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Abstract

We continuethestudyinitiatedin [Ro01] onStackelberg SchedulingStrategies. We aregivena setof� independentparallelmachinesor equivalentlya setof � paralleledgesonwhich certainflow hasto be
sent.Eachedge� is endowedwith a latency function

�����	� 

. Thesettingis thatof anon-cooperativegame:

playerschooseedgessoasminimizetheir individual latencies.Additionally, thereis a singleplayerwho
controlasfraction � of thetotal flow. Thegoal is to find a strategy for the leader(i.e. anassignmentof
flow to indivual links) suchthat theselfishusersreactsoasto minimizethe total latency of thesystem.
Building on therecentresultsin [Ro01, RT00], weshow thefollowing:

1. We devisea fully polynomialapproximateStackelberg scheme:givena performancerequirement�	�����

, thestackelberg schemerunsin timepolynomialin � and

�
andproducesanassignmentof

flows suchthat the costof the inducedNashequilibrium is within a
����

factorof the optimum
stackelberg strategy ��� .
Theresultis extendedto obtaina polynomial-approximationschemewheninstancesarerestricted
to layereddirectedgraphsin whicheachlayerhasa boundednumberof vertices.

2. Wethenconsideratwo roundStackelbergstrategy (denoted2SS).In thisstrategy, thegameconsists
of threerounds:amoveby theleaderfollowedby themovesof all thefollowersfolowedagainby a
moveby theleaderwhopossiblyreassignssomeof theflows. We show that2SSalwaysdominates
theoneroundscheme,andfor someclassesof latency functions,is guaranteedto becloserto the
globalsocialoptimum. We alsoconsiderthevariantwherethe leaderplaysafter theselfishusers
haveroutedthemselves,andobservethatthisdominatestheone-roundscheme.

Extensionsof theresultsto thespecialcasewhenall thelatency functionsarelineararealsopresented.
Our resultsextendtheearlierresultsandansweranopenquestionposedby Roughgarden[Ro01].

1Basic and Applied Simulation Science (D-2) Los Alamos National Laboratory, P. O. Box 1663, MS M997, Los
Alamos NM 87545. The work is supportedby the Departmentof Energy under Contract W-7405-ENG-36. Email:
anil,marathe@lanl.gov.



1 Intr oduction and Moti vation

Thedynamicbehavior of largescalenetworkscanoftenbemodelledby non-cooperative games,with agents
actingin aselfishmanner. Thefixedpointsof suchdynamicalsystemsoftencorrespondto Nashequilibrium
of thecorrespondingnon-cooperative game.AlthoughNashequilibriaareadequatefrom thestandpointof
useroptimium, theseoperatingpointsareusuallyinefficient asmeasuredby theway systemresourcesare
used(a.k.a. system/socialoptimum) [Ro01, KLO97a, KLO97b]. The inefficient useof a systemcanbe
overcomeby a numberof possiblestrategies that aim to bring the operatingpoint of the systemcloserto
a socialor a systemoptimum. Examplesof this include: (i) Pricing: Usepricing mechanismsthat lead
to strategiesby playerswith equilibria thataremoreefficient [CS+93, FPS00, SMG01], (ii) Algorithmic
Mechanisms: Network wide ruleson how commoditiesarestored,routedandscheduled[NR99, CS00],
(iii) Network Design:Designingnetworksin which Nashequilibriaarecloseto globaloptimum[KLO97b,
Ro01a]. Theabove approachesdemandeithertheadditionof a new componentto thenetworking structure,
suchaspriceor apriori designdecisionsregaringthenetwork topologyor policiesused.Herewe consider
analternative approachmotivatedby theearlierwork of [KLO97a,Ro01]. In thissetting,wehave two types
of players:setof selfishplayerswho wish to minimize the latency they experienceanda managerwhose
aim is to optimizetheoverall systemandis awareof the selfishplayersuse(calledmanager/leader).This
propertyallows themanager(leader)to predicttheresponseof theselfishusersandthuscanhelpguidethe
final equilibriumpoint that is morecloserto thesystemoptimum(in termsof theglobalobjective function
underconsideration).This is aninstanceof a classof gameswhereinthereis anexogeneouslydefinedorder
of playerssuchthat thefirst player(calledthe leader)declareshis strategy first andenforcesit on theother
player(the follower). Suchgamesarereferredto asLeaderFollower gamesor alternatively asStackelberg
games. Suchgamesalsoarisein thedesignanddevelopmentof largescalesocio-technicalsimulations.See
[Web, AP+01]for moredetailson theseprojects.

Herewe considera particularStackelberg game(referredto asStackelberg Flow RoutingGame). This
gamehasbeenstudiedextensively in thepast[KP99, KLO97a,KLO97b, MS01,Ro01]. We have a single
sourcedestinationpair joinedby � parallellinks from thesourceto thesink. Latency functionsarespecified
for the links, andthey arerequiredto benon-decreasing.This canalsobeviewedasa machinescheduling
problem. Eachagentis assumedto constitutean infinitesimalfractionof the flow, andthe total flow to be
setup is denotedby � . In addition,thereis onedistinguishedplayercalledthe leader(or manager).The
leadercontrols � fractionof theflow � . Theprotocolof thegameis asfollows: First, theleaderchoosesan
assignments �������� �!�!�!" #�%$'& of flows on the links, takinginto accountthat remainingplayersaregoingto
playselfishly. Next, all theselfishplayersroutetheir flows sothatthesystemreachesa Nashequilibrium, ( .
Theassignmentchosenby theleaderis calleda stackelberg strategy andit satisfies)+*�� * �,�-� . Thegoalis
to minimizethecostof theflow �/.0( . In thispaper, thatthetimeit takesto reachtheuniqueNashequilibrium
is not of interest.But, we will be interestedin thecomputationalcostof finding a Stackelberg strategy. We
will saymoreaboutthis later.

As arguedin [KP99,KLO97a,KLO97b,MS01,Ro01], despiteits simplicity, theabove settingmodelsa
numberof practicalsituationsthatarisein thedesignof communicationnetworksandmachinescheduling.
For example,asnotedin [KLO97a], in broadbandnetworks,bandwidthis separatedamongdifferentvirtual
pathsresultingeffectively, in a systemof parallelandnon-interferringlinks. Moreover, recentIP specifica-
tionsprovidestheoptionof choosinga particularpathsto routetheir packets[CR+93,DH95]. Similarly, as
notedin [BPS99],many ISPshavechosento increasetheirnetwork capacityby placingasetof parallelfiber
optic links betweenconsecutive switchingcenters.In this setting,the ISPsasownersof the infrastructure
canreserve certainamountof bandwidthfor itself andallow theremainderof thebandwidthto beusedby
thecustomers.See[KP99, KLO97a,MS01,Ro01] for otherexamplesof suchasetting.
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2 Our Contributions and RelatedWork

Wecontinuethestudyinitiatedin [Ro01] onfindingpolynomialtimecomputableStackelberg strategiesthat
improveuponthecostof Nashequilibriaobtainedwithout thepresenceof any leader. In oursetting,wehave
a total of � unitsof flow to routeandthe leadercontrols �213� unitsof flow. Themainresultsof this paper
includethefollowing:

1. Given a setof 4 parallel links with latency functionsrepresentedaspolynomialswith non-negative
coefficients,we devise a family of Stackelberg algorithms1SS5 that for each 687:9 , yield an assignment
of flows to the links with thefollowing property:Thecostof thesolutioninducedby 1SS5 is no morethan�<;-.�6=& timesthecostof thesolutioninducedby anOptimalStackelberg strategy. Thealgorithmsrunin time
thatis polynomialin thesizeof thenetwork andthe 6 andthusconstitutea fully polynomialtimeapproximate
Stackelberg schemefor theStackelberg flow routinggameonparallellinks. Notethatasshown in [Ro01], the
problemof computingtheoptimal Stackelberg strategiesis Weakly NP-hardeven for instancesconsisting
of 4 parallelinks betweena given sourcedestinationpair, evenwhenrestrictedto linear latency functions
on eachedge.Roughgarden’s [Ro01] resultsimply a �> approximationalgorithmfor thegeneralcase2 and
a ?�A@ > approximationalgorithmfor thecaseof linear latency functions.Theauthorin [Ro01] left openthe
questionof designingapproximationalgorithmwith a betterperformanceguarantee”Can wedo betterwith
more sophisticatedalgorithms?Indeedtheresultsdo not rule out thepossibilityof a fully polynomial-time
approximationschemefor theproblem.” Thusour resultsanswertheabove questionaffirmatively.

