifyis theoptimizationalgorithm.This is whererSQP++ comes

in. Theprimary interfaceto rSQP++is throughtheabstractbaseclassNLPInt erfacePac k-

:: NLPFirstOrderInfo (seeSection4.2.3.2).ThesubclassNLPInte rfacePack ::NLP-

Sundanc e implementsthis interfacefor Sundanceoptimization problems. The detailsof the

NLPSundance subclassaredescribedin Section7.1.2.

7.1.1 AbstractLinAlgPack-TSF Linear Algebra interface

TheSundance-rSQP++interfaceusestheexplicit partitioning of variablesinto statesandcontrols

asshown in Chapter2. In orderto implementtheSundance-rSQP++interface,vector-spaceobjects

for thestateandcontrolvariables,a generalmatrix objectfor thesub-Jacobianfor thecontrols

{�«{ �
or � anda non-singular matrix objectfor the sub-Jacobianof the states

{�«{ l or õ areall needed.

Figure 7.1 shows a UML classdiagramfor the adaptersubclassesrequiredfor the ALAP-TSF

interface.Theseinterfaceclassesarecollectedinto a separateprojectlibrary calledAbstrac t-

LinAlgP ackTSF . Theseadapterclassesarevery straightforward andrequirelittle explanation

but somesimplecommentsarein order.

The VectorWithOpMutableTSF adaptersimply forwardsRTOpoperatorsthroughthe

apply reduction(...) andapply transformation(...) methodson to theaggre-

gateTSFVectorBase object(throughaTSFVector handleobject).Thatis basicallytheextent
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VectorSpace

VectorSpaceTSF

MatrixWithOpTSF
¬

MatrixWithOpNonsingularTSF
¬

MatrixWithOp

MatrixWithOpNonsingular
VectorWithOpMutable

VectorWithOpMutableTSF

TSF::
®

TSFVectorSpace
¯

TSF::TSFVectorSpaceBase

TSF::TSFVector

TSF::TSFVectorBase

TSF::TSFLinearOperator

TSF::TSFLinearOperatorBase

TSF::TSFLinearSolver

TSF::
®

TSFLinearSolverBase

Figure 7.1. UML class diagram :

Abst ract LinAl gPackTSF, Adapter subclassesfor ALAP-

TSF interface

of this subclass.Throughtheseoperatormethods(whichhave thesamebasicimplementation)all

of theadvancedfeaturesof therSQP++algorithmscanbeimplementedthroughspecializedRTOp

objects.

TheVectorSpaceTSF adapterusesthecreateMember()methodof theaggregateTSF-

VectorSpaceBase objectto implementthecreate member() methodandreturnsaVector-

WithOpMutableTSF with anembeddedTSF vectorobject.

TheMatrixWithOpTSF adaptersimply forwardsthevectorarguments(aftersomedynamic

castingto get the TSF objects)from the Vp StMtV(...) methodon to the TSFLinear-

OperatorBase object thoughits apply(...) or applyAdjoint(...) methods (de-

pendingon thevalueof thetransposeargument).

SincetheTSFLinearOperatorBase interfacedefinesthemethodsapplyInverse(...)

andapplyInverseAdjoint(...), it would seemthat theeveryTSFLinearOperator-

Base objectshouldbeableto supporttheMatrixWithOpNonsingular interfacebut this is

notthecase.Instead,thesubclassMatrixWithOpNonsingularTSF is neededwhichrequires

aTSFLinearSolverBase objectto solvefor linearsystemsin themethodV InvMtV(...).

The inversemethodsof on the TSF operatorobjectare ignoredsincethereis no guaranteethat

they will be implemented for a particularlinear operatorobject. This wasan important concept

thatwasdiscoveredduringthedevelopmentof theSundance-rSQP++interface.
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NLPSundance
°

createProblem(in vec_type, out constraints, out obj_func, out x_initial)± SundanceProblemFactory

NLPFirstOrderInfo
²

getOperator() : TSFLinearOperator³
getRHS() : TSFVector³ Sundance::
´

StaticLinearProblem
µ

TSF::
¶

TSFVectorType
·

TSF::
¶

TSFVectorTypeBase

TSF::TSFLinearSolver

TSF::TSFLinearSolverBase

eval(in discr_states, in discr_designs) : double¸
grad(in discr_states, in discr_designs, out grad_states, out grad_designs)³ SundanceObjectiveFunction

µ
Sundance::
´

Expr

Sundance::
´

ExprBase

obj_func_expr¹
get_lin_alg_components(out vec_type, out linear_solver)³ SundanceLinAlgFactory

µ

«create»

«create»

linear_solver

obj_func¹
constriants±

«create»

«create»

x_initialº

ReducedSpaceSQPPack::rSQPppSolver»
nlp

Figure 7.2. UML class diagram: Sundance-rSQP++interface

SeetheDoxygendocumentation for thepackageAbstra ctLinAlgP ackTSF for morede-

tailson thisALAP-TSF interface.

7.1.2 NLPSundance: Interface betweenSundancePDE-ConstrainedOpti-

mization Problemsand rSQP++

Figure7.2showsthebasicinterfacesandsubclassesthatmakeuptheSundance-rSQP++interface.

Userscreatesubclassesof theSPF interfaceto implementa new PDE-constrainedoptimization

problem. A SPF object,alongwith TSFVect orType andTSFLi nearSolve r objects,are

passedto theconstructorof theNLP subclassNLPSundance .

ThecreateProblem(...) methodof theSPF objectis calledby theNLPSundance ob-

jecttocreateSundanc e::Static LinearPro blem andSundance Objective Function

objects.TheStaticL inearProb lem objectis usedto representthesetof under-determined

nonlinearconstraints ¼�½L¾�¿�À�Á shown in (2.1.2).Associatedwith a StaticLi nearProbl emob-
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ject mustbe a Sundance: :Expr object (calledx initial in the figure), that containsthe

Sundancediscretefunctionswith theinitial guessfor thestatesandcontrols.Thesediscretefunc-

tions mustbe usedto form the variational equationsfor the PDE constraints. The setupof the

StaticL inearProb lem objectmustbedonein a specificway in orderto beusedwith NLP-

Sundanc e which is shown in thebelow exampleprogram.

TheclassSundance Objective Function is notabuilt-in Sundanceclassbut wasdevel-

opedfor the Sundance-rSQP++interfaceto encapsulatehow the objective function and its gra-

dientsarecomputed.The concreteSPF objectcreatesa Sundance::Expr objectthat repre-

sentstheobjective function(seeSection7.1.4for anexample) andit is this expressionobjectthat

getsembeddedin the Sundance Objective Function object that is returnedto the NLP-

Sundanc e object.

TheNLPSundance objectextractsTSFVector objectsfromtheSundance: :Expr object

x initia l for theinitial guessfor thestatesandthecontrolsas

x_initital[ 0].getVector( states_vec);

x_initital[ 1].getVector( controls_vec) ;

and then builds a Abstrac tLinAlgP ack::Vect orSpaceCo mpositeSt d object for

theconcatenationof thespacesof thestatesandthecontrols

states_spc = states_ve c.getSpace();

controls_sp c = controls_ vec.getSpace( );

into a single Abstrac tLinAlgPa ck:: VectorSpace object. Much of the machinery

for handlingthe mappingfrom different spacesandvectorsfor the states¾ and the controls À
to a single spaceand vector for the variables Â�ÃÅÄ Æ ¾�Ã À	ÃÈÇ is implemented by the same

Abstrac tLinAlgPa ck::Basis SystemCompositeStd subclassusedby the simple ex-

ampleNLP describedin Section7.1.4.Thisbasis-systemsubclassalsohandlestheformationof a

Abstrac tLinAlgPa ck:: MatrixWithOp objectfor thegradientmatrixGc ( Éc¼ ).
7.1.3 PDE Constraints

Here we carefully spell out how the constraintsmust be modeledusing Sundanceto form a

StaticL inearProb lem objectthatis returnedfromSPF::createProblem(...). What

is requiredis that the discretefunctionsfor the solution variablesandthe unknown functionsbe
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blockedinto singlevectorsfor thestatesandcontrols.For example, if Ê , Ë and Ì aretheunknown

(i.e. Sundance::Unkno wnFunctio n) statevariablesand Í , Î aretheunknown controlvari-

ables,thenthesevariablesmustbecombinedinto state¾ andcontrol À variablesas

¾ Ä ÏÐÑ Ê Ë Ì
ÒÔÓÕ

À Ä Ö ÍÎØ×�Ù
This is requiredsothat theTSFLi nearOpera tor JacobianobjectJac returnedfrom Jac

= Stati cLinearPr oblem::ge tOperator () isablockmatrixwhereC = Jac.getB lock(0,0)

is thebasismatrix objectfor thestateswhile N = Jac.ge tBlock(0, 1) is thenon-basisma-

trix objectfor thecontrols. SeetheDoxygendocumentation for theclassSPF for detailson the

assertionsfor theconstraints object.

Theexampleprogramin Section7.1.4shows how this blockingis donein thesimplecaseof

singleunknown variablesfor thestatesandcontrols.Blockingof multiple variablesfor statesand

controlsis shown in the2-D Burger’s example.

7.1.4 Example Sundance-rSQP++Application

In this section,we describethesolution of the following PDE-constrainedoptimizationproblem

thatis modeledby the1-D Poisson-Boltzmanequation

min Ú Û¢Ü;Ý�ÞSß;½JÀnàâáÀ�Á Ûäã Ú`å	æÛçÜ;Ý�Þ�½�è Û Á (7.1.1)

s.t. É Û Ànàêé åSë Ä�ì on í (7.1.2)À�½JÂ�Á�Ä�è on î�í (7.1.3)

where ízÄÅï=ð	¿Xñ�ò , áÀ is thetargetvalueof thestateon theright boundaryî�í�ó , è is a boundary

control function, and ô is an objective weighting term that balancesthe control objective (for
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À ) with the regularizationterm (for è ). The headerfile for theSundanceProblemFactory

subclassfor thisproblemis shown below.

01 // /////////// ////////////// ///////////// ///////////// ////////////// //

02 // SPFPoissonB oltzman1D.h

03

04 #ifndef SPF_POISSONBOLTZMAN1D_H

05 #define SPF_POISSONBOLTZMAN1D_H

06

07 #include "SundancePro blemFactory.h "

08 #include "RTOpPack/in clude/RTOp_co nfig.h"

09 #include "NewtonSolve r.h"

10

11 namespac e NLPInterfac ePack {

12

14

24 class SPFPoiss onBoltzman1D: public SundanceProbl emFactory

25 {

26 public:

27

29

31 SPFPoisson Boltzman1D(

32 value_type left, value_typ e right, int n, value_type uRight

33 ,value_type uGuess, value_type aGuess, value_t ype obj_wgt

34 );

35

38

40 void createProble m(

41 const TSF::TSFVector Type &vec_typ e

42 ,MemMngPack:: ref_count_ptr <Sundance::Sta ticLinearProb lem> *constri ants

43 ,MemMngPack:: ref_count_ptr <SundanceObjec tiveFunction> *obj_fun c

44 ,Expr *x_initi al

45 ) const;

47 const Mesh& getMesh() const;

49 const CellSet& controlsC ellSet() const;

50

52

53 private:

54 Mesh mesh_;

55 Expr coord_x_;

56 CellSet boundary_ ;

57 CellSet right_;

58 CellSet left_;

59 value_type uRight_;

60 value_type uGuess_;

61 value_type aGuess_;

62 value_type obj_wgt_;

63 };

64

65 } // end NLPInterface Pack

66

67 #endif

Note that the headerfile SPFPoisso nBoltzman 1D.h is basicallyjust boiler-platecode
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with the exceptionof someof the privatedatamemberson lines 54–62. The interestingcode

comesin thesourcefile which is shown below.

01 // /////////// ////////////// ///////////// ///////////// ////////////// //

02 // SPFPoissonB oltzman1D.cpp

03

04 #include "../include/ SPFPoissonBol tzman1D.h"

05 #include "Partitioned LineMesher.h"

06

07 namespac e NLPInterfac ePack {

08

09 SPFPoiss onBoltzman1D: :SPFPoissonBo ltzman1D(

10 value_type left, value_type right, int n, value_ty pe uRight

11 ,value_typ e uGuess, value_type aGuess, value_type obj_wgt

12 )

13 :coord_x_( new CoordExpr (0)), uRight_(uRight ), uGuess_(uG uess)

14 ,aGuess_(a Guess), obj_wgt_(obj _wgt)

15 {

16 #ifdef RTOp_USE_MPI

17 MeshGenera tor mesher = new Partitione dLineMesher(l eft, right, n);

18 mesh_ = mesher.ge tMesh();

19 #else

20 MeshGenera tor mesher = new LineMesher (left, right, n);

21 mesh_ = mesher.ge tMesh();

22 #endif

23 // Define cell sets for the boundry and left and right edges

24 boundary_ = new Boundary CellSet();

25 left_ = boundary_.su bset( fabs(coord_x_ - left) < 1.0e-10 );

26 right_ = boundary_.su bset( fabs(coord_x_ - right) < 1.0e-10 );

27 }

28

29 void SPFPoisso nBoltzman1D::c reateProblem(

30 const TSF::TSFVec torType &vec_type

31 ,MemMngPack::ref_count_p tr<Sundance:: StaticLinearP roblem> *constraints

32 ,MemMngPack::ref_count_p tr<SundanceOb jectiveFuncti on> *obj_func

33 ,Expr *x_initial

34 ) const

35 {

36 namespace mmp = MemMngPack;

37 using Sundance::L ist;

38

39 // Dimensi on of the finite-ele ment basis functions used

40 const int u_basis_dim = 1, a_basis_di m = 1;

41

42 // Discret e state space on the entire mesh and discrete control space on boundary

43 TSFVectorS pace discreteS tateSpace

44 = new SundanceVector Space(mesh_, new Lagrange( u_basis_dim), vec_type);

45 TSFVectorS pace discreteC ontrolSpace

46 = new SundanceVector Space(mesh_, new Lagrange( a_basis_dim), boundary_, vec_type) ;

47

48 // Express ion for the initial state and controls which are also used for the linearization

49 Expr u0 = new DiscreteFunc tion(discreteS tateSpace, uGuess_, "u0");

50 Expr alpha0 = new DiscreteFunc tion(discreteC ontrolSpace, aGuess_, "alpha0");

51

52 // Create the initial point for the optimize r
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53 *x_initial = List(u0, alpha0);

54

55 // Test and unknown functions for the state and control

56 Expr u = new UnknownFuncti on(new Lagrange(u_ba sis_dim), "u");

57 Expr alpha = new UnknownFuncti on(new Lagrange(a_ba sis_dim), "alpha");

58 Expr v = u.variation ();

59

60 // Nonline ar state equation and boundary condition s

61 Expr dx = new Derivative (0);

62 Expr nonlinearSta teEqn = (dx*(u))*(dx *v) + v*exp(- u);

63 EssentialB C nonlinearBC = EssentialBC ( boundary_, (u-alpha)*v, new GaussianQu adrature(1) ) ;

64

65 // Integra ted linearized state equation and boundary conditions

66 Expr linearizedSt ateEqn = nonlinearSt ateEqn.linear ization( List(u,alph a), *x_initial );

67 EssentialB C bc = nonlinearBC.l inearization( List(u,alpha) , *x_initial );

68 Expr eqn = Integral(line arizedStateEq n, new GaussianQuadr ature(4));

69

70 // Arrange test and (Newton) unknowns into [state, control] blocks

71 Expr du = u.differential (), dAlpha = alpha.differe ntial();

72 TSFArray<B lock> unkBlock s = tuple(Blo ck(du, vec_type), Block(dAl pha, vec_type ));

73 TSFArray<B lock> varBlock s = tuple(Blo ck(v, vec_typ e));

74

75 // Create the static linear problem for the step [du, dAlpha]

76 *constrain ts = mmp::rcp( new StaticLi nearProblem(m esh_, eqn, bc, varBlocks, unkBlock s) );

77

78 // Define the objective function.

79 const Expr obj_func_expr

80 = Integral(ri ght_,0.5*obj_ wgt_*(u-uRight _)*(u-uRight_ )) // Control objective

81 + Integral(bo undary_,0.5*( 1.0 - obj_wgt_ )*alpha*alpha ); // Regular ization

82 *obj_func = mmp::rcp(

83 new SundanceObjectiveFunct ion(

84 obj_func_ expr, mesh_, u, alpha ) );

85

86 }

...

98 } // end NLPInterface Pack

Lines 9–27 in this sourcefile containthe constructorwhich acceptsthe parametersfor the

problemand then setsup the meshand the cell setsfor the boundariesof interest. The input

parametersfor thisproblemarethedomain(left andright ) thenumberof finite elements(n),

thetargetvaluefor thestate(uRight ), theguessfor thestateandcontrol(uGuess andaGuess )

and the objective function wieght (obj wgt ). On lines 17-18 the meshis set up for parallel

executionwhile lines 20–21setup for serialexecution. The boundarycell setsarespecifiedon

lines24–26.

The most importantpart of this subclassis of coursethe implementation of the creat e-

Problem (...) methodthat begins on line 29. The dimensions of the finite-elementbasis

functionsare specifiedat the top of the function on line 40. Next, the TSF vector spacesare

definedfor the statesandcontrolson lines 43–46. Note that the input vec type argumentis
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usedaspartof thedefinitionfor thesevectorspaceswhichdeterminestheimplementationsfor the

vectors.Also notethatthespacefor thecontrolalpha is only definedon theboundaryasshown

in line 46 andnot over theentiredomain.This is a very usefulfeaturethatallows greatflexibili ty

in definingwhatdatacanbedeterminedby theoptimizer andwhatdatacanbespecifiedup front.

Given theseTSF vectorspaceobjects,the discretefunctionsfor the statesand the controlsare

definedonlines49–50andaresuppliedwith initial guesses.Thesediscretefunctionsrepresentthe

currentestimatefor thesolution andareusedastheunknownsin theoptimizationproblem.Later,

thesediscretefunctionsareusedto definethe linearizedequations.On line 53, the initial guess

for thestatesandcontrolsis packedinto anexpressionx initial which is laterreturnedto the

NLPSundance object.

Lines 56–63definethe setof nonlinearequations(stateequation(7.1.2)on line 62 and the

boundarycondition (7.1.3) on line 63). What makes this set of equationsdifferent from for a

standardSundanceproblemis that a test function is only definedfor the stateson line 58 and

not for the controlswhich resultsin a setof under-determinedequations.This setof nonlinear

equationsmust be linearizedand this is doneusing the lineariza tion(...) methodon

lines66–67.Thelinearizedstateequationis thenintegratedover theentiredomainon line 68.

Now thatthelinearizedstateequationsandboundaryconditionshavebeendefinedasSundance

expressions, we musttell Sundanceto properlyblock thevariablesasdescribedin Section7.1.3.

This is doneon lines 72–73. Note that the blocked unknown variablesarethe Newton stepsdu

anddAlpha andnot theoriginalunknowns u andalpha usedto definethenonlinearequations.

Finally, theStatic LinearPr oblem objectis createdon line 76 for the linearizedstateequa-

tion andboundaryconditions.This is theconstraintsobjectthatis returnedto theNLPSundance

objectwhichis usedto computetheresidualfor thenonlinearconstraints(whichhappensto bethe

negative TSF vectorreturnedfrom thegetRHS( ) method)andtheJacobian(which is returned

for thegetOpe rator() method).

Thefinal partof thecreatePr oblem(... ) methodis thedefinitionof theobjective func-

tion on lines79–84.First, theexpression for theobjective functionis definedon lines80-81.Note

thedomainsthattheobjective termsareintegratedoverandhow they compareto (7.1.1).Thisex-

pressionfor theobjective is passedinto theconstructorfor aSundanceObject iveFuncti on

objecton lines82–84.Notethat this constructormustbegiventhemeshobjectandtheunknown

functionsusedto definethe statesand the controls. The constraintobjectconstr aints and

the objective-function objectobj func arethenreturnedto the calling NLPSundance object

alongwith theinitial guessx initial . Thediscretefunctionsembeddedin thex initial ex-

pressionobjectaremanipulatedby theNLPSundance objectin orderto computetheconstraint

residualandJacobiananddifferentiterates.
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Thelastpieceof usercodeto write for this optimizationproblemis themaindriver program.

Thisprogramis shown in thebelow sourcefile.

01 // ////////// ////////////// ///////////// ///////////// ////////

02 // NLPPoisson Boltzman1DMain .cpp

03

04 #include <iostream>

05 #include "../include /SundanceNLPS olver.h"

06 #include "../include /SPFPoissonBo ltzman1D.h"

07 #include "../include /SundanceLinA lgFactory.h"

08

09 int main(int argc, char* argv[] ) {

10

11 namespace NLPIP == NLPInterfa cePack;

12 using CommandLineProcessorPac k::CommandLine Processor;

13

14 int prog_return; // return code

15

16 // Step 1: Initialize Sundanc e (i.e. MPI)

17 NLPIP::Su ndanceNLPSolve r::init();

18 Sundance: :init(&argc, (void** *)&argv);

19

20 try {

21

22 NLPIP::Sunda nceNLPSolver sundance _nlp_solver;

23 NLPIP::Sunda nceLinAlgFact ory lin_alg_ fcty;

24

25 // Step 2: Read in input

26

27 double left = 0.0;

28 double right = 1.0;

29 int n = 2;

30 double uRight = 2.0*log( cosh(right/sqr t(2.0)));

31 double uGuess = 0.1;

32 double aGuess = 0.2;

33 double obj_wgt = 0.99;

34

35 CommandLineProcessor command_li ne_processor;

36

37 command_line _processor.se t_option( "left", &left, "x at the left boundary" );

38 command_line _processor.se t_option( "right", &right, "x at the right boundary" );

39 command_line _processor.se t_option( "n", &n, "Number of finite elements" );

40 command_line _processor.se t_option( "uRight",& uRight, "Value at the right boundary" );

41 command_line _processor.se t_option( "uGuess",& uGuess, "The Guess for u" );

42 command_line _processor.se t_option( "aGuess",& aGuess, "The Guess for a" );

43 command_line _processor.se t_option( "obj_wgt", &obj_wgt,"[0,1 ] Wieghting for u or a (1.0: all u, 0.0: all a)" );

44 lin_alg_fcty .setup_comman d_line_process or( &command_line_processo r );

45 sundance_nlp _solver.setup _command_line_ processor( &command_line_processo r );

46

47 CommandLineProcessor::EPa rseCommandLine Return

48 parse_re turn = command_line_ processor.par se_command_lin e(argc,argv,& std::cerr);

49

50 if( parse_re turn != CommandLineProcessor::PAR SE_SUCCESSFULL)

51 return parse_re turn;

52
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53 // Step 3: create the linear algebra components

54 TSF::TSFVect orType vec_type;

55 TSF::TSFLine arSolver linear_sol ver;

56 lin_alg_fcty .get_lin_alg_ components( &vec_typ e, &linear_sol ver );

57

58 // Step 4: Create the SundancePr oblemFactory

59 NLPIP::SPFPo issonBoltzman 1D probfac(lef t,right,n,uRi ght,uGuess,aG uess,obj_wgt);

60

61 // Step 5: Solve the NLP (or the forward problem)

62 prog_return = sundance_nl p_solver.solve (vec_type, MemMngPack::rcp(&probf ac,false), &linear_s olver );

63

64 }// end try

65 catch( const std::excep tion& except ) {

66 cerr << "\nCaught as std::except ion : " << except.wh at() << std::endl;

67 prog_return = -1; // ToDo: return proper enum!

