¨ ȷ # , wWΠ B Σ Π # ¨ ȷ # , w 5, w, ß AWȷ Π 6ȷ + ¨ ȷ VWΠ B Oȷ wW# Σ v 5

Gdylg I 1I lqgoh— dqg Ud— p r qg M1Vr xnxs / F hqvxv Exuhdx Gdylg I 1I lqgoh— / F hqvxv Exuhdx/ Z dvklqj wr q/ GF 535660¡433

41 Lqwur gxfwlr q

Fhuwdlq nlqgv ri hfrqrp lf dfwlylw— / dqg wkhludvvrfldwhg wlp h vhulhv/ duh dffihfwhg vljqli0 lfdqwo— e— krolgd— v1 Z khq wkh gdwh ri d kro0 lgd— fkdqjhv iurp — hdu wr — hdu/ wkh hffihfwv ri wkh krolgd— fdq lp sdfwwz r ru p ruh p rqwkv lq d z d— wkdwghshqgv rq wkh gdwh1 Lq wklv fdvh/ wkhhffihfwri wkh krolgd— lvqrwfrqfflqhg wr wkh vhdvrqdofrp srqhqwri wkh vhulhv1 Li vxfk krolgd— hffihfwv duh lj qruhg/ wkhq p rghov fflwwr wkhwlp hvhulhvz looriwhq kdyhuhgxfhg iruhfdvw0 lqj delolw— 1Dovr wkh p rghouhvlgxdovp d— vkrz d odfn ri fflw1 Vlp loduo— / vhdvrqdo dgmxvwp hqwv ri wkh vhulhv p d— surylgh p lvohdglqj vljqdov lq p rqwkv dffihfwhg e— wkh krolgd— v1 Lq wkh X1V1/ wkh p dmru p rylqj krolgd— v duh Hdvwhu/ Oderu Gd— / dqg Wkdqnvj lylqj/ wkhgdwhvri z klfk ydu— ryhu P dufk 55~Dsulo 58/ Vhswhp ehu 40: / dqg Qryhp ehu 5505;/ uhvshfwlyho— 1 Hovhz khuh/ krol0 gd— v wlhg wr d oxqdufdohqgdu/ vxfk dvwkh Fkl0 qhvh Qhz “ hdu/ Sdvvryhu/ dqg Udp dgdq kdyh dq hfrqrp lf lp sdfw1 Dowkrxjk z h rqo— dsso— wkh p rgholqj dqg p rgho vhohfwlrq surfhgxuhv ghvfulehg lq wklvsdshuwr p rghoX1V1krolgd— v/ wkh— duh dssolfdeoh p ruh j hqhudoo— 1

Glvfodlp hu1 Wklv sdshu uhsruwv uhvxowv ri uhvhdufk xqghuwdnhq e— FhqvxvExuhdx vwdffi1 Lwkdvxqghuj rqh d p ruh olp lwhg uhylhz e— wkh FhqvxvExuhdx wkdq gr rȷ fldosxeolfdwlrqv1Lw lv uhohdvhg wr lqirup dqg wr hqfrxudjh glvfxv0 vlrq1 414 Wkh Ehoo0Kloop hu lqwhuydop r gho Lq wkh frqwh–wri p rgholqj Hdvwhu hffihfwv/ Ehoo dqg Kloop hu +4¡;6, lqwurgxfhg d vlp soh w— sh ri uhjuhvvru wkdwkdv suryhq wr eh yhuvd0 wloh iru p rgholqj hffihfwv ri d ydulhw— ri p rylqj krolgd— v1 Lwv xqghuo— lqj suhp lvh lv wkdwwkhuh lv dq lqwhuydori ohqj wk χ gd— v ryhu z klfk wkh hffihfwri wkh krolgd— fdq eh uhjdughg dv ehlqj wkh vdp h iru hdfk gd— 1 Z lwk χ_w ghqrwlqj wkh qxp ehu ri gd— v lq p rqwk wwkdwehorqj wr wklv lqwhuydo/ wkh ydoxh lq p rqwk wri wkh krolgd— uhjuhvvru K+χ>w, dvvrfldwhg z lwk wklv lqwhuydo lv ghfflqhg wr eh wkh sursruwlrq ri wkh lqwhuydo frqwdlqhg z lwklq wkh p rqwk/ K+χ>w, @ χ_w χ / +4,

Vhyhudo vxfk uhj uhvvruv fdq eh xvhg wr p rghod p ruh frp solfdwhg hffihfw/ hlwkhu lq wkh z d— wkdwd vwhs ixqfwlrq fdq ehxvhg wr dssur–0 lp dwh d qrq0frqvwdqwixqfwlrq/ ruwr p rghowkh vlwxdwlrq lq z klfk wkhuh duh glffihuhqwlqwhuydov ryhu z klfk wkh hffihfwri wkh krolgd— lv glffihu0 hqw1 I ru h–dp soh/ lq vrp h frxqwulhv/ durxqg wkhFklqhvhQhz “ hduwkhuhlvxvxdoo— dvxuj hlq hfrqrp lf dfwlylw— ehiruh wkh krolgd— / iroorz hg e— d shulrg ri olwwoh dfwlylw— / dqg wkhq e— d sh0 ulrg ri lqfuhdvlqj dfwlylw— edfn wr qrup doohy0 hov1Krz hyhu/ iruwkh X1V1vhulhv frqvlghuhg lq wklv duwlfoh/ d vlqjoh lqwhuydo vhhp v dght xdwh/ dq lqwhuydo z krvh odvwgd— lv wkh gd— ehiruh wkh krolgd— lq wkh fdvh ri Hdvwhu dqg Oderu Gd— 1 Wr looxvwudwh/ vkrh vwruh vdohv lq wkh X1V1 lqfuhdvh ehiruh Hdvwhu1 Vxssrvh dq ; 0gd— lq0 whuydolv frqvlghuhg iru p rgholqj wklv lqfuhdvh1 Wkhq li p rqwk wlvP dufk/ 4¡¡7/ d — hdulq z klfk Hdvwhuihoorq Dsulo6ug/ z hkdyhK+;>w∗ 4, @3/ K+;>w, @9∂;/ K+; >w. 4, @5∂; / K+; >w. 5, @ 3/ hwf1

