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PREFACE 

This Memorandum is a result of RAND'S continuing study of 

Communication Satellite Technology for the National Aeronautics and 

Space Administration. It presents an analysis of the behavior of 

hard limiters for certain special analytically solvable conditions 

involving three or four input sinusoidal signals. It should be 

of particular interest to engineers concerned with the theoretical 

or experimental behavior of hard limiters for use in multiple access 

operat ion o f communi cat ion sat e 1 lit es . 
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SUMMARY 

An analysis has been performed of the effect of hard limiting 

on a sum of three or four sinusoidal signals. Expressions are ob- 

tained for the output amplitudes for three input signals, two of 

equal amplitude, and for four signals, amplitudes equal in pairs. 

The answers are compared with experiment and display excellent 

agreement. 

The results indicate the general character of the reduction of 

the suppressive effects of limiting as the number of signals increases. 

Also , "negative suppression" occurs for certain amplitude ranges. 

bL 



vi i 

ACKNOWLEDGMENTS 

The author  i s  indebted t o  W. Doyle f o r  t h e  o r i g i n a l  suggest ion 

of  t h i s  problem, and for  t h e  use of h i s  t h e o r e t i c a l  r e s u l t s .  Also, 

Messrs. R. Davies and W. Wood of t h e  P h i l c o  Corporat ion Western 

Development Labora to r i e s  very kindly gave permission t o  quote  t h e i r  

previously unpublished experimental  r e s u l  t s.  



ix 

CONTENTS 

PREFACE .................................................... iii 

SUMMARY .................................................... v 

ACKNOWLEDGMENTS ............................................ vii 

LIST OF FIGURES ............................................ xi 

Section 
I. INTRODUCTION ........................................ 1 

11. LIMITING OF THREE SINUSOIDAL SIGNALS, TWO OF EQUAL 
AMPLITUDE ........................................ 3 

111. LIMITING OF FOUR SIGNALS, AMPLITUDES EQUAL I N  
PAIRS. ........................................... 18 

REFERENCES ................................................. 26 



xi 

LIST OF FIGURES 

1 . Limited signal output components. three inputs . . . . . . . . . . . . .  13 
2 . Three signal suppression (theoretical) ..................... 14 

3 . Three signal suppression (experimental) .................... 1 7  

4 . Limited signal output components. four inputs equal 
in pairs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  23 

5 . Signal suppression. four inputs equal in pairs . . . . . . . . . . . . .  24 



1 

I. INTRODUCTION 

The effect of hard limiting on a sum of signals causes the 

limiter output to contain both signal and intermodulation products. 

The detailed investigation of the dependence of the relative output 

signal levels on the relative input levels is an exceedingly complex 

problem. The theory has been developed for Gaussian signals, (1 Y 2) 

and for one or two sinusoids plus noise.(3-5) The problem of three 

or more sinusoids has generally been regarded as too difficult for 
I 

analytic investigation, though at least one attempt toward its solu- 

tion has been made. (6) 

While the general problem has not been solved, this Memorandum 

presents analytic answers to the input-output level problem for three 

signals, two of equal amplitude, and for four signals, amplitudes 

equal in pairs. The frequencies of all signals have been assumed 

incommensurable and the bandwidths narrow, so no higher modulation 

products appear at the signal frequencies in the output. 

In Section 11, the theory will be developed for three sinusoidal 

signals, and in Section 111, for four such signals. The theoretical 

results are compared with experimental investigations, and extremely 

close agreement is displayed. 

In the two-signal case, limiting produces 6 db suppression of a 

weak signal with respect to a strong signal. For three input signals, 

two equal, there is again 6 db suppression when the single component 

is strong compared to the double components. However, when the 

double components are strong compared to the single component, the 
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phenomenon of "negative suppression" occurs. 

ratio at the input exceeds 2 db, the weak component at the output is 

When the strong to weak 

enhanced with respect to the strong components. This behavior appears 

in both the theoretical and experimental results. 

For four input signals, amplitudes equal in pairs, the "negative 

suppression" again appears when the input strong to weak ratio ex- 

ceeds 6 to 8 db. Again theory and experiment display the same 

character. 

