1284 18. Monte Carlo techniques

we generate more trial values of x in the region where f(x) is most important.

18.3. Algorithms

Algorithms for generating random numbers belonging to many different distributions are given by Press [1], Ahrens and Dieter [2], Rubinstein [3], Everett and Cashwell [4], Devroye [5], and Walck [6]. For many distributions alternative algorithms exist, varying in complexity, speed, and accuracy. For time-critical applications, these algorithms may be coded in-line to remove the significant overhead often encountered in making function calls. Variables named “u” are assumed to be independent and uniform on (0,1).

In the examples given below, we use the notation for the variables and parameters given in Table 16.1.

18.3.1. Sine and cosine of random angle:

Generate u_1 and u_2. Then v_1 = 2u_1 − 1 is uniform on (−1,1), and v_2 = u_2 is uniform on (0,1). Calculate r^2 = v^2_1 + v^2 . If r^2 > 1, start over. Otherwise, the sine (S) and cosine (C) of a random angle are given by

S = 2v_1v_2/r^2 and C = (v^2_1 − v^2)/r^2 . (18.4)

18.3.2. Gaussian distribution:

If u_1 and u_2 are uniform on (0,1), then

z_1 = sin 2πu_1 √ −2 ln u_2 and z_2 = cos 2πu_1 √ −2 ln u_2 (18.5)

are independent and Gaussian distributed with mean 0 and σ = 1.

There are many faster variants of this basic algorithm. For example, construct v_1 = 2u_1 − 1 and v_2 = 2u_2 − 1, which are uniform on (−1,1). Calculate r^2 = v^2_1 + v^2 , and if r^2 > 1 start over. If r^2 < 1, it is uniform on (0,1). Then

z_1 = v_1 √ −2 ln r^2 r^2 and z_2 = v_2 √ −2 ln r^2 r^2

(18.6)

are independent numbers chosen from a normal distribution with mean 0 and variance 1. z0_i = μ + σz_i distributes with mean μ and variance σ^2.

For a multivariate Gaussian, see the algorithm in Ref. 7.

18.3.3. χ2(n) distribution:

For n even, generate n/2 uniform numbers u_i; then

y = −2 ln n/2∏ i=1 u_i is χ^2(n) . (18.7)

For n odd, generate (n − 1)/2 uniform numbers u_i and one Gaussian z as in Sec. 18.3.2; then

y = −2 ln

(n�1)/2_∏ i=1 u_i + z^2 is χ^2(n) . (18.8)

For n & 30 the much faster Gaussian approximation for the χ^2 may be preferable: generate z as in Sec. 18.3.2 and use y = [ z + √ 2n − 1 ]_2 /2; if z < − √ 2n − 1 reject and start over.

18.3.4. Gamma distribution:

All of the following algorithms are given for λ = 1. For λ ≠ 1, divide the resulting random number x by λ.

• If k = 1 (the exponential distribution), accept x = −(ln u).

• If 0 < k < 1, initialize with v_1 = (e + k)/e (with e = 2.71828...

being the natural log base). Generate u_1, u_2. Define v_2 = v_1u_1.

Case 1: v_2 ≤ 1. Define x = v^{1/k}_2 . If u_2 ≤ e�^x, accept x and stop, else restart by generating new u_1, u_2.

Case 2: v_2 > 1. Define x = −ln([v_1 − v_2]/k). If u_2 ≤ x^k�^1, accept x and stop, else restart by generating new u_1, u_2. Note that, for k < 1, the probability density has a pole at x = 0, so that return values of zero due to underflow must be accepted or otherwise dealt with.

• Otherwise, if k > 1, initialize with c = 3k − 0.75. Generate u_1 and compute v_1 = u_1(1 − u_1) and v_2 = (u_1 − 0.5) √ c/v_1. If x = k + v_2 − 1 ≤ 0, go back and generate new u_1; otherwise generate u_2 and compute v_3 = 64v^3_1u^2. If v_3 ≤ 1 − 2v^2/x or if ln v_3 ≤ 2{[k − 1] ln[x/(k − 1)] − v_2}, accept x and stop; otherwise go back and generate new u_1.

18.3.5. Binomial distribution:

If p ≤ 1/2, iterate until a successful choice is made: begin with k = 1; compute P_k = q^n [for k ≠ 1 use P_k ≡ f(r_k; n, p), and store P_k into B; generate u. If u ≤ B accept r_k = k − 1 and stop; otherwise increment k by 1 and compute next P_k and add to B; generate a new u and repeat. If we arrive at k = n + 1, stop and accept r_{n+1} = n. If p > 1/2 it will be more efficient to generate r from f(r; n, q), i.e., with p and q interchanged, and then set r_k = n − r.

18.3.6. Poisson distribution:

Iterate until a successful choice is made: Begin with k = 1 and set A = 1 to start. Generate u. Replace A with uA; if now A < exp(−μ), where μ is the Poisson parameter, accept n_k = k − 1 and stop. Otherwise increment k by 1, generate a new u and repeat, always starting with the value of A left from the previous try. For large

μ( & 10) it may be satisfactory (and much faster) to approximate the

Poisson distribution by a Gaussian distribution (see our Probability chapter, Sec. 16.3.3) and generate z from f(z;0,1); then accept x = max(0, [μ + z √ μ + 0.5]) where [ ] signifies the greatest integer ≤ the expression.

18.3.7. Student’s t distribution:

For n > 0 degrees of freedom (n not necessarily integer), generate x from a Gaussian with mean 0 and σ^2 = 1 according to the method of 18.3.2. Next generate y, an independent gamma random variate with k = n/2 degrees of freedom. Then z = x √ 2n/ √ y is distributed as a t with n degrees of freedom.

For the special case n = 1, the Breit-Wigner distribution, generate u_1 and u_2; set v_1 = 2u_1 − 1 and v_2 = 2u_2 − 1. If v^2_1 + v^2 ≤ 1 accept z = v_1/v_2 as a Breit-Wigner distribution with unit area, center at 0.0, and FWHM 2.0. Otherwise start over. For center M_0 and FWHM Γ, use W = zΓ/2 + M_0.

References:

1. W.H. Press et al., Numerical Recipes (Cambridge University Press, New York, 1986).

2. J.H. Ahrens and U. Dieter, Computing 12, 223 (1974). 3. R.Y. Rubinstein, Simulation and the Monte Carlo Method (John Wiley and Sons, Inc., New York, 1981).

4. C.J. Everett and E.D. Cashwell, A Third Monte Carlo Sampler, Los Alamos report LA-9721-MS (1983).

5. L. Devroye, Non-Uniform Random Variate Generation (Springer- Verlag, New York, 1986).

6. Ch. Walck, Random Number Generation, University of Stockholm Physics Department Report 1987-10-20 (Vers. 3.0).

7. F. James, Rept. on Prog. in Phys. 43, 1145 (1980).