Z lwk wkh Fhqvxv Exuhdx*v [ 0450DULP D surjudp / krolgd— hffihfwvirurqh ruvhyhudokro0 lgd— v fdq eh hvwlp dwhg e— p hdqv ri d uhj0 DULP D p rgho/ l1h1d wlp hvhulhvp rghovshfli— 0 lqj d uhj uhvvlrq p hdq ixqfwlrq iruwkh wlp h vh0 ulhv♮_w+ru/ p ruh frp p rqo— / irulwvorj dulwkp v, wkdwlqfoxghv dssursuldwh K+χ>w,*v dqg vshfl0 i— lqj dq DULP D p rghoiru lwv dxwrfryduldqfh ixqfwlrq1Z h lqglfdwh vxfk d p rghoz lwk d iru0 p xod ri wkh irup

orj ♮_w@q^∋[_w. ℘_w> +5,

lq z klfk [_w ghqrwhv wkh p hdq ixqfwlrq*v uh0 j uhvvru/ z klfk frxog dovr lqfoxgh wudglqj gd— dqg rxwolhu yduldeohv/ dqg ℘_w ghqrwhv d p hdq ˝hur DULP D surfhvv1 Z lwk E ghqrwlqj wkh edfnvkliwrshudwru/ E♯_w@♯_{w∗ 4}>dqg ϱ_wd z klwh qrlvh surfhvv/ d p ruh h–solflwirup xod lv η+E,^gη ] E^{45} ⌊_G ω +E, ff ] E^{45} ⌊] orj ♮_w∗ q^∋[_w ⌊ @λ+E, Π ] E^{45} ⌊ ϱ_w> +6,

z khuhη+ı, @4∗ ı/ ω /λ/ff/ dqg Π duhsro— qrp l0 dov/ dqg g>G ∼ 31 Wr irfxvrq d vlqj oh krolgd— uhjuhvvru+4, lqfoxghg lq [^w/ z h uhz ulwh +5, dv orj ♮^w@δK+χ>w, . ȷ^w> +7, z lwk ȷ^w@q_∋[^w∗ δK+χ>w, . ℘^w1 I urp +7,/ rqh vhhv wkdwwkh p rgholghqwlfflhv wkh krolgd— *v hi0 ihfwlq ♮^wdvwkh idfwruh–s +δχ^w∂χ,/ rudssur–l0 p dwho— 4. δχ^w∂χ1Wr wklvdssur–lp dwlrq/ 433δ fdq eh lqwhusuhwhg dv wkh shufhqwdjh hffihfwri wkh krolgd— iru d p rqwk wkdwfrp sohwho— frq0 wdlqv wkh lqwhuydodvvrfldwhg z lwk K +χ>w,/ dqg

433δ∂χ fdq eh lqwhusuhwhg dv wkh shufhqwdj h hffihfwri d vlqj oh gd— lq wkh krolgd— lqwhuydolq dq— p rqwk wkdwlqwhuvhfwvwkh lqwhuydo1

Li hdfk krolgd— lqwhuydo ri ohqjwk χ lv frqwdlqhg z lwklq d vlqj oh fdohqgdu — hdu/ wkhq wkh sursruwlrqv K+χ>w, vxp wr rqh ryhu hdfk fdohqgdu — hdu/ d surshuw— z h h–suhvv e— ⋃ ȷ hdu K +χ>w, @ 41 Lq fdvh krolgd— dgmxvw0

p hqw lv wkh j rdo ri p rgholqj / z h vkdoo h–0 sodlq lq Vhfwlrq 7 krz K+χ>w, fdq eh p rg0 lfflhg lq d qdwxudo z d— wr rewdlq d uhj uhvvru

�K+χ>w, kdylqj wkh vdp h frhȷ flhqwexwvdwlv0 i— lqj ⋃ ȷ hdu �K +χ>w, @31 51 D Edvlf P r gho Vhohfwlr q Sur eohp =

Ghwhup lqlqj χ

Riwhq/ irud j lyhq krolgd— dqg vhulhv/ hyhq li lwlv nqrz q wkdwd krolgd— hffihfwlv suhvhqw dqg z khuhdq hqgsrlqwri lwvlqwhuydovkrxog eh/ dq dssursuldwh lqwhuydoohqjwk χ lv qrwnqrz q lq dgydqfh1 Frp shwlqj p rghov z lwk glffihuhqw χ*v duh qrq0qhvwhg/ l1h1 qrqh lv d vshfldofdvh ri dqrwkhu1 Frqvht xhqwo— / vwdqgdug vwdwlvwl0 fdo whvwv duh qrwdydlodeoh iru ghwhup lqlqj χ1

Z h vkdoo frqvlghu wz r dowhuqdwlyh dssurdfkhv wr wklv p rghovhohfwlrq sureohp / +4, wkh xvh ri d yduldqwri Dndlnh*v DLF fulwhulrq/ dqg +5, wkh frp sdulvrq ri rxw0ri0vdp soh iruhfdvwhu0 uruv1 Uhvxowv iurp dsso— lqj wkhvh dssurdfkhv wr fkrrvh krolgd— hffihfwp rghov iru vhulhv iurp wkh X1V1UhwdloWudgh Vxuyh— duh jlyhq lq Vhf0 wlrq 61 Erwk dssurdfkhv fdq dovr eh xvhg z lwk wkh p ruh frp soh– p rghov ri P ruulv dqg Sihi0 ihup dqq +4¡;7,1

I ru wklv duwlfoh/ wkh sdudp hwhuv ri hyhu— uhjDULP D p rgho duh hvwlp dwhg iurp gdwd

♮^w>4 ⪰ w⪰ We— p d–lp l˝lqj wkh dvvrfldwhg

J dxvvldq olnholkrrg ixqfwlrq1 Z lwk aO^{W∗ 45G∗ g} ghvlj qdwlqj wkh p d–lp l˝hg orj olnholkrrg ri d uhjDULP D p rgho iru ♮^wz lwk g>G dv lq +6,/

