PROCEEDINGS OF THE FOURTH INTERNATIONAL CONFERENCE ON DYNAMICAL SYSTEMS AND DIFFERENTIAL EQUATIONS May 24 – 27, 2002, Wilmington, NC, USA pp. 375–385

A GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL FOR THE REFORMULATED SHALLOW WATER EQUATIONS^∗

Daniel Guo

Department of Mathematics and Statistics University of North Carolina at Wilmington Wilmington, NC 28403-3297, USA

John Drake

Computer Science and Mathematics Division Oak Ridge National Laboratory Oak Ridge, Tennessee 37831, USA

Abstract. In this paper, we study the semi-Lagrangian spectral method for the shallow-water equations in a rotating, spherical geometry. With the reformulation of a vector calculus identity for spherical geometries, we are able to write the vorticity and divergence equations in advective form and directly apply the semi-Lagrangian, spectral method. The scalar vorticity and divergence equations are used to avoid the pole problems. Shape preserving interpolation is used for the calculation of departure point values for all fields. The results of the standard test set are presented showing accuracy, stability and regularity properties of the method for atmospheric flows.

1. Introduction. The shallow water equations modeling flow on a sphere are useful for the development and testing of numerical algorithms for atmospheric climate and weather models. In this paper a new formulation of the shallow water equations are derived which exhibits an advective form for the vorticity-divergence equations. This form is particularly well suited for numerical computations using a semi-Lagrangian spectral discretization [11]. In the right side, there are no firstorder derivatives involved, which is good for the representation of the functions in the spectral space. A set of test problems [14], standard for the shallow water equations on a sphere, are solved and results compared with an Eulerian spectral model.

The semi-Lagrangian formulation of Williamson and Olson [15] and Bates et al [1] has the property that the metric terms of the advective form are treated discretely requiring a delicate spherical vector addition of terms at the departure point and arrival point. The spherical geometry associated with this combination is derived in Bates et al [1]. The formulation derived in this paper avoids this vector addition since the discreization is based entirely on a scalar, advective form of the momentum equations.

The scalar momentum equations are required for a spectral discretization unless the vector spherical harmonic transform is used. Swarztrauber [12] explores

Key words and phrases. Semi-Lagrangian Method; Spectral Transformation; Shallow-Water Equations; Standard Test Cases.

∗ Supported by the Climate Change Prediction Program of the Atmospheric and Climate Research Division, Office of Energy Research, U.S. Department of Energy under contract DE-AC05- 84OR21400 with UT-Battelle. Computing resources were provided by the Center for Computing Sciences-Climate and Carbon at Oak Ridge National Laboratory.

375

376 D. GUO AND J. DRAKE

a variety of formulations and spectral discretization methods which artfully avoid problems at the poles due to unbounded terms and velocity representations with singularities. The spectral method [2, 3, 8], when combined with a Semi-Lagrangian Transport method [1, 4, 9, 11, 13] is particularly effective because it allows for long time steps avoiding the CFL restriction of Eulerian methods, while retaining accurate treatment of the spatial derivatives and a fast semi-implicit solution.

2. Vorticity and Divergence Forms of the Shallow-Water Equations. The shallow water equations in advective form [15] in spherical geometry are dv dt = −f⃗k × v − ∇ϕ + S_v, (1)

dϕ^∗ dt = −ϕ^∗∇·v + S_ϕ. (2)

where the vector v = u⃗i + v⃗j is the horizontal vector velocity and is always orthogonal to the unit vector ⃗k in the radial direction; (It is assumed that ī and j̄ are two unit vectors in the increasing directions of longitude and latitude respectively.) the free surface geopotential is denoted by ϕ = ϕ^∗ + ϕ_s = g(h^∗ + h_s) and ϕ^∗ = ϕ^′ + ϕ̄, where g is the gravitational acceleration and h^∗ is the height of the free surface above the bottom height, h_s. The bottom surface height specifies orography as a time invariant function and ϕ̄ is the time invariant spatial mean. The Coriolis parameter f = 2Ω sin θ incorporates the effect of rotation at latitude θ of the sphere with angular velocity Ω. In the shallow water equations a source term S_v and S_ϕ are included as a formality.