68 }

69

70 // Step 6: Finalize Sundance (i.e. MPI)

71 Sundance: :finalize();

72

73 return prog_retu rn;

74 }

Aswith any Sundanceapplication,Sundance: :init(... ) andSundance::final ize()

mustbe calledasshown on lines 18 and71. The next sectionof code(lines 27–51in the try

block) performsthe input of thecommand-line parametersfor the optimizationproblemthatare

passedinto theconstructorfor theSPFPoissonBolt zman1Dobjectthat is createdon line 59.

Command-lineoptionsfor the SundanceLinAlgF actory objectdeclaredon line 23 arein-

sertedinto the command-lineprocessorobjecton line 44 after the applicationspecificoptions.

Theseoptionsare read from the command-lineon line 48. Optionsare also processedfor a

Sundanc eNLPSolve r objectwhich controlsa lot of the default behavior that is independent

of the particularproblembeingsolved. To seeall of thevalid command-line options, theoption

--help canbespecifiedonthecommandline andwill causetheprogramto print ahelpmessage,

which for thisexecutableis

Usage: ./sundance _nlp_bolt [options]

options:

--help Prints this help message

--left double x at the left boundary

(default: --left=0)

--right double x at the right boundary

(default: --right=1 )

--n int Number of finite elements

(default: --n=2)

--uRight double Value at the right boundary

(default: --uRight= 0.463163)

--uGuess double The Guess for u

(default: --uGuess= 0.1)
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--aGuess double The Guess for a

(default: --aGuess= 0.2)

--obj_wgt double [0,1] Wieghting for u or a (1.0: all u, 0.0: all a)

(default: --obj_wgt =0.99)

--use-pet ra bool Determine if Petra (parallel) or serial (LAPACK) linear algebra is used

--use-ser ial (default: --use-pet ra)

--use-azt ec bool Determine if Aztec or the default BICGSTAB solver is used

--use-bic gstab (default: --use-bic gstab)

--ilu_fil l int Fill-in factor for ILU

(default: --ilu_fil l=1)

--ilu_ove rlap int Overlap for ILU

(default: --ilu_ove rlap=1)

--iter_so lve_tol double Solve tolerance for iterative solver

(default: --iter_so lve_tol=1e-10)

--iter_so lve_maxiter int Maximum number of iteratio ns for iterative solver

(default: --iter_so lve_maxiter=50 00)

--do-opti mization bool Determine if optimization or simulation problem is solved

--do-simu lation (default: --do-opti mization)

--root-pr ocess int Index (zero-based) of the root process

(default: --root-pr ocess=0)

--states- guess-file string Filename where initial guess for states data is stored (same format as ’states-s ol-file’)

(default: --states- guess-file="")

--control s-guess-file string Filename where initial guess for states data is stored (same format as ’controls -sol-file’)

(default: --control s-guess-file=" ")

--states- sol-file string Filename where solution for states data is written (flat values only)

(default: --states- sol-file="")

--control s-sol-file string Filename where solution for contorls data is written (flat values only)

(default: --control s-sol-file="")

--states- matlab-sol-fi le string Filename where solution for states data is written (matlab format)

(default: --states- matlab-sol-fil e="")

--control s-matlab-sol- file string Filename where solution for contorls data is written (matlab format)

(default: --control s-matlab-sol-f ile="")

--max_nl_ iter double Simulation maximum number of nonlinear iterations

(default: --max_nl_ iter=1000)

--resid_t ol double Simulation toleranc e (in the ||.||2 norm) for the constraint s

(default: --resid_t ol=1e-08)

--compute -gradient bool Compute the reduced gradient or not

--no-comp ute-gradient (default: --no-comp ute-gradient)

--use-adj oints bool Compute the reduced gradient with adjoints or direct sensitivities

--use-dir ect (default: --use-dir ect)

Oncethecommand-lineoptionsarereadin, thelinearalgebraimplementationsselectedby the

useron thecommand-linearecreatedon lines54–56.By usinga SundanceLinAlgF actory

object,everySundanceoptimizationproblemcanautomaticallysupportnew linearalgebraoptions

whenever they areadded.

After the linear algebraimplementationshave beendefinedand the concreteSundance-

ProblemFactory object hasbeeninitialized, the rest of the coderequiredto solve the op-

timization problemis exactly the samefor every application. This commoncode is encapsu-

latedin a helperobjectof typeSundanceNLPSol ver which is calledon line 62. This helper

classcareof creatingaNLPSundance object(which in turncallsthecreateP roblem(.. .)
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methodon the SundanceProblemFactory object) and then passesthis NLP object on to

a rSQPppSol ver object which attemptsto solve the optimization problem. A statusvalue

(program return ) is thenis returnedfrom the maindriver programto the shell. Any excep-

tionsthatarethrow (thatarenotcaughtelsewhere)will becaughtandreportedto std::ce rr on

lines65–68.

7.1.5 The SundanceNLPSolver helper class

The Sundanc eNLPSolve r classdoesmore than just solve the NLP. It also alsoallows any

SundanceProblemFactory objectto beusedto solvetheforwardsimulation problemwhere

thecontrolvariablesarefixedat theinitial guess.TheaboveexamplePossion-Boltzmanprogram,

or any of theotherexample programs,canbeusedto solve theforwardproblemby selectingthe

command-lineargument--do-s imulatio n. This will resultin thesimulation only beingper-

formedwith thefinial objectivefunctionvaluebeingoutputto afile callednle sol file.ou t .

In thismode,thereducedgradientat theconvergedsimulation canalsobecomputedby setting the

option --comput e-gradien t . Theoptions-use-adj oints and--use-dir ect select

theadjointversesthedirectsensitivity methodsfor computing this reducedgradientrespectively.

Theadjointmethodis by far themostefficient.

The ability to do the forward simulation andto computeexact reducedgradients(usingboth

theadjointandthedirectapproaches)allowsany Sundance/rSQP++applicationto alsobeusedin

lower-level NAND methodssuchasdescribedin Chapter2.

7.2 Example SundanceOptimization Application - Source

Inversion of a Convection Diffusion System

Several forward problemsfrom the Sundancetestdirectoryhave beenconvertedto optimization

problemsto test the rSQP++interface. The direct andadjoint interfaceswere testedon a heat

transfer, Burgers,anda convection diffusion problem. More in depthanalyseswereconducted

usinga sourceinversionproblemconstrainedby convection-diffusion equations.In additionto

testingtherSQP++/Sundanceinterface,theobjectiveof this exercisewasto presentnumericalef-

ficienciesassociatedwith all 7 levelsof optimization,anddemonstratethisformulationto solvethe

“chemical/biological attackon a large facility” problem,similar to thework donewith MPSalsa.

However, in thiscasewetestedtheinversion problemwith largenumbersof inversionparameters.
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By specifyingalimitednumberof statevaluesatvariouspointsin thedomainastargets,aleast-

squaresformulationconstrainedby a convection-diffusionPDE is usedto determinethe location

of theoriginalsource(s)ontheboundary. In thecaseof chemicaldiffusion, thesestatevaluescould

be concentrationsandin thecaseof heatdiffusion thesestatevaluescouldbe temperatures.We

obtainfrom aforwardsimulation16“sensor”locationsoutof 1600grid pointsastargets,whichare

thenusedin theinversion problem.Sincethis is anill-posedproblem,a regularizationtermneeds

to beaddedto theobjective function. Threeobvious optionscanbeconsidered:thesquareof õ ,
thesquareof Énõ andfinally thesquarerootof Écõ . Unfortunatelyasaresultof animplementation

limitation,theboundaryinversion cannotmake useof gradientbasedtermsfor theregularization

andthereforethe numericalexperimentswereconductedwith the squareof õ . Our formulation

allows locatingthesourcetermanywhereononeof theboundaries(i.e. öp÷ ):
øAù�úûýü þ ÿ� ������ Þ�� ½
	 à�	 � ÁN½�¼ à"¼��Á Û ã��� ����� õ Û (7.2.4)

s.t. à���� ¼ ã ÉA¼���� Ä�ì'¿ in í (7.2.5)î�¼î�� Ä�ì'¿ on ö�� (7.2.6)¼¨Ä�ì'¿ on ö! (7.2.7)¼¨Ä õ�¿ on öV÷ (7.2.8)

where: Ö Í�"Í�#n× Ä Ö ½Pà%$ ã ¾�ÁN½&$ ã ¾�Áì ×í5Ä('>½JÂV¿�¾'Á*)�½à�$,+ Â-+ ã $¢Á/. ½à�$0+�¾1+ ã $¢Á32ö!�êÄ('+½�ÂV¿�¾'Á4)�½Pà%$5+3Â6+ ã $¢Á/. ½L¾�Ä�à�$67 ¾hÄ ã $¢Á82ö! Ä�'>½JÂV¿�¾�Á4)�½�Â Ä ã $¢Á!. ½à�$,+3¾9+ ã $¢Á82ö�÷ Ä('>½JÂV¿�¾�Á4)�½�Â Ä�à%$¢Á!. ½Pà%$,+3¾9+ ã $¢Á82
where � ½
	 à:	 � Á is a deltafunctionthatspecifiesthelocationof thesensors,¼ is thevectorof

calculatedstatevalue(concentrations),¼ � is thevectorof concentrationmeasurements(or targets),� is the regularizationparameterwhich is set to 1E-5 for our numericalexperiments, õ is the

source/inversion term, � is thediffusivity constant,and � is thevelocityfield. Thevelocityfield is

givenfor thisproblemandmakes(7.2.5)linearin ¼ andthereforenoNewtoniterationsarerequired

to converge to thesolution for the forwardproblem.Figure7.3 shows the forwardsimulationon

a 40x40grid (i.e. �;"�Ä=<�ì and ��# Ä=<�ì finite elementsperdimension)for a Gaussian-like source

on theleft boundary.
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Figure7.4 shows thesolutionfor the inversionproblemdefinedin (7.2.4)–(7.2.8)on a 40x40

grid. TherSQPalgorithmwasableto successfullysolvetheproblemandrecover theentireprofile.

Small oscillationson the boundaryareobserved which may be reducedby choosinga different

regularizationterm. Additional experimentswereconductedto evaluatedifferentregularization

termsandarepresentedin thenext section.Thesensordatausedfor this NLP wastaken from a

160x160forwardproblemwith thesamesourceshown in Figure7.3.

The sourceinversionproblemwas usedto demonstrate the numericalefficienciesof the 7

optimization levels by inverting for the boundarysourceusing different grid resolutions. For

levels 1-3 we usedrSQP++throughthe DAKOTA framework and for levels 4 and 5 we used

the rSQP++/Sundanceinterface. Level 6 wasnot solved for theboundaryinversion problembe-

causeof implementationlimitations.Insteadaninversionproblemwassolvedusingthefull space

methodwhereinversionparametersarelocatedwithin thedomain.As the formulationin (7.2.8)

suggests,thenumberof inversionparametersscaleswith thesizeof theboundary. Thenumerical

experimentwasconductedon a Pentium4, 2.1 GHz processorandeven thoughSundanceand

rSQP++areparallelcapable,theexperimentswererunserially. Eachoptimizationlevel wasused

to completetheinversion for agrid sizeof 10x10,20x20,40x40,80x80,anda160x160grid. The

numberof inversion parametersmatchedthesizeof thegrid dimensionof asinglesidedboundary

(10, 20,40,80and160 inversionparameters).The convergencecriteria is controlledby various

tolerances,but in our experimentwe chooseto matchobjective functionsascloselyaspossible.

Table7.1 shows the objective function valuesandCPU timesfor variouslevels of optimization

methods.As expected,the lower-level optimizationmethodsarenot ableto efficiently drive the

objectivevaluedown to levels comparableto thehigher-level methods.

Figure7.5 shows graphicallythe numericalresults. Level 0 useda local coordinatepattern

searchand it is the leastefficient algorithmfor this problem. Thesemethodsareobviously not

preferredfor smoothanddifferentiableprocessesbut wehaveincludetheresultsfor completeness.

Level 1 shows a considerableimprovementover level 0 asa resultof usinggradientinformation.

Directsensitivitiesfor bothNAND andSAND show significantimprovementsoverlevel 1 because

thereducedgradientsfor level 1 arecalculatedthroughfinite differenceswhich requiresthecon-

vergenceof a simulation for eachinversionparameter. Calculatingreducedgradientswith direct

sensitivities avoids this numericaloverhead.Additional seperationbetweenNAND andSAND

methodsusingdirectsensitivitiescanbeexpectedif thishadbeenanon-linearproblem.

Theadjointsensitivities areby far themostefficient methodto calculatethereducedgradient.

Thereis a significantdifferencebetweenNAND andSAND becauseof the simulation overhead

thatNAND incursat eachoptimization iteration.This differenceis betterobservedin Figure7.6.

Onewould expectthata non-linearsimulationproblemwould incur additional Newton iterations
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Figure 7.3. Forwardsimulation for 40x40 boundarysource
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Figure 7.4. Inversionfor 40x40 boundarysource
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Method >?/@%>BA�@ æDC >B?;@�>BAE@ Û C >B?;@�>BA�@%F C >B?;@%>BA�@HG C >B?;@�>BA�@ æDIJC
Sim 0.591 2.119 8.214 32.831 134.396

L-0 Inv 13974.8 31239.3 - - -

L-1 Inv 1278.63 1642.32 5385.14 27128.3 -

L-2 Inv 58.5 182.5 293.4 1840.8 22003.2

L-3 Inv 55.1 165.8 465.8 882.8 3620.4

L-4 Inv 9.47 17.32 55.87 835.65 13911

L-5 Inv 8.6 13.0 26.6 151.1 986.5

Method >?/@%>BA�@ æDC >B?;@�>BAE@ Û C >B?;@�>BA�@%F C >B?;@%>BA�@HG C >B?;@�>BA�@ æDIJC
Sim - - - - -

L-0 Inv 7.79e-2 5.94e-2 - - -

L-1 Inv 9.41e-3 2.52e-5 1.89e-5 1.79e-5 -

L-2 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-3 Inv 8.64e-3 1.37e-5 1.70e-5 1.65e-5 1.18e-5

L-4 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

L-5 Inv 8.61e-3 1.32e-5 1.18e-5 1.18e-5 1.18e-5

Table7.1. Summaryof CPUtimes/ objective functionvalues for

source-inversionon a boundary.

whichwouldaddto theNAND expensefor eachoptimizationiterationandthegapbetweenlevels

3 and5 wouldbeevengreater. Estimatedtimesfor level 6 arepresentedthatequalsthreetimesthe

forwardsimulation cost. This is a conservative estimateconsideringthe full spaceinversionof a

40x40grid with 1600inversionparametersrequiredlessthan10secondsto converge.

The exact valueof æÛäÜ � � õ Û for the sourceshown in Figure7.3 is 1.1788(to five significant

figures). Therefore,for � Ä ÿ9Kzÿ ì åML , the minimum valueof the objective function in (7.2.4)

thatcanbeobtainedfor a perfectinversionis ÿ Ù ÿ�NPOPO1K"ÿ ì åML . Theactualobjective functionvalue

mustalwaysbe larger than this sincethe regularizationterm causesthe solution to perturbthe

sensormatchingterm in (7.2.4) resultingin an overall elevatedobjective function. Without the

regularizationterm, the theoreticalobjective function valueshouldbe nearzero. This explains

why theobjectivefunctionvaluefor discretizationof 40x40andlargerobtainanobjectivevalueofÿ Ù ÿQORK ÿ ì åML which is lessthanonepercentoff from theperfectinversionvalueof ÿ Ù ÿ�NPOSOTK ÿ ì åML .
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7.2.1 Inverseproblem formulation

We investigatea full spacesolution methods(level 6) usingthe sourceinversion problemwhere

theinversionparameteris locatedanywherein thedomain.We formulatetheproblemasfollows:øAù�úþ ÿ� ���� � Þ�� ½U	tàV	 � ÁN½�¼ àê¼�XÁ ÛEW í ã � � � ÞYX ½�õ�Á W í
subjectto:à����RZ ã5[ Z4�B� ã õ]\zì�^ in íH^î�Zî_� \zì�^ on ö!��^Z`\�ì�^ on ö� Ù (7.2.9)

The X�a õcb termin thesecondpartof theobjective functionis a regularizationfunctional,with �
astheregularizationparameter. If theerrorwasmeasuredthroughout thedomain,no regulariza-

tion is needed,the inverseproblemcanin factbeseenasa matchingcontrolproblem—which is

known to haveauniquesolutionfor smallPecletnumbers.However, discretemeasurementsimply

multiplesolutions,andthussomeregularizationis necessary. Possiblefunctionalsfor X�a �db are:Ü;ÞHõ Û W í (7.2.10)Ü;Þ [ õ9� [ õ W í (7.2.11)Ü;Þ a [ õ9� [ õcbSef W í Ù (7.2.12)

We usethefollowingnotation:g a õ æ ^�õ Û b4)h\ � Þ � [ õ æ � [ õ Û W íH^ a õ æ ^�õ Û b�)i\ � Þ õ æ õ Û W íH^ a õ æ ^�õ Û bkjl)i\ � j õ æ õ Û W ö
TheLagrangianfunctionalthatcorrespondsto (7.2.9)is givenby:m a Z�^�õ�^8n�bo)i\ ÿ� ��� � Þ���a 	tàV	 � b a Z à:Zp�qb ÛEW í ã(�� a õE^�õ;bã g a n/^3Zpb ã a [ Z4�B�o^8nEb ã a õE^8nEb (7.2.13)

Assumingthattheregularizationtermfor theinversion force õ isgivenby (7.2.10)theweakformu-

lation for theoptimality conditions (Karush-Kuhn-Tucker conditions)of (7.2.9)is the following:
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Find õE^3Z�^8n/^Br6sut aDv b suchthatg a
w ^3Zpbcx a [ Z��p�*^ w b/x a õE^ w by\{z�^}| w r~s t aDv b��� aD��a 	]��	 � b a Z4��Z�8b w b/x g a
w ^8nEb/x a [ w �p�*^3n�by\{z�^}| w r~s t aDv b� a
w ^Xõcbcx a
w ^3n�by\{z�^!| w r�s t a&v b� (7.2.14)

7.2.2 Algorithm

Thereareseveralwaysto solve theoptimality conditions. rSQP++usesa block-eliminationpro-

cedureto solve (7.2.14).Given � first solve for Zg a
w ^3Zpb/x a [ Z4�B�o^ w b/x a �E^ w by\{z�^k| w r�s t aDv b�
thensolve �

� a&��a
� � � � b a Z*�:Zp�3b w b/x g aDw ^8n�b/x a [ w �B�o^8n�by\�z�^}| w r�s t a&v b
for n ; andfinally solve � a
w ^3�cb/x a
w ^8nEby\{z�^/| w r�s t aDv b�
to update� . Theblock-eliminationhasbeenusedasa preconditionerfor (7.2.14).Herewe solve

theresultingKKT conditionssimultaneously:���9���
� ���&� �1�����3�����8� � � ��9� ��� �
�d������ � 

¡ ¢£
¤ �¥�¦ \§� ��� � 

¨ � x �1�� £¨ � x � � � £¡
¤ �¥�¦ � (7.2.15)

7.2.3 Numerical Experiments

Variousexperiments were conductedusing this full spaceformulation including the evaluation

of regularizationterms,numberof sensors,andnumberof sources.Both the total variation and

Tikhonov regularizationwereevaluatedandfor our sourceselectionsboth wereable to recover

theoriginal sourceat similar levelsof quality. The total variationregularizationhowever, makes

the objective function nonlinearwhich thenrequiresa Newton method. Becausethe Tikhonov

regularizationtermmakestheobjectivefunctionlinearandtherebyrequiringnoNewtoniterations,

weusedTikhonov for all of ourexperiments.
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Thefull space(level 6) methodis themostefficient in comparisonto levels0 to 5. Eventhough

we do not have a consistent comparisonandif we couldgeneratea boundaryinversionproblem

usingfull spacemethods,it would most likely not be asnumericallytaxing as the full domain

inversionproblem.Thefull domaininversion problemconvergedunder10 secondswhereaslevel

2, 3, 4, and5 for theboundaryinversion problemfor thesamesizegrid (but with smallernumber

of inversion parameters)convergedin 293,465,55,and26secondsrespectively.

Figures7.7and7.8show resultsfor usingdifferentnumberof sensors.
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Chapter 8

Split, O3D and Hierar chical Control

8.1 Overview

Split is a full-spacesequentialquadraticprogramming(SQP)algorithm for generallarge-scale

nonlinearprogramming problems. As notedabove, SQPmethodsproceedby forming at each

major stepa quadraticprogramming (QP) approximation to the generalproblemat the current

iterate.Thesolution of thisQPprovidesastepto adjustthevariablesandtheassociatedLagrange

multipliers. Thus,an importantpart of any successfulSQPalgorithmis a robust QP solver. In

this chapter, we concentrateon O3D, our interior-point QP solver that hasmany advantagesfor

this particularapplication. We alsobriefly describeSplit. Finally, we discussour approachto

formulatingcertaincontrolproblemswheretherearemultiple objectives, leadingto a novel class

of hierarchicalcontrolproblems. Our formulationyieldsmorepracticalanswersthantraditional

approaches,i.e.,ouranswerstendto besmootherandmorerobust.

An important part of our researchin SQPmethodswasthe designanddevelopmentof soft-

wareto implement thesemethods.Both Split andO3D wereimplementedto becompatible with

SundanceandTril inos(TSF)andthusbeableto take advantageof theunprecentedcontrolof the

PDEsystemsthatSundanceprovides.Earlier in this project,we experimentedwith a Java imple-

mentationandtheuseof “proxy vectors.” Althoughtheseexperimentsdid not work ashoped,we

reporton thiswork andtheconclusionsthatwecandraw from them.
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8.2 O3D

Althoughquadraticprogramsarisein independentapplications,theprimaryemphasisin thisreport

is theirappearanceasastepgeneratorfor thesolutionof generalnonlinearprogrammingproblems.