Kxuylfk dqg Wvd— +4¡; ¡,*v vdp soh0vl˝h fru0 uhfwhg yhuvlrq ri wkh p rgho*v DLF/ z klfk z h vkdooghqrwh e— DLFF/ lv DLFF^{W∗ 45G∗ g} @ ∗ 5aO^{W∗ 45G∗ g} . 5s ⟩ 4 4∗_{s. 4} W∗ 45G∗ g / >+8, z khuhs ghqrwhvwkh qxp ehuri hvwlp dwhg sdud0 p hwhuvlq wkh p rgho1DLFF*vfdq eh frp sduhg iru p rghov z lwk wkh vdp h ydoxhv ri g dqg G dqg wkh vdp h rxwolhu uhj uhvvruv1 Dp rqj vxfk p rghov/ wkh rqh z lwk wkh vp doohvwDLFF ydoxh lvsuhihuuhg1Dowkrxjk wkh ydoxh ri s lq +8, z loo eh wkh vdp h iru p rghov +7, wkdwglffihu rqo— lq wkh ydoxh ri χ/ z h vkdoodovr frqvlghu d p rgho z lwkrxwwkh uhjuhvvruK +χ>w, >wr uhsuhvhqwwkh srvvlelolw— ri qr hffihfwlq wkh lqwhuydo/ d p rgho z lwk rqh sdudp hwhuohvv1

Wkh wkhru— vxssruwlqj DLF dqg DLFF dv0 vxp hv wkdwwkh p rghov fflwwkh gdwd uhdvrqdeo— z hoo/ vhh I lqgoh— +4¡¡¡,1 Rxu rwkhu p rghovh0 ohfwlrq surfhgxuh/ z klfk lqyroyhv z lwkkroglqj vrp huhfhqwgdwd/ uhhvwlp dwlqj wkhp rghoviurp wkh uhp dlqlqj gdwd/ dqg frp sdulqj wkhlu iruh0 fdvwv ri wkh z lwkkhog gdwd/ grhv qrwkdyh wklv uht xluhp hqw/ qru wkh rwkhu uht xluhp hqwv frq0 fhuqlqj lghqwlfdorxwolhu uhjuhvvruv dqg lghqwl0 fdoydoxhv ri g dqg G1 Lwv glvdgydqwdj hv duh wkdwlwfrp sduhv p rghov wz r dwd wlp h dqg wkdwlwfdq eh lqfrqfoxvlyh=qhlwkhup rghop d— kdyh shuvlvwhqwo— vp doohu iruhfdvwhuuruv wkdq wkh rwkhu ryhu wkh lqwhuydoiru z klfk iruhfdvw huuruv duh rewdlqhg1

I ru p rghov qxp ehuhg l @ 4>5 dqg vrp h iruhfdvwohdg k ∼ 4/ ohw♮_{+l,}^{w. k⇕w} ghqrwh p rghol*v iruhfdvwri ♮^{w. k} iurp wlp h wrewdlqhg z khq lwv sdudp hwhuv duh hvwlp dwhg iurp ♮^4>♮^5>÷÷÷>♮^w1

I ru w ⪰ W∗ k/ z h fdq fdofxodwh wkh uh0 vxowlqj ˙rxw0ri0vdp soh%iruhfdvwhuuru +RVI H,

♮^{w. k} ∗ ♮_{+l,}^{w. k⇕w}1 Wkhvh iruhfdvwv dqg huuruv duh fdofxodwhg iru W^3 . 4 ⪰ w⪰ W∗ k/ z khuh W^3 lv fkrvhq oduj h hqrxjk wkdwsdudp hwhu hvwlp dwhv xvhg wr surgxfh wkh iruhfdvwv fdq eh h–shfwhg wr eh ri uhdvrqdeoh t xdolw— +h1j 1 dv lqglfdwhg e— wkhlu hvwlp dwhg vwdqgdug huuruv ru e— frp 0 sdulvrq wr wkh sdudp hwhu ydoxhv rewdlqhg z lwk doori wkh gdwd,1 I ru wkh Hdvwhu krolgd— frhȷ 0 flhqwv dqg vhulhv glvfxvvhg lq wkh qh–wvhfwlrq/

W^3 @93 ru: 5 vhhp hg dght xdwh1

Wkh RVI H gldjqrvwlf iru frp sdulqj wkh iruhfdvwlqj delolw— ri p rghov 4 dqg 5 ryhu

♮_{W3 . 4}>♮_5>÷÷÷>♮_{W∗ k} duh wkh judskv ri

⋃_{W3 . Q} w@W_3 . 4⟩+♮ w. k ∗ ♮ +4, w. k⇕w, 5 ∗ +♮_{w. k} ∗ ♮^{+5,}_{w. k⇕w},^5| ⋃_{W∗ k} w@W_3 . 4+♮ w. k ∗ ♮ +5, w. k⇕w, 5∂+W∗ W_3, +9, yhuvxv Q iru4 ⪰ Q ⪰ W∗ W_3 ∗ k iru vhyhudo fkrlfhv ri k/ xvxdoo— k @4>451 I urp wklv iru0 p xod/ lwlvfohduwkdwryhulqwhuydovri ydoxhvri Q z khuh wkh judsk j rhv shuvlvwhqwo— xs/ wkh iruhfdvwlqj shuirup dqfh ri p rgho+5, lvehwwhu/ l1h1 kdv vp doohu dffxp xodwhg iruhfdvwhuuruv¿ z khuh wkh judsk jrhvshuvlvwhqwo— grz q/ p rgho +4, lv ehwwhu1 Z khuh wkh judsk lv p rvwo— ohyho/ wkhuh lv qr hvvhqwldoglffihuhqfh lq iruhfdvwshu0 irup dqfh ri wkh wz r p rghov1Wkh ghqrp lqdwru lq +5, hqdeohv rqh wr lqwhusuhwmxp sv lq wkh j udsk lq whup ri xqlwvri p hdq vt xduh iruhfdvw huuru ri wkh vhfrqg p rgho1 P ruh ghwdlov duh j lyhq lq I lqgoh— hwdo1+4¡¡; ,1