The equations require no boundary conditions but are posed with initial conditions on v and ϕ if we consider the global geometry. For simplicity, let the source terms S_v and S_ϕ be identically zero.

2.1. Notations and Identities. In lon-lat coordinates (λ, θ) we recall the definition of Laplacian, denoted by ∇^2 as follows: (all functions are assumed to be sufficiently regular)

∇^2A = 1 a^2 cos θ [ ∂ ∂λ ( 1 cos θ ∂A ∂λ ) + ∂ ∂θ (cos θ ∂A ∂θ )], where A is a scalar function defined on the sphere.

In contrast to the Laplacian operator on a scalar function, there are several possible definitions of the Laplacian operator on a vector function F . Here we set ∇^2F = ∇^2F_1⃗i + ∇^2F_2⃗j and use the covariant derivative ∇F = {∇_{⃗i}F, ∇_{⃗j} F } of the vector function F

∇_{⃗i}F = ( 1 a cos θ

∂F_1 ∂λ − F_2 sin θ a cos θ

)⃗i + ( 1 a cos θ

∂F_2 ∂λ + F_1 sin θ a cos θ

)⃗j,

∇_{⃗j} F = 1 a ∂F_1 ∂θ ⃗i + 1 a ∂F_2 ∂θ ⃗j. Then we obtain (v · ∇)v = u∇_{⃗i}v + v∇_{⃗j} v.

To avoid problems with the vector representation of the velocity at the pole and to maintain compatibility with the scalar spectral transform method, we introduce the vorticity ζ ≡ ⃗k · ∇×v and the divergence δ ≡ ∇·v.

GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL 377

Using the vector identity (v · ∇)v ≡ ∇( v · v 2 ) + ζ⃗k × v, the horizontal momentum equation can be expanded to the form ∂v ∂t + ∇ϕ^′ = −(ζ + f)⃗k × v − ∇(ϕ_s + v · v 2 ). (3) Also, by direct computation and the definition of the Laplacian operator on a vector function, we obtain

∇ × (∇ × v) = ∇(∇ · v) − ∇^2v + 1 a^2 cos^2 θ v − 2 sin θ a^2 cos^2 θ

⃗k × ∂v ∂λ or without the first order derivatives, we rewrite it as

∇ × (∇ × v) = ∇(∇ · v) − 1 cos θ

∇^2(v cos θ) −

2 sin θ a cos θ

F (4) where F = ( −ζ δ ) . (5)

2.2. Vorticity Form. Applying ⃗k · ∇× to (3) gives ∂ζ ∂t = −⃗k · ∇ × [(ζ + f)⃗k × v], but ⃗k · ∇ × [(ζ + f)⃗k × v] = ∇ · (ζ + f)v

= (ζ + f)∇ · v + v · ∇(ζ + f) = v · ∇ζ + (ζ + f)δ + v · ∇f.

Then, we obtain ∂ζ ∂t = −v · ∇ζ − (ζ + f)δ − v · ∇f i.e. dζ dt = −(ζ + f)δ − v · ∇f. (6) By using η = ζ + f, we can rewrite (6) as, dη dt = −ηδ (7)

2.3. Divergence Form. Application of divergence operator to (3) gives ∂δ ∂t + ∇^2ϕ^′ = −∇ · [(ζ + f)⃗k × v] − ∇^2(ϕ_s + v · v 2 ). By using the vector identities, we obtain

∇ · [(ζ + f)⃗k × v] = −⃗k · ∇ × (ζ + f)v = −(ζ + f)⃗k · ∇ × v + ⃗k · v × ∇(ζ + f) = −(ζ + f)ζ + ⃗k · v × ∇f + ⃗k · v × ∇ζ.

Notice that ∇ζ = ∇(⃗k · ∇ × v) = ⃗k × [∇ × (∇ × v)].