2. We thencosiderslightly morecomplicatedtopologies.Extendingthefirst result,we devisepolynomial
timeapproximateStackelberg schemefor theStackelberg flow routinggamewheninstancesarerestrictedto
be layereddirectedgraphwith boundednumberof nodesper layer. Theresultinfacthold whenwe have a
constantnumberof multiplesourcedestinationpairsandtheStackelberg leaderhascontrolovera fraction �
of theflow requirementfor eachpair. Theresultalsoholdswhenweareallowedpolynomiallymany parallel
edgesbetweenany pair of nodes.Thustheresultcanbeviewedasa strict generalizationof thefirst result.
However in contrastto thefirst result,thealgorithmis only aPTAS asopposedto FPAS.

3. We thenconsidertwo variantsof the basicStackelberg Strategy. The first variantcanbe viewed asa
repeatedStackelberg strategy. A natural,well known, generalizationof thestackelberg strategy is to allow
themanagerto changehis assignment.Thusthegamehasthreebasicrounds:In round1, theleaderassigns
certainflow � to eachof the links. In round2, theselfishplayersthenassignthe remaining �<;'BC�D&E� flow
(denotedby ( ) suchthat theflow ���F.G(A& is a Nashequilibrium. Finally, in round3, theleaderis allowedto
reroutesomeof the �-� flow it controls.Call this assignment�IH . Thustheresultingassignmentis �%H�.G( . We
call this the2-roundStackelberg Strategy. It is straightforward to definea J -roundStackelberg in a similar
fashion.Thefirst observationis thatmorethan2 roundsdonothelpany more.Second,weshow that2 round
Stackelberg Strategy strictly dominatesthe 1 roundStackelberg Strategy, i.e. the costof assignmentis no
morethanthecostof 1 roundStackelberg. For somespecialclassesof latency functions,we obtainbetter
facors. An interestingaspectof the problemis that in the instanceswhereoneandtwo roundstackelberg
strategiesguaranteeonly a �> , eventheNashequilibriumis within �> of thesystemoptimum.

Finally, asasecondvariant,weconsiderthecasewhentheremainingagentsfirst choosetheirassignment
(denoted( ) thatyieldsaNashequilibriumfor the �<;�B��D&E� unitsof flow andthenthemanagerchooses� . We
show that this actuallyis betterthanoneroundStackelberg ;%KLK , thoughin generaltheasymptoticfactoris
still �> . The resultpointsout the relative importanceof two differentfactors:onewhereinthe leaderplays
first, it imposesits strategy overthefollowersandtheotherwhereintheleadercanwait to seewhattheselfish
usersplayandthentry androutetheremainingflow soasto minimizethetotal latency.

2Throughoutthispaperandtheearlierwork of [Ro01, RT00], it is assumedthatall latency functionsarenon-negative,continuous
andnon-decreasing.
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3 BasicModel and Preliminaries

For sake of consistency, to the extent possible,we usethe notationusedin [Ro01]. In general,we have a
directednetwork MN�POD AQR& , with latency functionsS�T%�P& specifiedoneachedgeU . A vector V� specifiestheflow
requirementbetweendifferentpairsof nodesin M . For a function W , we use W H �YXZ& to denotethederivative
of W at X . Herewe will be concernedwith latency functions S�T%�P& that arecontinuous,differentiableand
non-decreasing3.

By x �\[^]'_`�PMa ��b& andy �,c�de�gf-�PMR ��b& , wedenotetheoptimumflow assignmentandtheNashflow as-
signment,respectively, whentheflow requirementsarespecifiedby � . Let asdefinedabovex �h�YXi�I �!�!�!i �X/jk&
bethe(systemor social)optimalassignment(i.e.,a feasibleassignmentthatminimizes )+*lX * S * �YX * & ). Order
thelinks sothat S * �YX * &nmCS�o��YXeog&p rq/sutwv . Gievn aflow assignmentu to thelinks thecostassociatedwith u is
measuredas xy� u &z� )+*g{ * S * � { * & . Sometimes,we will needto considera subsetof links ratherthanall the
links. To do this, let |~}�Q denoteasubsetof links. Thengivenanassignmentu of flows to Q weuse

� u � to denotetheprojectionof u on | ,

� xN� u � &�� ) *Y� � { * S * � { * & to denotethecostof theassignmentrestrictedto | and

� u �Y|�&L��)�*�� � { * to denotethesumof flowson links restrictedto | .

In general,wewill useu andu � interchangeably.

For themostpart,thispaperdealswith networksconsistingof two nodes,��� and �3� , with � parallellinks,;3 �!�!�!" �� , betweenthem.ThusthegraphMN�POD A��& consistsof O����I���� ��3��� andedgeset �����gU��I �!�!�!" #UI$��
with eachU * ���Y� �  �� � & . In this setting,� unitsof flow have to besentfrom � � to � � . Throughoutthis paper
wewill usez to denotea vectorof flow valuesassignedto edgesanduse� * to denotetheflow onedges .
Definition 1 A Stackelberg Strategy is an assignmentvectors such that )�*3� * ���-� andtheNashequilib-
rium t4 inducedby s is a vectorsatisfyingthefollowingproperties.

1. )�* ( * ���<;zB��D&E�
2. S * ��� * .�( * &umCS o ��� o .�( o & for all sA 	v such that ( * 7�9 .
From the definition above, given the Stackelberg assignments, the inducedNashassignmentt is well

defined,andthecostinducedby s is definedas xy� s . t & or xN� s& andis givenby xy� s&�� )+* ��� * .y( * &	S * ��� * .a( * & .
An instanceof theStackelberg Routingproblemis givenby �PMR A�u ��b& . Here M is thegraphconsistingof

parallellinks, � is the fractionof theflow canbechosenby the leaderand � is the total flow to berouted.
Thus �<;�B��D&E� unitsof flow areroutedby selfishplayersandeachcontrolsaninsignificantlysmallquantity
of thethisflow. Thegameis playedin two steps:

1. In Step1, theStackelberg player(leader)choosesaflow vectorssuchthat )+*�� * ���-� .
2. In Step2, theselfishusersroutetheremainderof flow i.e. chooseanassignmentt of �<;uB2�D&E� unitsof

flow to thelinks to reachaNashequilibriuminducedby s.

Thecostof thegameis xy� s&���)+*���� * .�( * &	S * ��� * .2( * & . Let s� betheoptimalStackelberg strategy, andt � the
(unique)Nashequilibriuminducedby s� . Thuss� �,�3�A�u�y�¡ ¢�lxN� s&2£ s is a Stackelberg Strategy ��!

3Theconditionsassumedareidenticalto thosein [RT00].
4Technically¤ shouldbeindexedby s; but in thecurrentsettingthiswill beclearfrom context andwill thusbeomitted.
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Definition 2 An ¥ -approximateStackelberg strategy (algorithm)for theStackelberg Flow Routingproblem
is a polynomialtimealgorithmthat outputsan assignments of flowssuch that its inducedcost xy� s & is no
more thana multiplicativefactor ¥ more thanthecostof theassignmentinducedby theoptimalStackelberg
Strategy s � , i.e. xN� s &`m�¥exN� s �I& . A polynomial time approximate Stackelberg scheme for theStackelberg
Flow Routingproblemis a family of algorithmsthat for each a givenperformancerequirement6R7¦9 , run
in time polynomialin 6 and problemspecificationand outputan assignmentvectors 5 such that xy� s 5<&§m�<;u.G6=&�xy� s � & .
4 A Fully Polynomial ApproximateSchemefor Stackelberg Strategies

4.1 Propertiesof s�
Wefirst isolatecertaininvariantsof theoptimalstrategy, andshow thattheknowledgeof theseinvariantsre-
ducestheproblemof finding � � to solvingamulidimensionalknapsackinstance.Togeta �<;b.a6p& -approximate
solution,it is sufficient to guesstheseinvariants,andthis is demonstratedin thenext section.

