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THE JACOBIAN mxysrs OF COLOR IMAGE MACHINES 
I. CONTINUOUS RELATIONSHIP BETWEEN CONTROL AND COLOR 

BY 

RICHARD D. JUDAY AND RICHARD W. NEWTON 

Abstract 

I n  making c o l o r  imagery from numerical imagery, t h e  d e t a i l s  of 

t h e  q u a n t i t a t i v e  r e l a t i o n s h i p  between t h e  v e c t o r  of c o n t r o l  va lues  

and t h e  c o l o r  a c t u a l l y  produced are o f t e n  overlooked.  Most of t h e  

a t t e n t i o n  h a s  gone i n t o  m a n i p u l a t i o n s  o f  t h e  vector da t a  

( s t r e t c h i n g s ,  r o t a t i o n s ,  e t c . )  p r i o r  t o  t he i r  be ing  converted t o  
, -  

c o l o r  c o n t r o l s ,  wi th  incomplete c o n s i d e r a t i o n  f o r  t h e  e f f e c t s  t h e  

c o l o r  image machine w i l l  then cause.  "Density l i n e a r i z a t i o n "  i s  a 

common method of  s e t t i n g  up co lo r  machines; i n  it, a loga r i thmic  

r e l a t i o n s h i p  i s  induced between rad iance  and  t h e  c o n t r o l  producing 

it. Densi ty  l i n e a r i z a t i o n ,  even i f  done on only one a x i s  a t  a t i m e ,  

i s  a s t e p  towards achiev ing  uniformity of c o l o r  v s .  c o n t r o l .  How- 

eve r ,  t h e  o f f - a x i s  e f f e c t s  a r e  u s u a l l y  neg lec t ed ,  and t h e  v i s i -  

b i l i t y  o f  one d a t a  component's changes can be masked by o t h e r  

components' .  An i d e a l i z e d  continuous c o l o r  image machine i s  mod- 

e l led ,  and t h e  u n d e s i r a b l e  e f f e c t s  of  t h e  o f f - a x i s  behavior  are  

shown b y  means of t h e  Jacobian mat r ix .  

One subsequent paper w i l l  extend t h e  Jacobian a n a l y s i s  t o  d i s -  

crete machines such as dot-matrix p r i n t e r s ,  and  another  w i l l  o f f e r  
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t h e  c u r e  f o r  t h e  e f f e c t s  shown he re .  

A. INTRODUCTION 

Simply s t a t e d ,  t h e  o b j e c t i v e  of  a c o l o r  image machine i s  t o  

make v i s i b l e  t o  a human a n a l y s t  t h e  in fo rma t ion  c o n t a i n e d  i n  

numerical  data t h a t  are used t o  c o n t r o l  t h e  machine. L i t t l e  i s  t o  

be found i n  t h e  image-processing l i t e r a t u r e  on t h e  e f f e c t s  t h a t  t h e  

machine has  i n  t h a t  p rocess ,  it appa ren t ly  be ing  assumed t h a t  if 

t h e  data are  t r e a t e d  so  as t o  have t h e  a p p r o p r i a t e  s t a t i s t i c s  

(uncorre la tedness ,  l a r g e  var iances ,  e tc .  ) , then  t h e  d a t a  components 

can be mapped a f f i n e l y  i n t o  t h e  c o n t r o l  channels  of a machine and 

a c c e p t a b l e  color imagery w i l l  r e s u l t .  For examples see Madura e t  

a l .  (1978) ,  Soha e t  a l .  ( 1 9 7 6 ) ,  T a j i m a  (1983) ,  and  o t h e r s .  The 

common t r ans fo rms  (HSI, l i n e a r  s t r e t c h ,  h i s togram e q u a l i z a t i o n ,  

d e c o r r e l a t i o n  s t r e t c h i n g ,  e t c . )  a l l  myop ica l ly  c o n s i d e r  d a t a  

t r ans fo rma t ions  only t o  t h e  poin t  of t h e i r  be ing  e n t e r e d  i n t o  t h e  

c o n t r o l s  of  t h e  machine. However, as  w i l l  be shown, even a machine 

t h a t  i s  noise- f ree ,  cont inuously addressable  i n  i t s  c o n t r o l  vec to r  

domain, a n d  has  e x a c t l y  t h e  o r d i n a r y  i dea l  r e l a t i o n s h i p  (e .g .  

Catmul l ,  1 9 7 9 )  between con t ro l  a n d  s p e c t r a l  r a d i a n c e ,  w i l l  

none the le s s  d i s t o r t  t h e  r e l a t i o n s h i p s  t h a t  e x i s t  i n  t h e  numerical  

data,  if w e  have a normally-sighted human i n t e r p r e t  t h e  data .  The 

c o l o r  gamut of  t h e  machine i s  o r d i n a r i l y  s u f f i c i e n t l y  l a r g e  t h a t  

t h e  impor tan t  data v e c t o r  d i f f e r e n c e s  are  v i s u a l l y  d i s c r i m i n a b l e  

when t h u s  conver ted  t o  co lo r ,  and t h e  imagery w i l l  p a s s  a v i s u a l  

examination t h a t  i s  no t  s t r i c t  wi th  r e s p e c t  t o  comparative c o l o r  
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d i f f e r e n c e s  f o r  va r ious  d a t a  vec to r  d i f f e r e n c e s .  I f ,  however, t h e  

comparat ive c o l o r  d i f f e r e n c e s  a r e  t o  be ana lyzed  i n  t h e  v i s u a l  

imagery, t h e n  e i t h e r  t h e  da t a  w i l l  have t o  be t r e a t e d  t o  account 

f o r  t h e  effects  t h e  c o l o r  machine w i l l  have on them, o r  e lse  t h e  

machine w i l l  have t o  be set  up t o  m i n i m i z e  t h o s e  e f f e c t s .  The 

purpose of t h i s  paper  i s  t o  show t h e  presence  of t h e  e f f e c t s  i n  

even t h e  bes t - in t en t ioned  color  machine. 