In this context, thereexist numerousfeaturesof analgorithmfor solvingquadraticprogramsthat

would beparticularlyuseful,but would not necessarilybe of valuein a stand-alonesolver. This

statementis especiallytruein thelargescalecasewhereproceduresthatapproximate thesolution

canleadto substantialefficiencies.Here,we examinetheissuesof (approximately)solving large

scalequadraticprogrammingproblemsin the context of the sequentialquadraticprogramming

(SQP)algorithmfor solvinggeneralnonlinearprogrammingproblems.

Thegeneralnonlinearprogrammingproblemcanbetakento beof theform©lª¬«�ª¬©lª¬�® � a
¯ b¯subjectto: ° a
¯ b²± z³ aU¯ b´\ z aDµ-¶Y· b
where �V¸º¹9»½¼ ¹-t , °-¸º¹9»½¼ ¹9¾ e and

³ ¸º¹9»1¼ ¹9¾ f . At eachstepof theSQPalgorithma

quadraticprogrammingapproximation to a&µ¿¶Y· b is constructedandits solutionis usedasa step

to improvethecurrentiterate.Morespecificallyweconstructa quadraticprogramof theform

©lª¬«ºªÀ©1ªÀ�® ZqÁ � x tÂ � Á&Ã ��subjectto: Ä � xÆÅ ± zÇ � x W \ z a Ã · b
where � r-¹ » , Ã r-¹ »ÉÈÊ» , Ä�r-¹ ¾ e ÈÊ» , Å%r-¹ ¾ e , Ç r-¹ ¾ f ÈÊ» , and

W r6¹ ¾ f .
Let Ë a
¯ ^8n/^qÌ!by\�� a
¯ b/x0n Á ° aU¯ b/xÆÌ Á ³ aU¯ b

be the Lagrangianof a&µ-¶Y· b with multipliers n-r-¹ ¾ e and Ì~r-¹ ¾ f . If the currentiterateis¯�Í thenthecorrespondencebetweenaDµ-¶Y· b and a Ã · b is asfollows:

Z \ [ � aU¯ Í bÄ \ [ ° a
¯�Í bÅ \ ° aU¯�Í bÇ \ [ ³ a
¯ Í bW \ ³ aU¯�Í b
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and Ã is asymmetricapproximation to theHessianof theLagrangianat aU¯ Í ^3n Í ^qÌ Í b .
The subproblema Ã · b is approximatelysolved to yield the step ��Í and the next iterate is

calculatedby ¯ Í3Î ty\ ¯ Í x0Ï � Í
where Ï is thesteplengthTo guaranteeconvergenceÏ mustbechosencarefully. Typically a merit

functionis usedto guidethischoice.A merit functionis ascalar-valuedfunctionwhosereduction

impliesprogresstowardsto solution. Thusanimportantfactorin using a Ã · b asastepgeneratoris

to ensurethatapproximatesolutionsaresuchthatthey aredescentdirectionsonthemerit function.

(See[26] for amorecompletediscussionof thegeneralissuesconcerningSQPmethods.)

Therearenumerousissuesto considerin solving a Ã · b andtheresolutionof theseissuesde-

pendsonwhetheror not a Ã · b is to besolvedasa stand-aloneproblemor asa subproblem.First,

for asolution to exist, theconstraintsmustbeconsistent,i.e., theremustbeat leastonpoint � such

that all of the constraintsaresatisfied. If the constraintsof a stand-aloneproblemare inconsis-

tent,thenit sufficesfor a solver simply to reportthis factbackto theuser. In thecontext of SQP,

however, it is oftenthecasethatsubproblemsareinconsistent,soa proceduremustbedevisedto

usethesubproblemto createa descentdirectionfor themerit function.Evenif theconstraintsare

consistent, thereis no guaranteethata feasiblepointwill begiven, soa “phaseI” proceduremust

alsobeprovided.

Anotherconsiderationis thenatureof Ã . If Ã is positivedefinite,thenthesolution of a Ã · b is

unique. Otherwise,multiple local minimamayexist andthequestion arisesof which solutionis

desired.Furthermore,if Ã is indefinite(or negative definite)andthe feasiblesetis not bounded,

thentheremayexist unboundedsolutions. When a Ã · b is a subproblemfor SQP, it is reasonable

to assumethata solution thatis too largewill notbeof interestsinceonewouldexpectthat a Ã · b
wouldonly bea reasonableapproximation for aDµ-¶Y· b in a relatively smallregionabout̄ÐÍ . From

a computationalpoint of view, if Ã is indefinite, thendirectionsof negative curvaturemay be

possible to constructandexploit. Finally, Ã may be in the form of a quasi-Newton updateor a

limitedmemoryquasi-Newton updatein which caseit will representedasa low rankupdateof a

scaledidentitymatrix.

A quadraticprogramsolver for astand-aloneproblemwouldprobablyonly returnthesolution¯ � andtheassociatedmultipliers,alongwith anindicationof whichof theinequalityconstraintsare

active. This would in turn requireproceduresto estimatethemultipliers andconvergencecriteria

to halt the iteration. For a subproblemsolver, thereneedto be additionalfeaturesto control the

solution process.In particular, asnotedabove, the lengthof the stepmay be important,e.g.,in

trust-region algorithms, andthereit is important to have reasonableestimatesof the multipliers
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when the solver is terminatedsincetheseare often usedin constructingapproximationsto the

Hessianof theLagrangian.In addition,severaldifferenttermination criteriamaybeneededand,

asnotedabove,aprocedureto produceadescentstepon themerit functionevenif theconstraints

areinconsistent.

Dif ferentSQPalgorithmscanbeconstructedthat favor certainapplications andthesefactors

influencethe choiceof underlyingquadraticprogramsolvers. For example,applications with a

large numberof highly nonlinearinequality constraintsshouldprobablybe handleddifferently

from applicationswith only mildly nonlinear constraints. Similarly, the algebraicstructureof

problemswith a large numberof equalityconstraintsmight receive specialconsideration.The

applicationsalsoaccountfor structurein thegradientsof theconstraintsandin theHessianof the

Lagrangian. In large scaleproblems,this structureoften needsto be consideredcarefully both

in the formulationof the problemandin the solution techniques.For example,in the controlof

partialdifferentialequationsonecantradeoff thesizeof theproblemwith thenonlinearityof the

problem,i.e.,onecansometimesconstructavery large,but mildly nonlinearproblemor asmaller,

but morenonlinearone.

We areprimarily concernedwith applicationsin which thereis a large numberof nonlinear

inequalityconstraints.First, we briefly discusssomefeaturesandpropertiesof QP solversthat

affect their usein the SQPsetting. We then describethe interior-point method, ÑÓÒPÔ , and its

propertiesthatshow it to bea goodcandidatefor a stepgeneratorin anSQPalgorithm. Next, we

suggestenhancementsof ÑÕÒSÔ thatimprovetheperformanceandrobustnessof thebasicalgorithm.

Finally, wediscussits implementationandpreliminarynumericalresults.

In light of theabove discussion of the typesof quadraticprogrammingproblemsthatariseina&µ¿¶Y· b applications,webriefly review heretheissuesthatshouldbeaddressedin designinga QP

solver thatcanbeusedasastepgeneratorfor SQP.

8.2.1 The Constraints

The properhandlingof the constraintshasa profoundeffect on many otheraspectsof the algo-

rithm. In thisdiscusion,we assumethattheconstraints areconsistent;inconsistentconstraintsare

discussedundertheheadingof earlyterminationbelow.

First, thereis certainlyno guaranteethataninitial feasiblepointwill begiven.Thusa PhaseI

procedureto computeonemustbespecified.Typically sucha procedureusesa “Big Ö ” method

whereinthe feasibleregion is enlarged to enclosethe initial approximation to the solution and
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thenshrunkto its original size in the courseof the subsequentcalculations. If sucha method

is used,then the sizeof Ö , the initial sizeof the associated“artificial variable,” the natureof

the enlargement(i.e., should all of the constraintsbe changed,or just a few), andthe procedure

to ensurethat the artificial variableis reduced,mustbe specified.The issuesin terminatingthe

algorithmwhile still in PhaseI aresimilar to thosein thecaseof inconsistentconstraintsandare

discussedbelow.

Although a given initial point may be infeasible,it is possiblethat it is “close” to the opti-

mal solution. Sucha situation is calleda “warm start.” Interior-point methodshave usuallynot

beenamenableto takingadvantageof warmstarts,but significantsavingsmaybepossible if such

informationcouldbeexploited. We intendto investigatethis issuefurther.

8.2.2 Multiplier Estimates

Estimating themultipliers is a particularlydifficult problemfor primal methods,i.e., primal-dual

methodswouldseemto have anobviousadvantage.In thecaseof nonconvex problems,however,

this advantageis not so clear. The issueis to designa methodto estimatethe multipliers that

givesreasonableapproximations whenfar from the optimal solution, anddoesso at reasonable

computational cost. Degenerateconstraints,a commonoccurancein large scaleproblems, give

rise to nonunique multipliersanda lack of strict complimentarity, but degeneracy itself typically

doesnotposeadifficulty for interior-pointmethods. In primalmethods, estimatingthemultipliers

requiresa determination of which constraintsareactive at thesolution. This is not aneasytask.

Our approachfor this is to useso-called“Tapiaindicators”to estimatetheactive set,followedby

a particularysimple interior-point methodon the dual problem. We have implementedthis idea

andhaverecordedsomeexcellentresultsonsomehighly degenerateproblems, includingproblems

with equalityconstraintswhereweareguaranteedto havedegeneracy.

8.2.3 Early Termination

All of theabove considerationsareexacerabedby thepossibility of earlytermination of thealgo-

rithm. For the solution to be usefulin theSQPsetting, it mustbe suchthat it leadsto a descent

directionon themerit function. It is ofteneasierto show thattheoptimal solution hastherequired

descentpropertiesthanthatanapproximatesolution does.A majorcauseof this is thatwhenfar

from theoptimalsolution, thedeterminationof theactive setandtheassociatedmultipliers is es-

peciallyproblematic.This is evenmoredifficult in thecaseof nonconvex problems. Theeffect of
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poormultiplier estimatesis to createdifficultiesin theSQPalgorithmwhich usestheseestimates

for calculationsinvolving theLagrangian.

In orderto terminateearly, thealgorithmmusthaveasetof criteriafor testingtheadequacy of

thecurrentapproximation. Standardconvergencecriteriamaybeadequatefor obtaininga highly

accuratesolution, but maynot be particularlygoodat determiningthe adequacy of moreremote

solutions. For example,poor multiplier estimatesmay may causea goodapproximatesolution

to appearto be muchpoorer. Criteria for termination may includea simple test to terminateif

the lengthof the solution exceedsa certainlength. Sucha proceduremay allow usefulstepsin

unboundedproblems.

8.2.4 Computational Issues

The overriding concernfor any QP solver that is to be usedasa stepgeneratoris that the it be

computationally efficient. Most of thework in solving a Ã · b usinganinterior-point methodis in

the solution of the underlyinglinear systemof equations.Using direct factorizationmethods is

quiteefficient aslong asthe linearsystems arenot too large. If largerproblemsareto besolved,

theniterative methodsmustbeconsidered.Issuesof how to preconditionthesesystemsandhow

accuratelythey mustbesolvedremainto beaddressed.Our implementationusingTSFfacillitates

experimentationwith iterativemethodsand,moreimportantly, with preconditioners.

8.2.5 Recenteringin O3D

Recenteringin O3Dis anattemptto preventtheearlyiteratesfrom stayingtoocloseto thebound-

ary of the feasibleregion andthussignificantlyslowing thealgorithm. Completerecenteringin-

volvesmoving the currentiterateasfar aspossible towardsthe centerof the polytopealongthe

level curvecorrespondingto thecurrentiterate.Becausedoingthisin thefull spaceis prohibitively

expensive, we haddevelopeda methodbasedon doingtherecenteringin a subspace,in thesame

spirit as ÑÓÒPÔ itself. Althoughthisprocedurehadoftenreducedthenumberof iterationsmodestly

in early testproblems, it did not appearto be effective on the problemsarisingfrom PDE con-

straints.Thereasonsfor this arenotentirelyclear, andseveralattemptsto improve this procedure

werenot successful.Theseattemptsincludedconstructingthe subspaceto be orthogonalto the

3-dimensional subspacegeneratedby the main ÑÓÒPÔ algorithmandincreasingthe dimensionto

four or five.

We finally developedanentirelynew approachwhich hasturnedout to bemuchsimpler and
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muchmoreeffective. Themainideais movealongtheNewton recenteringdirectionfrom thefullÑÓÒPÔ stepuntil it intersectsthelevel curvecorrespondingto thecurrentvalue.Usingthis ideahas

provedto bequiteeffective. Thecomputationalcostto form thestepis a third thatof thesubspace

recenteringalgorithmandnever morethanoneiterationis neededascomparedto an averageof

five iterationsfor theold method. In two early tests,we foundunboundedsolutionsafter only a

few iterationswhereastheold methodwasstill makingslow progressafter1000iterations.More

testinghereis necessaryto tunetheentirealgorithm.

8.2.6 The O3D Algorithm

ÑÓÒPÔ is a primal method,implying that it only operatesin the primal spaceanddoesso by at-

tempting to reducetheobjective function. It doesthis by forming a 3-dimensionalapproximation

to a Ã · b that canbe easilysolved. In particular, ÑÓÒSÔ generatesthreeindependentdirectionsat

thegivenfeasiblepoint. Thesedirectionsandthefeasiblepoint determinea 3-dimensionalaffine

space.Thereduceda Ã · b is thentakento betheoriginal a Ã · b restrictedto thisspace.Thethree-

dimensional problemis thensolved andthe next (strictly feasible)iterateis taken to be 99% of

thedistanceto theboundaryin this directionor to theminimum of thequadraticin this direction.

Convergenceis checked and the procedurerepeatedasnecessary. In discussingthe details,we

consideronly the inequality constraintsin a Ã · b ; equalitiescanbe includedby writing themas

two inequalities.

We assumethatan initial strictly feasiblepoint �M× is givenandthat thealgorithmgeneratesa

sequenceØ �ÙÍ�Ú asfollows. Let Ø X � ^ÜÛÐ\�ÝS^B�B�B�p^3Ò Ú bea setof normalizedvectors(thatdependon��Í ) andset s Í \ßÞ Í Ã xàÄ Á a Ô Í b Â Ä
where Ô Í is thediagonalmatrixwhoseá�âäã diagonalcomponentisW�å \§Ý�æ a Ä � Í x0Åb å
and Þ Í is apositivescalar. Denoting by · Í the ç~è�Ò matrixwhosecolumnsarethe X å weseté� Í3Î t \ ��Í x0suê tÍ · Í/ë �
where ë r-¹9ì . Substituting this valueof

é� Í3Î t into the a Ã · b we obtainthe3-dimensional“baby”

problem ©lª¬«ºªÀ©1ªÀ�® éZ Á ë x tÂ ë Á éÃ ëësubjectto:
éÄ ë x éÅ%±íz (8.2.1)
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where éZ \ · Í suê tÍ a ZYx Ã �ÙÍ b^éÅ \ Ä �ÙÍ x0Å�^éÃ \ · ÁÍ suê tÍ Ã suê tÍ · Í andéÄ \ Ä~suê tÍ · Í
(8.2.2)

Thesolution procedurefor (8.2.1)is discussedbelow; herewe simply assumethata solution,ë Í , is at hand. We form the composite direction îï\ðs�ê tÍ · Í/ë Í andcomputethe steplength Ï Í
accordingto Ï Í \�ñPòôó ©1ªÀ«ºª¬©lª¬p®²õ a&� xÆÏÜî�bÏ
and Ï Í \ ©1ªÀ« ØÙÏ Í ^B�÷öSö Ú �
Wenow choosethenext iterateas � Í3Î t \ �ÙÍ xÆÏ Í îø�

Thestandardconvergencetestsareasfollows: Thealgorithmis saidto have convergedon the

relativeobjective functioncriterionif ù õ aD� Í3Î t bú� õ a&��Í b ùÝ*x ù õ aD� ÍqÎ t b ù ±íûôüþý å (8.2.3)

where ûÿüþý å is appropriatelyset,usuallyaround ÝQz ê�� . Thealgorithmis saidto have convergedon

therelativestepcriterionif © ñ��� � ù aD� ÍqÎ t b � � aD�ÙÍ b � ùÝ*x ù a&� Í3Î t b � ù�� ±�û�� â
	�� (8.2.4)

where û� â
	�� is appropriatelyset,typically at ÝQz ê�� . Otherconvergencecriteriaareusedin conjunc-

tion with theprocedureto estimatethemultipliersasdescribedin thenext section.

The key to the effectivenessof ÑÓÒSÔ is, of course,the choiceof the directions, � � . The ar-

gumentsandderivations of the directionsusedin ÑÕÒSÔ are the sameasthosegiven in [27] and

[35]. The ideasarebasedon consideringthemethodof centers[58] andderiving thedifferential

equationthatdescribesthetrajectoryof thecenterpoints for acontinuousversionof themethodof

centers.Thefirst directionis thereforethetangentto thetrajectoryat thegiven feasiblepoint (also

known asthe“dual affinedirection”)andis given by� t \§� a Ä Á Ô Â ÄÆx Ã æÙÞ;b ê t a ZÜx Ã � b (8.2.5)

whereÞ is interpretedastheresidualon theobjective function.For reasonsgivenin [27] we takeÞ]\����� � a ZÜx Ã � b Á a Zyx Ã � ba Zyx Ã � b Á a Ä Á Ô���b�� ���� �
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Theseconddirectionis theso-called“third-ordercorrection”to � t given by� Â \ a Ä Á Ô Â Ä0x Ã æÙÞ;b ê t ¾
�
Í�� t Ä Á Í���� Ä Í � t�� Â� Í a&� b ì� (8.2.6)

whereÄ Í is the !�âäã row of Ä .

The third directionis takenasoneof the following. Whenthecurrentiterateis judgedto be

“f ar” from thesolution, thedirectionis an“update”to � t basedon thefirst constraintencountered

in thedirection� t . Let á betheindex of thisconstraint.Then�#" \ a Ä Á Ô Â ÄÆx Ã æÙÞ�b ê t Ä Áå � (8.2.7)

If thecurrentiterateis judgedto be“close” to thesolution, thenthethird directionis basedon the

Newton recenteringdirection. This directionconsistsof a linear combinationof thedirection � t
and �%$*\ a Ä Á Ô Â ÄÆx Ã æÙÞ;b ê t Ä Á Ô��S� (8.2.8)

To completethis description, we needto specifyhow we decidebetweenthedirections�&" and�#$ .
Wejudgetheiteratesto becloseif bothof theaboveconvergencetestsaresatisfiedwith atolerance

of 'Tè�ÝBz ê ì .
Notethatall of thesedirectionscanbecomputedby forming only one ç�è�ç matrix. Assume

for themomentthat this matrix is positive definite,which it will bein theconvex case,i.e.,whenÃ is positivedefinite.In this case� t is alwaysadescentdirectionfor theobjective functionandit

is easyto show thattheobjective functionis reducedin thecompositedirection.

Thethree-dimensionalbabyproblem(8.2.1)is solvedby a simpleinterior-point method.The

point ë \ z is alwaysfeasibleby construction.Our procedureis to computethedirectioncorre-

spondingto � t for thebabyproblemandto useit aloneto determinethe next iterate. As above,

weusethisdirectionto go99%of thedistanceto theboundaryor to theminimum of theobjective

functionin thatdirection.Weusethesameconvergencecriteriaasaboveand,asapracticalmatter,

limit thenumberof iterations.Again, thematrix to befactoredin forming � t maynot bepositive

definite;we discussthis in thenext section.

8.2.7 Implementation and Preliminary Results

All of ÑÕÒSÔ is implementedusingC++ usinga stylethatis in conformancewith thatof Sundance

andTrilinos/TSF. TSF, in particular, provides the ideal framework for the complex vectorsand
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linear operatorsthatareneededby ÑÕÒSÔ . Therefore,the ÑÕÒSÔ algorithm itself canbe written in

termsof genericoperatorsandvectorswith noconcernneededfor theunderlyingcomplexity.

To bemorespecific,considerthequadraticprogramto haveonly inequalityconstraints(if there

areequalityconstraints,they canbewrittenastwo setsof inequality constraints)©lª¬«�ª¬©lª¬�®)( Á � x tÂ � Á Ã ��subjectto: Ä � xÆÅ ± z�� * Ã · æ,+.-
We take Ä and Ã to beTSFLinearOperatorsand ( and Å to beTSFVectors,with theonly restric-

tionsbeingthosenecessaryto maintainconsistency of theoperations,i.e., ( and � mustbe from

thesameTSFVectorSpace;Å mustbe in the rangespaceof Ä ; and Ã and Ä musthave thesame

domain.Theseareall checkedby TSF, thusensuringatcompiletime thateverything is consistent.

Asidefrom theseconsistency requirements,theoperatorsmayhavearbitrarycomplexity. Thecode

to solve theproblemscanthusbegreatlysimplified, sincethedetailsof the linearalgebracanbe

hiddenin this abstraction.We illustratesomeof this complexity by describinghow a rathercom-

plicatedproblemcanbeassembled.To clarify thepresentation,we ussquarebracketsto indicate

a “block” of amatrix. For example, / 0 �1� / t / Â ���representsa block matrix with one block. This block, in turn, is a * Ý]è324- block matrix. To

constructanobjective function,weneeda linearoperator, say Ã ü5$ �76 , andavector, say ( ü5$ �76 . These

areconstructedby the userandusedto createanO3DObjective. O3DObjective, in turn, creates

the Ã matrix andthe ( vectorthat ÑÕÒSÔ will useby “wrapping” thesein two levelsof blocksas

follows: Ã 0 �1� Ã ü5$ �76 �1�and ( 0 �1� ( ü5$ �86 �9� �Note that the two levelsof blocking will be consistentwith how the constraintsneedto be con-

structedto accomodateequalityconstraints,describednext. ÑÓÒSÔ allows a generalcollectionof

constraintsetsto beusedwhereeachsetconsistsof a linearoperator, say Ä ü:$ �76 , anda vector, sayÅ3ü5$ �76 . Thesearepassedto constructan instanceof O3DConstraint,which wrapsthemin a block

operator. Notethatthisallowsequalityconstraints to beconsistentwith inequality constaints, i.e.,

inequalityconstraintsareof theform Ä 	 0 � Ä%ü5$ �76 �andequalityconstraintsareof theform Ä � 0 ; Ä�ü5$ �86��Ä�ü:$ �76�<>=
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sinceequalitiesarewritten astwo inequalities. Thefinal Ä matrix is thena block with all of the

sets,i.e.,

Ä 0 ������ � Ä t?�� Ä Â �...� Ä Í �
� �����

wherethereare ! setsof constraints.This structureallows someconstraintsto beconstructedby

Sundanceandothersto be constructedby othermeans.This complexity, however, is never seen

directlyby ÑÓÒSÔ . Thusthecodeto setupaPDEconstraintusingSundanceis somewhatcomplex,

but only needsto bedoneonce.