Recallthats� denotestheoptimalstrategy andt � denotestheoptimalNashequilibriuminducedby s� .
Let ��¨ª©«���Isn£b( �*«�,9¬� and �C¢©«���Isn£b( �*®7¯9¬� ; thus Qh�,��¨ª©�°§��¢© and ��¨ª©�±§��¢©²��³ Thus ��¨ª©
consistsof thosemachineswhich areno assignedflow by theselfishusersand ��¢© is thesetof machines
thatareassigneda positive flow by tehselfishusers.Thecostinducedby s�´. t � is thesumof thecostof
assignmentson ��¨ª© andon �C¢© . Then:

� Sincet � is a Nashequilibrium,by Lemma6 (Appendix),thelatency on all s�µ���¢© is thesame.Let
usdenotethis latency by ¶u� .

� Second,sinces� is an optimal Stackelberg strategy, by Lemma7 (Appendix),the marginal costsof
increasingcostonany s�µ·��¨ª© arethesame.Wewill denotethisby ¸§� .

� Finally, since q/s²µ���¨ª©3 w( �* �¹9 it mustfollow that qºs²µ���¨ª©l �S * ��� �* &'»�¶ � (otherwise,theNash
assignmentwouldchooseto addsomeflow on link s ).

Thefollowing observationshows thattheassignmentof s� to � ¢© is notunique.

Observation 1 Let ¼s beanyassignmentsuch that ¼� * �½�g�*  rq/s'µG� ¨ª© and ¼� * mh�l�* .�(<�*  rqºs«µG� ¢© , while
satisfying)+* ¼� * � )+* � �* . Let ¼( * �,� �* .¾( �* B ¼� *  rqºs . Then,¼t is a NashequilibriuminducedbytheStackelberg
strategy ¼s and xy�P¼s . ¼t &L�\xy� s �L. t ��& .
4.2 Reduction to Multidimensional Knapsack

Assumenow that we know ¶u� and ¸§� , and KL�© �¿�l�3�À��¨ª©%& . Then Á^�¢© �Â�`B+KD�© is the total assignment
on � ¢© by �l��.�(�� . Also assumethatwe cansolve for therootsof thelatency functionsexactly. All these
assumptionswill be relaxed within a ;^.�6 factorwhenwe look for an approximatesolution in the next
section.

For eachlink s , the basicdifficulty is decidingwhetherit mustbelongto � ¨ª© or to � ¢© . Oncethis
decisionis made,the assignmenton it is easilyfixed: if saµ,�C¢© , solve for { * in S * � { * &a�:¶ � ; else(i.e.s�µ8��¨ª© ,) solvefor � * in ��� * S * ��� * &�& H ��¸§� , wheretheprimeasstateddenotesthederivative. Theassumptions
thatthelatency functionsarepolynomialandnondecreasingimply thattherootsareunique.

Scine,we do not know if a link belongsto ��¨ª© or to �C¢© , we computefor eachlink s , a tuple ��� *  { * &
whereS * � { * &L��¶n� and � * is definedasfollows: let Ã bethesolutionto �YXÄS * �YXZ&�& H ��¸Å� . If S * �YÃk&´»�¶u� , define� * ��Ã , otherwise� * �ÂÆ . Thereasonis that if Ã representstheflow on themachineon which theselfish
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usersdo not assignany flows, thenthelatency on this machineshouldbeat least ¶u� . Let Á^�²� )+* { * . The
tupletells ustheassignmentof flows on thelink oncethedecisionaboutthelink beingin theset ��¨ª© or to��¢© is made.

Lemma 1 Let | be a subsetof links that minimizes)+*Y� � � * S * ��� * & , while satisfying )+*Y� � � * �ÇKD�© and)+*Y� � { * ��Á � B0Á �¢© . Considerthestackelberg strategyw H definedas È²H*i�,� *  rqºsLµ8| and È�H*Z��9e rqºs�Éµ8| .
Then xy� w H &L��xN� s ��& .

Lemma1 (proof omitted)providesa methodfor choosingthe membershipof eachlink to oneof the
sets��¨ª© or to ��¢© andalsospecifiesa methodfor assigningtheflow valuesappropriately. Note that the
stackelberg assignmentdoesnotneedto assignanythingon V| .

Given Lemma1, the problemnow reducesto of finding suchan | . As shown the problemof finding| is avariationof thestandardknapsackproblem,andcanbesolvedin pseudopolynomialtimeby dynamic
programming,which is sketchedherebriefly. The next sectionwill modify it to obtaina polynomialtime
approximation.

As mentionedbefore,eachlink sA �su�Ê;3 �!�!�!" �� , is associatedwith a pair ��� *  { * & andcost Ë * ��� * S * ��� * & .
We alsoassumethat we aregiven K �©  ÌÁ �© and ¶ � . We needto computethecheapestsubset,| , satisfying
s�Y|�&z��KD�© andu �Y|�&n�hÁ^�´BCÁ^�¢© . We describethedynamicprogramfor a slightly moregeneralproblem
here: givenboundsÍ��Ì AÍ«Î3 AÏÐ�I AÏ'Î , determinethecheapestsubset| satisfyings�Y|�&Rµ¦Ñ Í®�I AÍ«Î=ÒP u �Y|�&RµÑ ÏÐ�I AÏ'Î#Ò . Sucha dynamicprogramcanbeusedfor the currentcaseby setting Í��R�ÂÍ«Î0�¿KL�© and ÏÐ�`�Ï Î �ÓÁ'�'B,Á^�¢© , but will be usefulwhenwe considerthe approximateversionin the next section. (See
Appendixfor thedescriptionof thedynamicprogram)

4.3 Finding an ApproximateSolution

In theprevioussection,we showedthat if we knew theinvariants¶ �  A¸ �  pK �© exactly, we couldcomputethe
optimumstackelberg strategy. Wecannotexpectto know thesequantitiesexactly, but canguessthemwithin
a factorof ;".�Ô , simplyby trying all possiblepowersof ;".�Ô . If thesequantitiesarepolynomiallybounded,
thenumberof trials is boundedby a polynomialin Õ×Ö�Ø jÕ×Ö�Ø¢Ù � @ªÚrÛ . We show now thatwith this slack,we canstill
obtainanapproximatesolution.

We assumeherethat all the latency functionsarerationalfunctionsof polynomialswith polynomially
boundedintegral coefficientsandexponents.This allows usto estimatetheassignmentson the links, given
the latencieson them(which we guess,asmentionedabove) andalsoensuresthatwhentheassignmenton
a link is increasedby a small factor, thelatency doesnot blow up. We will have a fixedparameterÔ , which
dependson 6 , andanotherparameter, Ôg� , is chosensothat S * ���<;z.+Ü�Ô3&EXª&�m��<;z.+Ôg�=&	S * �YXZ& for any sA �X . For
ourpurposes,Ô will bechosento beinversepolynomial.

Following the discussionabove, assumethat we have guessed¶F A¸� pKª©l ÌÁ�¢© so that ¶ÝµÓÑ ¶ �  %�<;Ð.ÔÌÎ%&r¶u�#ÒP A¸~µ�Ñ ¸Å�l %�<;z.CÔÌÎ%&r¸§�pÒ , Kª©`µ�ÑÞKD�©  %�<;´.¯ÔÌÎ%&�KD�© Ò and Áu¢©Ðµ�ÑßÁ^�¢©  %�<;z.�ÔÌÎ%&#Á'�¢© Ò for a parameterÔÌÎ to
bespecifiedbelow. For eachlink s , �l�*  { �* aredefinedasin theprevioussection.For eachlink s , solve forS * �YX * &D�,¶ and �YÃ * S * �YÃ * &�&EH¢��¸ sothattheestimatesareat leastaslargeastheexactrootsof theseequations,
but not exceedingby a factorof ;².�ÔÌÎ . By choosingÔÌÎ�t:Ô appropriately, we canensurethat { * �àX *
satisfies{ * µwÑ {ª�*  %�<;u.GÔ3& {º�* Ò . If S * �YÃ * &n»��<;FB�Ôl&r¶ , define� * �+Ã * 5, otherwise� * �,Æ . Thisgivesusa tuple��� *  { * & for eachlink s .