W e  w i l l  c o n s i s t e n t l y  use  t h e  t e r m  "covariance" i n  t h e  m u l t i -  

v a r i a t e  s t a t i s t i c a l  sense--the e x p e c t a t i o n  of a v e c t o r  less i t s  

mean t i m e s  t h e  t r a n s p o s e  of t h a t  d i f f e r e n c e .  We n o t e  t h a t  covar- 

i a n c e  i s  not  t h e  same as information,  bu t  w e  p o s i t  t h a t  t h e  i d e a l  

c o l o r  image machine i s  one t h a t  conveys covar iance  i n  i t s  c o n t r o l  

space uniformly i n t o  perceived covariance i n  t h e  c o l o r s  seen  by t h e  

a n a l y s t  looking  a t  t h e  image. That is ,  w e  assume t h a t  t h e  oper- 

a t i o n s  done on t h e  d a t a  p r i o r  t o  t h e i r  be ing  d i sp layed  cond i t ion  

them so t h a t  t h e i r  covariances a r e  what a r e  d e s i r e d  t o  be seen.  For 

t h e  purposes  of t h i s  paper ,  w e  w i l l  i g n o r e  ad jacency  e f f e c t s ,  

s m a l l - f i e l d  t r i t a n o p i a ,  and o t h e r  a s p e c t s  of  c o l o r  t h e o r y  t h a t  

c o n s i d e r  a neighborhood r a t h e r  t han  a p o i n t  i n  t h e  v i s u a l  f i e l d .  

With t h o s e  p r e l i m i n a r i e s  w e  can u s e  a body of d a t a ,  t heo ry ,  and 

a lgor i thms developed by co lo r  me t r i c i ans  t o  examine t h e  behavior of 

a c o l o r  image machine. W e  r e f e r  t h e  r eade r  t o  Wyszecki and S t i l e s  

(1982)  f o r  t h e  co lor imet ry  necessary i n  t h e  rest of t h e  paper .  

W e  n o t e  t h a t  t h e  t e r m  " d e n s i t y  l i n e a r i z a t i o n "  i s  somewhat 

l oose  usage; more a c c u r a t e l y  one would perhaps use " a f f i n e  d e n s i t y "  

o r  'If i r s t - o r d e r  dens i ty" .  
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B. THE MODEL OF A CONTINUOUS ADDITIVE MACHINE 

By a model of a c o l o r  machine w e  mean t h e  r e l a t i o n s h i p  between 

t h e  c o l o r  produced a t  a loca t ion  i n  t h e  output  image and t h e  vec to r  

of c o n t r o l s  a t  t h e  corresponding l o c a t i o n  i n  t h e  inpu t  image. We 

w i l l  assume t h a t  t h e  r e l a t i o n s h i p  i s  not  dependent on p o s i t i o n  i n  

t h e  image, t i m e ,  o r  o t h e r  confounding parameters .  The inpu t  vec to r  

i s  taken  a s  t h e  usua l  con t ro l s ,  they  being r, g, b ( r ed ,  green, and 

b lue )  a l l  l y i n g  i n  t h e  c losed  i n t e r v a l  zero  t o  u n i t y .  W e  w i l l  r e f e r  

t o  t h e  space  of c o n t r o l  v e c t o r s  as K-space and t o  t h e  space of 

numerical ly  expressed c o l o r s  a s  C-space. 

We t a k e  ou r  i d e a l  machine a s  one t h a t  i s  s t r i c t l y  c o l o r -  

addi t ive- - the  l i g h t  t h a t  is produced from each of t h e  channels ( a s  

by emiss ion  from a CRT or r e f l e c t i o n  from hardcopy f i l m )  i s  

l i t e r a l l y  added i n  t h e  sense of  Grassman's laws.  ( N o  CRT o r  f i l m  

machine i s  p h y s i c a l l y  so clean; on ly  a p h y s i c a l  system t h a t  p ro j -  

ects  co lo red  images i n t o  coincidence on to  a screen r e a l i z e s  i t . )  

Suppose t h a t  t h e  r c o n t r o l  moderates t h e  red  primary l i g h t ,  g t h e  

green, and b t h e  b lue .  The s p e c t r a l  rad iances  of t h e  p r imar i e s  add, 

as do t h e  CIE t r i s t i m u l u s  va lues .  What remains i s  t o  s p e c i f y  t h e  

r e l a t i o n s h i p  between t h e  c o n t r o l  va lue  and t h e  s t r e n g t h  of t h e  

pr imary l i g h t  it causes .  We w i l l  examine two such; t h e  f i r s t  has 

rad iance  p r o p o r t i o n a l  t o  con t ro l ,  and t h e  second has  t h e  logari thm 

of rad iance  p ropor t iona l  t o  con t ro l .  

1 .  Linear i n  radiance 
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in which T. is the tristimulus vector; X, Y, and Z are the CIE 

tristimulus values; Ki is the i-th component of the control vector; 

and the i-subscripted tristimulus values are the result of full 

activation of that primary. For definiteness, we define MTV as the 

matrix of tristimulus values 

which corresponds to lights 

'R 'G 'B \ 
- 'R 'G 'B c 

'R 'G 'B 

58.79 17.92 18.31 

28.96 60.58 10.46 i 
6.83 102.02 

of the NTSC-defined chroma ici-ies 

(Pratt, 1978) for broadcast television, balanced to match the CIE 

D65 illuminant when all controls are fully activated. These values 

were used in the calculations for the figures. Then 

2 = MTV K ( 3 )  

2 .  Linear i n  d e n s i t y  

This condition is the one most often sought in setting up 

machines; it is predicated on the Weber-Fechner law, that constant 

ratios of radiances cause equally-perceptible differences in 

brightness. Indeed, one-dimensional scales in which the logarithm 

of radiance is equally spaced present themselves pleasingly to the 

eye as visually uniform scales. (But we shall see that the fully 

three-dimensional aspects are less salutary.) 
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Z = MTV (10"" [-Dmax ( 1 - K i )  ] } ( 4 )  

Note t h a t  i f  w e  have d e n s i t y  l i n e a r i z a t i o n ,  w e  cannot t u r n  any 

pr imary  a l l  t h e  way o f f ,  as t h a t  would correspond t o  i n f i n i t e  

d e n s i t y  ( reca l l  t h a t  d e n s i t y  is  t h e  nega t ive  base-10 logar i thm of 

t h e  t r a n s m i t t a n c e  o r  r e f l e c t a n c e ) .  I n  t h e  above equa t ion ,  Dmax 

g ives  t h e  maximum d e n s i t y  t h a t  i s  achieved, zero being t h e  minimum, 

f o r  K i  i n  i t s  domain. E.g. ,  fo r  Dmax = 1, only  a f a c t o r  of t e n  i s  

p o s s i b l e  f o r  v a r i a t i o n s  i n  t h e  radiance of any primary. 