As notedabove,themainwork in solvingaQPusing ÑÓÒSÔ is theformationandsolutionof the

linearsystemsof equationsof theform* Ä Á Ô Â ÄÆx Ã æÙÞ@-,� � 0 � �
Note that forming this operatoris not feasiblein many largeproblems,sincethefill-in may lead

to a virtually densematrix. This will certainlybe the casein any problemwhere Ã is a quasi-

Newton approximation. Thus,to solve suchsystems, we mustconsidertheuseof “matrix-free”

iterativemethods. Thisessentiallyimpliesthatwecanform matrix-vectorproducts,but wecannot

get accessto individual elementsof the matrix. TSF allows the easycreationof the operator,

while notactuallyforming it. Thuswe canuseconjugate gradientor othermethodsto solve these

systemsiteratively. Unfortunately, thesesystemsarepoorly conditioned,andbecomemoresoas

the solution is neared,so that preconditioning becomesnecessaryalmostimmediately. We are

continuing to persuestrategiesto precondition thesesystems effectively.

We have, however, beenableto solve someexampleproblemsthatshow theeffectivenessof

thefull-space(SAND) approachon theseproblems.Oneexampleproblemis asfollows:

Considerthe rectangularreagonv 0 � z =�A � è � z = Ý � and let B 0 Ø * ¯ = zC- ù zÆ± ¯ ± A Ú . The

differentialequationis givenbyDFE * ¯ =G - 0 z in vE * ¯ =G - 0 z on H vJI BE * ¯ = z4- 0 Í��LK� Í�� tNM Í&O ªÀ« * ! ¯ -
wherewewish to choosetheparametersM Í to forcethesolution to matchagiven targetasclosely

189



aspossible. Theparticularobjective functionwechooseis� 0 tÂQPSR× * E * ¯ = �8'4-Ð�UTE - ÂWV ¯
where TE 0 ¯ * A � ¯ -�

We wereeasilyable to solve this problemusingSundanceto createall of the operatorsand

vectorsona 2Pz%èX2Êz grid. Giventhechoiceof finite elementmethodandusing µ 0 ' thisresulted

in a full-spaceproblemof 1686variableswith 3362constraints.ÑÕÒSÔ requiredonly 10 iterations

to solve thisproblem.

8.3 Split

Split, an SQPmethoddesignedto work with ÑÓÒSÔ is describedin detail in [24]. Its features

include:Y
It usesanaugmentedLagrangiantypeof merit function.

Y
Any numberof iterationsof ÑÓÒSÔ onthequadraticprogrammingsubproblemyieldsadescent

stepon themerit function.Thus ÑÓÒSÔ andSplit areideallysuitedfor eachother.
Y

A globalconvergencetheoryhasbeendevelopedandpublished.
Y

An earlyimplementationhasbeenusedto solvemany interestingproblems.
Y

It is flexible, allowing controlover theuseof perturbationsandtherateof approachingfea-

sibility. This is importantin someapplicationswherewe have observedthatbetteranswers

areobtainedby delayingtheapproachto feasibility.
Y

Split doesnot requiremonotonic decreasein themerit function.

The main advantageof Split and ÑÓÒSÔ is that they provide a complementarycapability to

rSQP++.Split/ÑÓÒPÔ is afull-spacemethodthathandlesproblemswith alargenumberof inequality

constraints,but it alsoallowstheuseof in-betweenapproacheswheresome,but notnecessarilyall

of thestateequationsareoptimizationvariables.

We have now a prototypeimplementation of Split in C++ usingTSF, implemented with the

samestrategy as ÑÓÒSÔ Ẇeplanto testthis in conjunction with ÑÕÒSÔ andSundancesoon.
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8.4 Other Work

In this sectionwe briefly discussthe implementationof ÑÓÒPÔ in Java andour ideason theuseof

proxy vectors. First, we wantedto test the useof Java for implementing a nontrivial numerical

algorithm. We knew that therewould probablybe a significantperformancepenaltydueto the

way in which Java is implemented.To overcomethis problem,we developedthe ideaof “proxy

vectors”and “proxy operators.” The conceptis that local objectsusedby an optimizeron the

front-endmachineareproxiesfor remoteobjectsliving in a PDE codeon a back-endmachine.

Thefront-endmachinecommunicateswith theback-endmachinevia sockets.Thevectorobjects

onthefront-endcontainonly referencesto back-endvectorobjects;thevectorobjectsontheback-

endcontainactualvectordata,possibly distributedover many processors.Methodinvocationon

the front-endresultsin a messagesentto theback-endinstructingit to executethesamemethod

usingtheactualvectors.Thesamemechanismcanbeusedfor proxyoperators.If anew vectoror

operatoris needed,it is storedon theback-endwith a proxycreatedon thefront-end.If theresult

of an operationis a scalar, it is retrunedto the front-end,but if the resultis anothervector, then

theresultstayson theback-endwith only anmessagethattheresultwascompletedreturned.For

example,if thefront-endmachinerequeststhenormof a vector, thatvaluewill bereturned,but if

therequestis to addtwo vectors,only a confirmationis returned.Thusall messagesbetweenthe

two machinesareshort.See[28] for amorecompletediscussionof thiswork.

We wereableto createa working proxy-vectorsystem, but thecommunication delayscreated

an unacceptablepenaltyin the computations. We decidedthat this approachneededmuchmore

work to besuccessful,but thattheresultswouldprobablynotbeworth theeffort. Partof theeffort

would be to createan implementationof TSF in Java, andthis doesnot seemto be a goodidea.

Thus,we think thattheremaybea futurefor proxy linearalgebra,it will mostlikely befrom our

currentC++ implementations.

8.5 Hierar chical Control

Optimal control problemsconstitutean interestingcaseof PDE-basedoptimization problems.

Thereis a rich history of work in this area,beginning with the development of the calculusof

variationsandwork in the control of ordinarydifferentialequations.More recently, researchers

have begun to investigate the control of PDEs(seethe survey papers[49] and [50]). Instances

of thesetypesof problemsaboundin applications. Thusthe development of efficient numerical

methodsfor thesolutionof theseproblemshasalsobeenthesubjectof significantrecentresearch.
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In thispaperweexamineaparticularinstanceof optimalcontrolproblemswheremultiplecon-

trols seekto forcebehavior closeto multiple “targets”simultaneously. Theseproblemsbelongto

theclassof problemscalledmulticriteria optimization. Thereis no uniquemathematicalformu-

lationof thesetypesof problems; indeeddifferentformulationscangeneratecompletelydifferent

“optima” solutions.In oneformulationtheproblemisposedastheminimizationof aweightedsum

of thedeviations from thetargetswith theweightscorrespondingto anestablishedpriority among

the targets. (see[68]). Anotherformulation,sometimesreferredto asgoal programminginsists

thata setof preferred targetsbesatisfiedto within certaintolerancesandtheothersbereducedas

muchaspossible within theseconstraints(see[60]). Both of theseapproachesinvolve thechoice

of asetof weightsor tolerancesfor whichtheremaybelitt le theoreticalguidance.In theapproach

that is employedin this paper, calledmultilevel optimization, theproblemis modelledasasa set

of nestedoptimizationproblemsin whichthesolutionsof theinnerproblemsaredeterminedusing

thevariablesin theouterproblemsasparameters(see[120]).

Motivatedby specificengineeringapplications, suchas thosearising in optimal well place-

ment in reservoir engineering,we investigatea meansof formulatinga classof optimal control

problemsin which thetargetscanbepartitionedinto categoriesof increasingrelative importance.

This approach,basedon thework of von Stackelberg [121] in aneconomiccontext, requiresthat

the deviations from the leastimportanttargets,called the “follo wer” targets,be decreasedonly

after thedeviationsfrom themostimportant targets,calledthe“leader” targets,satisfyprescribed

bounds. This type of optimal control problemhasbeentermedhierarchical control. Oneway

of formulatingthis typeof problemis in termsof a nestedoptimizationstructurein which, in an

“inner minimization”, the follower targetsareminimizedsubjectto fixedvaluesof certainof the

controlvariablesandthenan“outer minimization” is performedover theremainingcontrolvari-

ablesto obtainoptimal leadertargetsatisfaction.Theresultingaccuracy on thefollower targetsis

thereforedeterminedby andis subordinateto theoptimizationover the leadertargets. This type

of bilevel optimization problemhasbeenthe objectof a greatdealof research(see[120] for an

exhaustivebibliography)in finite-dimensionaloptimizationandwasgiven a theoreticalgrounding

in thework of Lions [70] for PDE-constrainedcontrolproblemswherethestateequationswerea

linearhyperbolicsystem.In this paper, we carry out theanalysisfor a specificparabolicsystem

andobtainpreliminarynumericalresultsthatwebelieve illustratethepromiseof thisapproach.

8.6 Model Formulation

We areconcernedwith a classof optimalcontrolproblemsin which therearemultiple goalsthat

areto besatisfied,i.e.,amulticriteriacontrolproblem,andin which theunderlying statevariables
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aregovernedby theparabolicpartialdifferentialequationwith mixed boundaryconditions:G â � � G 0 � * ¯ =�Z -/xS[ * ¯ =\Z - = * ¯ =�Z -�r ÃG * ¯ = zC- 0 Å × * ¯ - = ¯ r v = (8.6.9)G * ¯ =�Z - 0 Å t * ¯ =�Z - = * ¯ =�Z -�r]B t è * z =\^ - =V GVC_ * ¯ =\Z - 0 Å Â * ¯ =�Z - = * ¯ =�Z -�r]B Â è * z =\^ - =
where v is a boundedopensubsetof ¹ Â , ^ ` z is finite, Ã 0 v è * z =�^ - and B tJa B Â is

the boundaryof v . We assumethat the functionsin the modelarewell-behaved, i.e., � * ¯ =\Z -½r¶ Â * z =\^ � v - = Å × * ¯ -ïr ¶ Â * v - , and Å å * ¯ =�Z -�r ¶ Â * z =�^ � v - = á 0 Ý = 2 . Here
�

is a stronglyelliptic

operatorand [ * ¯ =�Z - representstheactionof thecontrolson thesystem. In particular, weconsider

thecasein which thereare ! pointwise controls b t * Z - = �B��� = b Í * Z - locatedrespectively at thepointsM t * Z - = �B�B� = M Í * Z - andthatfor agivenchoiceof thecontrols,[ * ¯ =�Z - 0 Í� å � t b å * Z - � * ¯ � M å * Z -\-�
Our goal is to formulateandsolve anoptimizationproblemthatresultsin a selectionof controls,

includingbothtime-dependentmagnitudesandlocations,thatforcethesolution to theabove sys-

temattime ^ to be“close” to asetof targets,c t = �B��� = c Í , eachc å r ¶ Â * v - , while minimizingacost

functional d * b = M - . In addition, asetof restrictionson thelocationof thesites,M å * Z - = á 0 Ý = �B�B� = ! ,
arepossible.

Obviously, it is generallyimpossible to force all of the targetsto be satisfiedto within some

preassignedtolerance(in fact,it is notalwayspossible to satisfyonetargetexactly). To formulate

an optimization problemthat canbe solved,somepriority mustbe establishedamongthe setof

targets. A varietyof methodshave beenproposedfor carryingout this task. Onesuchformula-

tion is obtainedby assigninga setof weightsto the targetsandminimizing theweightedsumof

deviations from thetargets.Thisproblemcanbeexpressedin theform©1ªÀ«ºª¬©lª¬p® d * b = M -/xfe Íå � thgjiÂlknm * G * ¯ =\^ -!�oc å * ¯ -L- Â V ¯O�p#q�r ®tstuvu�w ¸ G â � � G 0 � * ¯ =\Z -/xf[ * ¯ =�Z - = * ¯ =�Z -�r ÃG * ¯ = zC- 0 Å × * ¯ - = ¯ r v *:x Ôh-G * ¯ =\Z - 0 Å t * ¯ =�Z - = * ¯ =\Z -`ryB t è * z =�^ -z?{z?| * ¯ =�Z - 0 Å Â * ¯ =\Z - = * ¯ =�Z -�r]B Â è * z =�^ - =
wherethe Þ å arethe respective weightsassociatedwith thedifferenttargets. A secondapproach

is to assignacceptabledeviationsof thestatevariablefrom eachof the targetsandexpressthese
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tolerancesasconstraintsin theoptimizationproblem.In thiscasetheproblembecomes

©1ªÀ«ºª¬©lª¬p® d * b = M -O\p#q�r ®}s~u�uw ¸ G â � � G 0 � * ¯ =�Z -/xS[ * ¯ =\Z - = * ¯ =�Z -�r ÃG * ¯ = zC- 0 Å × * ¯ - = ¯ r vG * ¯ =�Z - 0 Å t * ¯ =�Z - = * ¯ =�Z -�r]B t è * z =\^ -z?{z?| * ¯ =�Z - 0 Å Â * ¯ =�Z - = * ¯ =\Z -`ryB Â è * z =�^ -knm * G * ¯ =�^ -!�oc å * ¯ -L- Â V ¯ ±�� å = á 0 Ý = �B�B� = !��
In theseformulations,additionalconstraintson the controlscould be included. Eachof these

formulationshascertaindrawbacks;in thefirst caseachoiceof weightsis necessarywithoutany a

priori indicationof how thischoicewill affect thesolution; in thelattercaseit is difficult to specify

thesmalltolerancesin suchawayasto avoid infeasibilities.

In this paperwe follow the work of von Stackelberg (see[121]) and Lions (see[70]) and

formulatetheproblemasa hierarchical control problem.This meansthatwe prioritize thegoals,

i.e., specifya hierarchyof targets.Theleadingtarget is takento betheoneof thehighestpriority

andtheoverriding taskof thecontrolproblemis to have thestatevariableapproximatethis target

asaccuratelyaspossibleat Z 0 ^ . Giventhishighestpriority, thedeviation from thetargetof next

highestpriority is minimized subjectto the satisfactionof this primarygoal. Thenthe deviation

from the target of the third highestpriority is minimized subjectto the conditionthat the higher

targetsaresatisfactorily approximated,andsoon. Thishierarchicalstructurerequiresapartitionof

thecontrolsandcontrol locationsinto correspondinghierarchies.In someproblemstheremaybe

anaturalcorrespondencebut in othercasessomeflexibility in choosingthecontrolsis available.

For this preliminarystudywe presumethat thereis a singleleadertarget,denotedc�� * ¯ - , and

asingletargetof lowerpriority calledthefollower targetanddenotedc&� * ¯ - . Wealsoassumethat

therearetwo controlsthatwe arbitrarilypartitioninto leaderandfollowercontrols, * b.� * Z - = M � * Z -\-and * b,� * Z - = M � * Z -�- , respectively. Additional follower targetsandcontrolscanbe addedwithout

fundamentallyaffecting the natureof the model. The control problemwe consideris the nested

optimizationproblem,denotedby (OP):
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©1ªÀ«.�\�C� �\� d * b = M -O�p#q�r ®tstu�u�w ¸
* + · 2�-

�������������������� ������������������ 

©lª¬«���� d * b = M -O\p#q�r ®tstuvuw ¸
* + · Ý�- ���������� �������� 

©lª¬«����%� { d * b = M -/x g �Â k m * G * ¯ =�^ -Ð��c�� * ¯ -L- Â V ¯O\p#q�r ®}s~uvuw ¸G â � � G 0 � * ¯ =\Z -/xf[ * ¯ =�Z - = * ¯ =�Z -4r ÃG * ¯ = z4- 0 Å × * ¯ - = ¯ r vG * ¯ =�Z - 0 Å t * ¯ =�Z - = * ¯ =�Z -�r]B t è * z =�^ - =z?{z?| * ¯ =�Z - 0 Å Â * ¯ =\Z - = * ¯ =�Z -�r]B Â è * z =�^ - =k m * G * ¯ =�^ -��oc�� * ¯ -L- Â V ¯ ±��
° * M -4±íz

where Þ�� and � arefixed positive constants,d * b = M - representsa generalconvex cost function

dependingon thecontrols,andthelast inequalitiesinvolving °-¸�¹��H¼ ¹½¾ representconstraints

on thelocations of thecontrols.Theseinequalitiesmaybenonlinearandnonconvex; for example,M � * Z - and M � * Z - mightbeconstrainedto beacertainminimal distanceapart.

This problemis interpretedin thefollowing manner. ThecontrolvariablesM � = M � , and b,� are

held fixed andthe inner problem(IP1) is solved to determinethe optimal choicesfor b.� and G ,
thustheoreticallydeterminingoptimality functions b �� * M � = M � = b��%- and G � * M � = M � = b��#- . It is well

known that the problem(IP1) hasa uniquesolution for fixed M � = M � = and b�� . Next, theseopti-

mality functionsaresubstitutedinto theobjective functionandthetargetconstraintfor thesecond

innerproblem,(IP2). Thenthis problemis solvedwith M � and M � heldfixeddetermining another

optimality function b �� * M � = M ��- . Finally, theouterproblem,(OP),now having theform©1ªÀ«.� � � � � d * b �� * M � = M ��- = b �� * M � = M ��- = b �� * M � = M ��- = M � = M ��-O�p#q�r ®}stuQuw ¸Ù° * M � = M ��-�±íz =
is solved. Note that the cost function can be thought of as a regularizationterm in the inner

problems,i.e., a term that is usedto guaranteethe existenceof a solution. However, it alsohas

a role asa generalobjective function to be minimized to the extent possible. In this model,we

have optimized the variables( M � = M � ) outside the optimization with respectto the othercontrol

variablesandthestatevariablesin orderto facilitatethesolutionof theproblem.As notedabove,

in applications theconstraints on thesevariablescanbenonlinearandnonconvex andif included
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in the inner optimization problemswould make theseproblemsdifficult to solve andnegatethe

advantagesof thehierarchicalstructure.

The theoryunderlyingthehierarchicalcontrolproblemdefinedby thepair of problems(IP1)

and(IP2)hasbeenstudiedby Lions [70], albeitfor adifferentunderlyingPDEandwith boundary

controls. Lions shows that a solution exists for every positive � althoughin generalthe target

cannotbemetexactly ( � 0 z ); i.e., theproblemis approximatelycontrollable(seealsoGlowinski

andLions [49, 50]). Theseexistenceproofs for the solutions to the inner pair of optimization

problemsgivenby Lions arenot constructive andhenceprovide no blueprintasto how to obtain

numericalsolutions. Onenaturalapproachis to usea variationalmethodto obtaintheoptimality

conditions for the innermostproblem(IP1) andusetheseequationsasconstraintswhensolving

(IP2). In the following we establishthe optimality conditionsfor solving (IP1) andthendiscuss

how to approach(IP2).

In orderto simplify thenotationandmake thedevelopmentmoretransparentweassumethatd * b = M - 0 Ý2 P �× * b Â� * Z -/xlb Â� * Z -\- V ZW=
that

�
is the Laplacianoperator� , and that the boundaryconditionsareof the Dirichlet type.

Extensionsto more generalparabolicsystemsare straightforward in concept(but may require

significantlymoreeffort to obtainnumericalsolutions).ThusourPDEhastheformG â �l� G 0 � * ¯ =\Z -/xlb�� * Z - � * ¯ � M � * Z -�-!xob,� * Z - � * ¯ � M � * Z -�- = * ¯ =�Z -�r Ã (8.6.10)G * ¯ = z4- 0 Å × * ¯ - = ¯ r v = (8.6.11)G * ¯ =\Z - 0 Å t * ¯ =�Z - = * ¯ =\Z -`ryBVè * z =�^ - = (8.6.12)

where B is theboundaryof v .

Proposition 1. Let M � = M � , and b,� be fixed. If b�� and G areoptimal for (IP1) thenthereexists a

dualfunction � * ¯ =�Z -�� ¶ Â *:� =�^ � ��- satisfyingthePDE� â#� ��� 0 � = * ¯ =�Z -�� Ã (8.6.13)� * ¯ =�^ - 0 � Þ.� * G * ¯ =�^ -Ð�oc�� * ¯ -\- = ¯ �]� = (8.6.14)� * ¯ =�Z - 0 � = * ¯ =�Z -��]B�è *:� =�^ - = (8.6.15)

and b�� is given by b�� * Z - 0 � * M � * Z - =�Z -� (8.6.16)
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Proof: If b,� and G areoptimalfor (IP1) thenthevariationalequalityfor theobjective functionisP �× b�� * Z -�Tb,� * Z - V Z � Þ�� P m * G * ¯ =�^ -Ð� G � * ¯ -\-�T� * ¯ =�^ - V ¯ 0 � (8.6.17)

for all admissible Tb4��� ¶ Â *:� =�^ - and T� � ¶ Â *:� =�^ ���J- . Tb�� and T� areadmissible if they satisfyT� â �o��T� 0 Tb�� * Z - � * ¯ � M � * Z -\- = * ¯ =�Z -�� Ã = (8.6.18)T� * ¯ = � - 0 � = ¯ �]�H� (8.6.19)T� * ¯ =�Z - 0 � = * ¯ =�Z -��]B�è *:� =�^ -8� (8.6.20)

Multiplying (8.6.18)by � * ¯ =�Z - , integratingover Ã , andapplyingGreen’s theoremgivesP#� * � âL� ����- T� * Z - V ¯ V Z � P m * � * ¯ =�^ - T� * ¯ =�^ -ú�¡� * ¯ = � -¢T� * ¯ = � -�- V ¯� P%£ È�¤ × � �%¥ * � * ¯ =�Z - V T�VC_ * ¯ =�Z -ú� V �VC_ * ¯ =�Z -¢T� * ¯ =�Z -�- V ¯ V Z (8.6.21)0 PL� Tb�� * Z - � * ¯ � M � * Z -\-,� * ¯ =\Z - V ¯ V Z
where

zz�| representsthe normal derivative. Using (8.6.13)–(8.6.15),and (8.6.18)–(8.6.20)this

equationbecomes��Þ�� P m * G * ¯ =�^ -Ð�oc�� * ¯ -�-¢T� * ¯ =\^ - V ¯ 0 P �× Tb�� * Z -,� * M � * Z - =�Z - V Z � (8.6.22)

Equation(8.6.16)follows immediatelyfrom this lastequationandtheEulerequation,(8.6.17).