As before, � * is intendedto be theassignmentto link s if it is in ��¨ª© and { * is theassignmentto links if it is in ��¢© . Theextra complicationwe will faceis thateven if s®µC��¨ª© , we mayhave ( * 7h9 in the
approximateStackelberg solutionwefind.

5Thisensuresthatif á#âã is finite and ä ã�å á#âãAæZç0è â , ä ã�å á ã æºç åÀéZê`ë æÀè â
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Thenext lemma– a refinementof Lemma1, shows how theproblemof approximatingtheStackelberg
strategy canbeviewedasanapproximationto theknapsackproblem.

Lemma 2 Let |Çì�Q bea subsetsatisfyingthefollowingconditions.

1. )�*�� � � * µwÑí�<;zBwÔ3&�K �©  %�<;u.CÔl&�K �© Ò
2. )�*Pî� � { * µ�Ñí�<;zBwÔ3&Ì�Y�®B�KD�© &p %�<;n.CÔl&Ì�Y�^B�KL�© &	Ò
3. | minimizesthecost )�*�� � � * S * ��� * & .

Considerthefollowingstackelberg strategyw H inducedby | : if s �Y|�&nm��-�bïe�<;º.�Ü�Ôl& , È H* ���<;ª.·Ü�Ô3&<� *  rq/sLµ| andif s �Y|�&n7��-�bïe�<;n.GÜ�Ô3& , È H* � >3ð
s Ù � Û � * . Then,xy� w H &um��<;u.C6p&�xy� s �Ì&

Theproofof Lemma2 is basedon thefollowing proposition(seeAppendixfor a proof).

Proposition1 Let z H betheNashassignmentinducedby w H and { Hi��È²H¬.���H . Let ¶LH bethecommonNash
latencyonall edges s such that � H* 7�9 . Thenthefollowinghold:

1. qºsLµ8|· �È H* m��<;u.GÜ�Ô3&<� * !
2. w HÀ�Y|�&´»+K �© .
3. ¶ H m��<;u.GÔg�p&r¶ .

Proof of Lemma 2: As in Proposition1, let zH betheNashassignmentinducedby w H andu H � w H . zH . Let¶LH bethecommonNashlatency onall edgess suchthat ��H* 7�9 .
Webound xy� w H . zH & , by consideringthecostoversets| and V| separately. First,considerset V| .

xN� w Hßñ� &��\ò*Y� ñ� { H* ¶ H � { H �
V|2&r¶ H !

Next, considerthecostrestrictedto set | , )+*Y� � �YÈ�H* .���H* &	S * �YÈ²H* .���H* & . Wearguein thefollowing steps.

1. Wefirst show thatwhenever � H* 7�9 , S * �YÈ H* .�� H* & is closeto S * �YÈ H* & .
2. Second,usingthisandthefactthat È H* is notmuchlargerthan � * , weshow that )+*lÈ H* S * �YÈ H* .¾� H* & is not

muchlargerthan )+* � * S * ��� * & which in turn is closeto xy��� �ó²ôbõ & becauseof thechoiceof set | .

3. This leavesus with the part )�*l��H* S * �YÈ�H* .���H* &Ð�¿��H��Y|�&r¶LH . We will show that zHP�Y|�&L. u H�� V|�& is not
muchbiggerthanu �Y|�& , andthis allowsusto boundthesumof zHP�Y|�&r¶�H�. u H�� V|2&r¶LH .

FromPart3 of Proposition1, if ��H* 7�9 for somes�µ8| , S * �YÈ�H* .���H* &D��¶LHºm��<;u.�Ôg�=&r¶ . By construction,

q/sLµ·|· <S * ��� * &n»��<;zBwÔ3&r¶ö»÷�<;zB�Ô3&r¶ H ïe�<;u.CÔg�=&��ø�<;zBwÔ3&	S * �YÈ H* .�� H* &�ïe�<;´.GÔg�=&p 
andusingPart1 of Proposition1, weget

ò*Y� � È H* S * �YÈ H* .�� H* &2m÷�<;u.GÜ�Ô3& Î �<;u.GÔg�=& ò*Y� � � * S * ��� * &p!
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Next, since| is thecheapestsetsatisfyingthefeasibilityconditions,wehave

ò*Y� � � * S * ��� * &2m ò*���ó ôbõ � * S * ��� * &2m÷�<;u.GÔ3&Ì�<;n.GÔg�=&�x ó ô�õ ��� � &p!
Together, thisgivesus

ò*�� � È H* S * �YÈ H* .�� H* &2m÷�<;u.GÜ�Ô3& � �<;u.GÔg�=& Î x ó ô�õ ��� � &p!
Finally, weboundthepartzHÀ�Y|�&r¶LH . Notethatbecausew HP�Y|�&". u �Y|�&z»��<;zBwÔ3&E� ,

zH �Y|�&L�+�'B w H �Y|�&ùB u H � V|�&nm¯Ü�Ô w H �Y|�&-.��<;u.GÜ�Ô3& u �Y|�&�B u H �Y|�&p 
Moreover, sincew HÀ�Y|�&´m s�Y|�&Ì�<;n.GÜ�Ô3& and ¶LHªm��<;u.GÔg�p&r¶ , wehave

w H �Y|�&r¶ H m��<;u.GÜ�Ô3&Ì�<;´.GÔg�=& s�Y|�&Ì�<;FB�Ôl&r¶¯m��<;u.GÜ�Ô3&Ì�<;n.CÔg�=&¢ò*�� � � * S * ��� * &nm��<;u.GÜ�Ô3&
Î �<;u.GÔg�p& Î xy��� �ó«ô�õ &p 

wherethesecondinequalityholdsbecauseS * ��� * &u»��<;zBwÔ3&r¶F rq/snµú| .

Puttingall this together, wehave

xy� w H &û� ò*Y� � �YÈ H* .�� H* &	S * �YÈ H* .G� H* &Å. ò*Y� ñ� { H* S * � { H* &
m �<;n.GÜ�Ôl& � �<;u.GÔ � & Î xy��� �ó ô�õ &§.~Ü�Ôü�<;z.GÜ�Ô3& Î �<;u.GÔ � &�xN��� �ó ô�õ &§.Ý�<;u.CÜ�Ôl& u � V|�&r¶ H
m �<;n.�ýbÔl& � �<;u.GÔg�=& Î xy��� �ó«ô�õ &§.þ�<;u.GÜ�Ô3&Ì�<;´.CÔg�=& u � V|�&r¶�!

Usingthefactthat ¶¯m��<;g.®Ôg��&r¶ � andthatu � V|2&nm��<;g.�Ôl&Ì�Y�kB^K �© & , wegetu � V|2&r¶Cm��<;g.�Ôl&Ì�<;l.®Ôg�g&�xy��� �ó^ÿ õ & .
Therefore,xy� w H¡&um��<;u.C6p&�xy� s� & , where 6 is chosensothat ;u.G6u�h�<;u.�ýbÔ3& � �<;u.GÜ�Ôg�=& Î .