I f  t h e  p rov i so  of  t h e  In t roduct ion  i s  accepted, t h a t  t h e  d a t a  

t o  be d i sp layed  have been condi t ioned so  t h a t  t h e i r  covar iance  i s  

what i s  d e s i r e d  t o  be made v i s i b l e ,  w e  can e x t r a p o l a t e  t o  say t h a t  

t h e  r a t i o  o f  v i s i b l e  d i s c r i m i n a b i l i t y  t o  cova r i ance  shou ld  be 

cons tan t  throughout t h e  region of d a t a  space t h a t  i s  converted i n t o  

c o l o r .  That i s ,  w e  wish f o r  one component of t h e  d a t a  vec to r  not  t o  

a f f e c t  t h e  v i s i b i l i t y  of t h e  v a r i a n c e  i n  a n o t h e r  component. T o  

a l low an examination of whether t h i s  i s  t h e  case w e  w i l l  need some 

of t h e  concepts of  UCS systems. 

A UCS (uniform chromatici ty  s c a l e )  s y s t e m  i s  a numerical c o l o r  

c o o r d i n a t e  s y s t e m  i n  which t h e  Eucl idean  metric g i v e s  a u s a b l e  

approximation t o  t h e  v i s i b i l i t y  of c o l o r  d i f f e r e n c e .  The f a m i l i a r  

" s t r a i g h t - l i n e "  d i s t a n c e  between t h e  p o i n t s  t h a t  r e p r e s e n t  c o l o r s  

i n  t h e  UCS space i s  roughly p ropor t iona l  t o  t h e  m i n i m u m  number of 

b a r e l y - p e r c e p t i b l e  c o l o r  changes a long  t h e  s e t  of a l l  c o l o r  se- 

quences t h a t  have t h e  two co lo r s  a t  oppos i t e  ends.  For a d e t a i l e d  
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d e s c r i p t i o n  of l ine-element theory a s  app l i ed  t o  c o l o r  met r ics ,  see  

Wyszecki and S t i les ,  1982) .  For t h e  purposes of t h i s  paper w e  need 

only  t o  know t h a t  t h e  C I E L U V  co lo r  system is  such a t ransformat ion  

of t h e  t r i s t i m u l u s  v a l u e s  c a l c u l a t e d  above t h a t  t h e  Eucl idean  

d i s t a n c e  between c o l o r s  so transformed i s  n e a r l y  p r o p o r t i o n a l  t o  

how s t r o n g l y  d i f f e r e n t  t hey  a p p e a r .  The t r a n s f o r m a t i o n  from 

t r i s t i m u l u s  va lues  t o  t h e  CIELUV coord ina te s  L*, u* and V* i s  given 

i n  t h e  Appendix. The Euclidean metric of c o l o r  d i f f e r e n c e  i s  

B y  i t  and t h e  machine model, w e  c a l c u l a t e  t h e  v i s i b l e  c o l o r  

d i f f e r e n c e  r e s u l t i n g  from a c o n t r o l  v e c t o r  change. The u n i t  of 

. -  . +. 

c o l o r  d i f f e r e n c e  i s  t h e  J N D ,  which s t a n d s  f o r  " j u s t  n o t i c e a b l e  

d i f f e r e n c e " .  

C. THE JACOBIAN MATRIX 

Once w e  have a model f o r  t h e  machine, w e  can fo rmula t e  a 

powerfu l  t o o l  for a n a l y z i n g  t h e  r e l a t i o n s h i p  between t h e  d a t a  

v e c t o r s  and t h e  c o l o r s  they  evoke. That t o o l  i s  t h e  Jacob ian  

ma t r ix .  

The Jacob ian  m a t r i x  here  i s  e x a c t l y  a s  d e s c r i b e d  i n  any 

advanced c a l c u l u s  t e x t ;  v i z . ,  it i s  t h e  ma t r ix  of p a r t i a l  de r iv -  

a t i v e s  of t h e  UCS c o l o r  coord ina te s  wi th  r e s p e c t  t o  t h e  c o n t r o l  

v a l u e s .  W e  w i l l  assume t h a t  t h e  r e q u i r e d  d e r i v a t i v e s  e x i s t  f o r  our 

i d e a l  machine, and w e  w i l l  a l so  assume t h a t  w e  a r e  examining small  
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. 
enough c o n t r o l  d i f f e r e n c e s  (and r e s u l t i n g  c o l o r  d i f f e r e n c e s )  t h a t  

t h e  f i r s t - o r d e r  p a r t i a l  d e r i v a t i v e s  adequate ly  d e s c r i b e  t h e  l o c a l  

behavior .  Given an a n a l y t i c  model of our  machine it i s  s t r a i g h t -  

forward t o  d e r i v e  t h e  a n a l y t i c  form of t h e  Jacobian mat r ix ,  bu t  i n  

f a c t  we took t h e  d e r i v a t i v e s  by f i n i t e  d i f f e r e n c e s  f o r  t h e  f i g u r e s  

shown h e r e .  W e  took s m a l l  d i f f e r e n c e s  i n  c o n t r o l  v a l u e s  and t h e  

model-calculated c o l o r  d i f f e rences  i n  t h e  CIELUV coord ina tes ;  t h e i r  

ra t io  g ives  t h e  d e r i v a t i v e s .  Step s i z e s  w e r e  chosen small  enough t o  

s t a y  l o c a l l y  wi th in  l i n e a r  behavior, l a r g e  enough t o  avoid  t r o u b l e  

with d i g i t a l  computation p rec i s ion .  

