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The moments of gat ing of s igna ls  with a l i m i t e d  spectrum, which assure  

a maximum speed of convergence of a Kotelnikov s e r i e s ,  a r e  selected.  

i s  a l s o  made of the d i s c r e t e  values of a s igna l  with a l imi ted  spectrum. These 

values a r e  in  fact  Fourier coe f f i c i en t s  of s p e c t r a l  densi ty  which s a t i s f y  the 

A choice 

zero boundary condi t ions along the phase. 

INTRODUCTION 

Discrete  (harmonic) cor rec tors  (Fig.  1) a r e  used widely f o r  the compen- 

s a t i o n  of d i s t o r t i o n s  wi th in  the information t ransmi t t ing  channels (Ref. 1, 2) .  

The c a l c u l a t i o n  and adjustment o f  these cor rec tors  i s  made i n  accordance to  

the i n s t a n t  values g ( t  + M t )  (k = 0 ,  tl, 22, ... ) of the p u l s e  r e a c t i o n  of 

the communication channel g ( t ) ,  which i n  the s implest  case is  a low frequency 

s igna l  with a p r a c t i c a l l y  l imited spectrum. 

0 

delays in=JFu 
output r: 

Fig. 1 

The l a t t i c e  funct ion (d i sc re t e  reac t ion)  g ( t o  + k At) (Fig.  2)  i s  obtained 

by ga t ing  ( se l ec t ion )  of the function g ( t )  i n  accordance with the Kotelnikov 

theorem. A number of questions'arise here ,  the sense of which i s  contained 

i n  the following. It  i s  absolutely necessary t o  determine the value of to, a t  

which the d i s c r e t e  r e a c t i o n  g( to + k At) descr ibes  i n  a n  idea l  manner the con- 

t inuous r e a c t i o n  g ( t ) ,  i .e. the value to, a t  which the r a t e  of decrease of the 

s e l e c t i o n s  of g ( t o  + k At) w i t h  the growth of k is  a t  a maximum and the s p e c t r a l  

c h a r a c t e r i s t i c  of g ( t )  and g ( t o  + k 4 t )  (k = 0, 1, 2 ,  ... ) coincides with the 

frequency range i n  question. In  addi t ion i t  is necessary to  poin t  out  the r u l e  



f o r  numeration of the d i s c r e t e  values g( to + k A t ) ,  according t o  which these 

a r e  i n  f a c t  Fourier c o e f f i c i e n t s  of spec t r a l  density.which s a t i s f y  the zero 

boundary conditions along the phase. 

__ 
Fig. 2 

The purpose of t h i s  paper is t o  give a reply t o  these questions.  

STATEMENT OF THE PROBLEM 

L e t ' s  assume t h a t  we have a function of t i m e  g( t ) ,  the s p e c t r a l  densi ty  

G(iw) of which is  l imited by a ce r t a in  frequency wc (G(iw)l = 0 when I w 1 > wC. 

In  other  words g ( t )  i s  the pulse r e a c t i o n  of the low frequency channel, 

the transmission c o e f f i c i e n t  G(iuy) of which is l i m i t e d  sharply along the bend 

.of the  t ransmit t ing f requenc ies . 
I t  is necessary t o  expand g ( t )  i n t o  a Kotelnikov series*: 

i n  order  to  f u l f i l l  the following conditions: 

1) the spec t r a l  densi ty  of the s e r i e s  i n  Equation (1) c( iw) is  equal t o  

the s p e c t r a l  densi ty  of the function g ( t )  throughout the  s e c t i o n  [-Wc, wC], 
including the boundary poin ts  kw : G(iw) = G(iw), I w l S  wc,  and consequently 

the symbol f o r  agreement i n  Equation (1) can.be s u b s t i t u t e d  by the symbol f o r  

equa 1 i ty ; 

- 
C 

*The symbol - is  the symbol of agreement which ind ica tes  t h a t  the s p e c t r a l  
d e n s i t i e s  of the r i g h t  and l e f t  parts a r e  equal i n  the case of a l l  w, with the  
exception of s p e c i f i e d  points .  
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2 )  the expansion should be ca r r i ed  ou t  i n  such a manner t h a t  the c o e f f i -  

c i e n t s  i n  Equation (1)  g ( t o  + k At)  should decrease a t  a possibly maximum 

speed, i .e.  t h a t  the s e r i e s  i n  Equation (1) should agree with the maximum 

speed, and when k is  f i n i t e  ( f o r  instance,  m 2 k 2 -n) would approximate g ( t )  

i n  the most favorable manner. 

