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• Reversible classical computation.

• From irreversible to reversible computation.
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Recognizing Patterns in Functions

• Algorithm structure for determining some Property (f).
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Recognizing Patterns in Functions
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Recognizing Patterns in Functions
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• Solution:
1. Algorithm→ circuit(|x|).
2. Irreversible gates→ reversible gates and memory.
3. Reversibly erase memory.
4. Bits→ qubits. Reversible gates→ unitary gates.
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end
k ← k − 1

end
if c < 0 then c← 1
return c
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 5
c :

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1
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Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.
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Output: 0 if x < y and 1 if x ≥ y.
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 4
c : −1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end

⇒ k ← k − 1
end
if c < 0 then c← 1
return c
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 3
c : −1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end

⇒ k ← k − 1
end
if c < 0 then c← 1
return c
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 2
c : −1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end

⇒ k ← k − 1
end
if c < 0 then c← 1
return c
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end
if c < 0 then c← 1
return c
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• Algorithm for comparing two binary numbers.
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c : 1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 1
c : 1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk
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else if xk > yk

c← 1
end

⇒ k ← k − 1
end
if c < 0 then c← 1
return c
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 1
c : 1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end
k ← k − 1

end
⇒ if c < 0 then c← 1

return c
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Example: Number Comparison

• Algorithm for comparing two binary numbers.

k : 1
c : 1

x : 0 1 0 1 0 1
y : 0 1 0 0 1 1

COMP(x, y)
Input: Zero-filled n-bit numbers x = xn−1 . . . x0 and y = yn−1 . . . y0.
Output: 0 if x < y and 1 if x ≥ y.

k ← n− 1
c← −1
while k ≥ 0 & c < 0

if xk < yk

c← 0
else if xk > yk

c← 1
end
k ← k − 1

end
if c < 0 then c← 1

⇒ return c
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Classical Comparison Circuit

• 3 bit comparison circuit for “if x < y then 0 else 1”.
x2
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Classical Comparison Circuit

• 3 bit comparison circuit for “if x < y then 0 else 1”.
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Converting to Reversible Logic

• Reversifying the and gate.



6
←|Top|Bot|→|�|TOC

Converting to Reversible Logic

• Reversifying the and gate.

⇔

0



6
←|Top|Bot|→|�|TOC

Converting to Reversible Logic

• Reversifying the and gate.

⇔

0

⇔

0



6
←|Top| |→|�|TOC

Converting to Reversible Logic

• Reversifying the and gate.

⇔

0

⇔

0

Toffoli gate
c2not
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Converting to Reversible Logic

• Reversifying a general gate.

G
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Converting to Reversible Logic

• Reversifying a general gate.

G ⇔

0

G

⇔

0

G(0,0)

G(1,0)
G(0,1)

G(1,1)

• . . . then optimize the conditional gates.
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Converting to Reversible Logic

• Reversifying a general gate.

G ⇔

0

G

⇔

0

G(0,0)

G(1,0)
G(0,1)

G(1,1)

• . . . then optimize the conditional gates.
• Remove redundant fanout. ⇔
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Reversifying the Comparison Circuit
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Reversifying the Comparison Circuit
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Erasing Memory

• Erasing memory by copying output and reversing.

0

0

0

0

x

Alg(f )

x→ x

0→
Memf(x)

0→ f(x)
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