Recall that we have estimatesKª©2µÂÑÞK �©  %�<;^.\ÔÌÎ%&�K �© Ò and Á�¢©�µÂÑßÁ �¢©  %�<;^.\ÔÌÎ%&#Á �¢© Ò for appropriateÔÌÎCtöÔ . Sincewe do not know KD�©  ÌÁ'�¢© exactly, we will actually find the cheapestsubset| suchthat�¬�Y|�&nµwÑí�<;ºBNÔÌÎ%&�Kª©l %�<;Ä.§ÔÌÎ%&�Kª©pÒ"ì�Ñí�<;ºBNÔ3&�K �©  %�<;Ä.§Ôl&�K �© Ò andu �Y|�&zµ�ÑßÁ·B·�<;Ä.§ÔÌÎI&#Á�¢©3 ÌÁ8B·�<;ºBNÔÌÎI&#Á�¢©=ÒiìÑßÁ,B��<;´.�Ô3&#Á'�¢©  ÌÁ�B��<;�BGÔ3&#Á'�¢© Ò (which automaticallyensuresthatu � V|�&²µ�Ñí�<;²B�Ô3&#Á'�¢©  %�<;F.CÔ3&#Á'�¢© Ò ).
This leavesuswith theproblemof findinganapproximatesolutionandthis is solvedin thefollowing steps.

1. Guessthevaluesof ¶F A¸� pKª©l ÌÁ�¢© asdescribedbefore,whichmeanswe try outeverypower of ;u.GÔÌÎ
as a potentialcandidatefor thesevalues. Oncethis is done,solve for � *  { * and then perform the
stepsbelow to geta solutioncorrespondingto thesevaluesif it is feasible.Finally, choosethesetof
candidatesthatgivesthecheapestsolution.

2. Scaling Let �·�0� �y� � * �g� * £u� * tàÆ+� and ���w� �N� � * � { * � . Define ¼� * � � � ã $� $��	� , ¼{ * � � � ã $� $�
�� ,¼KZ©0� �� õ $� $���� and ¼Áu¢©N� ��� ÿ õ $� $�
�� . Let ¼Á��:)+* ¼{ * . If � * 7ÂKª©l #� * tÂÆ for somes , it is clearthatsuµ·��¢© , andwecanremovelink s from consideration.Therefore,wlog wecanassumethat �·�zm�Kª© .
Similarly, wecanassumethat ���am�Á�¢© .

3. The Dynamic Program Runthesamedynamicprogramdescribedin thepreceedingsection:compute
thecheapestset �«�Y�� %�<;´B2Ô � & ¼Kª©l %�<;�.�Ô � & ¼Kª©l ¼Á�BC�<;L.wÔ � & ¼Áu¢©3 ¼ÁCB��<;nB�Ô � & ¼Áu¢©I& , in thenotationof
theprevioussection,whereÔ � is asmallenoughparameterto befixedlater. Thisgivesusaset | such
that

¼s�Y|�&´µwÑí�<;zBwÔ � & ¼Kª©l %�<;´.GÔ � & ¼Kª©pÒP and ¼u �Y|�&zµwÑ ¼Á¯B+�<;u.GÔ � & ¼Á�¢©l ¼Á�B¯�<;zBwÔ � & ¼Áu¢©I&	Ò
andthecostof | is minimized.Therunningtimeof thisstepis [y�Y���%ï��i& .
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Proposition2 Let | be as constructedin the above step. Thens �Y|�&wµ Ñí�<;aB\ÔÌÎ%&�KZ©3 %�<;�.�ÔÌÎI&�Kª©=Ò and
u �Y|�&nµwÑßÁ¯B+�<;u.GÔÌÎ%&#Á�¢©3 ÌÁ+B¯�<;zBwÔÌÎ%&#Áu¢©=Ò .
Proof: SeeAppendix.

5 Extensionto LayeredGraphs with BoundedWidth

Considera layereddigraph M with layers OÄ©l pOZ�I �!�!�!" pO�� of verticeswith source���®µ�OÄ© andsink �3�zµGO�� ,
andwith edgesonly betweensuccessive layers.Assumethat �×O * �Zm\È� rqºs . Again, a total of � unitsof flow
hasto besentfrom ��� to �3� , andthestackelberg strategy cancontrol �-� partof this. A stackelberg strategy s
now correspondsto deciding� ��� � � flow paths,with a totalof �"� flow onthem.As before,t is theinduced
nashflow, satisfyingthepropertyS��´�Y(i.G�3&L�¯S ��� �Y(i.G�l& for everypair of paths]z A]^H suchthat (��u �( ��� 7¯9 .
Weshow thatthereis asimpledynamicprogrammingsolutionto approximatethestackelberg strategy when
thelatency functionsareall polynomialfunctions.

The optimum stackelberg assignmentinducesa flow vector on eachlayer, which specifiesthe flows
througheachvertex, andthelatency of nashflow pathsthroughit. Thebasicideais to guessa closeapprox-
imationto thesevalues.With eachlayer O * , we associatea flow vector f��`t�f� ¬ �XGµGO * 7 , where f� is a
triplet f! N���À¶" e ��# k A�$ b& for eachvertex X , whosesemanticsaredescribedbelow. �# denotesthetotal flow
through X to � � , �  is the fraction of flow carriedby stackelberg paths,and ¶  is the commonlatency of
nashflow pathsfrom X to �l� 6. Suchavector f for layer O * completelycapturesthestateof theflow through
verticesin O * . Thoughwewouldnotactuallyknow thecorrectquantities,weshallguessthemwithin a ;-.2Ô
factor. Thetotal costof ��.�( is thesumof thecostsof theIt is now easyto seethatonceflow vectorsare
specifiedfor all layers,the problemreducesto finding the cheapestflow from layer O * to O * @ � for eachs ,
consistentwith theguessedflow vectors.This immediatelysuggeststhedynamicprogramfor computingan
approximationto thebest ��.w( flow. Assumethatfor eachpotentialdiscretizedflow vectoron O * @ � wehave
computedthe cheapestflow to � � . Now, for eachpossibleflow vector f on O * , computethe cheapestflow
from O * to �3� , consistentwith f on O * . This involvestrying eachpossiblefkH on O * @ � andfindingthecheapest
flow from O * to O * @ � . If the largestlatency andflow valueis boundedby c , thenumberof flow vectorsat
any layeris boundedby �'Õ×Ö�Ø!%Õ×Ö�Ø � @ªÚ &

��&
, which is polynomialif c is polynomial.

Wenow considerthesubproblemof findingthecheapestflow from O * to O * @ � , givenflow vectorsfi #fkH onO *  pO * @ � respectively. Theotherremainingissueof boundingthetotalerrorisaddressedlater. Let �À¶' e ��# e A�( ü&
denotethetriplet correspondingto vertex X�µ2O * °�O * @ � in fZ #fkH . First, considerthecasewherethereareno
paralleledges;this restrictionis removeda little later. Sincethereareonly È Î edges,guessa subsetQ H of
edgeswhich carrypositive Nashflow (we will try out every possiblesubsetQ H , resultingin Ü &*) iterations).
For eachedgeU²���YÈÐ �È�H�&nµ�Q®H , ¶ &  A¶ & � mustbedefinedand ¶ & »�¶ & � (if not, Q�H is notavalid guess),and
thisdeterminestheflow W3T onedgeU suchthat S�Tg��W3Tp&���¶ & B§¶ & � . Thisallowsusto formulatethefollowing
flow problem,of similar natureas that of [RT00]. We have variables�gT� �(<T on eachedge,specifyingthe
stackelberg andNashflows. Oneproblemis thatsincetheflow vectorsfi #f H areall aproximate,theremaybe
noflow thatsatisfiesthefeasibilityconstraintsexactly. Therefore,wewill relaxthefeasibilityconstraintsset
by f on O * .
6 Two-round Stackelberg Flow Routing Game

We considerbelow a two roundmodificationof the game. The correspondingStackelberg strategy, called
2SSis denotedby �,+� -+�H¡& .

6This is invariantfor all pathsfrom . to /10 carryingnonzeronashflow. If thereareno suchpaths,this is setto 2
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1. ChooseaStackelberg strategy +«�������� �!�!�!" #�%$'& satisfying)+* � * m��-�
2. Let 3 betheNash-equilibriuminducedby + .
3. Keep3 fixedandchange+ to vector + H

The goal of two-roundstackelberg strategy �,+� -+ H & is to choose+ and + H so that x4+ H .53 (alsodenotedbyxy�,+� -+�H¡& ) is minimized.Theone-roundStackelberg strategy leadsto anassignmentwith costatmost �> times
thesocial(system)optimum,andsothequestionis whethera two-roundstrategy leadsto a constantfactor
improvement.