I f ,  during the expansion of the func t ion  g ( t ) ,  the conditions 1) and 2)  

are  s a t i s f i e d ,  then we  consider t h a t  g ( t )  is represented i n  a n  optimum manner 

by the Kotelnikov series. 

I f  the f i r s t  condi t ion  is  no t  s a t i s f i e d ,  then it  is  impossible t o  a d j u s t  

the  harmonic co r rec to r  according t o  the d i s c r e t e  r ep ly  g ( t o  + k A t )  of the 

communication channel i n  such a manner t h a t  the amplitude-frequential  and 

and phase-frequential  c h a r a c t e r i s  t i c s  of the  channel would thereby become cor- 

r e c t e d  along the e n t i r e  0 to  wc range. Nonfulfi l lment of the second condi t ion  

resu l t s  i n  an  u n j u s t i f i e d  complication of t he  co r rec to r  s ince  i t  is  necessary 

t o  take i n t o  considerat ion a l a rge  number of terms of the s e r i e s  i n  Equation 

(1) 

The c a l c u l a t i o n  and adjustment of the  harmonic co r rec to r s  i s  accomplished 

according t o  the d i s c r e t e  r e a c t i o n  g ( to  + k At)  without considerat ion of to, 

i.e. according t o  the s p e c t r a l  density E(iw) of the funct ion g ( t  - t o )  ( t h e  to 

l a g  is  n o t  co r rec t ed ) .  

- 

According t o  a previously published paper (Ref. 3)  the  harmonic c o r r e c t o r  - 
compensates f o r  the d i s t o r t i o n  of frequency c h a r a c t e r i s t i c s  E( iw) along the 

e n t i r e  frequency range [O t o  wc], including the po in t  wc, only i n  the case when 

G( iw) sa t i s f  ies the boundary conditions along the  phase 
- 

a r g  G(iwc) = 0. (2 )  

A ques t ion  a r i ses  i n  conjunction wi th  t h i s  problem on the c o r r e c t  numera- 

t i o n  of the d i s c r e t e  pulse  r e a c t i o n  g( to + k A t ) ,  which might be formulated as 

follows. 

a29 * * * ,  an- l ,  a n' about which i t  is known t h a t  these are i n  f a c t  i n s t a n t  values  

of t he  func t ion  g( t ) .  

al , Let ' s  assume t h a t  we have a f i n i t e  sequence of the numbers aof 

I t  is  necessary t o  numerate c o r r e c t l y  t h i s  sequence, i.e. t o  determine 

which of the  ak 'va lues  are equal t o  g ( t o ) ,  g( to  + A t ) ,  g ( t o  - A t ) ,  e tc. ,  SO a s  

3 



4 

t o  s a t i s f y  thereby the requirements of the second condition. The problem i s  

reduced to  the f inding of the value g( t o ) ,  which is known a s  the 

re ference  value.  The remaining values of g ( t  

A nonfulf i l lment  of these requirements leads t o  the f a c t  t h a t  i t  migh t  no t  be 

poss ib le  q u i t e  f requent ly  t o  a d j u s t  the co r rec to r  according t o  the pulse reac- 

t i o n  g ( t ) .  

basic  

+ k At) a r e  obtained automatical ly .  
0 

OPTIMUM REPRESENTATION OF A FUNCTION WITH A 
LIMITED SPECTRUM BY THE KOTELNIKOV SERIES 

W e  s h a l l  expand the G(iw) spec t ra l  dens i ty  i n t o  a Fourier s e r i e s  along 

the s e c t i o n  [-w,,cuC]: 
m 

G (io) - 2 c K e i * K A  , ( A t = : ) ,  
- W  

where (Ref. 4 )  
C-,=Atg(t ,+Kht) ,  ( K = 0 , &  1, + 2  ,... ), 

It  is  known t h a t  a Fourier s e r i e s  of the G(iw) func t ion  coincides with , 

the  values  of the given funct ion throughout the I w I <  wc i n t e r v a l ,  provided 

t h a t  t h i s  i s  a continuous func t ion  within the indicated in t e rva l .  During the 

f u l f i l l m e n t  of t h i s  condi t ion i t  i s  possible  t o  p u t  down t h e  following: - 
G ( i o ) = G ( i w ) ,  iw1<wC. (3 