The analysis shows that the suppressive effects of limiting 

decrease as the number of signals increases. 



3 

11. LIMITING OF THREE SINUSOIDAL SIGNALS, TWO OF EQUAL AMPLITUDE 

It has no t  been poss ib l e  t o  solve i n  manageable form t h e  l i m i t i n g  

of t h r e e  signals o f  a r b i t r a r y  amplitude. However, when two o f  t h e  

signals have equa l  ampli tude,  t h e  ou tpu t  can be expressed as a 

r a p i d l y  converging s e r i e s  i n  t h e  r a t i o  of t h e  weak t o  t h e  s t r o n g  com- 

ponent. T h i s  enables  r a p i d  computation of t h e  ou tpu t  l e v e l s  and 

suppression e f f e c t s .  

Le t  t h e  i n p u t  be 

1, w U 2 ,  and w a r e  assumed incommensurable. The where t h e  f r equenc ie s  w 

l i m i t e r  c h a r a c t e r i s t i c  i s  taken t o  be 

3 

e = 1  e > O  ou t  i n  

= o  e = O  

e < O  = -  1 

i n  

i n  

Thus, t h e  ou tpu t  i s  a r ec t angu la r  wave which changes sign a t  the  zero 

c r o s s i n g s  of t h e  inpu t .  

t h e  form 

This  c h a r a c t e r i s t i c  may be represented i n  

W 

e = 2 J G  s i n ( x  e ) 
o u t  x i n  (3) 

0 

When the expres s ion  (1) i s  i n s e r t e d  i n t o  t h i s  i n t e g r a l ,  t h e  s i n e  o f  a 

sum may be transformed by simple trigonometry i n t o  t h e  sum of fou r  

p roduc t s  of s i n e s .  Thus 
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e o u t  n 
0 

s i n ( a x  c o s  r )cos(bx c o s  r )cos(bx c o s  r ) 

+ s in (bx  cos  r )cos(bx cos  r )cos(bx cos  r ) 2 1 3 

+ s in (bx  c o s  r )cos(bx cos  r ) cos (bx  cos  r2) 3 1 

- s i n ( a x  cos  r ) s i n ( b x  cos 1: ) s i n ( b x  cos r ) 
1 2 3 

1 2 3 

The s i n e s  may be expanded 2’r3‘ where r 

as Fourier  s e r i e s  i n  r 

Under the  assumption t h a t  t h e  f r equenc ie s  a r e  incommensurable, t h e  

= wlt+gl and s i m i l a r l y  f o r  r 1 

r 1’ 2’ r3 whose c o e f f i c i e n t s  a r e  Bessel  func t ions .  

expansions need inc lude  only the  cons t an t  and fundamental terms t o  

g ive  t h e  expressions f o r  t h e  s i g n a l  components. To t h i s  o r d e r  

1 s i n ( a x  cos  r ) 4 2 J (ax)cos r 

cos(bx cos  r2) -, Jo(bx) 

1 1 

The output  s i g n a l  components may, t h e r e f o r e ,  be w r i t t e n  as 

e = c c o s  r + d(cos r2 + cos  r ) S 1 3 

m 
2 c = 4 J,(ax) [ Jo (bx) ]  

ll 
0 

d = 3 ll Jo(ax)Jo(bx)Jl(bx)  

( 5 )  

0 

The evaluat ion of t h e s e  i n t e g r a l s  r e q u i r e s  a lengthy sequence of t r a n s -  

formations,  but  l e a d s  t o  a s t r a i g h t f o r w a r d  r e s u l t .  
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Replace J (ax) i n  c by i t s  Poisson i n t e g r a l  r e p r e ~ e n t a t i o n ( ~ 1  1 

nl2 
2ax 2 

0 
J,(ax) = - TT s in  'p cos(ax cos cp)dcp (9) 

and t h e  square  o f  a Bessel func t ion  by t h e  s p e c i a l  c a s e  n = m = 0 o f  

t h e  Neumann i n t e g r a l  r ep resen ta t ion  (Ref. 7 ,  p. 150) 

When these  express ions  are s u b s t i t u t e d  i n  (7) and t h e  o r d e r  o f  i n t eg ra -  

t i o n  changed, t h e  i n t e g r a l  over  x may be  performed by t h e  formula (Ref. 