Wkh j udsk ri +9, lq I ljxuh 4 vkrz v wkh lp suryhp hqwv lq iruhfdvwhuuruv iru wkh Uhwdlo Vdohviurp VkrhVwruhvvhulhvrewdlqhg iruohdgv k @ 4>45 z khq d p rgho +p rgho 5, z lwk dq Hdvwhu lqwhuydo uhjuhvvru z lwk χ @ ; lv xvhg lq sodfh ri d p rghoz lwkrxwdq Hdvwhuuhj uhvvru +p rgho4,1 Wkh lp suryhp hqwlv vxevwdqwldolq p rvwP dufkhv dqg Dsulov/ dv h–shfwhg1

I lj xuh 4= Sorwri +9, frp sdulqj P rgho4 z lwk qr Hdvwhuuhjuhvvruwr P rgho5 z lwk K+; >w, xv0 lqj ohdgv k @ 4 +vrolg, dqg k @ 45 +gdvkhv,1 Yhuwlfdoolqhvlghqwli— Dsulov1

61 Ghwhup lqlqj Kr olgd— P r ghov ir u wkh X1V1UhwdloWudgh Vxuyh—

Z h qrz vxp p dul˝h wkh uhvxowv ri p rgho frp sdulvrqv irughwhup lqlqj z klfk krolgd— uh0 j uhvvruv wr xvh/ li dq— / iru Hdvwhu/ Oderu Gd— / dqg Wkdqnvjlylqj hffihfwv/ iruwkh fdqglgdwh vh0 ulhvlq wkh X1V1UhwdloWudgh vxuyh— / xvlqj gdwd hqglqj lq I heuxdu— / 4¡¡¡ dqg/ lq p rvwfdvhv/ vwduwlqj lq 4¡¡4 wr dyrlg uhfhvvlrq hffihfwv1 Z h ehjlq z lwk Hdvwhuehfdxvhlwvhffihfwvduhoduj hvw dqg z h glg qrwfflqg dq— vhulhv z lwkrxwHdvwhu hffihfwvwkdwuht xluhg dgmxvwp hqwirurwkhukrol0 gd— v1 614 Hdvwhu kr olgd— hffihfwv

Lq d fdqglgdwhvhwri iruw— 0vhyhq uhwdlovdohv vhulhv/ z h irxqg wz hqw— 0qlqh iru z klfk DLFF vxssruwhg lqfoxvlrq ri dq Hdvwhuuhjuhvvruz lwk χ @4>; >ru481RVI H dqdo— vlvri wkhvh wz hqw— 0 qlqh vhulhvjdyh wkh iroorz lqj uhvxowv=xvh ri dq Hdvwhu uhj uhvvru lp suryhg iruhfdvwv iru ffliwhhq/ kdg qr fohduhffihfwrq iruhfdvwviruwkluwhhq/ dqg surgxfhg z ruvh iruhfdvwv iru rqh vhulhv1 Wdeoh 4 surylghv d vxp p du— 1

Wdeoh 41 χ0Suhihuhqfhv DLF F RVI H Qr 1 r i Vhulhv 4 4 4 ; ; 43 ; ; ru4 4 ; ; ru48 4 ; 4 5 ; lqfrqfoxvlyh ; 48 lqfrqfoxvlyh 8 48 qr K +χ>w, 4

Z h dovr frqvlghuhg χ @ 5>¡>49/ exwwkh uhvxowv z huh qhyhuehwwhudqg xvxdoo— z ruvh1 Z khq RVI H dqg DLF glvdj uhh/ z klfk fdq kdsshq ehfdxvh wkh qdwxuh ri wkh krolgd— hi0 ihfwkdv fkdqjhg lq wkh uhfhqwgdwd/ z h idyru wkhRVI Hsuhihuhqfhli wkhp ruhuhfhqwgdwd ru iruhfdvwv kdyh vshfldolp sruwdqfh iru wkh xvhuv ri wkh p rgholqj uhvxowv1 615 Wkdqnvj lylqj dqg Ode r u Gd— hi0 ihfwv Wkdqnvjlylqj +wkhirxuwk Wkxuvgd— lq Qr0 yhp ehu, dqg Oderu Gd— +wkh ffluvwP rqgd— lq Vhswhp ehu, fdq dffihfwd qhljkerulqj p rqwk*v gdwd lq d z d— wkdwghshqgv rq wkh krolgd— *v gdwh1 I ru h–dp soh/ uhwdlo vdohv olqnhg wr wkh Ghfhp ehu krolgd— v fdq eh glvwulexwhg glffihu0 hqwo— ehwz hhq Qryhp ehu dqg Ghfhp ehu iurp — hdu0wr0— hdughshqglqj rq wkh gdwh ri Wkdqnv0 j lylqj 1

I ru Wkdqnvjlylqj/ z h frqvlghu uhj uhvvruv irud krolgd— hffihfwlqwhuydoiurp vrp hvshflfflhg qxp ehuri gd— vρ ehiruh rudiwhuWkdqnvj lylqj wkurxjk Ghfhp ehu 571 Z h xvh qhjdwlyh ydoxhv ri ρ wr lqglfdwh dq hffihfwwkdwehj lqv ρ gd— v diwhuWkdqnvj lylqj1I ruOderuGd— / wkhkrolgd— hffihfwlqwhuydovehj lq χ gd— vehiruh OderuGd— 1

I ru wkh Wkdqnvjlylqj hffihfw/ z h frqvlg0 huhg ρ ydoxhv ri 43/ 6/ 04/ 0:/ dqg 0; iru wkh wz hqw— 0qlqhvhulhvz lwk Hdvwhuhffihfwvdffruglqj wr DLFF1Wkh0: dqg 0; ydoxhvz huhfohduo— lqih0 ulru/ vr z h rqo— suhvhqwfrp sdulvrqvri p rghov z lwk wkh χ0ydoxhv 43/ 6 dqg 041 Z h doz d— v lq0 foxghg wkh Hdvwhu uhj uhvvru idyruhg e— DLFF