The Jacobian ma t r ix  t ransforms a smal l  v e c t o r  d i f f e r e n c e  i n  

c o n t r o l  space i n t o  t h e  smal l  v e c t o r  d i f f e r e n c e  i n  c o l o r  space .  I n  

advanced ca l cu lus ,  t h e  theory  of  random v a r i a b l e s ,  e t c . ,  i t s  d e t e r -  

minant g ives  t h e  r a t i o  of d i f f e r e n t i a l  volumes i n  two spaces  mapped 

between by a f u n c t i o n .  The i n t e g r a l  over  c o n t r o l  space  of t h e  

J a c o b i a n  d e t e r m i n a n t  i s  somewhat s i m i l a r  t o  t h e  CRP ( c o l o r  

r e p r e s e n t i n g  power) of Tajima (1983), which g i v e s  t h e  number of 

d i s c e r n a b l y  d i f f e r e n t  c o l o r s  p r o d u c i b l e  by t h e  machine.  The 

equat ion  d e f i n i n g  t h e  Jacobian is:  

with J t h e  Jacobian mat r ix  
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where C i s  t h e  CIELUV co lo r  vector (L* U* v * ) '  and EI i s  t h e  c o n t r o l  

v e c t o r  ( r  g b ) ' .  ( W e  r e se rve  R,  G, and B f o r  t h e  t r i s t i m u l u s  

p r imar i e s  t o  d i s t i n g u i s h  them from r, g, and b, t h e  c o n t r o l  va lues  

inpu t  t o  t h e  machine. See t h e  Appendix.) I n  our  case, t h e  u n i t s  of 

t h e  Jacobian determinant are cubic JND's p e r  cub ic  inpu t  u n i t ,  and 

it i s  a measure of how much color  volume i s  used p e r  u n i t  volume i n  

c o n t r o l  s p a c e .  The Jacobian  d e t e r m i n a n t ,  as w e l l  as  o t h e r  

q u a n t i t i e s  based on t h e  Jacobian matr ix ,  are func t ions  of t h e  con- 

t r o l  vec to r .  That is ,  it v a r i e s  as t h e  i n d i v i d u a l  components of t h e  

( r  g b ) '  c o n t r o l  vec to r  change. W e  w i l l  have use of the  norm of t h e  

matr ix-vector  product .  

A 

I I  J H I I  = 

A 

where H i s  a u n i t  vec to r  and 

A 

C = J H  

A 

Then I IJHl I i s  t h e  amount of color  change, measured i n  JND's, f o r  

each u n i t  of c o n t r o l  vec to r  d i f f e rence  i n  t h e  d i r e c t i o n  H .  Again, 

no te  t h a t  I l J H l  I i s  a funct ion of both  d i r e c t i o n  H and t h e  

A 

h A 

c o n t r o l  vec to r  LI a t  which J i s  eva lua ted .  

D. THE JACOBIAN ELLIPSE 

W e  w i l l  observe t h e  locus i n  c o l o r  space t h a t  corresponds t o  a 

c i r c u l a r  locus  i n  t h e  c o n t r o l  space.  I n  t h a t  way w e  show t h e  c o l o r  

d i f f e r e n c e  r e s u l t i n g  from a c o n t r o l  d i f f e r e n c e  of  c o n s t a n t  mag- 
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n i t u d e  and va ry ing  d i r e c t i o n ,  and w e  w i l l  s e e  t h a t  even i n  a 

machine mathematically idea l i zed  f o r  i t s  on-axis behavior,  there i s  

s u b s t a n t i a l  depar ture  from v i s u a l  un i formi ty  i f  we do not t a k e  i n t o  

proper  account i t s  o f f - ax i s  behavior.  W e  w i l l  t a k e  H as t h e  u n i t -  
A 

l eng th  c o n t r o l  vec to r  e n c i r c l i n g  c o n t r o l  vec to r  E, and C. a s  t h e  

c o l o r  d i f f e r e n c e  vec to r  r e s u l t i n g  from H .  Inasmuch a s  Equation (8 )  
A 

i s  a l i n e a r  form, a p l ane  i n  K-space maps i n t o  a p l ane  i n  C-space, 

and g e n e r a l l y  a circle i n  K-space becomes an e l l i p s e  i n  C-space. I f  

t h e  machine w e r e  uniform, then t h e  circles i n  K-space would map t o  

c i rc les  i n  C-space. Now t h e  normals t o  t h e  c i rc les  i n  K-space do 

not n e c e s s a r i l y  map t o  normals of t h e  e l l i p s e s  i n  C-space, and a l s o  

t h e  fami ly  of a c t u a l  normals t o  t h e  e l l i p s e s  w i l l  not  gene ra l ly  a l l  

be p a r a l l e l  even i f  t h e  family of K-space c i r c l e s  have p a r a l l e l  

normals .  So t h e r e  i s  cons ide rab le  d i f f i c u l t y  i n  d i s p l a y i n g  t h e  

C-space e l l i p s e s  i n  a K-space s e c t i o n ,  l e t  a l o n e  a c t u a l l y  un- 

de r s t and ing  what i s  being d isp layed .  I n  F igures  2a, 3a, and 4a, we 

have a t tempted  s u c h  a d i sp lay .  For circles c e n t e r e d  a t  a g r i d  of 

K-space l o c a t i o n s  w e  have c a l c u l a t e d  t h e  C-space e l l i p s e s .  The 

e l l i p s e s '  s i z e s  a r e  a l l  sca led  by t h e  same f a c t o r ,  and t h e y  a r e  

b rough t  i n t o  t h e  K-space c e n t e r e d  on t h e i r  r e s p e c t i v e  g r i d  

l o c a t i o n s .  The r o t a t i o n a l  p o s i t i o n  of t h e  e l l i p s e s  i s  s p e c i f i e d  by 

p r o j e c t i n g  t h e  L* a x i s  on to  each e l l i p s e  and t h e n  p l a c i n g  t h a t  

d i r e c t i o n  v e r t i c a l l y  i n  t h e  Figure.  The h o r i z o n t a l  d i r e c t i o n  t h u s  

corresponds t o  a s o l e l y  chromatic s h i f t ,  and t h e  v e r t i c a l  d i r e c t i o n  

w i l l  g e n e r a l l y  comprise some chromatic s h i f t  i n  a d d i t i o n  t o  a l l  t h e  

l i g h t n e s s  s h i f t .  A s  a d a t a - d i f f e r e n c e  v e c t o r  swings i n  a c i rc le  
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around i t s  d a t a  c e n t e r ,  t h e  co lor  vec to r  moves i n  i t s  e l l i p s e ,  t h e  

d i s c r i m i n a b i l i t y  between t h e  c e n t e r  c o l o r  and t h e  c o l o r  on t h e  

e l l i p s e  being p r o p o r t i o n a l  t o  t h e  d i s t a n c e  from t h e  center t o  t h e  

p o i n t  on t h e  e l l i p s e .  The important f e a t u r e  i s  t h e  cons ide rab le  

e c c e n t r i c i t i e s  of t h e  e l l i p s e s .  The r a t i o  of semi-major a x i s  t o  

semi-minor a x i s  i s  t h e  r a t i o  by which t h e  d i s c r i m i n a b i l i t y  v a r i e s .  