Thanks to (4), we obtain ∇ζ = ⃗k × (∇δ − F̃)

378 D. GUO AND J. DRAKE

where F̃ = 1 cos θ

∇^2(v cos θ) +

2 sin θ a cos θ

F, (8) and F is defined in (5). Then, ⃗k · v × ∇ζ = ⃗k · v × [⃗k × (∇δ − F̃)]

= ⃗k · [v · (∇δ − F̃)]⃗k − ⃗k · (v · ⃗k)(∇δ − F̃)

= v · (∇δ − F̃).

Combining terms, we obtain, ∂δ ∂t + ∇^2ϕ^′ = (ζ + f)ζ − ⃗k · v × ∇f − v · (∇δ − F̃) − ∇^2(ϕ_s + v · v 2 ) i.e. with η = ζ + f dδ dt + ∇^2ϕ^′ = (ζ + f)ζ − ⃗k · v × ∇f + v · F̃ − ∇^2(ϕ_s + v · v 2 ). (9)

Note that the equations (7) and (9) contain the substantial derivatives of two scalar functions. This form is reminiscent of the forms derived by Truesdell and reported in Serrin [10]. We can apply the semi-Lagrangian method directly to the vorticity and divergence equations to avoid the complications of dealing with operations of the vector functions on the sphere.

3. Semi-Implicit, Semi-Lagrangian Formulation. A three time level semi- Lagrangian method for the shallow water equations was described in Ritchie [9]. For meteorological models the form of the method is based on a division of terms in the equations between those involved in the fast moving gravity waves, and the slower moving Rossby waves. Let G denote the fast moving wave terms and R the slower wave terms. Then an advected scalar field F is represented by the equation dF dt + G = R. (10)

Let subscripts ( )_A, ( )_M and ( )_D represent quantities evaluated at the arrival point, midpoint and departure point, respectively. Let superscripts τ − 1, τ and τ + 1 represent the time levels at which quantities are evaluated.

Integrating the equation (10) along the trajectory between the departure point and the arrival point with the application of the trapezoidal rule for G and a midpoint rule for R with the spatial average at the midpoint, we obtain the semi-implicit formulation: F^{τ+1}_A − F^{τ−1}_D 2δt + G^{τ+1}_A + G^{τ−1}_D 2 = R^τ_A + R^τ_D 2 . (11) The assignment of terms of the shallow water equations to G and R results in different numerical algorithms. If we take G ≡ 0, then the algorithm is explicit in time. The explicit method requires small timesteps to stabilize the gravity wave components of the solution. A semi-implicit method results by assigning selected terms to G, terms that give rise to the gravity waves. In the momentum equation (3) the gravity wave component is identified with the ∇ϕ^′ term and the Coriolis term is identified with the R. In this paper we take

F = η δ ϕ^′

, G = 0 ∇^2ϕ^′ ϕ̄δ , R = −ηδ Ψ −ϕ^′δ

, (12)

GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL 379

where Ψ = η(η − f) − ⃗k · v × ∇f + v · F̃ − ∇^2(ϕ_s + v · v 2 ) and ϕ^′ + ϕ̄ + ϕ_s is the free surface geopotential and ϕ̄ is a constant reference value; F̃ is defined in (8).

For simplicity, the prime in ϕ^′ will be dropped from the equations. Substitute (12) into (11), we obtain the semi-Lagrangian scheme for the shallowwater model in vorticity-divergence form

η^{τ+1}_A = N_η

δ^{τ+1}_A + δt[∇^2ϕ]^{τ+1}_A = N_δ

ϕ^{τ+1}_A + δt[ϕ̄δ]^{τ+1}_A = N_ϕ,

(13)

where N = (N_η, N_δ, N_ϕ)^T and N = N_A +N_D, the arrival and departure components of N, is defined by

N_A = δt[−ηδ]^τ_A

δt[Ψ]^τ_A

δt[−ϕδ]^τ_A

, N^D = η^{τ−1}_D + δt[−ηδ]^τ_D

δ^{τ−1}_D + δt[Ψ]^τ_D − δt[∇^2ϕ]^{τ−1}_D

ϕ^{τ−1}_D + δt[−ϕδ]^τ_D − δt[ϕ̄δ]^{τ−1}_D

. (14)

There are no first order derivatives involving unknowns, and the only secondorder operator is the Laplacian. When the spectral transformation is used to discretize the equations, the properties of Laplacian operator will simplify the computation of the solution.