+dqg dovr wudglqj gd— uhj uhvvruv, lq wkh p rghov frqvlghuhg iru DLFF dqg RVI H frp sdulvrqv iru Wkdqnvj lylqj hffihfwv1 Wkh DLFF frp sdu0 lvrqv iru Wkdqnvjlylqj vxjj hvwhg p rgholqj lwv hffihfwvlq qlqh vhulhv1Dp rqj wkhvh qlqh/ RVI H dqdo— vlvvkrz hg wkdwlqfoxvlrq ri d Wkdqnvj ly0 lqj uhjuhvvruuhvxowhg lq shuvlvwhqwiruhfdvwlp 0 suryhp hqwviruvl– vhulhv/ dqg wkdwdoouhj uhvvruv z huh ghwulp hqwdowr wkh iruhfdvwlqj ri rqh vh0 ulhv/ lqglfdwlqj qrqh vkrxog eh xvhg1 I ru wkh vl– vhulhv iru z klfk d Wkdqnvj lylqj uhj uhvvru lp suryhg iruhfdvwv/ wkhuhz dvRVI Hsuhihuhqfh iruρ @∗ 4 iruwz r vhulhvdqg iruρ @43 irurqh vhulhv¨ iruwkhrwkhuwkuhhvhulhv/ wkhuhz dvqr suhihuuhg ydoxh ri ρ dp rqj ∗ 4/ 6/ 431

Lq wkh rqh vhulhv iru z klfk wkh RVI H dqdo— vlv frqwudglfwhg DLFF*v vxssruw iru d

Wkdqnvjlylqj uhjuhvvru/ wkh DLFF ydoxh iru wkh p rghoz lwk qr Wkdqnvj lylqj uhj uhvvru h–0 fhhghg wkh p lqlp xp DLFF ydoxh e— ohvv wkdq

4/31 Glvwulexwlrqdo frqvlghudwlrqv iru orj 0 olnholkrrg udwlrvvxj jhvwwkdwDLFF glffihuhqfhv ohvv wkdq rqh lq p djqlwxgh fdq eh frqvlghuhg lqfrqfoxvlyh/ vhh Vdndp rwr/ Lvkljxur dqg Nlwd0 j dz d +4¡; 9,1

I ruOderuGd— hffihfwv/ z hfrqvlghuhg χ ydo0 xhv ri 5/ ¡ dqg 49/ dvvxp lqj wkdwwkh Oderu

Gd— hffihfwlqwhuydoz rxog ehj lq rq rqh ri wkh wkuhhVdwxugd— vehiruhwkh krolgd— 1Dp rqj wkh wz hqw— 0qlqh vhulhv z lwk Hdvwhu hffihfwv dffrug0 lqj wr DLFF/ wkh ixuwkhu DLFF frp sdulvrqv iruOderuGd— vxj jhvwhg p rgholqj lwvhffihfwvlq vl– vhulhv/ doz d— v z lwk χ @51 RVI H dqdo— vlv idyruhg lqfoxvlrq ri d Oderu Gd— uhj uhvvru lq irxu ri wkhvh vl– dqg z dv lqfrqfoxvlyh iru wkh rwkhu wz r1 Dp rqj wkhvh irxu/ RVI H dqdo— vlv idyruhg χ @5 iruwz r vhulhvdqg z dvlqglffihuhqw wr wkh fkrlfh ri χ iruwkh rwkhuwz r1

71 P r gli— lqj wkh P r ghov ir u Kr olgd—

Dgmxvwp hqw

Li wkh jrdo ri p rgholqj lv wr uhp ryh wkh krolgd— hffihfwv iurp wkh gdwd/ dorqj z lwk dq— vhdvrqdo hffihfwv dqg wudglqj gd— hffihfwv/ wkhq wkhuhj uhvvruv+4, p d— ehvrp hz kdwxqvdwlvidf0 wru— iurp erwk frqfhswxdodqg sudfwlfdoylhz 0 srlqwv1 Frqvlghu dq h–dp soh lq z klfk wkh hv0 wlp dwhg frhȷ flhqwaδ ri K+χ>w, lvsrvlwlyh/ h1j 1 uhwdlovkrh vdohv1 Wkhq wkh idfwruv h_{aδ K +χ>w,} h–0 fhhg 4/3 lq hyhu— p rqwk frqwdlqlqj d gd— ri wkh krolgd— lqwhuydo1 Uhp rylqj wkh hffihfwv e— glylglqj rxwwkhvh idfwruvsuhvxssrvhvwkdwwkh h–fhvv ri vkrhv erxj kwlq wkh krolgd— lqwhuydo z rxog qhyhu kdyh ehhq erxjkwkdg wkhuh qrw ehhq d krolgd— / vxuho— d oduj ho— lqfruuhfwdv0 vxp swlrq1Dovr/ wkh dgmxvwhg vhulhv♮^w∂h_{aδ K +χ>w,} z lookdyhd orz huohyhowkdq wkhruljlqdovhulhvlq doop rqwkvwrxfkhg e— wkh krolgd— lqwhuydodqg wkhuhiruh frqvlvwhqwo— vp doohudqqxdowrwdov/ ⋃ ȷ hdu ♮^w h_{aδ K +χ>w,} ⋆ ⋃ ȷ hdu ♮^w/ Wklvz looohdg p dq— xvhuvri wkhdgmxvwhg vhulhv wr shufhlyh lwdv ehlqj grz qz dugo— eldvhg1

I ru vrp h vhulhv dqg krolgd— v/ lwp d— eh srvvleoh wr uhvroyh wklvglȷ fxow— e— fflqglqj dq0 rwkhulqwhuydo+rulqwhuydov, dvvrfldwhg z lwk wkh krolgd— z krvh Ehoo0Kloop hu uhjuhvvru kdv wkh rssrvlwh vlj q iurp aδ dqg lvvxfk wkdwwkh frp 0 elqhg dgmxvwp hqwiurp wkh vhyhudo uhj uhvvruv kdvdqqxdowrwdovwkdwduhxvxdoo— forvhwr wkrvh ri wkh ruljlqdo vhulhv1 Exwd p ruh j hqhudoo— dssolfdeoh vwudwhj — lv qhhghg/ dqg rqh fdq eh irxqg lq wkh ghylfh xvhg e— wkh [ ~44 vhdvrqdo dgmxvwp hqwsurfhgxuh wr wu— wr lqvxuh wkdwwkh vhdvrqdoo— dgmxvwhg vhulhv suhvhuyhv ohyhov dg0 ht xdwho— +vhh Dsshqgl– D ri I lqgoh— hw1 do1