p. 405) 

7,  

co 4- a > B  

dx J 0 ( m ) c o s  Bx = 0 a < B  
0 

which then l eads  t o  

The l i m i t s  o f  i n t e g r a t i o n  a r e  not  s p e c i f i e d  i n  (12) ,  bu t  go over  t h a t  

p o r t i o n  of t h e  reg ion  0 5 e, cp S - TT which s a t i s f i e s  t h e  ind ica t ed  in-  
2 

e q u a l i t y .  

whether - i s  g r e a t e r  o r  less than one. 

The a n a l y s i s  now sepa ra t e s  i n t o  two c a s e s ,  depending on 

2b 
a 

2b 
a I f  a = - i s  less than one, the  i n e q u a l i t y  p l a c e s  no r e s t r i c t i o n  

on 8 ,  but  l i m i t s  (P. There r e s u l t s  
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n / 2  n / 2  'I 

The t ransformation 

and subsequent s i m p l i f i c a t i o n  y i e l d s  

2 7-2 

J 2 2  c = -  l6 f de s dJr [1-a cos  0 cos  $ 
-3 J 
" 0 0 

Ant ic ipa t ing  l a t e r  resu l t s ,  i n t roduce  t h e  n o t a t i o n  

Since CY i s  less than one, the square r o o t  can be expanded by binomial 

theorem, y i e l d i n g  

Since i t  wi l l  be used i n  s e v e r a l  forms, t h e  g e n e r a l  r e l a t i o n  i s  

(8) now s t a t e d  

n / 2  
2 Y  r (x++)r (y+b) 

2 T(x+y+l) J sin2xcp c o s  cp dcp = 

0 

Spec ia l i z ing  t o  x = 0 ,  y = n + 1 y i e l d s  
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3 r ( % ) r ( n +  3) TT a 

2r (n+2) 2 

= I2  
- n+l - 2n+2 cos Ode = 

0 

Using t h i s  r e l a t i o n  i n  (16) y i e l d s  

2 
a 

c = 2 [ 2 - ;  l-r n n + l  n+l (:)2n+2-i J * < 1  a 

For n l a r g e ,  a i s  approximately (rrn) -3  , whence t h e  s e r i e s  converges n 
2b 
a . Even f o r -  = 1, t h e  s e r i e s  can be evaluated very quickly 

-512 as n 

w i t h  only a desk c a l c u l a t o r  o r  s l i d e  r u l e .  

2b 
a I f  CY = - i s  g r e a t e r  than one, a more complicated sequence of 

t r ans fo rma t ions  i s  r equ i r ed ,  

i n  ( 1 2 ) ,  whi le  ep i s  no t .  

Now 8 i s  r e s t r i c t e d  by t h e  i n e q u a l i t y  

The i n t e g r a l  becomes 

s i n  -1 J1-cos2cp/8 T I  2 
1 6  2 c = - s i n  cpdcp - 3 
" 0 0 [a2cos28-cos 21b  cp 

The t ransformation 

cos' s i n  8 = 41 - + s i n  

b r i n g s  t h i s  i n t o  t h e  form 

The i n t e g r a t i o n  over  JI y i e l d s  the complete e l l i p t i c  i n t e g r a l  of t h e  

f i r s t  k ind ,  ( 9 
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The key to  t h e  s o l u t i o n  i s  t o  expand t h e  e l l i p t i c  i n t e g r a l  K(k) 

i n  powers of t h e  "complementary modulus" k1 = +/-. 
expression invo lves  a logarithm. The f i r s t  fou r  terms of t h e  expansion 

are given i n  Ref. 9 ,  and t h e  complete expansion may b e  determined by 

us ing  the  r e l a t i o n s  between e l l i p t i c  i n t e g r a l s  and hypergeometric 

funct ions.  It proves convenient  to  in t roduce  t h e  a d d i t i o n a l  n o t a t i o n  