For a l l  t h e  accuracy of a machine set  up mathematical ly  p e r  t h e  

c r i t e r i a  v e r y  o f t e n  sought  i n  p r a c t i c e ,  t h e  e f f e c t s  of  t h e  

machine's o f f - a x i s  behavior  and t h e  exper imenta l ly  observed c o l o r  

d i s c r i m i n a t i o n  of t h e  human eye cause enormous v a r i a t i o n s  i n  t h e  

v i s i b i l i t i e s  of d a t a  d i f f e rences  themselves having a common s i z e .  

E. THE JACOBIAN PEANUT 

I n  an a t tempt  t o  avoid some of t h e  i n t e r p r e t a t i o n  d i f f i c u l t i e s  

of t h e  Jacobian e l l i p s e  d isp lay ,  w e  have c r e a t e d  the  graph w e  c a l l  

t h e  Jacobian peanut .  To make it, a u n i t  da t a -d i f f e rence  v e c t o r  i s  

swung i n  a c i rc le  around a c o n t r o l  center,  j u s t  a s  i n  making t h e  

Jacobian e l l i p s e s .  The u n i t  da ta -d i f fe rence  vec to r  i s  m u l t i p l i e d  by 

t h e  norm of t h e  corresponding c o l o r - d i f f e r e n c e  v e c t o r .  The p o l a r  

p l o t  around each c o n t r o l  cen te r  has i t s  angle  i n  t h e  d i r e c t i o n  of 

t h e  d a t a - d i f f e r e n c e  v e c t o r  and i t s  r a d i u s  p r o p o r t i o n a l  t o  t h e  

o b s e r v e d  c o l o r  d i f f e r e n c e .  The shape  of  t h e  p l o t  b e a r s  a 

resemblance t o  t h e  seed f o r  which it i s  named, wi th  t h e  vary ing  

e c c e n t r i c i t y  of t h e  Jacobian e l l i p s e  de t e rmin ing  how s t r o n g l y  

p inched  t h e  w a i s t  o f  t h e  peanut i s .  I n  t h e  Jacob ian  peanu t ,  

d i r e c t i o n  has  more d i r e c t l y  d i s c e r n i b l e  import than  i n  t h e  e l l i p s e ;  
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it is  t h e  a c t u a l  d i r e c t i o n  of t h e  data  d i f fe rence  v e c t o r .  I n  t h e  

p e a n u t  p l o t ,  a n g l e s  are  p rese rved  a t  t h e  expense  of c o l o r -  

d i f f e r e n c e  f i d e l i t y  between p a i r s  of da t a  d i f f e r e n c e  v e c t o r s .  I n  

t h e  e l l i p s e  p l o t  t h e  pa i r  f i d e l i t y  i s  maintained a t  t h e  expense of  

a n g u l a r  f i d e l i t y ;  you c a n ' t  have it both  ways. 

The shape of t h e  peanut  p l o t  i s  made p l a u s i b l e  by n o t i n g  t h e  

r e l a t ive  azimuthal  ang le s  i n  t h e  K-space circle and i n  t h e  Jacobian 

e l l i p s e .  A t y p i c a l  e l l ipse  is  shown i n  F igu re  5 .  A s  t h e  data- 

d i f f e r e n c e  vector swings around a t  cons t an t  ra te ,  t h e  corresponding 

p o i n t  on t h e  Jacobian  e l l ipse  spends a larger amount of t i m e  near  

t h e  semi-major a x i s  of t h e  ell ipse t h a n  nea r  t h e  semi-minor a x i s .  

The p o i n t s  crowded t o g e t h e r  n e a r  t h e  semi-major apex are  i n d i -  

v i d u a l l y  w e l l  d i s c r i m i n a b l e  from t h e  c e n t e r  c o l o r ,  though t h e y  are 

no t  s o  w e l l  mutua l ly  d i sc r iminab le .  A s  t h e  d a t a - d i f f e r e n c e  v e c t o r  

i n  K-space swings  t h r o u g h  t h e  d i r e c t i o n  o f  minimum d i s -  

c r i m i n a b i l i t y ,  t h e  a n g l e  i n  t h e  Jacobian e l l i p s e  races through t h e  

semi-minor a x i s  and i t s  l e s s e r  norm. The r e s u l t  i s  a peanut  shape 

f o r  t h e  p o l a r  p l o t .  

Another p l a u s i b i l i t y  argument i s  based on cons ide r ing  t h e  pea- 

nu t  p l o t  c h a r a c t e r  i f  on ly  one d i r e c t i o n  i n  t h e  K-space c i rc le  gave 

any v i s ib l e  c o l o r  d i f f e r e n c e .  The Jacobian  e l l i p s e  c o l l a p s e s  t o  a 

l i n e .  The s e n s i t i v e  component of a K-space d i f f e r e n c e  v e c t o r  c i rc le  

has  c o s i n e  dependence, which p l o t s  as  a c i rc le  pass ing  through t h e  

o r i g i n .  Color  d i f f e r e n c e  i s  an a b s o l u t e  magnitude q u a n t i t y ,  and 

a b s ( c o s ( * ) )  makes a f igure-8 .  Indeed t h e  h i g h l y  e c c e n t r i c  e l l i p s e s  

make peanuts  t h a t  are n e a r l y  f igu re -8 ' s .  
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F. DISCUSSION OF THE GRAPHS 

I n  F i g u r e  1 w e  show t h a t  d e n s i t y  l i n e a r i z a t i o n  i s  a s t e p  

toward making a c o l o r  machine uniform; t h e  t i c k  marks occur  a t  more 

n e a r l y  even i n t e r v a l s  f o r  d e n s i t y  l i n e a r i z a t i o n  t h a n  t h e y  do f o r  

r a d i a n c e  l i n e a r i z a t i o n .  This  i s  p a r t i c u l a r l y  t r u e  away from t h e  

o r i g i n ' s  v i c i n i t y .  T o  m a k e  t h e  F igu re ,  a p o i n t  i s  s l i d  a l o n g  a 

c o n t r o l  a x i s  away from t h e  c o n t r o l  s p a c e  o r i g i n  and marks a re  

p l aced  a t  UCS i n t e r v a l s  of 30 J N D  as  measured f r o m  t h e  o r i g i n .  The 

t i c k  marks for  t h e  d e n s i t y  l i n e a r i z a t i o n s  do no t  beg in  a t  as l o w  

v a l u e s  o f  c o n t r o l  as  f o r  rad iance  l i n e a r i z a t i o n ,  p a r t i c u l a r l y  fo r  

t h e  la rger  Dmax.  A larger value of  Dmax a l l o w s  more d i f f e r e n t  , .  

c o l o r s  t o  be expressed .  This  is i l l u s t r a t e d  by t h e  larger  va lues  of 

t h e  maximum c o l o r  d i s t a n c e  a t  t h e  "ful ly-on ' l  edge o f  F igu re  1. 