Usingthesenecessaryconditions, thesecondinnerproblem(IP2) cannow bewritten©lª¬«����C� { � � k �× * b Â� * Z - � � * M � * Z - =�Z - Â - V ZO�p%q�r ®}s~u�uw ¸ G â �o� G 0 � * ¯ =�Z - � b,� * Z - � * ¯ � M � * Z -\-� � * ¯ =�Z -\- � * ¯ � M � * Z -�- = * ¯ =�Z -�� ÃG * ¯ = � - 0 Å × * ¯ - = ¯ �]� =G * ¯ =\Z - 0 Å}¦ * ¯ =�Z - = * ¯ =�Z -���B�è *:� =�^ - =� â#� ��� 0 � = * ¯ =\Z -�� Ã =� * ¯ =�^ - 0 � Þ�� * G * ¯ =�^ -Ð�oc�� * ¯ -�- = ¯ �]� =� * ¯ =�Z - 0 � = * ¯ =\Z -��yB�è *:� =�^ - =k m * G * ¯ =�^ -��oc�� * ¯ -L- Â V ¯ ± � =
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with M � and M � fixed.

At this stagethereareseveralpossible approaches.Oneapproachwouldbeto incorporatethe

control variablesM * Z - directly into the problem(so in effect (IP2) becomes(OP)) andsolve the

resultingproblem. However, this approachseverely restrictsthe numericalmethods that we can

applysincethestatevariableoccursin a nonlinearinequalityconstraint.For example,a reduced

variableapproachcould not be employed. Anotherapproachwould be to obtainthe optimality

conditionsfor thisproblem(aswasdonefor (IP1))andthenusetheseconditionsin theformulation

of the outer problem. If we take this approachthen we are forced to include complementary

slacknessconditions aspart of the necessaryconditionswhich is an addednonlinear difficulty.

Bothof thesemethodsalsosuffer from thefactthatana priori choiceof � is required.

As a resultof thesecomplications,we have chosen,following Glowinski andLions (see[49])

to includetheleadertargetgoalasapenaltytermin theobjective function.Thatis,wereformulate

(IP2) as

©lª¬«����C� { � � k �× * b Â� * Z - � � * M � * Z - =�Z - Â V Z � g �Â knm * G * ¯ =�^ -��oc�� * ¯ -L- Â V ¯O\p#q�r ®}s~uvuw ¸ G â �o� G 0 � * ¯ =�Z - � b,� * Z - � * ¯ � M � * Z -�- � � * ¯ =�Z -\- � * ¯ � M � * Z -�- = * ¯ =�Z -�� ÃG * ¯ = � - 0 Å × * ¯ - = ¯ �]� =G * ¯ =�Z - 0 Å}¦ * ¯ =�Z - = * ¯ =�Z -��]B�è *:� =�^ - = *¨§�© ÒC-� â%� ��� 0 � = * ¯ =\Z -�� Ã =� * ¯ =\^ - 0 � M � * G * ¯ =�^ -Ð�oc�� * ¯ -�- = ¯ �]� =� * ¯ =\Z - 0 � = * ¯ =\Z -��yB�è *¨� =�^ - =
where Þ�� is a specifiedconstant.By choosingÞ#� sufficiently large we can, in theory, force the

deviation from theleadertarget to be lessthan � althoughsucha solution will not, in general,be

thesolution to theoriginalproblem(IP2).

We now derive theoptimality conditionsfor this reformulatedproblem.

Proposition 2. Let M � and M � be fixed. If b�� , G , and � areoptimal for the problem(IP3) given
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above,thenthereexist functions· * ¯ =\Z - and c * ¯ =\Z - in ¶ Â *:� =�^J= �J- satisfyingc â#� ��c 0 � = * ¯ =\Z -�� Ã (8.6.23)c * ¯ =\^ - 0 � Þ�� · * ¯ =�^ -Ð�VÞ�� * G * ¯ =�^ -Ð�oc�� * ¯ -\- = ¯ ��� = (8.6.24)c * ¯ =�Z - 0 � = * ¯ =\Z -��yB�è *:� =�^ - = (8.6.25)· â ��� · 0 � � * ¯ � M �&- * � * ¯ =�Z -ú�oc * ¯ =�Z -�- = * ¯ =\Z -�� Ã (8.6.26)· * ¯ = � - 0 � = ¯ �y� = (8.6.27)· * ¯ =�Z - 0 � = * ¯ =\Z -��yB�è *:� =�^ - = (8.6.28)

and b�� is givenby b�� * Z - 0 c * M � * Z - =�Z - =�Z � *¨� =�^ -� (8.6.29)

Proof: If b�� , G , and� areoptimalfor (IP3) thenthevariationalequationP �× * b�� * Z -ªTb,� * Z - � � * M � * Z - =�Z -�T� * M � * Z - =�Z -�- V Z � Þ�� P m * G * ¯ =�^ -!�«c�� * ¯ -\- T� * ¯ =�^ - V ¯ 0 � (8.6.30)

mustbesatisfiedfor everyadmissible ( TbC� = T� = T� ), i.e., for every ( Tb�� = T� = T� ) satisfyingT� â �o�¬T� 0 Tb�� � * ¯ � M � * Z -�- � T� * ¯ =�Z - � * ¯ � M � * Z -\- = * ¯ =�Z -�� Ã = (8.6.31)T� * ¯ = � - 0 � = ¯ ��� = (8.6.32)T� * ¯ =�Z - 0 � = * ¯ =\Z -��yB�è *:� =�^ - = (8.6.33)T� â � �lT� 0 � = * ¯ =\Z -�� Ã = (8.6.34)T� * ¯ =\^ - 0 � Þ��yT� * ¯ =�^ - = ¯ �y� = (8.6.35)T� * ¯ =�Z - 0 � = * ¯ =\Z -��yB�è *:� =�^ -� (8.6.36)

Now multiplying (8.6.31)by c * ¯ =�Z - and(8.6.34)by · * ¯ =�Z - , integrating over Ã , andagainapply-

ing Green’s theorem,weobtainP � * c â#� �fc- T� * ¯ =\Z - V ¯ V Z � P m * c * ¯ =�^ - T� * ¯ =�^ -ú�oc * ¯ = � - T� * ¯ = � -�- V ¯� P.£ È�¤ × � �%¥ * c * ¯ =\Z - V T�VC_ * ¯ =�Z -ú� V cV�_ * ¯ =\Z -�T� * ¯ =�Z -\- V ¯ V Z (8.6.37)0 P � * Tb,� * ¯ =�Z - � * ¯ � M � * Z -�- � T� * M � * Z - =�Z - � * ¯ � M � * Z -\-#c * ¯ =\Z - V ¯ V Z
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and P � * · â �o� · -�T� * ¯ =�Z - V ¯ V Z � P m * · * ¯ =\^ -�T� * ¯ =�^ -ú� · * ¯ = � -�T� * ¯ = � -�- V ¯� P £ È�¤ × � �%¥ * · * ¯ =�Z - V T�VC_ * ¯ =�Z -Ü� V ·VC_ * ¯ =�Z -�T� * ¯ =�Z -\- V ¯ V Z(8.6.38)0 �
Using the variousPDE’s andboundaryconditions for the functionsin (8.6.37)and(8.6.38)we

arriveat

� Þ�� P m · * ¯ =�^ - T� * ¯ =�^ - V ¯ � Þ�� P m * G * ¯ =�^ -Ð�oc�� * ¯ -\-�T� * ¯ =�^ - V ¯0 P �× * Tb�� * Z -#c * M � * Z - =�Z - � T� * M � * Z - =�Z -#c * M � * Z - =�Z -�- V Z �(8.6.39)

and � P �× * � * M � * Z - =�Z -ú�oc * M � * Z - =\Z -�-�T� * M � * Z - =�Z - V Z � P m · * ¯ =�^ -�T� * ¯ =�^ - V ¯ 0 � � (8.6.40)

Using(8.6.35)andrerrangingthetermsin (8.6.40)yieldsÞ�� P m · * ¯ =�^ -ªT� * ¯ =�^ - V ¯ 0 P �× T� * M � * Z - =�Z - * � * M � * Z - =�Z -ú��c * M � * Z - =�Z -�- V Z � (8.6.41)

Substituting this lastequationinto (8.6.39)yieldsthevariationalequation(8.6.30).

With thisderivationtheformulatedoptimizationproblem(OP)becomes©lª¬«�� � � � � ¦Â�k �× * � * M � * Z - =�Z - Â � c * M � * Z - =�Z - Â - V Z � g �Â®k�m * G * ¯ =\^ -��oc�� * ¯ -\- Â V ¯O\p#q�r ®tstu�u�w ¸ ®t¯ p ñ uqª9wS« O *¨° �²±��ÀÝ � -Ð� *:° �8±�� Ý�'4-®t¯ p ñ uqª9wS« O *¨° �²±��72ÊÒC-Ð� *:° �8±��82PöC-° * M -4± � � (8.6.42)

Severaladditionalcommentsneedto bemadeconcerningthis formulation. First, therelative

sizesof theconstantsÞ#� and Þ.� affecthow accuratelythedifferenttargetscanbeapproximated.In

orderto approximatetheleadertargetasaccuratelyaspossible,ÞL� mustbemadelarge.However,

theeffect of increasingits sizeis influencedby thesizeof Þ#� . Thus,asin thefirst formulation of

thissection,(SD),with asingleobjectivefunctionincorporatingbothtargets,themagnitudesof Þ��
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and Þ�� requiredto achieve the desiredtargetdeviationsmustbedeterminedby experimentation.

Our preliminary numericalstudieshave suggestedthatif bothtargetsarein theobjective function

andbothconstantsarelarge,thentherecanbedifficultiesin achieving convergenceto theoptimal

solution. Oneof thegoalsof thenumericalstudydescribedin thenext sectionwasto determine

how theeffectof differingscalesof magnitudeonthechoiceof theseleaderandfollowerconstants

affectedtheoptimalsolutionsin thehierarchicalformulation. Secondly, it shouldbeemphasized

that in orderto provide usefulresultstheoptimalcontrolgeneratedby themodelmustbe imple-

mentable,e.g.,wildly oscillating optimal controlsareundesireable.Againourstudiesto datehave

indicatedthat thecontrolsachieved in thehierarchicalformulation arebetter-behaved thanthose

from (SD) for largevaluesof theparameters.Bothof theseconjecturesneedfurthertestingand,if

possible, theoreticalgrounding.

Finally, it is clear that this formulationof the problemis fundamentallydifferentfrom other

models.As is well-documentedin thefinite-dimensional casesof bilevel programming,an opti-

mal solution to a bilevel optimization problemneednot bea Paretooptimal solutionin thesense

of multiobjectiveoptimization(see[120]) andthereis no reasonto assumethatthis is not thecase

here.Also, the inclusionof the follower controlsites M � aspartof theouteroptimization,rather

thanthe inner optimization problem,may seeminconsistent. In formulatingthe problemin this

manner, wewereagainmotivatedby aneffort tomaketheproblemtractable;complicated(andpos-

sibly nonconvex) inequality constraintsin thecontrollocationswouldseriouslydegradetheability

to expressconciselythenecessaryconditions for the innerproblem.All of thesepoints speakto

the difficulty in formulatingstateequationsandin solving large scalemulticriteria optimization

problems.Theresultspresentedhererepresentaninitial effort in thisdirection.

We concludethis sectionby observingthat hierarchicalcontrol might profitably be usedto

formulateamultitudeof importantscientificapplications.For example,in theareaof oil reservoir

simulation onecanformulateoptimal well placementproblemsashierarchicalcontrol problems

wheredesiredwell productionsmight form mandatory(or leader)targetswhile revenueor effi-

ciency basedgoalsarea secondary(follower) targets. Problemsin optimalairfoil designcanbe

viewedin a similar way with structuralconstraintsbeingposedasleaderobjectivesandvorticity

minimizing goalsbeingfollower targets. Remotemanipulator systems,like thoseemployed by

space-craft,arerequiredto solve optimalcontrolproblemsrapidly. In someinstances,thesesys-

temsmustaccomplishagoalwhile maintainingprescribeddistancesfrom otherpiecesof machin-

ery. Onecould formulatea classof hierarchicalcontrol in which leadertargetsincludeprimary

objectives andfollower targetsmaintainminimal separationfrom sensitive machinerywhenever

possible.
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8.7 Numerical Results

In this sectionwe reporton somenumericalexperimentswe have run to testsomeof the issues

raisedby theformulationof thehierarchicalcontrolproblemgivenin theprecedingsection(also

see[25]). Theproblemaddressedis thatof theprecedingsectionwith thedomain� takento bethe

unit squarewith theboundaryconditionschosento bezero. Moreover, we have assumedthat the

controlsitesarenotfunctionsof Z but constant.Wedon’t believethatthesesimplificationsprohibit

us from makingpreliminaryassessmentsabouttheprospectsfor this typeof formulation. In any

case,we intendto continueexperimention.

We hadseveralgoalsfor thesepreliminarynumericalexperiments.First we wantedto deter-

minethepossibility of efficiently solvingtheproblemin its hierarchicalformulation. Second,we

wantedto determinehow sensitive thesolutionswereto differentchoicesof theconstantsÞ@� andÞ�� andto comparetheseresultswith thoseobtainedby solving theproblemwith asingleobjective

functioncontaininga weightedsumof thetargetdiscrepancies.Finally, we wantedto ascertainif

wecouldsolveaproblemwith nonconvex constraintson thecontrollocations.

Webegin by describingthetimediscretization.Let µ � bethenumberof timestepsdesired,so

that � Z 0 �KL³ . We will denotetheestimateof G at the ç th time stepby G » where ç 0 Ýo���B� µ � . Ifµµ´ denotesthenumberof spatialstepsin the ¯ ¦ andin the ¯ Â directions,thespatialstepis denoted

by
³

with
³ 0 ¦K#¶ . Thediscreteapproximation to G isG * ç�� ZW= Û ³ = á ³ -v· G »� � å �

We follow the two-stepimplicit schemefor parabolicproblemsas outlined in Glowinski [48].

Accordingly, wedefine H GH Z *\* ç � Ý�- D Z -v· Ý2�� Z�¸ Ò G » Î ¦� � å ��¹ G »� � å � G » ê ¦� � å�º �
Experiencewith this time discretizationhasled us to useit on stiff problemswhenwe needto

integrateto large valuesof ^ . In suchcases,the fact that it assuresunconditional stability and

producesanaccuracy to secondorderin timeamplyjustifiesthestoragecosts.

At eachtime stepwe mustsolve anelliptic problemto obtain G » Î ¦� � å . Thedomainis sosimple

that we usethe very commonfinite-elementtriangulationof � consisting of bisectedsquares.

The spaceof polynomials of degree ± Ý is usedto form a finite dimensional approximation to¶ Â * �J- and » ¦ * �J- . Moresophisticatedschemesarecertainlyavailablefor bothlinearandnonlinear

parabolicequations. However, for testingoptimization formulations of thecontrolproblemhere,

this simple numericalschemeis both adequateandappropriate.For specificapplications, more

specializedor hybriddiscretizationsmaybecalledfor (seefor example[66]).
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Two targetstates,G � * ¯ - and G � * ¯ - , areusedto testtheperformanceof theformulationof the

controlproblemfrom section3. While amyriadof testshapesarepossible,wechooseonespecific

pair of testshapesthat illustratesbehavior seenin mostof our numericalexperiments. Theleader

targetshapeis asmooth functionwith apeakof approximately1.3at thepoint ¯ ¦ 0 Ý�æPÒ = ¯ Â 0 Ý�æ�2
andthe follower is a pyramidwith a peakof unity at thepoint ¯ ¦ 0 �¦ × = ¯ Â 0 ¦Â (seeFigures8.1

and8.2).Specifically, thetargetfunctionsare

Figure 8.1. Theleader target Figure 8.2. Thefoll ower target

G � * ¯ - 0 ÒC' ¯ ¦ ¯ Â * Ý � ¯ Â - * Ý`� ¯ ¦�- Â =G � * ¯ - 0 2 ©1ªÀ« Ø,' ¯ ¦ú�¬¹ = Ò �o' ¯ Â = ' ��' ¯ ¦ = ' ¯ Â �l2 Ú � (8.7.43)

Thesetestproblemsaresimilar to thoseusedto studyhierarchicalcontrolwith stationarycontrols

([13]).

As constraintson the control locations,we requiredthat the parametersM � and M � be con-

strainedto be containedinsidedisjoint balls. The leaderlocation, M � is constrainedto lie within

thecircle centeredat * ¦� = ¦Â - wherethefollower locationis constrainedto lie within thecircle cen-

teredat * ì� = ¦Â - . Bothconstraintshaveradius� � Ý�' sothatthetwo circlesdonot intersect(seeFigure

8.7).

Theoptimizationproblemthatarosefromourformulationwassolvedusingasequentialquadratic

programming(SQP)algorithm.Thespecificsof thealgorithmarecontainedin [24] anda theoret-

ical analysisthatcanbefoundin [23].

The numericalresultsaresummarizedin Table8.1 togetherwith Figures8.4–8.9. The first

two columns of of Table8.1give theproblemsize.Thevaluesof Þ�� and Þ�� aregiven in thethird
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Figure 8.3. Geometricconstraints separatingthecontrols

column.Thenext two columns give therelativediscrepancy betweenstatevariablesandtargetsin

the ¶ Â norm.Thefinal two columnsof thetablereporton thenormof thecontrols.

µµ´ µ � * Þ�� = Þ��#- Ö G ��� G Ö �4× æ�Ö G �¢Ö ��× Ö G �Õ� G Ö ��× æ�Ö G ��Ö ��× ÖWb���Ö ÖWb���Ö
64 32 (1.e+3,1.e+3) 2.395302 0.4873116 25.774 3.4065

64 32 (1.e+6,1.e+3) 2.181885 0.4978943 151.05 28.420

64 32 (1.e+3,1.e+6) 2.415231 0.2635630 34.279 448.49

128 32 (1.e+3,1.e+3) 2.371236 0.4732074 28.195 3.5591

128 32 (1.e+6,1.e+3) 2.200413 0.5009123 155.89 29.093

128 32 (1.e+3,1.e+6) 2.418927 0.2701232 34.861 449.12

Table 8.1. Numerical Performance Summary

Ourproblemformulationworkedwell with ournumericaloptimizationalgorithm. In numerical

resultsnot presentedherewe wereableto solve problemswith valuesof Þ aslargeas ÝP�8�SÝn± and

valuesapproachingmachineprecision. Herewe concentrateon the resultsfor morereasonable

valuesof Þ . In Figures8.4,8.6 and8.8 thedottedanddashedprofilesrespectively denoteleader

and follower target profiles along the line ¯ Â 0 ¦Â . The solid lines are the statevariable G at

terminal time ^ 0 Ý alsoalongthe line ¯ Â 0 ¦Â . Clearly both the leaderand follower targets
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Figure 8.4. Thestatevariablesrestrictedto theline Ø Â¢Ù ¦Â withÚ � Ù Ú � ÙÜÛ¿ÝßÞvàyá
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Figure 8.5. Thecontrol variableswithÚ � Ù Ú � ÙÜÛ¿ÝßÞvàyá
wereapproximatelyattained.In Figures8.5, 8.7 and8.9 the leaderandfollower controls, b�� * Z -
and b,� * Z - areshown for Z � *:� = Ý � , by solid anddashedlinesrespectively. In Figure8.5 the total

variationsin thetwo controlsarecomparablewhile in Figure8.9 thevalueof Þâ� is largeenough,

whencomparedwith Þ%� , that the effect of the leadercontrol is greatlydiminished. In fact the

follower controloscillatedsoviolently that it eclipsedthebehavior of the leadercontrol. Finally,

it is worth noting that for the numericalexamplespresentedhere,the optimal locationof both

controlswasinside theconstraintcircles.

Our numericalexperienceillustratedthat the difficulty of the SQPalgorithmin solving the

hierarchicalproblemtestedhereincreasedwith the valuesof the penaltyparametersÞL� and Þ�� .

This fact is not surprisingin light of thefact thatsimilar behavior hasbeenobservedfor thecase

of hierarchicalcontrolof Burgers’Equation([65]).

8.8 Futur e Research

Thefreedomto specifymultiple targetsis extremelyimportantfor many practicalproblems.The

highcostof solvingmulticriteriaoptimizationproblemssuggeststhattheremaybeinstanceswhere

hierarchicalcontrolproblemformulations couldyield a computational advantagein anaffordable

way. We plan to investigate the useof this formulation techniqueto attackmore complicated

physical phenomena,including thosemodeledby nonlinearequations. We anticipatethe ideas
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Figure 8.6. Thestatevariablesrestrictedto theline Ø Â¢Ù ¦Â withÚ � ÙÜÛ¿ÝßÞvà]ã and Ú � ÙÜÛ¿ÝßÞQà�á
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Figure 8.7. Thecontrol variableswith Ú � ÙäÛ¿ÝßÞ à«ã and Ú � ÙÛ¿ÝßÞ�à]á
will befruitful whenformulatingproblemsof optimal well placement,contaminanttransport,and

bioremediation amongothers.
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Figure 8.8. Thestatevariablesrestrictedto theline Ø Â¢Ù ¦Â withÚ � ÙÜÛ¿ÝßÞvà]á and Ú � ÙÜÛ¿ÝßÞQà�ã
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Figure 8.9. Thecontrol variableswith Ú � ÙäÛ¿ÝßÞ à«á and Ú � ÙÛ¿ÝßÞ�à]ã
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A rSQP++ Equation Summary and Nomenclature Guide

This is a summaryof themathematical expressionsin anrSQPalgorithmandthequantitiesin

therSQP++implementation.Thisguideprovidesaprecisemapping from mathematicalquantities

to identifiernamesusedin rSQP++.

Standard NLP Formulation

min æ�çéèâê
s.t. ë�çéèâê ìîíè�ïhðÜèyð3èâñ

where: è�ò�è�ïâò�èâñ�ó�ôæ�çéèâê�õ�ô÷ö IRë,çøèâê�õ�ô�öúùô ó IR ûùüó IR ý
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Full SpaceQP Subproblem (Relaxed)
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Tangential (Null-Space)Subproblem (Relaxed)

min ( ced SfN � � * � S  N�g SfN �/. ÿ 0 �
s.t.