L e t  u s  examine the behavior of the s e r i e s  i n  Equation ( 3 )  a t  the poin t  

of t he  s a l t u s  of the func t ion  f o r  the following cases:  

i s  a continuous func t ion  of lw l<  wc. 
co inc ides  a t  the poin t  wk with the  values of the module and the argument 

(Fig.  3 ) :  

1. The module 1G(iw)1 has  a d iscont inui ty  a t  the poin t  wk; a rg  G(icu) 

The Fourier  s e r i e s  of such a func t ion  

t h a t  i s  E(iwk) # G(iwk). 
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Fig. 3 

2.  The argument of the spec t ra l  densi ty  G(iw) contains  a d i scont inui ty  

a t  the point  Wk, and the module IG(iw)l is a continuous funct ion of (I./< wc). 

This case represents  the g r e a t e s t  i n t e r e s t  because i t  uncovers one of the 

c h a r a c t e r i s t i c s  of convergence of a Fourier s e r i e s  oZ a complex function. This 

c h a r a c t e r i s t i c  is contained i n  the f ac t  t h a t  the Fourier s e r i e s  of a complex 

funct ion with a d i scont inui ty  of the argument coincides  with the following 

values (Fig. 4a,b):  

(6 )  

(7) 

I 2 '  I I B(i w,) 1 = \G (i ox> cos yz 

a r g z  (i ox) = +y2  
2 '  

where cp1 = a rg  G(iwk + 0 ) ,  'p2 = arg G(iwk - 0 ) .  

Thus we observe a t  the point  wk a defec t  of the funct ion I C (  i w ) l ,  which 

i s  contained i n  the f a c t  t h a t  t h e  value of IE(iwk)l drops out  of the general 

course of the curve IG(iw)l (Fig. 4a). The d iscont inui ty  i n  the phase leads 

t o  a change of the amplitude of the spec t r a l  component wk.  

The amplitude e r r o r  depends on the magnitude of the s a l tu s  i n  the 'pl - cp2 

phase and when cpl - 'p2 = m ( n  = 1,3,5,. . .) IG(iwk) I = 0, i .e.  the wk harmonics 

i s  absent  i n  the spectrum of G(iw) and e( iw).  I n  the case when the n a r e  even 

( n  = 0,2 ,4 , .  . .) IG( iwk)l=lE( iwk)l d i s to r t ions  of the amplitude 'of the Wk component 

a r e  a l s o  absent.  

3. The module G(iw) and the argument a rg  G(iw) conta in  d i s c o n t i n u i t i e s  I I  
a t  the po in twk .  

Wk with the values: 

The Fourier s e r i e s  of such a funct ion agrees  a t  the poin t  

VI 4 Y l  - 
a r g  G ( i  w K )  = 

_- 2 
.. 
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4 .  Let ' s  assume t h a t  G(iw) i s  continuous along the sec t ion  [-wc, wc] .  

w < wc, with the The equa l i ty  ( 5 )  i s  thereby c a r r i e d  out  for  a l l  values of 

except ion of the boundary points  hc, i n  the case of which the Fourier s e r i e s  

according t o  the module and the argument, with the i n  Equation (1) agrees ,  

values  : 

where 'pc = a r g  G(iwc). 

Consequently E (  i w c  # G(iwc). 

from the Equations ( 6 )  and ( 7 ) ,  i f  we assume t h a t  cpl = - q ~ .  
Equation (8) t h a t  only a f t e r  the boundary condi t ion  

The formulas i n  Equation (8) a r e  obtained 

I t  follows from 

yc = argC(i 0,) = 0 ( 9 )  

is  c a r r i e d  ou t ,  the equal i ty  E(iw) = G(iw) 

s i g n  f o r  correspondence i n  Equation (1) w i l l  be subs t i t u t ed  by a s ign  fo r  

e q u a l i t y  . 
( l w \ <  wc) w i l l  be t r u e ,  and the 

Any given func t ion  of G(iw), which i s  continuous along the sec t ion  [wc, wc] 
can be converted i n  such a manner tha t  i t  w i l l  s a t i s f y  the condi t ion  out l ined  

i n  Equation (9), i f  we proceed a s  follows. We s h a l l  mult iply G(iw) by eiWto, 

by s e l e c t i n g  

(10) 
i--% 0 -  

% 

which is  equivalent  t o  the subt rac t ion  of the shaded s e c t i o n  from the charac- 

t e r i s t i c  of ~ ( w )  = a r g  G(iw), a s  indicated i n  Fig. 

aic w '0 wK *C * 
Fig. 4 

5 .  