The r e s u l t i n g  

, bo = 0 1 1 +- + ... + -  b =- 
n n + l  n + 2  2n 

1 

1 1 
= log 2 + 7 Q ( n 3 i )  - 3 $(n+l)  

where Q denotes the  loga r i thmic  d e r i v a t i v e  of t h e  gamma funct ion.  The 

expansion f o r  K i s  now 

2 cos  2n 4a 2b ] = a 2 [log - 
n 2n n 

CY 

This is s u b s t i t u t e d  i n t o  (23) and t h e  series is then i n t e g r a t e d  term by 

term. Those terms f ree  from logari thms may be evaluated by us ing  (17)  

w i t h  x = 1, y = n ,  y i e l d i n g  

nl2 
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The logari thmic term i s  found by d i f f e r e n t i a t i n g  (17) wi th  r e s p e c t  t o  

y and then s e t t i n g  y = n. The r e s u l t ,  which invo lves  t h e  loga r i thmic  

d e r i v a t i v e  Of t h e  gamma func t ion ,  may be expressed i n  terms of a and n 

bn, g iv ing  

n /2  

[log 2 - bn+ 

a 
2 2n n n  s i n  cp cos  cp log cos 'pdcp = - -- s 4 n + l  

0 

When t h e  expressions are assembled and s i m p l i f i e d ,  t h e r e  r e s u l t s  

m 3  2n 

- = a > 1 (28) 
2b a 

n2b 

A s i m i l a r  technique may be used t o  eva lua te  t h e  c o e f f i c i e n t  d. 

product  of Bessel func t ions  of t he  same argument i s  replaced by a 

Neumann i n t e g r a l ,  which now involves a J funct ion.  

i s  replaced by a Poisson i n t e g r a l ,  and t h e  x i n t e g r a t i o n  i s  performed. 

t h i s  p o i n t  

The 

The new J1 func t ion  1 

At 

For CY < 1, t h e r e  are  no r e s t r i c t i o n s  on e i t h e r  i n t e g r a t i o n  v a r i a b l e .  

Expanding by binomial theorem, and then  us ing  (17) y i e l d s  

- 2  2n 
2b 

na (n+l) a 

a a  
d = b b x  n+l (3) - - < I  

0 

When CY > 1, t h e  i n t e g r a l  i s  b e s t  evaluated by us ing  t h e  method of 

r o t a t i o n s  on t h e  s u r f a c e  of a u n i t  sphere expounded i n  Chapter 12 of 
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Watson's t r e a t i s e . ( 7 )  Since t h i s  method has  no t  appeared very f r e -  

quent ly  i n  t h e  l i t e r a t u r e ,  t h e  i n t e r m e d i a t e  s t e p s  w i l l  be presented.  

F i r s t ,  r ep lac ing  0 by - - 8 i n  (29)  y i e l d s  
ll 
2 

(31) 
n - 1 6 ~ ~  JJ dedv sin'e sin'cp 0 5 8, cp r; 7 ,  cy s i n  8 cos  cp < 1 

7T 1-cy 2 2  s i n  8 cos  2 'p ]4 
Now view 8 and cp as s p h e r i c a l  coord ina te s  on t h e  s u r f a c e  of a u n i t  

sphere. The d i r e c t i o n  cos ines  on t h e  s u r f a c e  a r e  

A = s i n  8 cos  cp 

m = s i n  8 s i n  cp 

n = cos 8 

and t h e  element of s u r f a c e  a r e a  i s  

dG = s i n  ede dcp 

The i n t e g r a l  may now be w r i t t e n  i n  t h e  form 

2 
a,m,n > 0, d = & J  d O m  

3 2 %  2 2 %  n (1-n ) (1-cy 4 ) 

defined by  

(32) 

(33) 

( 3 4 )  

(35) 

The po in t  of  t h e  method i s  t h a t  t h e  i n t e g r a l  i s  i n v a r i a n t  w i t h  r e s p e c t  

t o  a c y c l i c  permutation of  t h e  d i r e c t i o n  c o s i n e s ,  which i s  equ iva len t  

to r e l a b e l i n g  t h e  coord ina te  axes .  Thus, on performing t h e  i n t e r -  

change A -+ n ,  m -+ 1, n -+ m ,  t h e r e  r e s u l t s  
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The r o t a t i o n  has  arranged t h a t  t h e  coord ina te  r e s t r i c t i o n  a p p l i e s  t o  

only  one v a r i a b l e .  Since CY > 1, r e s t o r a t i o n  o f  t h e  0 ,  cp expres s ions  

now y i e  Id s 

3 s i n  0d0 
n / 2  n / 2  

2 2 %  2 2 %  -1 (1-s in 0 s i n  (p) (1-CY cos  0)  