MONhSfN � ÿ 2 � 0 �jik�43l ï 6 @	SfN � ÿ DmSTR � 0 6 l ñ
where:( c�d # ÿ ( \ �/n+op� � A( \ # @  ( � Ao # @  , DmSTR �=An � IRgaq @  , @ � Ar9 AM N #aJ ÿ 1 Ps�  @QK �?! P 9 AM�R #?J ÿ 1CP �  DLK �"! P 9 Ei # M�R_SfR � � P �"! P

l ï # � ï � � 5 � DtSTR �'&l ñ # � ñ � � 5 � DmSTR �=&

Variable-Reduction Null-Space

Decompositions1  �vu ÿ 1wB � ÿ 1 Px� zy �vu�{ |} ~ y
where: { �"! B 9;&�� (nonsingular)| �"! B 9;&��} �"! P 9;& �~ �"! P 9;& �

Coordinate

@ # u � { Z � |� yD # u � 3 yI � {MON � ~ � } { Z � |M�R � }

Orthogonal� # � { Z � | �'&���9;&��@ # u
�
� yD # u �� � $yI � { ÿ � � ���  �M�N � ~ � } �MOR � } � ~ � 
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Mathematical Notation Summary and rSQP++ Identifier Mappin g

Mathematical rSQP++ Description

Iteration�?� � 8 k Iteration counter for theSQPalgorithm

NLP� � � 8 n Numberof unknown variablesin

�� � � 8 m Numberof equality constraintsin
� ÿ�� �& �

IR û spa ce x Vectorspace for

�!��
IR ý spa ce c Vectorspace for

� ÿ�� �� �=&
x Unknownvariables

� ï �'& xl Lower boundsfor variables
� ñ �'& xu Upperboundsfor variables
 ÿ�� � 9 � � IR f Objective function value at

�
( # � 
 ÿ�� � �'& Gf Gradient of theobjective function at

�� ÿ�� � 9 � �?! c General equality constraints evaluatedat

�
1 # � � ÿ�� � 9 � �=&>9 ! Gc Gradient of

� ÿ�� � evaluatedat

�
,
� � � F � � ������� � � ý G

Lagrangian� �?!
lam bda Lagrangemultipliers for thegeneralequality constraints� �'& nu Lagrangemultipliers (sparse)for thevariable bounds��� þ¢ÿ�� 5 � � 5 ��� 5 ��=& GL Gradient of theLagrangian, #� ���� þ¢ÿ�� 5 � � 5 ��=&:9;& HL Hessianof theLagrangian

SQP Step) �'&
d Full SQPstepfor theunknownvariables,

) � ÿ�� 5�8 � � 8 � � 50 � IR eta Relaxation variable for QPsubproblem

Null-Space Decomposition� � � 8 r Numberdecomposedequality constraintsin
� BJ 2�� � K � � �8 con deco mp Rangefor decomposedequalities

� B � � Y ��� \�^J � � 2�� � K � � �8 con unde comp Rangefor undecomposed equalities
� P�� � Y \ 8 ��� ý�^! B � IR \ spa ce c

.su b spa ce(

con deco mp)

Vectorspace for decomposedequalities
� B! P � IR Y ýQZ]\_^ spa ce c

.su b spa ce(

con unde comp)

Vectorspace for undecomposedequalities
� P
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� B � � Y ��� \_^ �"! B c.s ub view (

con deco mp)

Vectorof decomposedequalities� P � � Y \ 8 ��� ý�^ �"! P c.s ub view (

con unde comp)

Vectorof undecomposedequalitiesAX�
IR Y û[Z]\_^ Z.s pace rows () Null space.Accessedfrom thematrix object Z.E��
IR \ Y.s pace rows () Quasi-Rangespace.Accessedfrom thematrix object Y.@ �'&:9 A

Z Null-spacematrix for

ÿ � � B �  (

ÿ � � B �  @ �43 )D �'&>9 E
Y Quasi-range-spacematrix for

ÿ � � B �  ([
D-@

] nonsingular)I � J ÿ � � B �  DLK�"! B 9 E RMON � J ÿ � � P �  @QK�"! P 9 A UzM�R � J ÿ � � P �  D7K�"! P 9 E UyS N/� A
pz Tangential (null-space)step@	SfN �'&
Zpz Tangential (null-space)contribution to

)STR �aE
py Quasi-normal(quasi-range-space)stepDmSTR �'&
Ypy Quasi-norm (quasi-range-space)contribution to

)( \ � @  � 
 �'A rGf Reduced gradientof theobjective function@  � þ � A rGL Reduced gradientof theLagrangiano q @  , DmSTR � A w Reduced QPcrosstermgaq @  , @ � Ar9 A
rHL Reduced Hessianof theLagrangian

Reduced QP Subproblem( c�d # ÿ ( \ ��n+op�� A qp gra d Gradient for theReducedQPsubproblemn � IR zet a QPcrosstermdamping parameter (descentfor � ÿ�� � )
Global Convergence� � IR alp ha Steplength for

� 5�8 � � � 5 � � )� � IR mu Penaltyparameter usedin themerit function � ÿ�� �� ÿ�� � � & < IR merit func nlp Merit function objectthat computes � ÿ�� �� ÿ�� � 9 � � IR phi Valueof themerit function � ÿ�� � at

�
Variable Reduction DecompositionJ 2�� � K � � �8 var dep Rangefor dependentvariables

� � � � Y ��� \_^J � � 2�� � K � � �8 var inde p Rangefor independent variables

� � � � Y \ 8 ��� û�^� ���'&:9;&
P var Permuation for thevariablesfor current basis��� �?!	9 !
P equ Permuation for theconstraintsfor current basis& � �

IR \ spa ce x

.su b spa ce(

var dep)

Vectorspace for dependent variables

� �
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& � �
IR Y û�Z]\�^ spa ce x

.su b spa ce(

var inde p)

Vectorspace for independentvariables

� �� � �'& �
x.s ub view (

var dep)

Vectorof dependentvariables� � �=& �
x.s ub view (

var inde p)

Vectorof independent variables{ # � ��� B ÿ�� 5 � # ÿ 1  � Y ��� \�� ��� \_^�"! B 9;& � C Nonsingular Jacobian submatrix (basis) for dependent

variables

� �
anddecomposedconstraints

� B ÿ�� � at

� 5
| # ��� � B ÿ�� 5 � # ÿ 1  � Y ��� \�� \ 8 ��� û�^�"! B 9;& � N Jacobiansubmatrix for independentvariables

� �
andde-

composedconstraints
� B ÿ�� � at

� 5} # ��� � P ÿ�� 5 � # ÿ 1  � Y \ 8 ��� ýQ� ��� \_^�"! P 9;& � E Jacobian submatrix for dependent variables

� �
andun-

decomposedconstraints
� P ÿ�� � at

� 5~ # � ��� P ÿ�� 5 � # ÿ 1  � Y \ 8 ��� ýQ� \ 8 ��� û ^�"! P 9;& � F Jacobiansubmatrix for independent variables

� �
andun-

decomposedconstraints
� P ÿ�� � at

� 5
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B Installat ion of rSQP++

The C++ sourcecodefor rSQP++,its supportingpackagesand a few simple examples are

distributedasasinglesourcetree.Thebuild systemusesGNU makewhich is availableonLinux,

Unix andeven Microsoft Windows (usingcygwin). The build systemis designedprimarily for

developmentwork andthereforenotaseasyto install aswith installation methodsbasedonGNU

automakeandautoconf.Thedistributioncomesasagzipedtarfile of thenamerSQPpp. tar.gz .

To install thecoredistribution (assuminga Linux/Unix system),createa basedirectoryanduntar

the sources.For example,assuming the useridis joesmi th and the tar file is in Joe’s home

directory, Joewouldperformthefollowing

$ mkdir /home/jo esmith/rS QPpp.base

$ cd /home/j oesmith/r SQPpp.ba se

$ tar -xzvf /home/joe smith/rS QPpp.tar. gz

An environmentvariableRSQPPPBASEDIR shouldthen be set to the basedirectory for

rSQP++asfollows(assumingthebash shell is beingused)

$ expor t RSQPPP_BASE_DIR=/home/joe smith/rSQ Ppp.base

Thisenvironmentvariable(aswell asa few others)is usedextensively by thebuild systemand

thetestsuite.

Theuntaredsourcetreeshouldlook like thefollowing

$RSQPPP_BASE_DIR/

|

-- rSQPpp/

|

|-- build

|

|-- core

| |

| |-- AbstractL inAlgPack

| |

| ...
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|

|-- design

|

|-- doc

|

|-- examples

| |

| |-- ExampleNL PBanded

| |

| ...

|

|-- design

|

|-- testing

For detailedup-to-dateinformationontheinstallation of rSQP++for variousplatforms,seethe

file

$RSQPPP BASEDIR/rSQ Ppp/README

TheaboveREADMEfile referencesseveralotherREADME files thatdescribethebuild system,

theDoxygendocumentation system,thetestsuiteandothertopics.Theincludedtestsuiteis fairly

extensive andis self checking.The testsuiteshouldbuild andrun successfullybeforeany work

with rSQP++attempted.Thetestsuiteis alsoextensibleandallowsanadvanceduserto easilyadd

new testmodulesthatcanberunwith a singlecommand.

Oncethe properenvironmentvariablesaresetupthe Doxygengeneratedhtml pagescanbe

generated.Beforethedocumentationcanbe generated,theDoxygenconfigurationfiles mustbe

setup.To find outhow to do thisseethefile

$RSQPPP BASEDIR/rSQ Ppp/doc/R EADME.DOCUMENTATION.

After theconfigurationfilesaresetupthedoxygendocumentationcanbebuild usingthescript

$RSQPPP BASEDIR/rSQ Ppp/build doc .

For mostusers,however, building thedocumentation locally is not necessaryasprebuild doc-

umentationcanbefoundat

RSQPPPBASEDOC/html /index.ht ml
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whereRSQPPP BASEDOC1 is theURL to therSQP++documentation website.

Although,usingDoxygenfor your own sourcecodecanbevery usefulin helpingto navigate

thecode.

Thesimplestwayto getstartingin solvingacustomNLP usingrSQP++is to addanew project

to the rSQP++build system. Thereis a HowTo file that describesthe processof addinga new

projectto thebuild systemwhichcanbefoundat

$RSQPPP BASEDIR/rSQ Ppp/doc/H owTo.NewBuildProje ct .

Using therSQP++build systemis optionalasit is possible to simply includetheproperCpp

directivesin yourown build systemandthento link to precompiledrSQP++librariesbut thiswill

bemuchmoreinvolved. UsingtherSQP++ build systemis mucheasier.

For simpleruseof rSQP++, it ispossibletousethesolversthroughoneof theprebuilt interfaces

to modelingenvironments likeAMPL (see???).See???for adescriptionof someexample NLPs

for rSQP++.

1RSQPPPBASEDOC = http://dyn opt.cheme. cmu.edu/ros coe/rSQPpp/ doc

227



228



C Descriptions of Indi vidual rSQP++ Packages

Misc : HeterogeneousCollection of Utilities

Misc is notapackage(i.e.C++namespace ) atall. Instead,it is justof heterogeneouscollection

of generalprogramming utili tiesthatreallydonotbelongto any otherhigherlevel packageexclu-

sively. Thispackageis notshown in Figure4.3but all of theotherpackagesdependoncomponents

in Misc. Most of theseutilit ies fall into oneof two categories:memorymanagementandoptions

setting.

Thereare several C++ classesto aid in memorymanagement.SinceC++ allows dynamic

memoryallocation,doesnot have garbagecollection,andusespointersto raw memory, memory

managementis oneof themoredifficult, if not themostdifficult, aspectto usingC++. By far, the

mostimportantutility classfor memorymanagementis MemMngPack::ref count ptr<T> .

Thisisatemplatedsmartreferencecountedpointerclassmodeledafterstd::aut o ptr<T> and

the ideasin [76]. Thecarefulandconsistentuseof objectsof this classeffectively allow garbage

collectionin C++. Many otherstrategieshave beenproposedfor automaticmemorymanagement

in C++ but the style usedby ref count ptr<T> is the mostflexible in many respects.This

classforms the foundationfor all dynamic memorymanagementin rSQP++andits lower level

packages.The developmentof this classhasbeenvery significant andhasallowed thingsto be

donein rSQP++thatwouldhavebeennearlyimpossibleto dootherwise.

While ref count ptr<T> is more than adequatefor memorymanagementwhen all the

peersknow at leasta baseclassof theobjectsto begarbagecollected,this is not alwayspossible

(unlikeJava [113], C++ doesnothave a universalbaseclasscalledObject from which all other

classesderive). For example,supposeonepeeris given a pointerto a row of a dynamicallyallo-

catedmatrix while anotherpeeris givena pointerto a columnof thesamematrix. Also, suppose

thatfor thesake of flexibili ty, thesesamepeersmaybegivenpointersto separatelyallocatedvec-

torsto use.In eachcase,onceeachof thepeersis finishedusingthevectorsthey havebeengiven,

it is importantthatthememoryis releasedsothatamemoryleakdoesnotoccur. In thelattercase,

onceapeeris finishedwith avector, theseparatelyallocatedbuffer of memoryshouldbereleased.

This is doneindependentlyof the otherpeer. However, in the former case,the dynamically al-

locatedmatrix shouldnot be releaseduntil bothof thepeersarefinishedusingvectorsfrom this

matrix.

Sothebasicideahereis thata client maybegivenanobjectof onetypethat is dependenton

someotherdynamicallyallocatedobject(s),but doesnot know how to properlyreleasememory
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associatedwith the objectonceit hasfinishedusingit. To allow this type of greaterflexibili ty

in memorymanagement,theabstractinterfaceMemMngPack:: ReleaseResource hasbeen

defined.Theuseof thisclassis verysimple. A client is givenanobjecta of known typeA to inter-

actwith anda pointer r to a companion ReleaseResource object.Oncetheclient is finished

using the objecta, it calls delete r and the overriddenvirtual destructorr->˜Re lease-

Resourc e() is calledon an objectthat knows what to delete. A single subclassimplementa-

tion of the ReleaseResource interfacecalled Releas eResource ref count ptr has

beenimplementedusing the ref count ptr<T > class. When the overridden virtual func-

tion ReleaseR esource ref count ptr:: ˜ReleaseR esource ref count ptr() is

called, it calls the destructoron the composite ref count ptr<T> memberptr which calls

delete on the raw memoryto be released.This might seemlike muchadoaboutnothingbut

thesetwo classeshave beensufficient for all the (sometimescomplex) memorymanagementin

rSQP++.This importantconceptwasdesignedlatein thedevelopmentof rSQP++but hasallowed

thecreationof somemuchmoreflexible softwaresinceits adoption.

While theclassesMemMngPack::ref count ptr<T> andMemMngPack:: Release-

Resource allow theflexible deletionof anobjector objectsaftera client is finishedusingthem,

they do not allow theflexible creationof objects.For this purpose,the interfaceMemMngPack-

::AbstractFactory<T> hasbeendevelopedwhich is a universaltemplatedinterfacefor the

“f actory” pattern[???]. The singlevirtual methodis create() which returnsa ref count-

ptr<T> objectcontainingtheallocatedobject.Thereis a singlesubclass

namespace MemMngPack {

template <class T_itfc, class T_impl, class T_PostMod = PostModNothin g<T_impl>

,class T_Allocator = AllocatorNe w<T_impl> >

class AbstractFa ctoryStd : public AbsractFa ctory<T_itfc> ;

}

which is templated on the interface type T itfc that is representedby the Abstract-

Factory baseinterface,the concreteimplementationtype T impl , andalsoby policy classes

that determinehow the underlyingobject is allocated(T PostMod ) andhow it is modifiedaf-

ter allocation(T Allocato r ). Thepolicy classeshave default typeswhich allocateusingnew

(Allocato rNew<T impl> ) anddo no postmodificationafter the initial construction (Post-

ModNoth ing<T impl> ). Using thesepolicy classeswith the C++ template mechanismsto

createdifferentinstantiationsallows completeflexibility in how objectsareallocatedandinitial-

izedandthereforetheAbstra ctFactory Std<...> subclassis reallytheonlyabstractfactory

subclassneeded.

Asidefrom thetypeof generaldynamicmemorymanagementthattheC++ operatorsnew and
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delete andtheC functionsmalloc(.. .) andfree(. ..) weredesignedfor, thereis alsoa

needfor generalworkspacethatis usedduringtheexecutionof aC++ function.In Fortran77,this

typeof memorymustbeexplicitly passedinto a subroutineandcluttersthe interface. In Fortran

90, this typeof memorycanbecreatedon-the-flywithin a subroutine, but mostimplementations

allocatethis memoryfrom the stackandnot the heap. The Fortran90 implementation of auto-

maticworkspacehascausedproblemsonseveralplatformswhenallocatinghugeamountsof data.

What is neededis a moreflexible meansto efficiently allocateandreleaseworkspaceusedin a

function. For this purpose,the templatedclassWorksp acePack:: Workspace <T> hasbeen

designed.Objectsof this typecanonly beallocatedon thestack(i.e. operatorsnew anddelete

have beenmadeprivateandarenot definedasdiscussed in [76]) andmustbe given a reference

to a Workspace Pack::Wor kspaceSto re objectwhich is usedto obtaina temporarybuffer

of data. The currentimplementation of Workspace Store allocatesa large chunkof memory

at oncefrom the operatingsystemandthengives it out asneeded.Any memorydemandsbe-

yondthepreallocatedamountarehandledby new. TheWorkspace Store implementationalso

keepsstatisticsthatcanbeusedfor fine tuningthememoryusagelateron. Becauseof theorder

thatC++ createsanddestroys automatic objectsthatareput on thestack,the implementationsof

Workspa cePack::W orkspace< T> andWorks pacePack: :Workspac eStore arevery

simple andrequireonly ¡ ç�¢�ê overhead. This is very differentfrom the overheadthat canoccur

from usingmalloc( ...) becauseof themorecomplex taskstheoperatingsystemhasto per-

form to managetheheap(i.e. regulatefragmentationetc.) asdescribedin [110,Section8.6]. See

thefile Workspa cePack.h for moredetails.

Aggregationandcomposition areso commonand the tasksof writing accessfunctionsand

datamembersfor C++ classeswith aggregateobjectsaresomonotonousthatpreprocessormacros

havebeenwritten to automaticallyinsertall theneededdeclarations.Themacro

STANDARDMEMBERCOMPOSITION MEMBERS(type name,a ttribute name)

is usedto insertto declarationsfor a simplememberobjectof a concreteclasswith valuese-

mantics.Forexample,optionssuchastolerances(i.e.type name = double ), flags(i.e.type-

name = bool ) andmaximum iterationcounts(i.e. type name = int ) canbeincludedin a

classinterfaceusingthismacro.Thishasrelievedthewriting of alot of boilerplatecodethathadto

bewrittenby handbefore.However, many objectsarepolymorphic anddonotusevaluesemantics

(i.e. thosethatareinstantiationsof a subclass).For composition relationships(i.e. memoryman-

agementobligationsassumed)for thesetypesof objects(bothpolymorphicandnon-polymorphic)

themacro

STANDARDCOMPOSITION MEMBERS(basetype name,obj name)
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hasbeendefined. This macroinsertsthe declarationsfor the memberaccessfunctionsand

includesa private datamemberof type ref count ptr<base type name> to handlethedy-

namicmemorymanagement.For thesetypesof composite associations,whentheclient objectis

destroyed, the composite objectobj name may alsobe destroyed (if no otherclientsareusing

it) and ref count ptr<T> takescareof this automatically. For associationsthat arestrictly

aggregate(i.e. noownership of memoryis assumed)themacro

STANDARDAGGREGATION MEMBERS(basetype name,obj name)

is used.Thismacroinsertsaprivatedatamemberthatis asimplepointer.

Anotherveryusefulclassis OptionsF romStrea mPack::Op tionsFrom Stream . This

classallows optionsto be readfrom a text stream,which is formattedin a very humanreadable,

self documentingmanner. Many of themajorclassesin rSQP++ canacceptoptionsin this form.

Theseoptionscanbeincludedin a file or generatedin a stringwithin code.Strictly speaking,this

is a weakly typedway to specifyoptionsbut therearea lot of safeguardsthatmake its usemore

or lessbulletproof. For example,seehow this text streamis formattedin Section4.3.1.1. A lot

morecould be saidabouthow to usethe classOptionsF romStream from both a user’s and

developer’s pointof view, but theinterestedusercanlook in thecodefor examples.
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D Samples of Input and Output for rSQP++

Here, portionsof the output generatedfor the exampleprogramExampleNLPBand ed is

given. Linesin theoutput consisting of threedots

...

are for partsof the output that have beenommited for the sake of space. This output was

generatedusingthecommandline

$ ./solve_exam ple_nlp --nD=30000 --bw=10 --nI=400 --diag-scal=1e+4 --xo=10.0

andthe optionsfile shown in Section8.8. The output to theconsoleis shown in Section8.8

while exceptsfrom theoutputfiles rSQPppAl go.out , rSQPppSummary.ou t andrSQPpp-

Journal .out areshown in Sections8.8–8.8.

Note that the contentof the outputmay be differenta morecurrentversionof rSQP++than

the oneusedat the time of this writting. However, the generallayoutof the information will be

generallythesame.

Input file rSQPpp.opt

begin_options

options_group rSQPppSolver {

test_nlp = true; *** (default)

* test_nlp = false;

print_algo = true; *** (default)

* print_algo = false;

algo_timin g = true; *** (default)

* algo_timing = false;

configurat ion = mama_jama; *** (default)

* configuration = interior_po int;

}

options_group rSQPSolverClientIn terface {

* max_iter = 1000; *** (default?)

* max_iter = 3;

* max_run_time = 1e+10; *** (default?)

* opt_tol = 1e-6; *** (default?)

opt_tol = 1e-8; *** (default=1e-6)

* feas_tol = 1e-6; *** (default?)

feas_tol = 1e-10; *** (default=1e-6 )

* step_tol = 1e-2; *** (default?)

* journal_output_lev el = PRINT_NOTHING; * No output to journal from algorithm

* journal_output_lev el = PRINT_BASIC_ALGORITHM_INFO; * O(1) information usually

journal_ou tput_level = PRINT_ALGORITHM_STEPS; * O(iter) output to journal (default)

* journal_output_lev el = PRINT_ACTIVE_SET; * O(iter*nact) output to journal

* journal_output_lev el = PRINT_VECTORS; * O(iter*n) output to journal (lots!)

* journal_output_lev el = PRINT_ITERATI ON_QUANTITIES; * O(iter*n*m) output to journal (big lots!)

* journal_print_digi ts = 6; *** (default?)

check_resu lts = true; *** (costly?)
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* check_results = false; *** (default?)