Fig. 5 

The obtained func t ion  E (  i w )  = G( iw)eiwto s a t i s f i e s  the  boundary condi t ion  

of Equation ( 9 ) ,  consequently the Fourier s e r i e s  of the func t ion  

-00 
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coincides throuhout the [-wc, wc] sect ion with the values of the funct ion 

E(iw). By r e s t a t i n g  Equation (11) as follows: 

and by taking the rec iproca l  Fourier conversion of both pa r t s  w e  o b t a i n  

The given Kotelnikov s e r i e s  represents  accurately the i n i t i a l  g( t) function. 

Consequently the s e r i e s  presented i n  Equation (1) def ines  accura te ly  a 

funct ion with a l imited spectrum, provided tha t :  

a )  i t s  complex densi ty  G(iw) i s  continuous along the w S wc s ec t ion ;  

b) the t o  parameter i s  chosen in  accordance with Equation (10). 

I t  should be emphasized t h a t  of the four examined cases  the  g r e a t e s t  i n t e r -  

e s t  is  presented by the l a s t  case,  because p r a c t i c a l l y  a l l  s igna l s  a r e  charac- 

t e r i zed  by a continuous spec t r a l  density.  However the p o s s i b i l i t y  of the 

presents  of s igna l s  with a sal tus  i n  the phase and amplitude c h a r a c t e r i s t i c s  

i s  not  excluded. An example of the a c q u i s i t i o n  of such a s igna l  is given i n  

Fig. 6 .  A pulse sequence with a T-period of succession (Fig.  6a) ,  the spec t r a l  

dens i ty  of which is  a per iodic  function and contains  d i c o n t i n u i t i e s  a t  the 

poin ts  wc = 

frequency 

.R (Fig. 6b), is passed through a .low frequency f i l t e r  with a a r i t i c a l  

of w l  > wc, i n  r e s u l t  of which w e  ob ta in  a s igna l  with a l imi ted  
/ 

spectrum and a sal tus  of the spec t ra l  densi ty  (Fig.  6c). 

Fig. 6 
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We s h a l l  show now t h a t  by se lec t ing  to i n  accordance w i t h  Equation (10) 

the values of the l a t t i c e  funct ion g(to+kAt) decrease a t  a maximum possible  

r a t e  with the increase of k ,  and consequently the s e r i e s  presented i n  Equation 

(1) converge a t  a maximum possible  r a t e ,  and i n  the case of the given values 

of k ( -n  S k < m) the p a r t i a l  sum 

w i l l  approximate the g ( t )  funct ion i n  the b e s t  way. - 
We s h a l l  separa te  the ac tua l  and imaginary par ts  of the funct ion c(iw) 

E (  iw) = A(w) + iB(w), where A(w) = I:( iw) Icos cp(w), B(w) = lE(iw)l s i n  cp(w>. 

During the expansion of E(iw) i n t o  a Fourier series the func t ion  A(w) is  re -  

presented by a s e r i e s  along the cosines and B(w) i s  represented by a s e r i e s  

along the s ines  : 
A ((I)) - . CI, cos ii A I (I), / j(m) --: 2 / I ,  sin I{  A LOP, 

(1 1 

where ak  = ck  + C-k, bk = ck - c,k. 

I f  the A(w) and B(w) funct ions a r e  continuous along the w S we s e c t i o n  

and they s a t i s f y  the boundary conditions of A(wc) = A(-wc), B(wc) = B(-wc) = 0, 
1 

then the c o e f f i c i e n t s  decrease a t  a r a t e  of Q, and the bk c o e f f i c i e n t s  decrease 

a t  a r a t e  of i-3 (Ref. 5). 