16cu d = -  
3 

= o  cos l / C Y  

The t ransformat ion  

and subsequent s i m p l i f i c a t i o n  g ives  

This  i s  aga in  an e l l i p t i c  i n t e g r a l ,  y i e l d i n g  

where E(k) denotes  t h e  complete e l l i p t i c  i n t e g r a l  o f  t h e  second kind.  

This  may be expanded by a r e l a t i o n  similar t o  (25) 

When (25) and (42 )  are  s u b s t i t u t e d  i n t o  (41) ,  the  r e s u l t i n g  express ion  

may be  i n t e g r a t e d  term by term. Af t e r  many ted ious  s i m p l i f i c a t i o n s ,  

t h e r e  r e s u l t s  t h e  express ion  



1 2  

4 (-j = -  
2 

,rr 

The four  expressions (19) ,  (28) ,  (30 ) ,  and (43) g i v e  t h e  amplitude 

of t h e  s i n g l e  and double ou tpu t  components f o r  a l l  v a l u e s  of t h e  ampli- 

tudes of the inpu t  components. They a r e  p l o t t e d  a g a i n s t  t h e  r a t i o  b / a ,  

t h e  double t o  s i n g l e  r a t i o ,  i n  Fig.  1. For b / a  s m a l l ,  t h a t  i s ,  weak 

double component, t h e  s i n g l e  component tends t o  4/rr while  t h e  double 

component vanishes  as 2b/na. 

ponent,  the double component tends t o  8/n2 while  t h e  s i n g l e  component 

For b / a  l a r g e ,  t h a t  i s ,  weak s i n g l e  com- 

16b 
vanishes  as +( log  a +$). A t  b / a  = 1, o r  t h r e e  equa l  components, 

r r b  
t h e  output  ampl i t i de  i s  . 6 6 i 3 .  

case i s  ~ ( . 6 6 8 3 ) ~  = .670. 

equa l  s i g n a l s  has been computed by W. Doyle, u s ing  a d i g i t a l  computer 

s imulat ion program. He o b t a i n s  t h e  va lue  .669, d i s p l a y i n g  e s s e n t i a l l y  

The t o t a l  s i g n a l  power ou tpu t  i n  t h i s  

3 The l i m i t e d  s i g n a l  power ou tpu t  f o r  t h r e e  
* 

p e r f e c t  agreement. 

To compare theory wi th  experiment,  s i g n a l  suppres s ion  w i l l  be 

This  i s  denoted by y ,  and i s  de f ined  as t h e  q u o t i e n t  o f  t h e  considered. 

weak t o  s t rong component r a t i o  a t  the l i m i t e r  ou tpu t  t o  t h e  weak t o  

s t r o n g  r a t i o  a t  t he  input .  Thus 

= -  d / c  a l b  > 1 b l a  

( 44) 

(45) 

The f i r s t  ca se  corresponds t o  a weak s i n g l e  component and s t r o n g  double 

components, t h e  second t o  weak double and s t r o n g  s i n g l e .  I n  F ig .  2 ,  

* 
Corporation. 

P r i v a t e  communication from W. Doyle, Consul tant  t o  The RAND 
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t h e  suppress ion  r a t i o  y i s  p lo t t ed  i n  d e c i b e l s  aga ins t  t h e  inpu t  r a t i o  

b / a  i n  a b s o l u t e  dec ibe l s .  

r educ t ion  of t h e  weak component. 