+4¡¡; ,,/ z klfk lv grqh e— uhz hlj kwlqj wkh vhd0 vrqdoidfwruvvr wkdwwkhludyhudjhydoxhvryhud

— hduduh forvh wr 4131Lq vhhnlqj d vlp soh p rg0 lfflfdwlrq �K+χ>w, ri K+χ>w, vr wkdwwkh idfwruv h_{aδ �K +χ>w,} /@4 . aδ �K+χ>w, kdyh wklv surshuw— / z h duh ohg wr frqvlghu p rglfflfdwlrqv �K+χ>w, vxfk wkdw 4 45 ⋃ ȷ hdu �K+χ>w, /@3/ +:, Wkh surfhgxuh ri Ehoo+4¡; 7,/ z klfk lv lp soh0 p hqwhg lq [ 0450DULP D/ dfklhyhv +: , e— uh0 p rylqj iurp K+χ>w, fdohqgdu p rqwk p hdqv ri

wkh irup K^±+χ>w, @ 4 Q_4 ∗ Q_3

Q_4 ∗ 4⋃

q@Q_3 K+χ>[w. 45+q ∗ 4,,

@ 4 Q_4 ∗ Q_3

⋃_{Q4 ∗ 4}

q@Q_3 χ[w. 45+q∗ 4, χ +;, @ χ^±_w χ > z lwk Q_4 A Q_3/ z khuh [w@w∗ 45ŵ∂45‘/ l1h1 wkh uhp dlqghudiwhu glylvlrq ri we— 451 Wkxv χ^±_w lv wkhdyhudj hri ydoxhvχ_v iurp wkhvdp hfdohqgdu p rqwk dv wryhu dq lqwhuydori Q_4 ∗ Q_3 — hduv1 Wkh p rglfflhg uhj uhvvrulv �K +χ>w, @K +χ>w, ∗ K^± +χ>w, @χ^w∗ χ^{±w} χ / +¡,

Qrwh wkdwli ⋃ ȷ hdu K+χ>w, @4/ dv lv wkh fdvh

z lwk wkhX1V1krolgd— virudq— sodxvleohχ/ wkhq ⋃ ȷ hdu K ±+χ>w, @ 4/ vr ⋃ ȷ hdu �K+χ>w, @ 3/ l1h1 ht xdolw— krogv lq +: ,1 Z khq wklv kds0 shqv/ wkh surgxfwri wkh dgmxvwp hqwidfwruv h–s ) aδ �K +χ>w, [ lv 4 ryhuhdfk fdohqgdu— hdu/ ⋂ ȷ hdu h^{aδ �K +χ>w,} @4/ +43,

Wkh ghfflqlwlrq +; , — lhogv

K^±+χ>w, ∗ K^±+χ>w. 45, @3 +44,

iru dq— fkrlfh ri Q_3>Q_4 +Q_4 A Q_3,1 Dv d frq0 vht xhqfh/ li G ∼ 4 lq +6, +ru li g ∼ 4 dqg vhdvrqdo lqglfdwruv yduldeohv duh lqfoxghg lq ♭_w,/ wkhq wkh frhȷ flhqwhvwlp dwhv/ iruhfdvwv/ DLFF*v/ hwf1 rewdlqhg iurp wkh xvh ri �K+χ>w, z looehlghqwlfdowr wkrvhrewdlqhg z lwk K+χ>wb,1 Wklv dssolhv wr wkh krolgd— dqdo— vhvri wkh Uh0 wdloWudgh vhulhv suhvhqwhg deryh/ ehfdxvh wkh p rghov iru wkh vhulhv doo lqfoxgh d vhdvrqdo glffihuhqfh1 Wkxv/ fkdqjlqj wr +¡, z rxog qrw fkdqjh wkh p rgho vhohfwlrqv suhvhqwhg deryh1 Z h qrwh wkdw+44, grhvqrwlp so— wkdwK^±+χ>w, p rghov d sxuho— vhdvrqdohffihfw/ ehfdxvh lwkdv d ohyhofrp srqhqw/ d orqj whup p hdq forvh wr 4∂45>gxh wr ⋃ ȷ hdu K ±+χ>w, /@41 Lq hyhu— fdohqgdu p rqwk lq z klfk K+χ>w, lv doz d— v 3/ h1j1 P d— dqg odwhu p rqwkv iru Hdvwhu uhjuhvvruv/ wkh K^±+χ>w, ghfflqhg e— +;, duh 3/ dqg frqvht xhqwo— / �K+χ>w, @ 3 dqg h^{aδ �K +χ>w,} @ 4/ l1h1 dgmxvwp hqwgrhv qrwp rg0 li— wkh gdwd/ d surshuw— gdwd xvhuv z rxog h–0 shfw1 +Wkhuh duh qr vxfk p rqwkv iru Ud0 p dgdq/ z klfk p ryhv wkurxjk wkh hqwluh — hdu1 Vr iruUdp dgdq/ rqh frxog dowhuqdwlyho— ghfflqh K^±+χ>w, @ ⋃_{45Q4}

q@45+Q_3 ∗ 4,. 4 K+χ>q,∂45+Q4 ∗

Q_3,/ l1h1/ d joredop hdq wkdwgrhv qrwghshqg rq w/ lq rughu wr kdyh d frqvwdqwdgmxvwp hqw idfwru/ h^{∗ aδ K ± +χ>w,} / iru doo p rqwkv rxwvlgh wkh krolgd— lqwhuydolq d j lyhq — hdu1, 714 F kr lfhv r i Q_3/ Q_4 dqg lqwhus uhwd0