4. Spectral Semi-Implicit Formulation. The combination of the semi-Lagrangian method with the spectral transform method has proven to be a powerful technique, providing fast solution of the semi-implicit equations, high spatial accuracy, and effectively double the resolution of a pure spectral transform method with the same cost, for details the reader is referred to Hortal’s paper [6]. Williamson and Rasch [13] observed that the semi-Lagrangian treatment of the advection eliminates the nonlinear aliasing of terms in the spectral representation. This allows use of more terms of the spectral expansion but using the same physical grid and effectively doubling the resolution at little extra cost.

The spectral transform, or more correctly, the spherical harmonic transform, is based on the representation of scalar fields as a linear combination of spherical harmonics as

ξ(λ, μ) = M∑ m=−M

N(m)∑

n=|m|

ξ^m_n P^m_n (μ)e^{imλ}, (15) and ξ^m_n =

∫_1 −1 1 2π ∫_{2π} 0 ξ(λ, μ)e^{−imλ}dλP^m_n (μ)dμ, (16)

where P^m_n are the normalized associated Legendre functions. Once spectral coefficients are known, the transformation from spectral to physical space is accomplished using this formula and usually referred to as harmonic synthesis. The transform

380 D. GUO AND J. DRAKE

from physical space to spectral space (harmonic analysis) uses a discrete version of the continuous transform,

ξ^m(μ) = 1 2π ∫_{2π} 0 ξ(λ, μ)e^{−imλ}dλ = 1 I I∑ i=1 ξ(λ_i, μ)e^{−imλi} , (17) and ξ^m_n =

∫_{+1} −1 ξ^m(μ)P^m_n (μ)dμ = J∑ j=1 ξ^m(μ_j )P^m_n (μ_j )w_j , (18)

where λ_i = 2πi/I; μ_j denote the Gaussian latitudes; I is the number of gridpoints in the east-west direction; J the number of Gaussian latitudes from pole to pole; w_j the Gaussian weight at latitude μ_j ; The Gaussian latitudes μ_j are determinated from the roots of the Legendre polynomial P_J (μ).

First the Laplacian (∇^2) operator is easily computed in spectral space using the relationship,

∇^2P^m_n (μ)e^{imλ} =

−n(n + 1) a^2

P^m_n (μ)e^{imλ}.

Then applying the transformation given in (16) to each term of equations (13), we will obtain the spectral formulation on the spectral space. Only two types of terms are involved: the terms with constant coefficients and the terms with a Laplacian operator. For the simplicity we drop the index τ + 1 and the subscript A to obtain the spectral form of the governing equations,

η^m_n = {N_η}^m_n , (19)

δ^m_n + δtC(n)ϕ^m_n = {N_δ}^m_n , C(n) = − n(n + 1) a^2

, (20)

ϕ^m_n + δtϕ̄δ^m_n = {N_ϕ}^m_n , (21)

where a is the radius of the earth; η^m_n is directly calculated by (19) and the last two equations, (20) and (21), can be solved together for the advanced time level values in spectral space for δ^m_n and ϕ^m_n . For each mode (m, n) a 2 × 2 system of equations needs to be solved, [ 1 δtC(n) δtϕ̄ 1 ] [ δ^m_n ϕ^m_n ] = [ {N_δ}^m_n {N_ϕ}^m_n ] . (22)

This is the same system found in the semi-implicit spectral method of Hack and Jakob [5]. The solution can be expressed by an application of Cramer’s rule. With η^m_n , δ^m_n and ϕ^m_n at the arrival points at the new time level, the synthesis (inverse spherical harmonic transform) is used to obtain the values of ϕ and v in physical space. Notice that the ζ^m_n can be directly calculated from η^m_n at the new time level with the relationship η = ζ + f. The components of v are obtained through the diagnostic relationship in terms of η^m_n and δ^m_n ,

U(λ_i, μ_j ) = − M∑ m=−M

N(m)∑

n=|m| a n(n + 1)