1 aktbk than i -2,  because ck  = - 
1 The coe f f i c i en t s  Ck decrease a t a  r a t e  of no t  l e s s  

ak-bk and C-k = - 2 .  2 

The boundary condi t ion f o r  B(w) i s  f u l f i l l e d  only through the s e l e c t i o n  

of to i n  accordance with Equation ( l o ) ,  otherwise B(wc) # B(-wc) # 0. conse- 

quently the bk c o e f f i c i e n t s  decrease a t  a r a t e  of and the r a t e  of decrease 

of Ck drops t o  - a l so ,  i.e. by k times. 1 
k 

The reasonings on the r a t e  of decrease of the  Ck c o e f f i c i e n t s  a r e  t rue  

a l s o  i n  r e s p e c t  to the l a t t i c e  funct ion g ( t o  + k A t )  , on the s t r e n g h t  of the 

c o r r e l a t i o n  ( 4 ) .  

The s ta ted considerat ion shows t h a t  a c o r r e c t  choice of the to parameter 

raises the r a t e  of decrease of the values of g( to + k A t )  by k times. 

the indicated c h a r a c t e r i s t i c  should be  taken i n t o  considerat ion during the 

s e l e c t i o n  of a funct ion with a l imited spectrum. 

with a l i m i t e d  spectrum mus t  be accomplished not only synchronously, but  a l s o  

Therefore 

Thus the ga t ing  of a funct ion 
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i n  phase with the h ighes t  wc frequency. 

We s h a l l  mention one c h a r a c t e r i s t i c  of the examined optimum gating. Since 

the c o e f f i c i e n t s  i n  the s e r i e s  of Equation (l), g ( t o  + k A t ) ,  drop t o  i n f i n i t y  

a t  a r a t e  of - and the  envelope functions 1 
k 

sin oc [t  - (to -$ uz A f ) ]  (m=0, I ,  2.. .) 
a c [ f  - ( f O $ . n t A t ) ]  

1 drop a t  a r a t e  of T;- ( t  = k At ) ,  then i n  the presence of a s u f f i c i e n t l y  l a r g e  

t ,  ( t "  =j the  series i n  Equation (1) a re  described asymptot ical ly  by the func- 

t i o n  

( D  i s  a s p e c i f i e d  cons t an t ) ,  the  zeros of which a re  d i s t r i b u t e d  a t  the (to+k A t )  

points .  I t  is  the re fo re  possible  to  s t a t e  t h a t  the  optimum ga t ing  d i c t a t e s  

such a s e l e c t i o n  of to, a t  which the gat ing i s  c a r r i e d  o u t  a t  the zeros of t he  

g ( t )  func t ion  i n  the presents  of a s u f f i c i e n t l y  high t. 

Evidently i f  g ( t )  is a n  even function i n  r e s p e c t  t o  a s p e c i f i c  moment of 

t i m e ,  t', then i t  is necessary to  s e l e c t  to=t'and t h i s  w i l l  assure a n  optimum 

g ( t )  gating. 

SELECTION OF A BASIC REFERENCE PULSE 
n 

- 1 0 h . J I  We s h a l l  cons t ruc t  a trigonometric polynomial Q = E  age 
ti=o 

which, when c o r r e c t l y  numerated, represents  a p a r t i a l  sum of the Fourier ser ies  

of s p e c t r a l  densi ty  E(iw) i n  Equation (11) and has the re fo re  the c h a r a c t e r i s t i c  

a r g  Q = 0 

ion p r i n c i p l e  of the sequence {ak]. 

a manner t h a t  they w i l l  represent  c o e f f i c i e n t s  of the Fourier  s e r i e s  of the 

func t ion  which s a t i s f i e s  the boundary condi t ion of Equation ( 9 ) .  

t he  w frequency from w = 0 to  w = wc the  Q-vector w i l l  descr ibe a n  angle equal 

zero wi th in  the complex plane .  