Pos i t i ve  d e c i b e l  va lues  of y correspond t o  

The behavior  o f  t h e  r a t i o  y i s  convent iona l  f o r  t h e  one s t rong-two 

weak case ,  I t  s tar ts  a t  zero db f o r  equal  components and r i s e s  r a p i d l y  

as t h e  s i n g l e  component increases .  For t h e  s i n g l e  component very  s t r o n g  

compared t o  t h e  double component, y tends  t o  6 db (or a v o l t a g e  f a c -  

t o r  of 2).  Th i s  l i m i t i n g  6 db behavior has  been known f o r  many y e a r s ,  

and has  been used as a d e s c r i p t i o n  of t h e  in t e r f e rence - suppres s ing  

p r o p e r t i e s  of  a l i m i t e r .  

However, t h e  behavior of t h e  r a t i o  y i n  t h e  one weak-two s t r o n g  

c a s e  i s  most unusual .  The r a t i o  r ises  very s l i g h t l y ,  t hen  r e v e r s e s ,  

c r o s s e s  ze ro  aga in  a t  an  inpu t  r a t i o  of  2 . 2  db,  and goes slowly t o  

nega t ive  va lues .  For b /a  l a r g e ,  t h e  suppress ion  r a t i o  behaves asymp- 

t o t i c a l l y  as 

y(db) -, - 20 log10[.818 + .576 loglo ] 
6 and tends  very slowly t o  -m. Even f o r  an  inpu t  r a t i o  b / a  5 10 , t h e  

suppress ion  r a t i o  i s  only -12 .5  db. 

This  behavior  i n d i c a t e s  t h a t  i n  t h e  one weak-two s t r o n g  c a s e ,  hard 

l i m i t i n g  enhances t h e  weaker component w i th  r e s p e c t  t o  t h e  s t r o n g e r  

components a t  l a r g e  inpu t  r a t i o s .  It i s  no t  enhanced i n  a b s o l u t e  

v a l u e ,  but  tends  t o  ze ro  as shown i n  Fig.  1. Therefore ,  under t h e s e  

circumstances t h e  l i m i t e r  d i sp l ays  "negat ive  suppress ion .  'I 

The exp lana t ion  of t h i s  e f f e c t  may b e  as fol lows:  S ince  t h e  

f r equenc ie s  a r e  incommensurable, t h e r e  w i l l  be t i m e s  when t h e  two 
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s t r o n g  components a r e  n e a r l y  180' out of phase. The weak component 

t hen  e x e r t s  an i n o r d i n a t e  e f f e c t  on t h e  zero c r o s s i n g s  of t he  inpu t  

s i g n a l ,  and t h e  l i m i t e r  squares  up t h e  waveform t o  enhance t h e  weak 

component. 

t o t a l  enhancement i s  moderate. However, i t  i s  s u f f i c i e n t  t o  r e v e r s e  

t h e  normal behavior of t h e  two weak-one s t r o n g  c a s e ,  and t o  produce 

s l i g h t  negat ive suppression.  

Since t h e  180' phase c o n d i t i o n  i s  r e l a t i v e l y  r a r e ,  t h e  

To demonstrate t h a t  t h i s  e f f e c t  i s  n o t  pu re ly  mathematical ,  an  

experimental  curve of t h r e e - s i g n a l  suppression by l i m i t i n g  i s  pre- 

sented i n  Fig.  3.  This  curve w a s  ob ta ined  by members of t h e  P h i l c o  

Corporation Western Development L a b o r a t o r i e s ,  who very k ind ly  gave 

permission t o  reproduce i t  i n  t h i s  r e p o r t .  The t h e o r e t i c a l  and ex- 

per imental  curves ag ree  wi th in  + db f o r  a l l  i npu t  v a l u e s ,  and a r e  much 

c l o s e r  f o r  most va lues .  The nega t ive  suppression i s  very c l e a r l y  d i s -  

played i n  the experimental  curve,  and may be regarded as e s t a b l i s h e d .  

* 

Figures  1 and 2 ,  w i th  t h e  co r robora t ing  experimental  curve of 

Fig. 3 ,  g ive  a complete p r e s e n t a t i o n  of  t h e  t h r e e - s i g n a l  o u t p u t  ampli- 

tudes when t h e r e  i s  no c r o s s t a l k  and two of t h e  t h r e e  i n p u t  amplitudes 

a r e  equal. The experimental  c o n d i t i o n s  were c a r e f u l l y  ad jus t ed  t o  meet 

such circumstances,  and t h e  experimenters  were n o t  aware of t h e  e x i s t -  

ence of t h e  theory presented i n  t h i s  Memorandum a t  t h e  t i m e  they p e r -  

formed t h e i r  experiments. Also,  t h e  theory w a s  developed b e f o r e  t h e  

au tho r  had seen t h e  experimental  r e s u l t s ,  which were o r i g i n a l l y  com- 

municated t o  him by N. Feldrnan o f  The RAND Corporation. 