It is easyto seethat further roundsdo not help. If we have J alternatingstackelberg/Nashstrategy, the
final solutionjust dependson the final round. Surprisingly, if the leaderplaysafter the remainingplayers
have formeda Nashequilibrium,theresultingsolutionis at leastasgoodas1SS.

6.1 The quality of 2SS

While 2SSmight not guaranteea factorbetterthan1SS,we show that it is quite often muchbetter. Let
x  y be asdefinedbefore. Let Í �Ó�Isy£DX * »�Ã * � . Assumethat the links areorderedin sucha way thatSÌ$Ð�YX¢$^&F»¦!�!�!Z»+Sl�I�YX"�=& . If Xù�ÀÍ'&DB�ÃZ�ÀÍ'&²»,�-� , thebestthat1SScanguaranteeis �> , which is achievedby
theNashsolutionitself. Thefactorguaranteedasymptoticallyby 2SSin this caseis also �> , thoughit does
betterin a large classof instances.On theotherhand,if Xù�ÀÍ'&uBGÃZ�ÀÍ'&Rt¹� , 2SSalwaysgivesanoptimal
solution,while 1SScouldstill givea factorof �> in theworstcase.Weshow anexamplewhereboth1SSand
2SSarejustasexpensive asthenashsolutionin theAppendix.

Lemma 3 Let x �¿[®]'_`�Y�b& and y �½c¾de�gf-�Y��& . Let ÍÂ�:�Is�£ZX * »hÃ * � . If Xù�ÀÍ'&uBGÃZ�ÀÍ^&Ð»¹�"� , xy� y &Ðm�> xy� x & . If Xù�ÀÍ'&ùB2Ãª�ÀÍ^&nt�� , 2SSleadsto theoptimumsolution.

Proof: Let ¶«�YÃk& be the commonNashlatency. Assumefirst that X��ÀÍ^&zB+ÃZ�ÀÍ'&8»à�-� . Then, xN�YX76-&8»�À�-�F.wÃZ�ÀÍ^&�&r¶²�YÃÄ& . Therefore,xy�YÃÄ&D�+��¶²�YÃÄ&um �> @98 Ù 6 Û;: ð xy�YXZ& . Next, considerthecaseX��ÀÍ^&-B�Ãª�ÀÍ^&nt��-� .
Choosethe vector � to be � * ��Ã * BGX *  �sÅÉµ�Í and � * �Â9e �sÐµ+Í . Then )+* � * m½�"� . The inducedNash
equilibriumwill thenbe ( * �+Ã * B�� *  rqºs . In thesecondround,choose� H* �+X * B�Ã *  �s�µ·Í and � H* ��9e �s²Éµ·Í .
Then )+*�� H* ��)+*�� * and � H .�( givesexactly theoptimumsolution X .

Notethattheaboveschemefor 2SSactuallyresultsin a factorof atmost �> @98 Ù 6 Û<: ð . TheLLF strategy for

1SSonly guaranteesa factorof �> andit canbeshown thatnostrategy for 1SScanactuallydobetter.

Thefollowing Lemma(SeeAppendixfor proof)showsthattheworstcaseboundscanbeimprovedwhen
the latency functionsarerestricted.If S * �À�¢�<;�.+Ô3&�&Ð»h³���Ô3&	S * �À�ü& for eachs , theguaranteeachievedby 2SS
canbeimproved. Suchanassumptionis not too unrealistic,sincefunctionsgrowing asfastasa polynomial
have thispropertyat leastasymptotically.

Lemma 4 Let qºsA { S * � { �<;².�Ô3&�&N»½³ù��Ô3&	S * � { &p! Thenif �¦tà; and ³ù� ��>= > &R7 ; , thenthere existsa 2SS
strategy, �,+� -+ H & , such that

xy�,+� -+ H &2m ;�.���³ù� ��>= > &�ù³ù� ��>= > & xy� x &nt ;� xy� x &p!
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6.2 Linear Latency Functions

Roughgarden[Ro01] showsthattheLLF strategy for 1SSyieldsanassignmentof costboundedby ?�A@ > times
the optimal, whenthe latency functionsareall linear. We show that 2SSgivesa strictly betterboundfor
this case.In this section,we assumethat the latency functionfor link s hastheform S * � { &²��d * { .@? *  �sF�;3 �!�!�!" �� and d *  A? * »�9e rq/s . As in [Ro01], weorderthelinks sothat ?%�Fm�!�!�!ÄmB?p$ , andwecanassumethatd * ��9 for at mostonelink s , whichcanbeassumedto bethelastone,if it exists.

A ReassignmentOperation The 2SSstrategy we considerlater involves �-� amountof flow to the nash
assignmenton set Í (definedearlier).We describetheoperationhere,andboundthecostaftertheincrease.
Let Íh�Â�b;3 �!�!�!" Ad¢� andx  y areasdefinedearlier. Assumethatx �ÀÍ'&²�DCi�l y �ÀÍ^&��EC H � with C�»FC H .¯�
and ¶«� y &«m�Sl�g�YXi�p&«m�!�!�!im,S�Gü�YX9Gg& 7. Let d H m�d bethesmallestindex satisfyingthefollowing properties:
(i) )+*IH G-� X * B2Ã * m¯� , (ii) X * » ¼� *  AdbHb.,;®m�snm�d , where JK ��c�de�gf-�E�%dbHü.,;3 �!�!�!- Ad¢�� >CiHü.��¾B )+*IH GA� X * &
(iii) S G-� �YX G-� &um�¶«��JK & , where¶«��JK &D�¯S * � ¼� * & is thecommonnashlatency of JK (seeAppendixfor moredetails).

Observation 2 Let x  z  AÍ bedefinedasabove. Then xN� x 6 &2» LL � @ > xy� z 6 & .
Lemma 5 If thelatencyfunctionsare all linear, thenthere existsa 2SSstrategy (s,s’) such that

xN�,+� -+ H &�mö�y� � � ýM .��8.�� � ï M Ü  ýM .G�§.��´�<;FBw�ù&�ï	N &�xN�IO-&
Proof Sketch: The set Í be definedas before,with X��ÀÍ^&��PCi�g �ÃZ�ÀÍ^&2�PC H � . The initial stackelberg
assignments is concentratedon VÍ , in sucha way that +u.53^�@Q , where3 is thenashassignmentinducedby
s. Theassignments’ is concentratedon Í . Thealgorithmdependson two cases,oneof which is described
below. Thecompleteproof is describedin theAppendix.

Choosing�%H : In boththecases,theassignments’ is constructedbyperformingthereassignmentoperation
definedearlier, which involvesaddingaflow of �-� to thenashassignmenty 6 on Í . Definez6�� y 6§. s’ 6 .
By invokingLemma2 it canbeshown that xy� x 6 &u»��ICÐ. L 5L � @ > &E�3¶«�YÃk& , where6 satisfiesxN� z6 &L���IC H .��Ð.6p&E��¶«� y & .
Case1: R¬s�µ VÍ suchthat Ã * B2X * »��-� .
By Lemma11, Ã * m¯ÜlX * , which implies X * »CÃ * B2X * »¯�"� .

First,suppose? * »¯Ôg¶²�YÃÄ& . Define K ñ6 ��c¾de�gf-� VÍÐ ��Ä�<;zBSC H Bw�ù&�& .
Choosing � : chooses as � o � Ã o B,� o  rqev�µ VÍ and � o �Ç9e rqev\µ¹Í . By lemma10, xN� x ñ6 &¾»Ý�<;`B
C�B �>= L � = >? &E��¶²� z ñ6 &ù.B? * � * ïgý . Since Ã * BGX * »h�-� , andz is thenashflow obtainedby reducinga total of

�-� flow from VÍ , � * »:X * »:�-� . Therefore,xy� x ñ6 &§» � = ? L @ L � @ > @ªÚ >? ¶«� z& which implies xy� x &�ï�xy� z&§»�A@ >
? . Ú > @ Ù �>= > Û 5? Ù � @ 5 Û . If 6F»�� , weget xN� x &�ï�xy� z&n» �A@ > @ Ù �>= > Û > :�T? . If 6Ft�� , weget xy� x &�ï�xy� z&u» �A@ > @ >�U :<� Î? ,

wherewe take Ô^��� Î ïgý .
Next, supposethat ? * m¯Ôg¶²� y & .