[imδ^m_n P^m_n (μ_j ) − ζ^m_n H^m_n (μ_j )]e^{imλi} (23) and V (λ_i, μ_j ) = − M∑ m=−M

N(m)∑

n=|m| a n(n + 1)

[imζ^m_n P^m_n (μ_j ) + δ^m_n H^m_n (μ_j )]e^{imλi} (24)

GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL 381

where

H^m_n (μ) ≡ (1 − μ^2) dP^m_n (μ) dμ . (25)

The Laplacian operator is given by

Δϕ = M∑ m=−M

N(m)∑

n=|m|

−n(n + 1) a^2 ϕ^m_n P^m_n (μ)e^{imλ}. (26)

Finally, the velocity field is calculated on physical grid points with

u(λ_i, θ_j , t) = U(λ_i, μ_j )/ cos θ_j

v(λ_i, θ_j , t) = V (λ_i, μ_j )/ cos θ_j

and η, δ and ϕ are recovered on physical grid point with formula (15).

5. Numerical Experiments and Results. In this section, we present the numerical results of two standard test cases, which are described in Williamson et al [14]. For more details of other test cases, the reader is referred to Drake [4]. Those test cases can be used to characterize the numerical properties of a method and their appropriateness for numerical weather prediction and climate modeling. They provide a means of addressing accuracy as well as quality of solution in terms of conserved quantities. All results are based on the standard T42 mesh.

The discussion will focus on the properties of the solution and the errors in comparison with the T42 Eulerian spectral model. There are four sources of error:

• the truncation error of the time stepping method, • the error associated with approximation of spatial derivatives, • the interpolation error of the semi-Lagrangian scheme, and • the error associated with computing trajectories in the semi-Lagrangian scheme.

It will not always be possible to determine which is the dominant error. Information is gained by performing a number of experiments not reported here. For example, the test can be run with several values for the timestep Δt to determine if the truncation error is dominant.

5.1. Steady, Zonal Flow Test. In this case, we let α = π−0.05. The global zonal geostrophic flow case is a trivial problem for the spectral transform method because the steady solution is exactly representable with a low order spherical harmonic. The initial height field is shown in Figure 1a. The final height field after one rotation (5 days or 360 time steps of 1200 seconds) is shown in Figure 1b. Comparing with the initial height field, it is slightly diffused. Figure 1c shows the difference between the analytic solution and the final height field after one rotation (5 days). The difference plot in Figure 1c illustrates the overall structures of the final height field. Errors in the numerical solution from the semi-Lagrangian model reflect the accumulation of rounding errors associated with the SLT cubic interpolation. The l_1, l_2, and l_∞ error measures are shown in Figure 1d. These errors show the same behavior as in Jakob et al [7], i.e. errors are small and smooth, but monotonically increasing in time.

382 D. GUO AND J. DRAKE

(a) (b)

(c) (d)

Figure 1. Case 2 Contour plots of the height field for α = π/2 − 0.05 and Δt = 1200 seconds. (a) Initial field; (b) after one rotation (5 days); (c) Height field error; (d) l_1 (solid), l_2 (short dash), and l_∞ (long dash) errors. Contour interval is 100m for the field and 0.05m for the error.

5.2. Rossby-Haurwitz Wave. In this test case, the wavenumber of Rossby-Haurwitz waves is four. Rossby-Haurwitz waves are analytic solutions to the barotropic vorticity equation. The relation to solutions of the nonlinear shallow water equations is not quite clear. For a stable wave pattern like wavenumber 4, the test can indicate if there are other modes of systematic error that a scheme introduces. In Figure 2a-d, the basic wave pattern is well maintained through the entire simulation. The spectral Eulerian solution requires introduction of artificial dissipation (for example a biharmonic term) to control the tail of the energy spectrum. The semi-Lagrangian

GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL 383

(a)

(b) Figure 2. Case 6 Contour plots of the height field for Δt = 1200 seconds at (a) day 7 and (b) day 14.

method apparently has no need for this as enough dissipation is introduced by the method.