* 
P r i v a t e  communication from R. S. Davies and w. Wood of t h e  

P h i l c o  Corporation, Western Development Labora to r i e s .  
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111. LIMITING OF FOUR SIGNALS, AMPLITUDES EQUAL I N  PAIRS 

The gene ra l  f o u r - s i g n a l  ca se  has proved i n t r a c t a b l e ,  but  i t  has 

been poss ib l e  t o  so lve  the  c a s e  where t h e  amplitudes a r e  equa l  i n  

p a i r s  using methods similar t o  t h e  t h r e e - s i g n a l  case.  The i n p u t  

s i g n a l  i s  now 

e = a (cos  r + cos r ) + b(cos r + c o s  r ) (47 )  i n  1 2 3 4 

I f  t h e  f requencies  a r e  incommensurable, t h e  ou tpu t  s i g n a l  may be w r i t t e n  

i n  t h e  form 

e =  COS r + cos r ) + d(cos r + cos  r ) ( 4 8 )  S 1 2 3 4 

By us ing  t h e  i n t e g r a l  r e p r e s e n t a t i o n  (3) for  t h e  l i m i t e r  c h a r a c t e r i s t i c  

and expansions s i m i l a r  t o  those of Sect ion 11, the  c o e f f i c i e n t s  c and 

d a r e  evaluated a s  

m 

2 c = 17 X Jo (ax ) J l ( ax )  ( Jo (bx) )  
0 

m 

0 

I n  terms of t he  r a t i o  CY, de f ined  by 

c and d a r e  connected by 

b 
a 

c y = -  

d(a )  = c ( 2 )  

Hence, only one of t he  i n t e g r a l s  need by evaluated.  R e l a t i o n  

(52) i s  obvious from t h e  symmetry of t h e  i n p u t  s i g n a l  ( 4 7 ) .  The CO- 

e f f i c i e n t  c i s  given d i r e c t l y  as a f u n c t i o n  o f  CY by 
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m 

2 % 
2q-i s i n  B s i n  8 cos  

2 s i n  $ = [I - 
CY 

0 

Again, r ep lace  t h e  square  of  a Bessel func t ion  by a Neumann i n t e g r a l  

involv ing  J t h e  product  J J by a Neumann i n t e g r a l  involv ing  J and 

t h a t  J by a Poisson i n t e g r a l .  

i n t e g r a l ,  and t h e  z i n t e g r a t i o n  may be  performed immediately by ( l l ) ,  

y i e l d i n g  

0 ’  0 1  1’ 

The expres s ion  f o r  c becomes a quadruple  1 

2 2 
CY cos  $ > s i n  8 cos cp = 32 [[J dOdcpd$ s i n  8 s i n  cp 

4 C ”  2 2  2 2 %  n (CY cos  $ - s in  8 cos  cp) 
( 5 4 )  

A s  befo re ,  t h e  a n a l y s i s  s epa ra t e s  i n t o  t h e  two c a s e s ,  CY g r e a t e r  

o r  less than  1. I f  CY > 1, t h e  i n e q u a l i t y  i n  ( 5 4 )  does n o t  res t r ic t  

8 o r  q ,  and t h e  i n t e g r a l  becomes 

-1 1 n/2  cos  (; sinecoscp) 

( 5 5 )  
d$ 

2 1  2 2 %  (cos $- 2 s i n  Bcos cp) 
CY 

4 
0 

The t r a n s  forma t ion  

b r i n g s  t h i s  i n t o  t h e  form 

d8dcpdB sinLB sinLcp 
4 

2 
CY 

( 5 7 )  