wlr q r i h–s ) aδ �K +χ>w, [ Li wkh krolgd— fdohqgduuhshdwvlwvhoi hyhu— 45+Q_4 ∗ Q_3, p rqwkv/ wkhq lwiroorz v iurp wkh I rxulhughfrp srvlwlrq irup xodvri Vhfwlrq 71516 ri Dqghuvrq +4¡: 4, wkdwK^±+χ>w, lv wkh shulrg 45 frp srqhqwri K+χ>w,1 Wkhq �K+χ>w, lv wkh wkhruhwlfdoghvhdvrqdol˝hg dqg p hdq0fruuhfwhg frp srqhqwri K+χ>w, +ht xdolw— z lookrog lq +:,,1 Lwlv wkhruhwlfdoo— dwwudfwlyh wr fkrrvh Q_3 dqg Q_4 wr dfklhyh wklv1 Exwz khq yhu— orqj sh0 ulrgv duh lqyroyhg/ dv lq wkh fdvh ri Hdvwhu/ lwfdq vlp soli— glvfxvvlrq z lwk gdwd xvhuv wr fkrrvhvp doohuqxp ehuvwkdw— lhog dssur–lp dwh shulrglflw— +733 — hduv lq wkh fdvh ri Hdvwhu lq [ 0450DULP D,1Ru rqh fdq vlp so— vshfli— Q_3 dqg Q_4 vr wkdwwkh vxp lq +;, fryhuv wkh vsdq ri wkh dydlodeoh gdwd1 Li erwk vhdvrqdodgmxvw0 p hqwdqg krolgd— dgmxvwp hqwduh ehlqj grqh/ wkh glffihuhqfhv lq dgmxvwp hqwidfwruv h^{aδ �K +χ>w,} uhvxowlqj iurp glffihuhqwfkrlfhv ri Q_3 dqg Q_4 duh xqlp sruwdqw/ ehfdxvh wkh surgxfwv ri wkh vhdvrqdo dqg krolgd— idfwruv +wkh ˙frp elqhg idfwruv%, z looeh hvvhqwldoo— xqfkdqjhg iru wkh iroorz lqj uhdvrq1 J lyhq glffihuhqwyhuvlrqv/ vd— K^±_{+4,} +χ>w, dqg K^±_{+5,} +χ>w,/ ri +; ,/ li z h ghfflqh Ξ K^±+χ>w, @K^±_{+5,} +χ>w,∗ K^±_{+4,} +χ>w,/ wkhq wkhfru0 uhvsrqglqj dgmxvwp hqwidfwruv vdwlvi—

h^{aδ �K +5, +χ>w,} @h^{aδ Ξ K ± +χ>w,} h^{aδ �K +4, +χ>w,} /

E— +44,/ wkh udwlr ri wkh dgmxvwp hqwidfwruv/ h^{aδ Ξ K ± +χ>w,} / vdwlvfflhvh^{aδ Ξ K ± +χ>w. 45,} @h^{aδ Ξ K ± +χ>w,} / dqg vlqfh ⋃ ȷ hdu Ξ K ±+χ>w, /@ 3/ lwv dyhudj h ydoxh lv d frqvwdqwforvh wr 4/31 Vr wkh ud0 wlr lv hvvhqwldoo— d p xowlsolfdwlyh vhdvrqdo hi0 ihfwdqg/ lq sudfwlfh/ lwvhhp v wr j hwdevruehg dop rvwfrp sohwho— lqwr wkh vhdvrqdoidfwruv ri ♮_w∂h^{aδ �K +5, +χ>w,} 1Frqvht xhqwo— / wkhfrp elqhg idf0 wruvz looeh dop rvwwkh vdp h1

Dgmxvwp hqwe— h–s ) aδ �K +χ>w, [ lv dq dg0

mxvwp hqw iru wkh shufhqwdj h glffihuhqfh ri h–s +aδχ^w, iurp h–s +aδχ_±^w,/ wkh odwwhu ehlqj wkh krolgd— hffihfwz huh wkh fdohqgdu p rqwk ri w wr frqwdlq h–dfwo— lwv dyhudj h ri krolgd— lqwhu0 ydogd— v1 Wkxv/ z h fdq lqwhusuhwwklv dgmxvw0 p hqwdv suhvxssrvlqj wkdwli wkh krolgd— glg qrwh–lvw/ z h z rxog kdyh revhuyhg wkh ydoxh h–s +aδχ_±^w, +♮^w∂h–s +aδχ^w,, lqvwhdg ri ♮^w/ dqg z h duh xvlqj dgmxvwp hqwwr rewdlq wklv ydoxh1 Lw iroorz v iurp +43,/ ru wkh p ruh dssur–lp dwh uhodwlrq lp solhg e— +:,/ wkdw dssolfdwlrq ri wkhvh krolgd— dgmxvwp hqw idfwruv surylghv d shufhqwdjh uhglvwulexwlrq ri wkhvh krolgd— hi0 ihfwvwkurxjkrxwwkh fdohqgdu— hdu1

Wkh odujhvw idfwruv h–s ) aδ �K +χ>w, [ re0 wdlqhg iurp wkh uhwdlovdohvvhulhviruhdfk X1V1 krolgd— z huh=iruHdvwhu4139 +iruVkrh Vwruhv,/ iruWkdqnvj lylqj 41345 +iruGhsduwp hqwVwruhv dqg iruFkloguhq*vdqg P lvfhoodqhrxvDssduho,/ dqg iru Oderu Gd— 41348 +iru Vkrh Vwruhv dqg iruGlvfrxqwGhsduwp hqwVwruhv,1