The change in global quantities of mass, enstrophy, and total energy from the initial conditions as a function of time are showed in Figure 3. For this case, the total mass almost has no change, but the enstrophy and the total energy is decreasing (eventually), with a total change of -1.2% by 15 days.

6. Conclusions. The semi-Lagrangian transport (SLT) algorithm is an important component of global atmospheric circulation models, and will continue to be attractive for the next generation of models because of its accuracy and ability to take long timesteps. A new advective formulation of the shallow water equations in a spherical geometry allows a natural application of the SLT algorithm. The method presented here combines SLT with a spectral, semi-implicit algorithm. The results

384 D. GUO AND J. DRAKE

Figure 3. Case 6 (cont.) change in global mass (solid), total energy (short dash), and enstrophy (long dash).

compare favorably in terms of accuracy, stability and smoothness of solution with a spectral Eulerian shallow water equation model. Future work will extend this formulation to the full baroclinic equations and explore solutions using two time-level semi-Lagrangian methods as well as other gridding systems.

Acknowledgements The authors would like to thank the anonymous reviewers for their valuable comments and suggestions on the manuscript.

REFERENCES

[1] J. R. Bates and F. H. M. Semazzi and R. W. Higgins and S.R.M. Barros, Integration of the Shallow Water Equations on the Sphere using a Vector Semi-Lagrangian Scheme with a Multigrid Solver, MWR, vol 118 (1990), 1615–1627.

[2] W. Bourke, B. McAvaney, K. Puri, and R. Thurling, Global modeling of atmospheric flow by spectral methods, Meth. Comp. Phys., vol. 17 (1977), 267–324.

[3] R. Daley, C. Girard, J. Henderson, and I. Simmonds, Short-term forecasting with a multi-level spectral primitive equation model: Par I – Model formulation, Atmosphere, vol. 14 (1976), 98–116.

[4] J. B. Drake and D. X. Guo, A Vorticity-Divergence Global Semi-Lagrangian Spectral Model for the shallow water Equations, ORNL Tech. Note ORNL/TM-13588, Oak Ridge National Laboratory, Oak Ridge, TN, 2001.

[5] J. J. Hack and R. Jakob, Description of a global shallow water model based on the spectral transfor method, NCAR Tech. Note NCAR/TN-343+STR, National Center for Atmospheric Research, Boulder, Colo. 1992.

[6] M. Hortal and A. J. Simmons, Use of reduced Gaussian grids in spectral models, MWR, vol.

119 (1994), 1057–1074.

[7] R. Jakob, J. J. Hack, and D. L. Williamson, Spectral Transform Solutions to the Shallow Water Test Set, NCAR/0301/94-04, 1994.

[8] S. Orszag, Fourier Series on Spheres, MWR, vol. 102 (1994), 56–75. [9] H. Ritchie, Application of the semi-Lagrangian Integration Scheme in a Regional Forecast Model, MWR, vol 113 (1985), 424–435.

[10] J. Serrin, Mathematical Principles of Classical Fluid Mechanics, Encyclopedia of Physics, Vol. 13, 1, Springer, Berlin, 1959.

[11] A. Staniforth and J. Côté, Semi-Lagrangian Integration Schemes for Atmospheric Models – A Review, MWR, vol 119 (1991), 2206–2223.

GLOBAL SEMI-LAGRANGIAN SPECTRAL MODEL 385

[12] P.N. Swarztrauber, Spectral Transform Methods for Solving the Shallow-Water Equations on the Sphere, MWR, vol 124, No. 4 (1996), 730–744 [13] D. L. Williamson and P. J. Rasch, Two-Dimensional Semi-Lagrangian Transport with Shape- Preserving Interpolation, MWR, vol 117, No. 1 (1989), 102–128.

[14] D. L. Williamson, J. D. Drake, J. J. Hack, R. Jakob, and P. N. Swarztrauber, A standard test set for numerical approximations to the shallow water equations in sperical geometry, J. Comp. Phys., 102 (1992), 211-224.

[15] D. L. Williamson and J.G. Olson, Climate Simulations with a Semi-Lagrangian Version of the NCAR Community Climate Model, MWR, vol 122 (1994), 1594–1610.

E-mail address: guod@uncwil.edu