}

options_group DecompositionSyste mStateStepBuilderS td {

null_space _matrix = AUTO; *** Let the solver decide (default)

* null_space_matrix = EXPLICIT; *** Store D = -inv(C)*N explicitly

* null_space_matrix = IMPLICIT; *** Perform operations implicity with C, N

range_spac e_matrix = AUTO; *** Let the algorithm decide dynamically (default)

* range_space_matrix = COORDINATE; *** Y = [ I; 0 ] (Cheaper computation ally)

* range_space_matrix = ORTHOGONAL; *** Y = [ I; -N’*inv(C’) ] (more stable)

max_dof_qu asi_newton_dense = 500; *** (default=-1, let the solver decide)

}

options_group rSQPAlgo_ConfigMam aJama {

quasi_newt on = AUTO; *** Let solver decide dynamical ly (default)

* quasi_newton = BFGS; *** Dense BFGS

* quasi_newton = LBFGS; *** Limited memory BFGS

* line_search_method = AUTO; *** Let the solver decide dynamically (default)

* line_search_method = NONE; *** Take full steps at every iteration

line_searc h_method = DIRECT; *** Use standard Armijo backtracking

* line_search_method = FILTER; *** Filter

}

options_group NLPTester {

* print_all = true;

print_all = false; *** (default)

}

options_group NLPFirstDerivative sTester {

* fd_testing_method = FD_COMPUTE_ALL;*** Compute all of the derivatives (O(m))

fd_testing _method = FD_DIRECTIONAL; *** Only compute along random directions (O(1))

num_fd_dir ections = 1; *** [fd_testing_method == DIRECTIONAL]

warning_to l = 1e-10;

error_tol = 1e-5;

}

options_group CalcFiniteDiffProd {

* fd_method_order = FD_ORDER_ONE; *** Use O(eps) one sided finite differences

* fd_method_order = FD_ORDER_TWO; *** Use O(epsˆ2) one sided finite differences

* fd_method_order = FD_ORDER_TWO_CENTRAL; *** Use O(epsˆ2) two sided central finite differences

* fd_method_order = FD_ORDER_TWO_AUTO; *** Uses FD_ORDER_TWO_CENTRAL or FD_ORDER_TWO

* fd_method_order = FD_ORDER_FOUR; *** Use O(epsˆ4) one sided finite differences

fd_method_ order = FD_ORDER_FOUR_CENTRAL;*** Use O(epsˆ4) two sided central finite differences

* fd_method_order = FD_ORDER_FOUR_AUTO; *** (default) Uses FD_ORDER_FOUR_CENTRALor FD_ORDER_FOUR

* fd_step_select = FD_STEP_ABSOLUTE; *** (default) Use absolute step size fd_step_size

* fd_step_select = FD_STEP_RELATIVE; *** Use relative step size fd_step_size * ||x||inf

* fd_step_size = -1.0; *** (default) Let the implementa tion decide

* fd_step_size_min = -1.0; *** (default) Let the implementation decide.

* fd_step_size_f = -1.0; *** (default) Let the implementation decide

* fd_step_size_c = -1.0; *** (default) Let the implementation decide

* fd_step_size_h = -1.0; *** (default) Let the implementation decide

}

end_options

Consoleoutput

Thefollowing is outputto theconsole.

$ ./solve_exam ple_nlp.rel --nD=30000 --bw=10 --nI=400 --diag-scal=1 e+4 --xo=10.0

************** ******************

*** Start of rSQP Iterations ***

n = 30400, m = 30000, nz = 599910

k f ||c||s ||rGL||s QN #act ||Ypy||2 ||Zpz||2 ||d||inf alpha

---- --------- --------- --------- -- ---- -------- -------- -------- --------

0 1.5e+006 1.2e+007 1.2e+002 IN 0 2e+003 4e+005 2e+003 0.001
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1 7.1e+005 1.1e+007 41 SK 0 1e+003 1e+005 6e+002 0.01

2 7.7e+004 3.7e+006 0.35 SK 0 2e+002 2e+002 6 1

3 3.2e+004 1.1e+006 0.23 SK 0 1e+002 8e+001 3 1

4 1.5e+004 3e+005 0.64 SK 0 6e+001 1e+002 6 1

5 4.4e+003 5.1e+004 2.4 SK 0 8e+001 4e+002 8 0.1

6 2.5e+003 3.3e+004 0.4 SK 0 3e+001 4e+001 2 1

7 8e+002 9.6e+003 0.03 SK 0 3e+001 1 0.2 1

8 4.5e+002 6e+002 0.6 SK 0 1 3e+001 2 1

9 0.78 1.2e+002 0.014 UP 0 1 0.1 0.01 1

k f ||c||s ||rGL||s QN #act ||Ypy||2 ||Zpz||2 ||d||inf alpha

---- --------- --------- --------- -- ---- -------- -------- -------- --------

10 0.012 3.3 0.019 SK 0 0.01 0.2 0.02 1

11 2.1e-007 0.12 8.7e-005 UP 0 0.0002 0.0006 9e-005 1

12 3.4e-015 2.1e-005 3.6e-008 UP 0 2e-008 8e-008 4e-008 1

---- --------- --------- --------- -- ----

13 6.3e-024 1.5e-012 3.3e-012 - - 1e-015 - -

Total time = 6e+001 sec

Jackpot! You have found the solution!!!!! !

Number of function evaluations:

-------------- -----------------

f(x) : 96

c(x) : 96

Gf(x) : 15

Gc(x) : 15

Solution Found!

Output file rSQPppAlgo.out

************** ****************** ****************** ***************** *

*** Algorithm information output ***

*** ***

*** Below, information about how the the rSQP++ algorithm is ***

*** setup is given and is followed by detailed printouts of the ***

*** contents of the algorithm state object (i.e. iteration ***

*** quantities ) and the algorithm description printout ***

*** (if the option rSQPppSolver: :print_algo = true is set). ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...

*** Setting up to run rSQP++ on the NLP using a configurat ion object of type ’class ReducedSpa ceSQPPack::rSQPAlg o_ConfigMamaJama’ ...

************** ****************** ****************** ***************

*** rSQPAlgo_C onfigMamaJama configuration ***

*** ***

*** Here, summary information about how the algorithm is ***

*** configured is printed so that the user can see how the ***

*** properties of the NLP and the set options influence ***

*** how an algorithm is configured. ***

************** ****************** ****************** ***************

*** Creating the rSQPAlgo algo object ...

*** Setting the NLP and track objects to the algo object ...

*** Probing the NLP object for supported interfaces ...

Detected that NLP object supports the NLPFirstOrde rInfo interface!

range_space_ma trix == AUTO:

(n-r)ˆ2*r = (400)ˆ2 * 30000 = 505032704 > max_dof_quasi_ne wton_denseˆ2 = (500)ˆ2 = 250000

setting range_space_mat rix = COORDINATE

*** Setting option defaults for options not set by the user or determined some other way ...
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null_space_mat rix_type == AUTO: Let the algorithm deside as it goes along

*** End setting default options

*** Sorting out some of the options given input options ...

...

quasi_newton == AUTO:

nlp.num_bounde d_x() == 0:

n-r = 400 <= max_dof_qu asi_newton_dense = 500:

setting quasi_newton == BFGS

...

*** Creating the state object and setting up iteration quantity objects ...

*** Creating and setting the step objects ...

Configuring an algorithm for a nonlinear equality constrained NLP ( m > 0 && mI == 0 && num_bounded_x == 0) ...

*** Algorithm Steps ***

1. "EvalNewPoi nt"

(class ReducedSpace SQPPack::EvalNewPo intStd_Step)

2. "RangeSpace Step"

(class ReducedSpace SQPPack::RangeSpac eStepStd_Step)

2.1. "CheckDecompositio nFromPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)

2.2. "CheckDecompositio nFromRPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromRPy_ Step)

2.3. "CheckDescentRange SpaceStep"

(class ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)

3. "ReducedGra dient"

(class ReducedSpace SQPPack::ReducedGr adientStd_Step)

4. "CalcReduce dGradLagrangian"

(class ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)

5. "CheckConve rgence"

(class ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)

6.-1. "CheckSkipBFGSUpd ate"

(class ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)

6. "ReducedHes sian"

(class ReducedSpace SQPPack::ReducedHe ssianSecantUpdate Std_Step)

7. "NullSpaceS tep"

(class ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

8. "CalcDFromY PYZPZ"

(class ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)

9.-2. "LineSearchFullSt ep"

(class ReducedSpace SQPPack::LineSearc hFullStep_Step)

9.-1. "MeritFunc_Penalt yParamUpdate"

(class ReducedSpace SQPPack::MeritFunc _PenaltyParamUpda teMultFree_AddedSt ep)

9. "LineSearch "

(class ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S tep)

*** NLP ***

class NLPInterfacePack: :ExampleNLPBanded

*** Iteration Quantities ***

...

*** Algorithm Description ***

1. "EvalNewPoi nt"

(class ReducedSpace SQPPack::EvalNewPo intStd_Step)

*** Evaluate the new point and update the range/null decomposit ion

if nlp is not initialized then initialize the nlp

if x is not updated for any k then set x_k = xinit

if m > 0 and Gc_k is not updated Gc_k = Gc(x_k) <: space_x|spac e_c

if mI > 0 Gh_k is not updated Gh_k = Gh(x_k) <: space_x|space_h

if m > 0 then

For Gc_k = [ Gc_k(:,equ_de comp), Gc_k(:,equ_ undecomp) ] where:

Gc_k(:,equ_deco mp) <: space_x|spa ce_c(equ_decomp) has full column rank r

Find:

Z_k <: space_x|space_nu ll s.t. Gc_k(:,equ_deco mp)’ * Z_k = 0
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Y_k <: space_x|space_ra nge s.t. [Z_k Y_k] is nonsigular

R_k <: space_c(equ_deco mp)|space_range

s.t. R_k = Gc_k(:,eq u_decomp)’ * Y_k

if m > r : Uz_k <: space_c(equ_un decomp)|space_nul l

s.t. Uz_k = Gc_k(:,equ_undeco mp)’ * Z_k

if m > r : Uy_k <: space_c(equ_un decomp)|space_ran ge

s.t. Uy_k = Gc_k(:,equ_undeco mp)’ * Y_k

if mI > 0 : Vz_k <: space_h|space _null

s.t. Vz_k = Gh_k’ * Z_k

if mI > 0 : Vy_k <: space_h|space _range

s.t. Vy_k = Gh_k’ * Y_k

begin update decomposition (class ’class ReducedSpac eSQPPack::Decompos itionSystemHandler VarReductPerm_Stra tegy’)

*** Updating or selecting a new decomposit ion using a variable reduction

*** range/null decomposition object.

...

end update decomposition

if ( (decomp_sys_ testing==DST_TEST)

or (decomp_sys_ testing==DST_DEFAU LT and check_resu lts==true)

) then

check properties for Z_k, Y_k, R_k, Uz_k, Uy_k, Vz_k and Vy_k.

end

end

Gf_k = Gf(x_k) <: space_x

if m > 0 and c_k is not updated c_k = c(x_k) <: space_c

if mI > 0 and h_k is not updated h_k = h(x_k) <: space_h

if f_k is not updated f_k = f(x_k) <: REAL

if ( (fd_deriv_test ing==FD_TEST)

or (fd_deriv_test ing==FD_DEFAULT and check_results== true)

) then

check Gc_k (if m > 0), Gh_k (if mI > 0) and Gf_k by finite differences .

end

2. "RangeSpace Step"

(class ReducedSpace SQPPack::RangeSpac eStepStd_Step)

*** Calculate the range space step

py_k = - inv(R_k) * c_k(equ_decomp)

Ypy_k = Y_k * py_k

2.1. "CheckDecompositio nFromPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromPy_S tep)

...

2.2. "CheckDecompositio nFromRPy"

(class ReducedSpace SQPPack::CheckDeco mpositionFromRPy_ Step)

*** Try to detect when the decomposit ion is becomming illconditioned

...

2.3. "CheckDescentRange SpaceStep"

(class ReducedSpace SQPPack::CheckDesc entRangeSpaceStep _Step)

*** Check for descent in the decomposed equality constraints for the range space step

...

3. "ReducedGra dient"

(class ReducedSpace SQPPack::ReducedGr adientStd_Step)

*** Evaluate the reduced gradient of the objective funciton

rGf_k = Z_k’ * Gf_k

4. "CalcReduce dGradLagrangian"

(class ReducedSpace SQPPack::CalcReduc edGradLagrangianS td_AddedStep)

*** Evaluate the reduced gradient of the Lagrangian

if nu_k is updated then

rGL_k = Z_k’ * (Gf_k + nu_k) + GcUP_k’ * lambda_k( equ_undecomp)

+ GhUP_k’ * lambdaI_k(ine qu_undecomp)

else

rGL_k = rGf_k + GcUP_k’ * lambda_k(equ_und ecomp)

+ GhUP_k’ * lambdaI_k(ine qu_undecomp)

end

5. "CheckConve rgence"

(class ReducedSpace SQPPack::CheckConv ergenceStd_AddedS tep)

*** Check to see if the KKT error is small enough for convergence
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if scale_(opt|feas| comp)_error_by == SCALE_BY_ONEthen

scale_(opt|feas |comp)_factor = 1.0

else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NORM_2_X then

scale_(opt|feas |comp)_factor = 1.0 + norm_2(x_k)

else if scale_(opt| feas|comp)_error_b y == SCALE_BY_NORM_INF_X then

scale_(opt|feas |comp)_factor = 1.0 + norm_inf(x_k)

end

if scale_opt_error_ by_Gf == true then

opt_scale_facto r = 1.0 + norm_inf(Gf_k)

else

opt_scale_facto r = 1.0

end

opt_err = norm_inf(rGL_k)/op t_scale_factor

feas_err = norm_inf(c_k)

comp_err = max(i, nu(i)*(xu( i)-x(i)), -nu(i)*(x(i)-xl( i)))

opt_kkt_er r_k = opt_err/scal e_opt_factor

feas_kkt_e rr_k = feas_err/sc ale_feas_factor

comp_kkt_e rr_k = feas_err/sc ale_comp_factor

if d_k is updated then

step_err = max( |d_k(i)|/(1+|x_k( i)|), i=1..n )

else

step_err = 0

end

if opt_kkt_err_k < opt_tol

and feas_kkt_err_k < feas_tol

and step_err < step_tol then

report optimal x_k, lambda_k and nu_k to the nlp

terminate, the solution has beed found!

end

6.-1. "CheckSkipBFGSUpd ate"

(class ReducedSpace SQPPack::CheckSkip BFGSUpdateStd_Ste p)

*** Check if we should do the BFGS update

...

6. "ReducedHes sian"

(class ReducedSpace SQPPack::ReducedHe ssianSecantUpdate Std_Step)

*** Calculate the reduced hessian of the Lagrangian rHL = Z’ * HL * Z

...

7. "NullSpaceS tep"

(class ReducedSpace SQPPack::NullSpace StepWithoutBounds _Step)

*** Calculate the null space step by solving an unconstrainted QP

qp_grad_k = rGf_k + zeta_k * w_k

solve:

min qp_grad_k’ * pz_k + 1/2 * pz_k’ * rHL_k * pz_k

pz_k <: Rˆ(n-r)

Zpz_k = Z_k * pz_k

nu_k = 0

8. "CalcDFromY PYZPZ"

(class ReducedSpace SQPPack::CalcDFrom YPYZPZ_Step)

*** Calculates the search direction d from Ypy and Zpz

d_k = Ypy_k + Zpz_k

9.-2. "LineSearchFullSt ep"

(class ReducedSpace SQPPack::LineSearc hFullStep_Step)

if alpha_k is not updated then

alpha_k = 1.0

end

x_kp1 = x_k + alpha_k * d_k

f_kp1 = f(x_kp1)

c_kp1 = c(x_kp1)

9.-1. "MeritFunc_Penalt yParamUpdate"

(class ReducedSpace SQPPack::MeritFunc _PenaltyParamUpda teMultFree_AddedSt ep)

*** Update the penalty parameter for the merit function to ensure

*** a descent direction a directional derivatieve.

*** phi is a merit function object that uses the penalty parameter mu.

...
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9. "LineSearch "

(class ReducedSpace SQPPack::LineSearc hFailureNewDecomp ositionSelection_S tep)

do line search step : class ReducedSpaceSQPPack::LineSearchDire ct_Step

*** Preform a line search along the full space search direction d_k.

Dphi_k = merit_func_nlp_ k.deriv()

if Dphi_k >= 0 then

throw line_search_fa ilure

end

phi_kp1 = merit_func_nlp _k.value(f_kp1,c_k p1,h_kp1,hl,hu)

phi_k = merit_func_nlp_k .value(f_k,c_k,h_k ,hl,hu)

begin direct line search (where phi = merit_func_n lp_k): "class ConstrainedOp timizationPack::Di rectLineSearchArmQ uad_Strategy"

*** start line search using the Armijo cord test and quadratic interpolat ion of alpha

...

end direct line search

if maximum number of linesearch iterations are exceeded then

throw line_search_fa ilure

end

end line search step

if thrown line_search_failur e then

if line search failed at the last iteration also then

throw line_search_failur e

end

new decomposition selection : class ReducedSpaceSQPPack::NewDecomposit ionSelectionStd_St rategy

if k > max_iter then

terminate the algorithm

end

Select a new basis at current point

x_kp1 = x_k

alpha_k = 0

k=k+1

goto EvalNewPoi nt

end new decomposition selection

end

10. "Major Loop" :

if k >= max_iter then

terminate the algorithm

elseif run_time() >= max_run_time then

terminate the algorithm

else

k = k + 1

goto 1

end

************** ****************** ****************** *************

Warning, the following options groups where not accessed.

An options group may not be accessed if it is not looked for

or if an "optional" options group was looked from and the user

spelled it incorrectly:

Output file rSQPppSummary.out

************** ****************** ****************** ***************** *

*** Algorithm iteration summary output ***

*** ***

*** Below, a summary table of the SQP iterations is given as ***

*** well as a table of the CPU times for each step (if the ***

*** option rSQPppSolver ::algo_timing = true is set). ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...

*** Setting up to run rSQP++ on the NLP using a configurat ion object of type

’class ReducedSpace SQPPack::rSQPAlgo_ ConfigMamaJama’ ...
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test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derInfo interface ...

... end testing of nlp

************** ******************

*** Start of rSQP Iterations ***

n = 30400, m = 30000, nz = 599910

k f ||Gf||inf ||c||inf ||rGL||inf quasi-Newton ...

---- ------------ ------------ ------------ ------------ ------------ ...

0 1.52e+006 10 1.20897e+007 1353.69 initialized ...

1 713384 11.7743 1.10232e+007 524.977 skiped ...

...

12 3.37179e-015 3.63585e-008 2.08817e-005 3.63585e-008 updated ...

---- ------------ ------------ ------------ ------------ ------------ ...

13 6.34035e-024 3.27386e-012 1.51859e-012 3.27386e-012 - ...

Number of function evaluations:

-------------- -----------------

f(x) : 96

c(x) : 96

Gf(x) : 15

Gc(x) : 15

************** **********

**** Solution Found ****

total time = 61.9129 sec.

************** ****************** ******

*** Algorithm step CPU times (sec) ***

Step names

----------

1) "EvalNewPoi nt"

2) "RangeSpace Step"

3) "ReducedGra dient"

4) "CalcReduce dGradLagrangian"

5) "CheckConve rgence"

6) "ReducedHes sian"

7) "NullSpaceS tep"

8) "CalcDFromY PYZPZ"

9) "LineSearch "

10) Iteration total

steps 1...10 ->

iter k 1 2 3 4 5 6 7 8 9 10

-------- -------- -------- -------- -------- -------- -------- -------- -------- -------- --------

0 18.96 0.2031 0.1093 0.0001131 0.01497 0.2985 2.189 0.009146 0.2678 22.06

1 2.398 0.1752 0.11248.409e-005 0.002709 0.002098 0.1186 0.006983 0.294 3.111

2 2.399 0.1757 0.1116 7.99e-005 0.002728 0.002192 0.1183 0.007003 0.04079 2.857

3 2.421 0.175 0.11348.297e-005 0.002717 0.002115 0.1183 0.006929 0.04122 2.881

4 2.428 0.172 0.1108 7.99e-005 0.002711 0.02247 0.1181 0.006949 0.041 2.902

5 2.404 0.1748 0.1115 8.13e-005 0.002742 0.002087 0.1183 0.006936 0.07081 2.892

6 2.443 0.1714 0.1094 7.99e-005 0.002707 0.002139 0.1156 0.006912 0.0409 2.892

7 2.397 0.1747 0.1115 7.99e-005 0.002715 0.00211 0.1184 0.006978 0.04138 2.855

8 2.415 0.1749 0.11158.046e-005 0.002724 0.002148 0.141 0.007056 0.04127 2.896

9 2.403 0.1752 0.11158.102e-005 0.002751 0.3873 0.1167 0.006928 0.0412 3.244

10 2.42 0.1715 0.10928.185e-005 0.002711 0.002126 0.1159 0.006915 0.04102 2.869

11 2.416 0.1747 0.11148.269e-005 0.002704 0.02088 0.118 0.006951 0.04134 2.892

12 2.402 0.1753 0.11168.018e-005 0.02678 0.02145 0.1156 0.006994 0.04093 2.9

13 2.404 0.1749 0.11158.185e-005 0.008906 0 0 0 0 2.699

-------- -------- -------- -------- -------- -------- -------- -------- -------- -------- --------

total(sec) 50.32 2.468 1.557 0.001169 0.08058 0.7677 3.622 0.09268 1.044 59.95

av(sec)/k 3.594 0.1763 0.11128.351e-005 0.005756 0.05483 0.2587 0.00662 0.07455 4.282

min(sec) 2.397 0.1714 0.1092 7.99e-005 0.002704 0 0 0 0 2.699

max(sec) 18.96 0.2031 0.1134 0.0001131 0.02678 0.3873 2.189 0.009146 0.294 22.06

% total 83.93 4.118 2.596 0.00195 0.1344 1.281 6.041 0.1546 1.741 100

-------------- ----------------

total CPU time = 59.95 sec
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...

Output file rSQPppJournal.out

************** ****************** ****************** ***************** *

*** Algorithm iteration detailed journal output ***

*** ***

*** Below, detailed information about the SQP algorithm is given ***

*** while it is running. The amount of informatio n that is ***

*** produced can be specified using the option ***

*** rSQPSolver ClientInterface::j ournal_output_leve l (the default ***

*** is PRINT_NOTHING and produces no output) ***

************** ****************** ****************** ***************** *

*** Echoing input options ...

...

*** Setting up to run rSQP++ on the NLP using a configurat ion object of type

’class ReducedSpace SQPPack::rSQPAlgo_ ConfigMamaJama’ ...

test_nlp = true: Testing the NLP!

Testing the supported NLPFirstOr derInfo interface ...

************** ****************** ******

*** test_nlp_f irst_order_info(.. .) ***

************** ****************** ******

Testing the vector spaces ...

Testing nlp->space_x() ...

nlp->space_x() checks out!

Testing nlp->space_c() ...

nlp->space_c() checks out!

************** ****************** ******

*** NLPTester: :test_interface(.. .) ***

************** ****************** ******

nlp->force_xin it_in_bounds(true)

nlp->initializ e(true)

*** Dimensions of the NLP

nlp->n() = 30400

nlp->m() = 30000

nlp->mI() = 0

*** Validate the dimensions of the vector spaces

check: nlp->space_x()-> dim() = 30400 == nlp->n() = 30400: true

check: nlp->space_c()-> dim() = 30000 == nlp->m() = 30000: true

check: nlp->space_h().g et() = 00000000 == NULL: true

||nlp->xinit() ||inf = 1.00000000 e+001

*** Validate that the initial starting point is in bounds ...

check: xl <= x <= xu : true

xinit is in bounds with { max |u| | xl <= x + u <= xu } -> -1.00000000e+050

check: num_bounded(nlp- >xl(),nlp->xu()) = 0 == nlp->num_bo unded_x() = 0: true

Getting the initial estimates for the Lagrange mutipliers ...

||lambda||inf = 0.00000000e+000

*** Evaluate the point xo ...

f(xo) = 1.52000000e+006

||c(xo)||inf = 1.20897308e+007
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*** Report this point to the NLP as suboptimal ...