Choosing � : In this case,choose� * ���-� and �po®��9e 	v�É�\s . Definez ñ6 as � * ��Ã * B��-� and �po®��Ã%o� rqev§µVÍWVD�Is�� . Let X * �B�º�`»¯�"� and Ã * �B� H �Ð»¯Ü3�-� . By lemma10, xy� x ñ69X-Y *<Z &u»��<;-B[CyB\��B �>= L � = � �? &E��¶²�YÃÄ&D�� = ? L = ? � @ L � @ � �? ��¶«�YÃk& . Since ? * m Ô%¶«�YÃk& , S * �À� * &úm � � = > @ > Ú� � ¶«�YÃk& and xN� x Y *<Z &§mÇ�;�ºHiB¯�D& � � = > @ > Ú� � ¶²�YÃÄ& .
xy� x Y *<Z &«�]�ù�Àd * �Å.@? * &^» � )� � ¶²�YÃÄ& . Puttingall of thesetogether, we get ^ Ù x Û^ Ù zÛ B

�A@ >
? » > ) = ? � � > Úr@ � � Ù �>= > Û 5? � � Ù � @ 5 Û .

When 6z7¯� , weget ^ Ù x Û^ Ù z Û »
�A@ > @ > )
? , with Ô setto � Î ïgý . When 6Fm�� , weobtain ^ Ù x Û^ Ù zÛ B

�A@ >
? » > )

? Ù � @ > Û .

7 è å y æ�_ ä ã�åa`=ã æcb;d�e7fhg is thecommonnashlatency inducedby y
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Appendix

Westateimportantresultsin [Ro01, RT00] thatwill beusedin therestof thepaper

Lemma 6 ([Ro01, RT00]) Suppose� is a setof machines(parallel links)with continuous,nondecreasing
latencyfunctions.Then:

1. For anyrate �Ð7¯9 of job traffic, there existsanassignmentof jobsto � at Nashequilibrium

2. If x andx’ are assignmentsat Nashequilibriumfor �À�\ ��b& , then q/sLµ�� , i * �YX * &D�ji * �YX H* & .
Lemma 7 ([Ro01, RT00]) Suppose� is a set of machines(parallel links) with differentiable latency
function i . Furthermore assumethat X * i * �YX * & is a convex functionfor each machine s . Thenanassignmentx
to themachines� is optimaliff q/sA 	vNµ·� , if X * 7¯9 , then

i * �YX * &Z.�X * i H* �YX * &´mki * �YX¬ol&Z.�X¬o�i Ho �YX * &p!
Moreover, theoptimalassignmentcanbecomputedin polynomialtime.

In otherwords,all machineswith positiveflowassignmenthavethesamemarginal costfunction.

Lemma 8 (Lemma5.1 in [Ro01]) ThenashassignmentQ is givenby

Q�� $ò * ¨-� Ô *ml(no
l(n
o  

where l(n is thevector � �G�p  �!�!�!- �GAq & and Ô * is definedinductivelyas: ÔÌ©Ð��9 , Ô * ���N�� /�ü�r? * @ �´Bs? * & o l(n o ��'B�) * =Z�o ¨ª© Ô o � and Ô=$,�+�'B�) $o ¨ª© Ô o .
Lemma 9 (Lemma5.2 in [Ro01]) TheoptimalassignmentO is givenby

O�� $ò * ¨-� Ô �* l(no
l(n
o  

where l(n is thevector � �G�p  �!�!�!- �G q & and Ôl�* is definedinductivelyas: Ôg�© ��9 , Ôg�* �,�y�� º� �Î �r? * @ � Bt? * & o l(n o ��'B ) * =Z�o ¨ª© Ô o � and Ô �$ �+�'B ) $o ¨ª© Ô �o .
Details for Section4

Proof of Proposition1: Theproofof Part1 is Obvious.

Part 2:
If s�Y|�&úmà�"�bïe�<;^.�Ü�Ô3& , w HÀ�Y|�&0� s�Y|�&Ì�<;®.�Ü�Ô3&ú» �<;�B�Ôl&Ì�<;®.\Ü�Ôl&�K �© » K �© . Next, supposes�Y|�&§7�-��ïe�<;´.GÜ�Ô3& . By construction,w H �Y|�&u���"� . Now recallthat KD�© is thefractioncontrolledby thestackelberg
strategy, andis boundedby �"� , by definition.

Part 3:
To show this, we constructa Nashassignmentv ñ� suchthat w H �Y|�&u. v ñ� � V|�&§»¿� , andthe Nashlatency¶ v inducedby v satisfies¶ v m �<;�.¦Ôg�=&r¶ . Now, suppose¶ H 7Ç¶ v. This implies that { H* 7Ç� *  rq/s¾µV| , which leadsto a contradictionbecauseÈ²HP�Y|�&�. { H�� V|�& would thenexceed � . This leavesus with the
specificationof theassignment� . By Part 2,, w H �Y|�&'»¦KD�© . Definev ñ� �¦c¾d¬�lf"� V|� u � V|2&Ì�<;´.+Ü�Ô3&�& . Since

13



u � V|�&'»Ê�<;²BCÔl&Ì�Y�ÐBGKD�© & , we have v ñ� � V|2&«»\�®BCKD�© , andw H �Y|�&-. v ñ� � V|2&«»�� , thepropertywe required
above. Also, thereexists s'µ V| suchthat � * m¿�<;F.�Ü�Ôl& { * , sincev ñ� � V|2&'� �<;z.+Ü�Ô3& u � V|2& , andthis gives¶ v �¯S * �Y� * &L�¯S * ���<;n.GÜ�Ôl& { * &um��<;u.GÔ � &r¶ .

Dynamic Program for Computing | in Section4.2.
Let �«�,ir AÍ �  AÍ Î  AÏ �  AÏ Î & denoteasubsetof thelinks �b;3 �!�!�!- -iE� whichminimizesthecost

xy�I�«�,ir AÍ��I AÍ²Î3 AÏÐ�� AÏ'Î%&�&L� ò*Y�vu Ùxwzy 6 p y 6 ) y { p y { ) Û
Ë *  

while satisfyingthetwo constraints

�¬�I�«�,ir AÍ��I AÍ²Î3 AÏÐ�I AÏ'ÎI&�&nµwÑ Í��I AÍ²Î=Ò and { �I�«�,ir AÍ��% AÍ²Î3 AÏÐ�I AÏ'Î%&�&uµwÑ ÏÐ�I AÏ'Î=ÒP!
The cost is 9 when iy� 9 and is definedto be Æ if �'�P& is empty, i.e, if no feasiblesubsetexists. The
recurrenceequationis now definedasfollows:

If

xN�I�«�Y�¿BC;3 AÍ � Bw� $  AÍ Î Bw� $  AÏ � B { $  AÏ Î B { $ &�&Z.�Ë $ t+xy�I�'�Y��BC;3 AÍ �  AÍ Î  AÏ �  AÏ Î &�&p 
then

�'�Y�� AÍ®�I AÍ«Î3 AÏÐ�I AÏ'Î%&D�@�«�Y�¿B¯;3 AÍ®�LBw�%$® AÍ«ÎzB��%$� AÏÐ�LB { $� AÏ«Î´B { $'&Z°¾�I���
else

�«�Y�� AÍ��% AÍ«Î3 AÏÐ�Ì AÏ'Î%&L�j�«�Y��B�;3 AÍ��I AÍ²Î3 AÏÐ�I AÏ'Î%&p!
The former is relevant if � is chosento be in thesubset,andthe latter if � is not). This immediately

suggeststhedynamicprogram,with a total storageof [y�Y�¿1gK �© 13Á �© & , which is pseudopolynomial.