Smaller  Dmax means t h a t  a l l  t h r e e  p r i m a r i e s  remain Iton" t o  a larger  

degree,  so one cannot make t h e  colors nea r  t h e  edges of  the Maxwell 

t r i a n g l e ,  as t h e  o p p o s i t e  pr imary  d e s a t u r a t e s  t h e  c o l o r  by 

remaining on.  Radiance l i n e a r i z a t i o n  p e r m i t s  t h e  e n t i r e t y  of  t h e  

Maxwell t r i a n g l e  t o  be made. 

I n  F igu res  2 through 5 w e  ex tend  t h e  on-axis  r e s u l t s  of F igure  

1 i n t o  t h e  p l ane  s e c t i o n  o f  t h e  c o n t r o l  cube having red c o n t r o l  of 

0 . 5 .  ( S i m i l a r  r e s u l t s  are  obtained f o r  sect ions of  cons t an t  green 

or cons t an t  b l u e  c o n t r o l ,  so  they are  no t  shown h e r e . )  

Referenc ing  F i g u r e  2 w e  see t h a t  s e n s i t i v i t y  t o  a c o n t r o l  i s  

uniformly reduced as t h e  o the r  c o n t r o l s  are t u r n e d  on; t h e  e l l i p s e s  

and peanu t s  s h r i n k  as  w e  move t o  t h e  r i g h t  o r  upward. (A  s i m i l a r  
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effect  ensues  from changing t h e  red c o n t r o l ,  n o t  shown h e r e . )  In  

F igu re  3b t h e r e  i s  l i t t l e  s e n s i t i v i t y  t o  a b lue  change i n  t h e  lower 

r i g h t  c o r n e r  ( t h e  peanut l i e s  on i t s  s ide ) ,  and as t h e  b l u e  va lue  

i s  i n c r e a s e d  (move towar9 t h e  upper r i g h t  c o r n e r )  b o t h  b l u e  a n d  

g r e e n  d i f f e r e n t i a l  s e n s i t i v i t i e s  i n c r e a s e .  I n  t h e  upper  r i g h t  

c o r n e r  t h e r e  i s  more s e n s i t i v i t y  t o  a change i n  t h e  b lue /g reen  

b a l a n c e  ( p r i n c i p a l l y  a chromat ic  s h i f t )  t h a n  there  i s  t o  t h e  

blue+green sum ( p r i n c i p a l l y  a l i g h t n e s s  s h i f t ) .  The effect  i s  more 

s t r o n g l y  p r e s e n t  i n  F igure  4b with i t s  l a r g e r  Dmax. 

The major p o i n t  i s  t h a t  t h e  behav io r  i s  a f u n c t i o n  of bo th  

c o n t r o l  var iables;  t h e  v i s i b i l i t y  o f  a g reen  c o n t r o l  change i s  

a f f e c t e d  by t h e  va lue  of  t h e  red c o n t r o l .  

I n  F igu re  5 w e  see t h e  roo t  of t h e  peanut  behav io r  f o r  t h e  

d i r e c t i o n a l  s e n s i t i v i t y  p l o t s ;  a s  a c o n t r o l - d i f f e r e n c e  v e c t o r  

swings smoothly th rough  a c i r c l e  t h e  c o l o r - d i f f e r e n c e  v e c t o r s  

l i n g e r  n e a r  t h e  semi-major e x t r e m e s  of t h e  Jacobian  e l l i p s e .  The 

r a d i a l s  i n  t h e  F i g u r e  are a t  un i formly  spaced az imuths  i n  t h e  

c o n t r o l  space ,  y e t  t h e y  bunch n e a r  t h e  a p i c e s  o f  t h e  e l l i p s e .  

Those c l u s t e r e d  p o i n t s  are  i n d i v i d u a l l y  w e l l  d i s t i n g u i s h a b l e  from 

t h e  c e n t e r ,  b u t  t h e y  are no t  w e l l  d i s t i n g u i s h a b l e  from each o t h e r .  

That f e a t u r e  i s  apparent  i n  t h e  e l l i p s e  p l o t s  b u t  i s  obscured i n  

t h e  peanut  p l o t s ,  so both  kinds of p l o t s  have been p resen ted .  

G. APPENDIX 

The c o l o r  machine has pr imary t r i s t i m u l u s  v a l u e s  i n  ma t r ix  

form 
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58.79 17.92 18.31 

M =ti :i = (21:; 61::jB l:..::) 

chosen to give the NTSC chromaticities 

and balance to the D 6 5  illuminant & = (Xo Yo Zo) ' with 

chromaticity 

0.3128 ( 1:) = (0.3232) 

from which it follows that 

95.018 

20 

For radiance linearization the control vector 

with 0 S r I 1, 0 I g I b, 0 5 b I 1 produces the tristimulus 

vector 
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For d e n s i t y  l i n e a r i z a t i o n ,  de f ine  

aR = 10 * * - (1 - r)  Dmax] 

and s i m i l a r l y  f o r  a aG and aB, wi th  Dmax t h u s  t h e  l a r g e s t  d e n s i t y  

(de f ined  as t h e  nega t ive  of t h e  loglo of rad iance  r a t i o )  producib le  

by t h e  machine -- i d e n t i c a l  Dma, f o r  a l l  t h r e e  p r i m a r i e s  i s  

assumed. Defining 

then  

W e  choose  t h e  C I E L U V  c o o r d i n a t e  sys tem t o  e x p r e s s  a c o l o r ;  

n e g l e c t i n g  t h e  expres s ions  f o r  extremely low l i g h t n e s s e s ,  

where 

u '  -4x - 
X + 15Y + 32  

v '  = 9Y 
X + 15Y + 32  

and uo, vo are t h e  va lues  got ten  from &. 
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F i n a l l y ,  

u * = 13 L* (u' - uo') 

W e  t h u s  have a ( n  i n v e r t i b l e )  r e l a t i o n s h i p  between t h e  c o n t r o l  

v e c t o r  Y and t h e  c o l o r  vec to r  C. W e  s e l e c t e d  t h e  CIELUV system as  

being reasonably uniform a n d  having a chromat ic i ty  diagram. 