715 Lqgluhfwhvwlp dwlr q z lwk �K +χ>w,

Li/ lqvwhdg ri xvlqj d uhj DULP D p rghowr gluhfwo— hvwlp dwh krolgd— hffihfwv iurp ♮^w/ wkh— duh hvwlp dwhg lqgluhfwo— yld d uhjuhvvlrq p rgho iru wkh luuhjxodu frp srqhqwri d vhdvrqdodg0 mxvwp hqwri ♮^w/ wkh fdvh iru xvlqj d ghvhd0 vrqdol˝hg dqg ohyhodgmxvwhg uhjuhvvru olnh +¡, ehfrp hv hyhq vwurqjhu/ ehfdxvh wkh luuhjxodu frp srqhqwlv d ghvhdvrqdol˝hg dqg ghwuhqghg yhuvlrq ri ♮^w1 RVI H dqdo— vlv fdq eh xvhg wr frp sduh lqgluhfwdqg gluhfwp rgholqj ri krol0 gd— hffihfwv1

81 F r qfoxglqj Uhp dunv

Rxu frqfoxvlrqv iurp rxu vwxg— duh wkh iroorz lqj1 DLFF frp sdulvrqv fdq eh xvhg wr lghqwli— vhulhvwkdwduhj rrg fdqglgdwhvirukro0 lgd— hffihfwp rgholqj dvghvfulehg lq wklvsdshu1

Krz hyhu/ lwlv z ruwkz kloh wr shuirup RVI H dqdo— vhv ri wkh vhulhv wkdwduh lghqwlfflhg e—

DLFF dv kdylqj d krolgd— hffihfw/ dv d frqfflu0 p dwru— gldj qrvwlf1Wkh RVI Huhvxowvz looxvx0 doo— eh frqvlvwhqwz lwk DLFF uhvxowv/ exwwkhuh duh rffdvlrqdoh–fhswlrqv gxh/ iru h–dp soh/ wr d fkdqj h lq wkh vwuhqj wk ru qdwxuh ri wkh krol0 gd— *v hffihfwrq wkh vhulhv lq wkh odwhvw— hduv ri wkh gdwd1

Doori wkh krolgd— hffihfwhvwlp dwhv/ DLFF ydoxhv/ dqg rxw0ri0vdp sohiruhfdvwhuuruvxp vri vt xduhv uht xluhg iru wklv vwxg— z huh rewdlqhg

iurp wkh Fhqvxv Exuhdx*v [ 0450DULP D sur0 j udp / z klfk lvdydlodeoh iuhh iurp kwws=22zzz 1fhqvxv1jry2vug2zzz2–45d2 +45,

Lwlqfoxghv exlow0lq uhj uhvvruv iru Hdvwhu/ Od0 eru Gd— dqg Wkdqnvj lylqj1 Dq dffrp sd0 q— lqj j udsklfdo gldj qrvwlfv surjudp / [ 0450

J udsk/ z klfk fdq surgxfh sorwv olnh +9, iurp

[ 0450DULP D rxwsxw/ fdq dovr eh grz qordghg iurp +45,1 D surj udp jhqkrolv dydlodeoh iurp euldq1f1p rqvhooCfhqvxv1jry iru jhqhudwlqj uh0 j uhvvruv +4, dqg +¡, iru [ 0450DULP D iurp dq lqsxwffloh ri krolgd— gdwhv1 Uhjuhvvruv fdq eh rewdlqhg irulqwhuydovehiruh/ vxuurxqglqj / dqg diwhurqh ru p ruh krolgd— v1

Z h wkdqn ElooEhoodqg Grqdog P duwlq iru frp p hqwv wkdwlp suryhg wklv sdshu1

UHI HUHQF HV

Dqghuvrq/ W1Z 1+4¡:4,/ WkhVwdwlvwlfdoDqdo— 0 vlv ri Wlp h Vhulhv/ Z loh— =Qhz “ run

Ehoo/ Z 1 U1 +4¡;7, ˙Vhdvrqdo Ghfrp srvlwlrq ri Ghwhup lqlvwlf Hffihfwv/%Fhqvxv Exuhdx/

Vwdw1Uhv1Gly1Uhvhdufk UhsruwUU; 704/ kwws=22zzz1fhqvxv1jry2vug2sdshuv2sgi2 uu; 7041sgi

Ehoo/ Z 1U1/ dqg Kloop hu/ V1F1+4¡;6, ˙P rgho0 lqj Wlp h Vhulhvz lwk FdohqgduYduldwlrq/%

Mrxuqdori wkh Dp hulfdq VwdwlvwlfdoDvvr0 fldwlrq/ : ; / 859~8671

I lqgoh— / G1 I 1 +4¡¡¡, ˙Dndlnh*v Lqirup dwlrq

Fulwhulrq LL/%lq Hqf— forshgld ri Vwdwlvwl0 fdoVflhqfh Xsgdwh Yroxp h 6/ hgv1V1Nrw̋/

F1E1Uhdg/ dqg G1U1Edqnv1Qhz “ run=

Z loh— / 5091

I lqgoh— G1 I 1/ P rqvhoo/ E1 F1/ Ehoo/ Z 1 U1/

Rwwr/ P 1 F1/ dqg Fkhq/ E10F1 +4¡¡;,/

˙Qhz Fdsdelolwlhv dqg P hwkrgv ri wkh

[ 0450DULP D Vhdvrqdo Dgmxvwp hqwSur0 judp /%Mrxuqdori Exvlqhvvdqg Hfrqrp lf

Vwdwlvwlfv/ 49/ 45: 04:: 1

Kxuylfk/ F1P 1dqg Wvd— / F1O1+4¡;¡,/ ˙Uh0 juhvvlrq dqg Wlp h Vhulhv P rgholqj lq

Vp dooVdp sohv/%Elrp hwulnd/: 9/ 5¡:063: 1

P ruulv/ Q1G1dqg Sihffihup dqq/ G1+4¡; 7,/ ˙D

Ndop dq fflowhu dssurdfk wr wkh iruhfdvwlqj ri p rqwko— wlp h vhulhv dffihfwhg e— p rylqj ihvwlydov/%Mrxuqdori Wlp h VhulhvDqdo— vlv

8/ 588059; 1

Vdndp rwr/ “ 1/ Lvkljxur/ P 1/ dqg Nlwdjdz d/ J 1

+4¡;9, ˙Dndlnh Lqirup dwlrq Fulwhulrq Vwd0 wlvwlfv/%G1Uhlgho=Gruguhfkw1