The B i n t e g r a t i o n  i s  an e l l i p t i c  i n t e g r a l .  Thus 
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This  e l l i p t i c  i n t e g r a l  i s  expanded i n  power series by a form analogous 

t o  (25) ,  y i e l d i n g  

0) 2 n l 2  

- 2b ] (59) c = n d13dpin2n+2 Bsin cpcos V[-log sinecoscp 
2 2n 4a  a x$ 

0 

A l l  t h e  i n t e g r a l s  appear ing  h e r e  may be  found from (17) o r  i t s  de r iva -  

t i v e .  A f t e r  much a l g e b r a i c  r educ t ion  

For CY < 1, t h e  i n e q u a l i t y  i n  (54) a f f e c t s  a l l  t h r e e  v a r i a b l e s .  

To e f f e c t  t he  i n t e g r a t i o n ,  aga in  use  t h e  method of  r o t a t i o n  on a 

u n i t  sphere.  

and t h e  area element by (35),  b r ings  c i n t o  t h e  form 

In t roducing  d i r e c t i o n  cos ines  by (32 ) ,  (33 ) ,  and ( 3 4 ) ,  

Cycl ic  interchange -+ n ,  m 4 A ,  n - m y  followed by a r e t u r n  t o  t h e  

8 ,  cp r ep resen ta t ion ,  g ives  t h e  r e s u l t  



I “ ‘  
2 1  

The i n e q u a l i t y  does no t  r e s t r i c t  cp. Since cy i s  less than 1, t h e r e  w i l l  

be no v a l u e s  o f  Jr which s a t i s f y  the  i n e q u a l i t y  u n l e s s  cos  8 < cy. There- 

f o r e ,  t h e  i n t e g r a l  w i t h  l i m i t s  i n s e r t e d  becomes 

The t r a n s  formations 

COS e = CY COS p 

s i n  JI = s i n  $ s i n  7 

Tr 
g ives  l i m i t s  0 and - f o r  both P and T, and t h e  s i m p l i f i e d  form 2 

In t roduce  a new s e t  of sphe r i ca l  coord ina te s  B y  ‘il, wi th  a p p r o p r i a t e  

d i r e c t i o n  c o s i n e s  and area element. Then 

Cycl ic  i n t e rchange  m * n ,  n -, A ,  J?, + m y  and r e s t o r a t i o n  o f  t h e  8 ,  7 

r e p r e s e n t a t i o n  b r i n g s  t h i s  i n t o  t h e  form 
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The integration is equivalent to that in ( 4 0 ) ,  whence 

7712 
c = 2 4 Jdpd*q[E(Jl-o? 1- sin"pcos27)-o2sin2@cos2q K(Jl-2 sin2j3cos2?l)] (69) 

0 n 

The elliptic integrals again are expanded by (25) and ( 4 2 ) ,  and all the 

integrations become special cases o f  (17). Finally 

m 2 2  

(70) 
16 a a  

c = 1 2 -  1 n+' a2n+2{log - CY -2bn-2bn+l+ 2(n+l) 
(n+l> 

0 TI 

Figure 4 shows the limited output components as a function of b/a. 

If one input pair, for example b, is small, the output for the large 

term c tends to - and the output for the small term d tends to 2 
(log 16~~-7). At CY = 1, the four equal signals case, the output amplitude 

is .5726. 

8 2 
2 rra n 1 

The total power is then 2(.5726)' = .656. This is in exact 

agreement with the number computed by W. Doyle using digital computer 

simulation. 
* 

The signal suppression is computed directly from (60) and (70), 

and the result is graphed in Fig. 5. Experimental points, obtained by 
* 

the Philco Corporation, are also shown on Fig. 5. While the agreement 

is not as perfect as in the three input signals investigation, the 

experimental points still lie within 0 .5  db of the theoretical curve. 

Again, the signal suppression rises slowly from zero db, reaches 

a maximum, and goes negative. The crossover is at 8 .5  db (theoretical) 

* 
Private communication from W. Doyle. 

Private communication from R. S. Davies and W. Wood of the Philco ** 
Corporation, Western Development Laboratories. 
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or 6 db (experimental). For large input ratios, the "negative 

suppression" increases very s l o w l y  toward large negative values. The 

explanation of this phenomenon is the same as for the three-signal 

case. 
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