The Jacob ian  m a t r i x  has  as  i t s  ( i , j )  e lement  t h e  p a r t i a l  

d e r i v a t i v e  

aci 

a K  j 

- -- Ji, j 

which w a s  approximated by t h e  r a t i o  of f i n i t e  d i f f e r e n c e s .  

A smal l  sphere i n  K - space becomes an  e l l i p s o i d  i n  C - space 

according t o  

and t h e  e l l i p s o i d  i s  given by t h e  q u a d r a t i c  form 

For a f u l l  volume examination ( c o n t r a s t e d  wi th  t h e  p l ane  s e c t i o n s  

done i n  t h i s  paper)  one observes t h e  e igenvec tors  of t h e  fu l l - r ank  

( f o r  any p r a c t i c a l  c o l o r  machine) s y m e t r i c  ma t r ix  R = JTJ. The 

e i g e n v e c t o r s  of R p o i n t  i n  t h e  d i r e c t i o n s  of t h e  axes  of t h e  
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e l l i p s o i d ,  bu t  t h e  eigenvalues  of R a r e  not  d i r e c t l y  u s a b l e .  A 

s y m m e t r i c  decomposi t ion of R can produce u s a b l e  v a l u e s  on t h e  

d i agona l ,  bu t  i n  p r a c t i c e  w e  o b t a i n  t h e  l e n g t h s  of t h e  e l l i p s o i d  

d iagonals  a s  fo l lows .  

L e t  E = (e1 a2 e31 be the  ma t r ix  of orthonormal e igenvec to r s  

of R corresponding t o  t h e  eigenvalues of R, A,,> h, 2 A,. Then 

i s  t h e  l e n g t h  of t h e  ith semi-axis of t h e  e l l i p s o i d ,  and w e  can 

c a l c u l a t e  t h e  maximum e c c e n t r i c i t y  

of any  e l l i p s e  t h a t  i s  a plane s e c t i o n  of t h e  e l l i p s o i d .  Emax i s  a 

f u n c t i o n  of K and i s  a measure of t h e  c o l o r  machine's non-unifor- 

mity without  regard  t o  a pre-determined o r i e n t a t i o n  of a c u t t i n g  

p l ane .  

The e l l i p s e s  shown h e r e  r e s u l t  from o r i e n t e d  smal l  c i rc les  i n  

t h e  c o n t r o l  space,  however, r a t h e r  t han  from sphe res  and e l l i p -  

s o i d s .  
A 

L e t  n be a u n i t  vec to r  normal t o  t h e  c i rc le  [ f o r  a c i r c l e  i n  a 
A 

plane  of cons tan t  red  c o n t r o l  value,  n = (1 0 0 )  I ,  e t c . ] ,  and l e t  

t and u complete an orthonormal b a s i s  i n  K-space. 
h A 

Let KO be t h e  

c e n t e r  of t h e  c i r c l e .  The following a lgor i thm c r e a t e s  t h e  e l l i p s e s  

i n  C-space and c a r r i e s  them t o  K-space with ( a r b i t r a r i l y )  t h e  pro- 

j e c t i o n  of L* i n t o  t h e  C - space e l l i p s e  a l igned  w i t h  t .  

A 
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h h h  

A =  (Y z Y ) = J ( ~  t u) 

A T  

- 

19 



Plot 

for  a sui table  scale factor F .  

T h e  peanuts are rather simpler. 

where 
A A 

= -t COS a + siR 8 

again, for  a suitable scale factor F .  

20 
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FIGURE CAPTIONS 

F i g u r e  1. T i c k  m a r k s  a t  i n t e rva l s  of  30  J N D  ( j u s t - n o t i c e a b l e  

d i f f e r e n c e ;  see t e x t )  p l o t t e d  fo r  t h e  red, greeen,  and b l u e  axes .  

Maximum color d i f f e r e n c e  as measured from t h e  o r i g i n  i s  g iven ,  The 

color machine i s  l i n e a r i z e d  i n  r ad iance  o r  i n  d e n s i t y .  Dens i ty  

l i n e a r i z a t i o n  causes  more even placement of  t h e  t i c k s .  The number 

of d i s t i n g u i s h a b l e  c o l o r s  on an a x i s  i s  p r o p o r t i o n a l  t o  i t s  number 

of  t i c k s ,  so a lower Dmax reduces t h e  number of d i f f e r e n t  c o l o r s .  

F i g u r e  2 .  J a c o b i a n  e l l i p s e s  a n d  p e a n u t s  f o r  r a d i a n c e  

l i n e a r i z a t i o n ;  t h e  p l ane  is  red = 0 . 5 .  I n  comparison wi th  d e n s i t y  

l i n e a r i z a t i o n  ( see  t h e  n e x t  two F i g u r e s )  t h e  l a r g e s t  

d i s c r i m i n a b i l i t y  o c c u r s  a t  l o w  v a l u e s  of c o l o r  c o n t r o l ,  

e c c e n t r i c i t y  of e l l i p s e s  is  small, and t h e r e  i s  l o w  c o n t r a s t  over  

much of  t h e  area. 

F igure  3 .  Jacobian e l l ipses  and peanuts  f o r  d e n s i t y  l i n e a r i z a t i o n ,  

t a k e n  i n  t h e  red = 0 . 5  p l ane  and wi th  Dmax = 1 . 0 .  I n  comparison 

wi th  t h e  la rger  Dmax o f  t h e  next  f i g u r e ,  t h e  e l l i p s e s  have less 

e c c e n t r i c i t y  and less v a r i a t i o n  i n  t h e i r  s i z e .  L e s s  t o t a l  c o l o r  

volume i s  a v a i l a b l e ,  however, s o  t h e  c o s t  i s  lower  maximum 

c o n t r a s t .  