(w = wc). This c h a r a c t e r i s t i c  i s  included included i n  the numerat- 

The a k  valuesshould be numerated i n  such 

By changing 

The angle  described by the  Q-vector w i l l  equal zero only i n  the case when 

the Q-polynomial is mul t ip l ied  by the ewinlA m u l t i p l i e r  

o r  by changing the numeration of the ak values:  

9 



I I U t i  d, 1 
11 - 1 1 ,  

Q, = iL;; c- 9 ( a ;  = ~ L I ' + , , , )  9 

ti - 1 1 ,  

/ I  

where n1 is the number of r o o t s  of the algebraic  polynomial 

along the  module. These r o o t s  are l e s se r  than a u n i t  ( i . e .  they are located , 

w i t h i n  the z complex plane in s ide  of a u n i t  r ad ius ) .  

p(xj -1 ul,xl' 

I ,  ' j  

We consider t h a t  the P(x) polynomial does no t  contain any r o o t s  which are  

located on the c i r c l e  of a u n i t  rad ius ,  and t h i s  corresponds t o  the  case when 

IG(iw)l# 0 ( I w \ S  wc) (Ref. 6 ) .  By comparing the c o e f f i c i e n t  of the Q1 poly- 

nomial with the values  of g ( t o  + k At) we obtain:  

6 ( 1 0 )  = ~ , , l ;  (to+>At) =unl+ I ;  6 ( l o + I A f )  =anl$-'!* 

Thus the s e l e c t i o n  of a basic  reference value is  reduced t o  the f inding 

of the number of r o o t s  of the P(x) polynomial, the module of which i s  less 

than a u n i t .  

EXPERIMENTAL VERIFICATION 

The harmonic c o r r e c t o r s  a r e  calculated and adjusted according t o  the d i s -  

c r e t e  values of the p u l s e  r e a c t i o n  of the low frequency communication channel. 

Such r e a c t i o n s  r ep resen t  f o r  a l l  p r a c t i c a l  purposes s i g n a l s  wi th  a l imi t ed  

spectrum and therefore  the preceding considerat ions apply i n  t h e i r  case. 

% - -  
Fig. 7 Fig. 8 

I n  Fig. 7a, 8a and 9a are  given the oscil lograms of the  pulse r e a c t i o n  

of a low frequency f i l t e r  of the rn type. The b r i g h t  areas on the graph correspond 
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t o  the Kotelnikov i n t e r v a l s  A t  = - ' 
i n  which the s e l e c t i o n  of the g(k At) d i s c r e t e  values accomplished. 

d i f f e r  from each o the r  only by the posi t ions of the b r i g h t  areas on the graphs, 

i , e ,  by the posi t ions of the  moments of s e l ec t ion .  

(wc is the cutoff  frequency of the f i l t e r ) ,  

The f igu res  
WC 

I n  Fig. 7b, 8b and 9b a r e  shown re spec t ive ly  the desc re t e  r e a c t i o n s  of 

g (k  At)  which a r e  obtained a t  various pos i t i ons  of the s e l e c t i o n  moments. 

optimum pos i t i on  of  the s e l e c t i o n  moments i s  given i n  Fig. 9. When t is  s u f f i -  

The 

c i e n t l y  l a r g e  ( t  > 7At) the s e l e c t i o n  moments coincide with the zeros of the 

g( t )  pulse  r eac t ion .  

a maximum r a t e  of decrease of the g(k At) values.  A s  i s  evident  i n  the o s c i l -  

lograms g (k  At) = 0 when k 2 7 ,  i .e. i t  is  s u f f i c i e n t  t o  have 10 values of 

g(k A t )  ( - 3  < k 5 7) i n  order  t o  describe f u l l y  the continuous g ( t )  r e a c t i o n  

i n  accordance with the Kotelnikov theorem, as shown i n  Equation (1). I n  the 

case of a nonoptimum p o s i t i o n  of the ga t ing  moment (Fig. 7 and 8 ) ,  a t  l e a s t  

a 2 t o  2.5 times l a r g e r  number of g(k A t )  ( - 3  < k ~ 1 7 )  values  i s  required i n  

order  t o  descr ibe s a t i s f a c t o r i l y  g( t ) .  

The thereby obtained g( k At) desc re t e  r e a c t i o n  contains  

Fig. 8 corresponds t o  a s e l e c t i o n  of ga t ing  moments a t  which the obtained 

As can be seen by bas i c  r e fe rence  value g(0) coincides wi th  the g ( t )  maximum. 

comparing Fig. 8 and 9, such a s e l e c t i o n  i n  the  case of asymmetric pulse react- 

ions does n o t  c o n s t i t u t e  a n  optimum, 

11 
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