*** Print the number of evaluations ...

nlp->num_f_eva ls() = 1

nlp->num_c_eva ls() = 1

Calling nlp->calc_Gc(.. .) at nlp->xinit() ...

Calling nlp->calc_Gf(.. .) at nlp->xinit() ...

Comparing products Gf’*y Gc’*y and/or Gh’*y with finite difference values FDGf’*y, FDGc’*y and/or FDGh’*y for random y’s ...

****

**** Random directional vector 1 ( ||y||_1 / n = 5.0074135 7e-001 )

***

rel_err(Gf’*y, FDGf’*y) = rel_err(6.530405 59e+002,6.5304055 9e+002) = 1.93477565e-011

rel_err(sum(Gc ’*y),sum(FDGc’*y)) = rel_err(2.20905 038e+008,2.209050 38e+008) = 1.37878129e-013

Congradulation s! All of the computed errors were within the specified error tolerance!

... end testing of nlp

************** ****************** ****

*** rSQPppSolv er::solve_nlp() ***

************** ****************** ****

*** Starting rSQP iterations ...

(0) 1: "EvalNewPoint"

x is not updated for any k so set x_k = nlp.xinit( ) ...

||x_k||inf = 1.000000e+ 001

Updating the decomposit ion ...

...

Printing the updated iteration quantities ...

f_k = 1.520000e+006

||Gf_k||inf = 1.000000e+001

||c_k||inf = 1.208973e+007

*** Checking derivative s by finite differences

Comparing products Gf’*y and/or Gc’*y with finite-differe nce values FDGf’*y and/or FDGc’*y for random y’s ...

****

**** Random directional vector 1 ( ||y||_1 / n = 4.995094e -001 )

***

rel_err(Gf’*y, FDGf’*y) = rel_err(1.959355 e+002,1.959355e+0 02) = 4.408797e-01 0

rel_err(sum(Gc ’*y),sum(FDGc’*y)) = rel_err(4.73714 7e+008,4.737147e+ 008) = 5.088320e-0 13

For Gf, there were 1 warning tolerance violations out of num_fd_dir ections = 1 computations of FDGf’*y

and the maximum violation was 4.408797e-0 10 > Gf_waring_to l = 1.000000e-010

Congradulation s! All of the computed errors were within the specified error tolerance!

(0) 2: "RangeSpaceStep"

||py|| = 1.000000e+00 1

||Ypy||2 = 1.732051e+00 3

(0) 2.1: "CheckDecompos itionFromPy"

beta = ||py||/||c|| = 8.271483e- 007
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(0) 2.2: "CheckDecompos itionFromRPy"

beta = ||(Gc(decomp)’*Y )*py_k + c_k(decomp)||inf / (||c_k(decomp)|| inf + small_number )

= 5.587935e-009 / (1.208973e+007 + 2.225074e- 308)

= 4.622051e-016

(0) 2.3: "CheckDescentR angeSpaceStep"

Gc_k exists; compute descent_c = c_k(equ_decomp)’* Gc_k(:,equ_decomp )’*Ypy_k ...

descent_c = -4.369965e+ 018

(0) 3: "ReducedGradient "

||rGf||inf = 1.353686e+ 003

(0) 4: "CalcReducedGrad Lagrangian"

||rGL_k||inf = 1.353686e+003

(0) 5: "CheckConvergenc e"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE)

scale_feas_fac tor = 1.000000e+00 0 (scale_feas_erro r_by = SCALE_BY_ONE)

scale_comp_fac tor = 1.000000e+00 0 (scale_comp_erro r_by = SCALE_BY_ONE)

opt_scale_fact or = 1.100000e+001 (scale_opt_error_ by_Gf = true)

opt_kkt_err_k = 1.230623e+002 > opt_tol = 1.000000e-00 8

feas_kkt_err_k = 1.208973e+007 > feas_tol = 1.000000e-01 0

comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6

step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Have not found the solution yet, have to keep going :-(

(0) 6.-1: "CheckSkipBFG SUpdate"

(0) 6: "ReducedHessian"

Basis changed. Reinitializing rHL_k = eye(n-r) ...

(0) 7: "NullSpaceStep"

||pz_k||inf = 1.353686e+003

||Zpz_k||2 = 4.271437e+005

(0) 8: "CalcDFromYPYZPZ "

(Ypy_k’*Zpz_k) /(||Ypy_k||2 * ||Zpz_k||2 + eps) = 9.979894e -001

||d||inf = 2.471247e+00 3

(0) 9.-2: "LineSearchFu llStep"

f_k = 1.520000e+ 006

||c_k||inf = 1.208973e+ 007

alpha_k = 1.000000e+ 000

||x_kp1||inf = 2.461247e+003

f_kp1 = 9.123131e+010

||c_kp1||inf = 4.579853e+013

(0) 9.-1: "MeritFunc_Pe naltyParamUpdate"

Update the penalty parameter...

Not near solution, allowing reduction in mu ...

mu = 8.286385e-006

(0) 9: "LineSearch"

Begin definition of NLP merit function phi.value(f (x),c(x)):

*** Define L1 merit funciton (assumes Gc_k’*d_k + c_k = 0):

phi(f,c) = f + mu_k * norm(c,1)

Dphi(x_k,d _k) = Gf_k’ * d_k - mu * norm(c_k,1)

end definition of the NLP merit funciton
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Dphi_k = -7.389329e+008

Starting Armijo Quadratic interpolation linesearch ...

Dphi_k = -7.38932862e+0 08

phi_k = 4.52030000e+006

itr alpha_k phi_kp1 phi_kp1-fr ac_phi

---- -------------- -- ------------ ---- ---------- ------

0 1.00000000e+0 00 1.14557884e +013 1.14557839e+013

1 1.00000000e-0 01 1.34428112e +010 1.34382983e+010

2 1.00000000e-0 02 2.53185818e +007 2.07990207e+007

3 1.31074052e-0 03 3.44902601e +006 -1.071177 14e+006

alpha_k = 1.310741e-003

||x_kp1||inf = 1.177433e+001

f_kp1 = 7.133842e+005

||c_kp1||inf = 1.102321e+007

phi_kp1 = 3.449026e+006

(1) 1: "EvalNewPoint"

...

(13) 5: "CheckConvergen ce"

scale_opt_fact or = 1.000000e+000 (scale_opt_error_ by = SCALE_BY_ONE)

scale_feas_fac tor = 1.000000e+00 0 (scale_feas_erro r_by = SCALE_BY_ONE)

scale_comp_fac tor = 1.000000e+00 0 (scale_comp_erro r_by = SCALE_BY_ONE)

opt_scale_fact or = 1.000000e+000 (scale_opt_error_ by_Gf = true)

opt_kkt_err_k = 3.273859e-012 < opt_tol = 1.000000e-00 8

feas_kkt_err_k = 1.518593e-012 < feas_tol = 1.000000e-01 0

comp_kkt_err_k = 0.000000e+000 < comp_tol = 1.000000e-00 6

step_err = 0.000000e+000 < step_tol = 1.000000e-00 2

Jackpot! Found the solution!!!! !! (k = 13)
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E A SimpleConvention for the Specificationof Linear-Algebra

Function Prototypes in C++ using Vector and Matrix Ob-

jects

A simpleconventionfor thespecificationof C++ functionprototypesfor linearalgebraoper-

ationswith vectorsandmatricesis described.This conventionleadsto function prototypesthat

arederiveddirectly from the mathematical expressionsthemselves(andarethereforeeasyto re-

member),allow for highly optimizedimplementations(throughinlining in C++), anddo not rely

onany sophisticatedC++ techniquessothatevennoviceC++ programscanunderstandanddebug

throughthecode.

Intr oduction

Linearalgebracomputationssuchasmatrix-vectormultiplicationandthesolutionof linearsystems

serve asthebuilding blocksfor numericalalgorithmsandconsumethemajority of theruntimeof

numericalcodes.Theselinearalgebraabstractionstranscenddetailssuchasmatrixstorageformats

(of which therearemany) and linear systemsolver codes(sparseor dense,direct or iterative).

Primary linear algebraabstractionsincludevectorsandmatricesand the operationsthat canbe

performedwith them.C++ abstractionsfor vectorsandmatricesabound.

Given thatconvenientvectorandmatrix abstractionsaredefined,Vec andMat for instance,

thereis a needto implement BLAS-like linear algebraoperations.Given that C++ hasoperator

overloading, it wouldseemreasonableto implementtheseoperationsusinga Matlab c
£

like nota-

tion. For example,thematrix-vector multiplication ¤k¥ ¤�¦¨§�©«ª might berepresentedin C++with

the statementy = y + trans(A) * x (the character’ cannot be usedfor transposesince

it is not a C++ operator).Matlab is seenby many in thenumericalcomputational community to

be the ideal for the representationof linearalgebraoperationsusingonly ASCII characters[33].

Theadvantagesof suchan interfaceareobvious. It is almostthesameasstandardmathematical

notation,which makesit very easyto matchthe implementation with theoperationfor theappli-

cationprogrammer, andmakesthecodemucheasierto understand.Theprimarydisadvantagefor

this in C++ is thatthestraightforwardimplementationrequiresa lot of overheadbecauseoperators

are implementedin a binary fashion. For example,for the operationy = y + trans(A) *

x , a temporarymatrix ( ¬� overhead)andtwo temporaryvectors( ®�¬ overhead)would becreated

by thecompiler. Specifically, thecompilerwould performthe following operations:Mat t1 =

trans(A ); Vec t2 = t1 * x; Vec t3 = y + t2; y = t3; . Attemptshave been

madeto comeup with a strategy in C++ to implementoperationslike y = y + trans(A) *
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x in a way wherelittle overheadis requiredbeyonda directBLAS call [87]. It is relatively easy

to implementtheseoperatorfunctionswith only a litt le constant-time overheadfor a smallsetof

linearalgebraoperations[112, pages675-677].However, for moreelaborateexpressions, a com-

pile time expressionparsingmethodis needed.Somehave advocatedpreprocessingtools,while

othershave lookedat usingC++’s templatemechanisms[119], [87]. In any case,thesemethods

arecomplex andnot trivial to implement. Also, compilersareveryfickle with respectto methods

thatrely on templates.Perhapsin thefuturewhenmany C++ compilersimplementtheANSI/ISO

C++ standard[112], suchmethodsmaybemoreportableandreliable.But for now, suchmethods

arenot reallyappropriatefor generalapplicationdevelopment.Methodsbasedon runtimeparsing

arealsopossiblebut addmoreof a runtime penalty. Aliasing is alsoanotherbig problem. For

example,supposeweallow usersto write expressionslike thefollowing:

¤¯¥ ª¯¦$°�¦z±�² © ¦z³	¤
An efficient parserthat tries to minimize temporarieswill have to scanthe entireexpression

andrealizethat ¤k¥'³	¤ mustbeperformedfirst andthennotemporariesareneeded.A naiveparser

mayperform ¤´¥Hª first andthenresultin an incorrectevaluation.Theproblemis that themore

efficient theparserthemorecomplicatedit is andtheharderit will be for inexperiencedusersto

debug throughthiscode.

Without usingoperatoroverloading to allow applicationcodeto usesyntaxlike y = y +

trans(A ) * x , how can linear algebraoperationsbe implementedefficiently? The simple

answeris to useregular functions(memberor non-member)inlined to call the BLAS. For ex-

ample,for theoperation¤´¥µ¤�¦"§ © ª , onemight provide a function like add to multipl y-

transpo se(A,x,&y ); . It is trivial to implementsucha function to call the BLAS with no

overheadif a goodinlining C++ compileris used.Theproblemwith usingfunctionsis that it is

difficult to comeup with goodnamesthat userscanremember. For example,the above opera-

tion hasbeencalledBlas Mat Vec Mult(. ..) in LAPACK++ [91], vm multad d(...) in

Meschach++[95], andmult(...) in MTL [73]. Evenknowing thenamesof thesefunctionsis

notenough.Youmustalsoknow theordertheargumentsgo in andhow arethey passed.

Convention for specifyingfunction prototypes

Hereweconsideraconvention for constructingC++ functionprototypes.Thefunctionprototypes

areconstructedaccordingto this convention wherethenameof the functionandtheorderof the

argumentsiseasilycomposedfromthemathematicalexpressionitself. To illustratetheconvention,

246



Function Call

y += alpha * A’ * x ¶ · ¸�¹ º» » » »¼»¼»½» » » » »
V ¾�¿_À�Áp S t M t V ( &y, alpha, ¾ ¿�À ÁA, trans, x ) Â]Ã Vp StMtV(&y,a lpha,A,tra ns,x)

Function Prototype

void Vp StMtV( Vec* vs lhs, double alpha

, const Mat& gms rhs1, BLAS Cpp::Tr ansp trans rhs1

, const Vec& vs rhs2);

FigureE.1. Exampleof thelinear algebranaming convention forÄ]Å$Æ�Ç�È ©«É
considertheoperation¤½¥µ¤Ê¦?±Ë§ © ª . First, rewrite theoperationin the form ¤Ì¦4¥Í±Î§ © ª (this

is well understoodby C, C++ andPerlprogrammers).Next, translateinto Matlab-like notationas

y += alpha*A ’*x (exceptMatlabdoesnot have theoperator+=). Finally, for Vec objectsy

andx anda Mat objectA, the functioncall andits prototypeareshown in FigureE.1. The type

BLAS Cpp::Tr ansp shown in this function prototype is a simpleC++ enum with the values

BLAS Cpp::tr ans or BLAS Cpp::no trans .

FigureE.2 givesa summaryof this convention. Given this convention, it is easyto go back

andforth betweenthe mathematicalnotationandthe function prototype. For example,consider

thefollowing functioncall andits mathematicalexpression:

Mp StMtM( &C, alpha , A, no trans, B, trans )¥�ÏÐ ¦Ñ¥'±Î§�Ò ©
Onedifficulty with this convention is dealingwith Level-2 andLevel-3 BLAS that have ex-

pressionssuchas:Ð ¥=± opÓÔ§�Õ opÓjÒrÕU¦ ³Ö[×ÙØ[Ú
?

Ð
(xGEMM)

Given ³"Û¥ÝÜ wecannotsimply rewrite theaboveBLAS operationusing+=. To dealwith this

problem,³ is movedto theendof theargumentlist andhasadefault valueof 1.0asshown below:

Mp StMtM( &C, alpha , A, trans A, B, trans B , betaÖ ×ÙØ Ú
defau lt to 1.0

)
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Operation Character (Lower Case)

=(assignment,equals) (underscore)

+=(plusequals) p

+(addition,plus) p

- (subtraction,minus) m

* (multiplication,times) t

Operand Type Character (Upper Case) Ar gument(s)

Scalar S double

Vector V (rhs)const Vec&

(lhs)Vec*

Matrix M (rhs)const Mat&, Transp

(lhs)Mat*

Figure E.2. Namingconvention for linear algebra functions in

C++

Only exactequivalentsto theLevel-2 andLevel-3 BLAS needbeexplicitly implemented(i.e.

Vp StMtV(... ) andMp StMtM(.. .) ). Functionsfor simpler expressionscanbegenerated

automaticallyusing templatefunctions. As an example,considerthe following linear algebra

operationandits functioncall:¤¯¥'§7ª (xGEMV Þß¤k¥=± opÓà§�Õ_ª¯¦z³	¤ )¥�Ï
V MtV( &y, A, no trans, x )

In theaboveexample,thetemplatefunctionV MtV(...) canbeinlinedtocallVp StMtV( ...)

which in turncanbeinlinedto call theBLAS functionDGEMV(...) . Theuseof theseautomati-

cally generatedfunctionsmakestheapplicationcodemorereadableandalsoallowsfor specializa-

tion of thesesimpler operationslaterif desired.Theimplementationof theabovetemplatefunction

V MtV(.. .) is trivial andis givenbelow:

template<clas s M_t, class V_t>

inline void V_MtV(V_ t* y, const M_t& A, BLAS_Cpp::Tra nsp trans_A, const V_t& x)

{

Vp_StMtV( y, 1.0, A, no_trans , x, 0.0 );

}
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Longerexpressionssuchas ¤Ñ¥H±Î§�©«ª>¦?Òrá areeasilyhandledusingmultiple functioncalls

suchas:¤¯¥=±Î§ © ªr¦-Òrá¥�Ï
V StMtV( &y, alpha, A, trans , x );

Vp MtV( &y, B, no trans, z );

As statedabove,only thebaseBLAS operationsVp StMtV(... ) (e.g.xGEMV(. ..) ) and

Mp StMtM(... ) (e.g. xGEMM(...) ) mustbe implementedfor thespecificvectorandmatrix

typesVec andMat . For example,if thesearesimpleencapulationsof BLAS compatible serial

vectorsand matrices(e.g. TNT style) then the call the the BLAS functionscan be written as

templatefunctionsfor all serialdensevectorandmatrix (columnoriented)classes.For example:

template< class M_t, class V_t>

inline void Vp_StMtV( V_t* y, double alpha, const M_t& A, BLAS_Cpp::T ransp trans_A

, const V_t& x, double beta = 1.0 )

{

DGEMV( trans_A == no_trans ? ’N’ : ’T’, rows(A), cols(A), alpha

,&A(1,1 ), &A(1,2) - &A(1,1) , &x(1), &x(2) - &x(1), beta

,&(*y)( 1), &(*y)(2) - &(*y)(1) );

}

Of coursethe above function would alsohave to handlethe caseswhererows(A) and/or

cols(A) was1 but the basicideashouldbe clear. By calling rows(.. .) andcols(.. .)

asnonmember functions,they canbeoverloadedto call theappropriatememberfunctionson the

matrixobjectsincethereis not standard.

WhenVec andMat arepolymorphic typeswecanuseatrick to implementVp StMtV(.. .)

andMp StMtM(.. .) usingmemberfunctions.For example:

class Vec { ... }

...

class Mat {

public:

virtual void Vp_StMtV( V_t* y, double alpha, BLAS_Cpp::Tra nsp trans_A

, const V_t& x, double beta ) const = 0;

...

};

...

inline void Vp_StMtV( Vec* y, double alpha, const Mat& A, BLAS_Cpp::T ransp trans_A

, const Vec& x, double beta = 1.0 )

{

A.Vp_StMtV( y,alpha,trans_ A,x,beta);

}

Using theseinlined non-member functionsthereis no extra overheadbeyondthe inavoidable
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virtual functioncalls.In thiswaythereis consistentcallingof linearalgebraoperationsirregardless

whetherthevectorandmatrixobjectsareconcreteor abstract.

Conclusions

In summary, this conventionmakesit easyto write out correctcalls to linear algebraoperations

without having to resortto complex operatoroverloading techniques.After all, the main appeal

for operatoroverloading is to make it easyfor usersto rememberhow the call linear algebra

operationsandto make written codeeasierto read.Theconventiondescribedin this papermeets

bothof thesegoalsandalsoresultsin codethat is easyfor novice C++ developersto understand

anddebug. Debuggingcodecaneasilytake longerthanwriting it in thefirst place.Whenconcrete

abstractionsof denselinearalgebratypesareused,it wasshown that thesefunctionsdo not have

to imposeany overheadbeyonddirectBLAS calls if inlining is used.Whenpolymorphic vector

andmatrix typesareused,inlining to call thevirtual functionsalsoresultsin noextraoverhead.
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F Unified Modeling Language (UML) Quick ReferenceGuide

The Unified Modeling Language(UML) is a newly standardizedgraphicallanguagefor Object-

Orientedmodeling(http://www.omg.org).

UML :  Types of Diagrams

Structural / Static Diagrams / Models

•  Class Diagrams (Object Diagrams) : Abstractions and relationships

•  Package Diagrams : Organizational Units

Dynamic / Behavioral Diagrams / Models

• Interaction Diagrams : Object interactions dur ing scenar ios

• Sequence Diagrams : Stresses sequences of events

• Collaboration Diagrams : Stresses object relationships

• Activity Diagrams (extended flowcharts) 

• State (Transition) Diagrams : State specific behavior of a class

UML Structural Entities :  Classes and Objects

C l a s s N a m e

This is a note about this classattribute_name : type = init_value

operation(arg_name:type = init_value )

nam e
at t r ibu t es

op er at i on s

no te
l i n k

no te

o b j e c t N a m e  :  C l a s s N a m e

attribute_name :value

ob j ec t n am e clas s nam e

:  C l a s s N a m e

c las s nam e

o b j e c t N a m e

ob j ec t n am e Object
Object

C l a s s N a m e

nam e Class
C l a s s N a m e

operation(arg_name:type = init_value )

nam e

op er at i on s

Class

Class (General Form)

Object (General Form)

251



UML Structural Diagrams :  Class & Object with Relationships

q u a l i f i e r

C l a s s 1ass o c i at i o n

C l a s s 2

D e r i v e d C l a s s 3

C l a s s 4

1

1...*

m ul t ip li c i t y

gen er al i zat io n

dep end en cy

C l a s s 5

1...*

1

nav ig at io n

com po s i t io n

S c h o o l

T e a c h e r

1

1...*

c lass d i ag r am

s o u t h M i d d l e  :  S c h o o l

J e n B o b

:  S c h o o l

:  T e a c h e r

ob j ec t d i ag r am
(exp li c i t )

ob j ec t d i ag r am
(g en er al )

Class Diagram

Object Diagram

qu al i f i ed
ass o c i at i o n

UML Structural Diagrams :  Packages Diagrams

C l a s s 1

C l a s s 2

1

Package1

1...*

Package Package Diagram

Package1

Package2

Package3

«import»

d e p e n d a n c y

s t e r e o t y p e
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UML Dynamic Diagrams : Interaction Diagrams

o b j e c t 1  :  C l a s s 1

o b j e c t 3

o b j e c t 2Cl ient

1: operation1(...)  →

1.2: operation1(...)  ↓

op erat ion n am e
di r ec t i on

1.2.1: operation1(...)  →
1.2.1.1: operation2(...)  ←

ac to r

nam e

seq uen c e n u m b er

1.1: operation1(...)  →

o b j e c t 1  :  C l a s s 1 o b j e c t 2 o b j e c t 3

Cl ient

operation1(...)

operation1(...)

operation1(...)

operation2(...)

l i fe l i n e
t i m e

m es sag e

m es sag e

ac t i vat io n

operation1(...)

c a l l r ec u s s i on

Coll abo rat ion Diagram

Sequence Diagram
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