F i g u r e  4 .  Jacobian  e l l i p s e s  and peanu t s  f o r  d e n s i t y  l i n e a r -  

21 



i z a t i o n ,  taken  i n  t h e  red = 0 . 5  p lane  with Dmax = 2 . 0 .  The l a r g e  

c o l o r  range  a v a i l a b l e  wi th  t h e  l a r g e  Dmax i s  a t  t h e  c o s t  of 

c o n s i d e r a b l e  e c c e n t r i c i t y  and v a r i a t i o n  i n  s i z e  of t h e  e l l i p s e s .  

Note i n  t h i s  and t h e  prev ious  two f i g u r e s  t h a t  s e n s i t i v i t y  t o  

changes i n  a c o n t r o l  va lue  is  s t r o n g l y  a f u n c t i o n  of t h e  o t h e r  

c o n t r o l  va lue .  

F igu re  5 .  An enlargement of a Jacobian  e l l i p s e  showing r a d i a l s  

t h a t  are a t  equal  azimuth i n t e r v a l s  i n  cont ro l  space.  This e l l i p s e  

i s  t h e  image i n  c o l o r  space of a s m a l l  c i rc le  i n  c o n t r o l  space.  

V i s u a l  d i s c r i m i n a b i l i t y  i s  l a r g e s t  a l o n g  t h o s e  c o n t r o l  space  

d i r e c t i o n s  t h a t  t ransform near t h e  major axes  of t h e  e l l i p s e .  The 

bunching o f  t h e  r a d i a l s  i s  r e s p o n s i b l e  f o r  t h e  shape of t h e  

Jacobian peanuts .  

22 





c 

C 

i 

d 

C 
C 

c 

I. 

a 

L1 

a 
W 

c 
yi 
0 

Y 
W 
2 

-I 
P 
0 
W 
a! 

a 

-I 
W 
0 
0 
E 
W 
0 
L 

0 

a! 
LL: 

W 
L 
-I 

a 

a 

a 

l-4 

l-4 

ocx) 

\ ,  
0 0 0 0 0 0 

0 w \D 0 

0 
Y 
0 

7 
0 0 0 

CI 

! 
CI 

3n1- 



. * 

1 0  0 

- 0  
C . .  

U 
0 
I- o 
L 

W 
J 

o w 

8 

*: 

a 

a 

F 
0 

I w z 
-I 

0 
W 
E 

a 
a 

w 
0 
2 a 
n a 

2 

2 

I 

K 

#-I 
J 

I- 
. 
a 
W 
0. . 

. 

0 

0 

0 

0 
0 
0 
0 
0 

0 

0 

0 
0 
0 
0 

~ 

0 

0 
0 
0 

0 

0 

0 

0 
0 

d 

0 

0 
00. 

0 0 a 
0 0 

0. 
0 0 
N 0 

0 0 

0 

? 
0 

0 a 
0 

0 
f 

0 

0 
?ll 

0 

0 
0 

0 

O w 



0 - 
I 
X 

* E  
a ‘. O 
0 
‘1) 

r O  0 
* o  

e *  s o  
Y 
0 
I- o 
L 
W 

0 
M 

a 

2 

s 
0 

I 
W 
L 
J a 
0 
W 
PL 

a 

J 
W 
0 
0 
Es 
> 
M z 
W 
0 
L 
W 

-I 

t; 

a 
5 

* 

0 

0 
0 

0 

0 

0 

s 0 co 
0 0 

0 
t 
0 

0 Y 
0 

0 
0 

0 

0 

r( 

0 
0 

r( 

0 

0 
! 

0 
\D 

0 

L 
W 
1 
LL: 
U 

0 
0 

0 

: 
0 

0 
0 

0 

0 cu 

. .  



0 - 
m 
a X 

e r  

0 
0) 
,o 
0 

0 0  

’, O 

5s; 

2 

K 
0 
I- 

LL 
8 

0 
M 

s 
0 

I 
W L 
J a 
0 
W 
pc 

a 

> 
M 
L 
W 
0 

t; 

5 
J 

t 
3 
L 
W 
& 

4 

a 

c 

, 
). 

0 0 0 0  0 0 

0 0  0 

0 

0 
! 

0 
t 

0 
rg 

0 0 

3n78 

0 
N 

0 

0 !u 
4 

0 
0 

4 

0 

@? 
0 

0 
rg 

0 

f 
W 
W 
pc 
B 

0 

4 
0 

0 

? 
0 

0 
0 

0 

0 
(u 

0 09 Y 0 

0 0 

. .  



0 

N' 

a 
I 
X 

0 

.10 0 
n . t: 
Y 

I- o 
L 

w 
J 

0 
v) 

n 

a 

a 

s 
0 

I w 
t 
J 
L 

0 w 
E 

J 
W 
0 
0 
E. 
> 
I- 

(3 
Z 
W 
0 
E 

W 

J 

" 

a 
5 

c 

a 

0 
t 
0 

? 
0 

3il-H 

0 
0 

0 
! 
0 



ii 
0 
0 
(3 

c3 

B 
8 
8 

0 

0 
0 

..I 

J J J  

0 

0 
? 

J J  

0 ro 
0 

3m9 

0 

4 
0 

J 

7 

0 
0 

0 

) J J  

0 
i J  
r( 

0 
0 

r( 

0 

0 
? 

0 

0 
! 

L 
W 
W 
I): 
13 

0 

4 
0 

0 

0 
R! 

D 
D 

0 

D 
N 

0 



n 
I \  

0 0 0 0 
a, u3 t 0 

0 0 0 0 

0 

r( 

' ?  
.4 

i 
31119 



REFERENCES 

L 

W 

Catmull, Edwin, 1979. A tutorial on compensation tables, Computer 
Graphics 13, 1-7. 

Madura, Daryl P., James M. Soha, William B. Green, David B. Wherry, 
and Stanley D. Lewis, 1978. Color enhancements of Landsat 
imagery, JPL Publication 78-102, December 15, 1978. 

Pratt, W. K., 1978. Digital 'Image Processing, Wiley, New York. 

Soha, James M., Alan R. Gillespie, Michael J. Adams, and Daryl P. 
Madura, 1976. Computer techniques for geological 
applications, Proceedings of the Caltech/JPL Conference on 
Image Processing, Technology Sources, and Software for 
Commercial and Scientific Applications, November 3-5, 1976. 
JPL SP 43-30. 

Tajima, Johji, 1983. Uniform color scale applications to computer 
graphics, Computer Vision, Graphics, and Image Processing 21, 
305-325. 

Wyszecki, Gunter, and W. S. Stiles, 1982. Color Science, Wiley, 
New York. 

23 