Proof of Proposition2: First,weobtainboundsons�Y|�& . By construction,it follows that

s�Y|�&�m|�/� � � ¼s�Y|�&".}� |s�×&�ïg� m÷�<;u.GÔ � &�K © .t�º� � m �<;n.�Ô � .S�Z&�K © !
Also,

s�Y|�&÷» �º�·� ¼s�Y|�&�ïg�
» �º�·�� �<;zBwÔ � & ¼Kª©
» �º� �� �<;zBwÔ � &Ì� K © ��/�·� B¯;%&
» �<;zB�Ô � &�Kª©´B��<;zBwÔ � & �º�·��» �<;zB�Ô � &�Kª©´B��<;zBwÔ � &~�iKª©
» �<;zB�Ô � &Ì�<;zB��Z&�KZ©

ChooseÔÌÎ sothat

Ô � .t�¾m+ÔÌÎ and �<;FBwÔ � &Ì�<;FB��i&u»��<;zBwÔÌÎ%&p 
thenwegets�Y|�&´µ�Ñí�<;�BwÔÌÎI&�Kª©3 %�<;u.GÔÌÎ%&�Kª©=Ò .
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Next, weboundu �Y|�& . By construction,wecanupperboundu �Y|�& in thefollowing way.

u �Y|�& m �/���� � ¼u �Y|�&i.F� |s�×&
m �/���7� |s�� . �/���� � ¼Á�B¯�<;zB�Ô � & ¼Á ¢© &
m �/� � .¯Á�B �<;zBwÔ � &~�º���� � Á�¢©Ì��/��� B�;%&
m Á¯B¯�<;zB�Ô � &#Á�¢©�.t�º���².,�<;zBwÔ � &~�º���
m Á¯B¯�<;zB�Ô � BwÜv�Z&#Áu¢©�!

Finally, weobtaina lowerboundfor u �Y|�& :
{ �Y|�& » �/���� ¼u �Y|�&

» �/���� � ¼Á+B¯�<;u.GÔ � & ¼Á ¢© &
» �/���� � Á²��º��� B2��B¯�<;u.GÔ � & ¼Á ¢© &
» Á¯B��º���^B¯�<;u.GÔ � &#Áu¢©
» Á¯B¯�<;n.GÔ � .t�Z&#Áu¢©3!

If ÔÌÎ satisfiesÔ � .�Üv��m¯ÔÌÎ weget

u �Y|�&´µwÑßÁ+B¯�<;u.GÔÌÎ%&#Áu¢©3 ÌÁ¯B¯�<;zB�ÔÌÎ%&#Á�¢©=ÒP!
ThequantitiesÔÌÎ3 #Ô �  �� canbechosensothatall theabove constraintsaresatisfied.

Details for Section6

A Tight Example for 2SS.We describeaninstancebelow wherethefactor �> is tight. Considera graph M
with two nodes{  �� andtwo paralleledgesU� #W between{  �� . Definethelatency functionsS�TI <S#� areshown
in Figure1. Assumethat Ôg�Ft¯ÔÌÎ and 6I #Ôg�I #ÔÌÎ areall verysmallquantities.

L(1+ ε)

L L

(a) (b)

δ 1−α−δ
1

2

Figure1: A tight example:�Àdk& function S�T , �r?�& function S#�
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In thisexample,theoptimumassignmentassignsslightly lessthan �'.§ÔÌÎ onlink U andslightly morethan;DB·�ÅB�ÔÌÎ onlink W , leadingto a totalcostof almost �À�N.�ÔÌÎ%&Ì�<;�.�6=&r¶ . Thenashequilibriumis ��Ôg�I I;LB¾Ôg�=& ,
with a totalcostof ¶ . It is easyto seethatany 1SSstrategy thatcontrolsatmost � amountdoesnot improve
on thecostof nash.2SSdoesnot improve thecosteither, since Ôg�'t�ÔÌÎ . Thebasicproblemin this example
is that the latency functionscould increasesharply. Whentheir slopesarebounded,the following lemmas
show thatonecanobtainbetterbounds.

Proof of Lemma 4: Wecanassumethat Xù�ÀÍ'&�B�Ãª�ÀÍ^&´»+�"� , elsethepreviouslemmasshow that2SSgives
theoptimalsolution.Let JK ��c¾d¬�lf"� VÍÐ %�<;�B8�ù&E�FBúÃZ�ÀÍ^&�& . Definethestackelberg strategy s in thefirst round
as � * �ÊÃ * B ¼� *  �s®µ VÍ and � * �½9e �s�µCÍ . Then )+*�� * �½�"� andthe inducedNashequilibrium, t is such
that s . t � y. In the secondround,chooseany +�H suchthat �%H* �Â9e �s�µ VÍ and Ã * m½�IH* mhX *  �s�µ¯Í and

)+*�� H* ���"� . Let z �E+ H . t. Clearly, � * � ¼� *  �szµ VÍ and
8 Ù ñ6 Û� Ù ñ6 Û �

�>= 8 Ù 6 Û<: ð�>= > = 8 Ù 6 Û<: ð » ��>= > . Therefore,thereis an

s´µ VÍ suchthat Ã * m�� * ïe�<;²Bw�D& . Fromour assumptionaboutthelatency functions,S * �YÃ * &F»+S * �À� * &<³�� ��>= > & .
Let ¶²� y & bethecommonNashlatency for Ã and ¶²� z& bethecommonlatency of � , on VÍ .

Now,

xN� x 6 &u»+xN� z6 &L�h�YÃª�ÀÍ^&i.��D&r¶²� y &�»÷�YÃZ�ÀÍ'&i.G��³ù� ;;zB�� &�&r¶«� z&p!
xy� z ñ6 &L���<;zBw�·B2ÃZ�ÀÍ^&�&r¶²� z & . Thisgivesus

�<;FB2Ãª�ÀÍ^&�B��D&�xy� z6 &2» �YÃZ�ÀÍ^&i.��ù³�� ;;�B�� &�&�xy� z ñ6 &p 
which implies

xy� x &u»+xN� z6 &�» ÃZ�ÀÍ'&".���³;u.��´��³ÅB�;%& xy� z&p 
where³ú�,³ù� ��>= > & . Therefore,

xN� z&�ï�xy� x &´m ;u.��´��³�� ��>= > &-B�;%&�ù³�� ��>= > & !
Thefollowing lemmarelatesthecostsof theoptimumflow of � andthenashflow of �3H .

Lemma 10 SupposeO¯�¿[^]'_R�PK� ��b& and Q,�½c�de�gf-�PK� �� H & . Then, xy�IO-&®� �Y�ÐB ð �? &r¶«�IQ�&D.,)+*3d * �YX * B8 ãÎ & Î .D� ã 8 ã? , where ¶«�IQ�& is thecommonNashlatencyfor Q .

Proof:

xy�IO-& � ò * d * X
Î* .�? * X *

� ò * �YX * B2Ã * ïgýü&Ì�Àd * Ã * .�? * &Z.�ò * d * �YX * B�Ã * ï3Ü�&
Î .�? * Ã * ïgý

� ò * �YX * B2Ã * ïgýü&r¶²� y &Z. ò * d * �YX * B�Ã * ï3Ü�&
Î .�? * Ã * ïgý

� �Y�'B2� H ïgýü&r¶²� y &i.Gò * d * �YX * B2Ã * ï3Ü�&
Î .k? * Ã * ïgý (1)
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Proof of Observation 2: xy� x 6 ) &L���IC H .¾�yB�CZ�p&r¶ , where¶ is thecommonNashlatency of z on Í«Î . Sinceq/sLµ�Í²Î3 -S * �YX * &n»GS * �À� * & ,
xy� x 6 ) &n»�ò*Y� 6 ) X * ¶��

C8B�C �
C H .��¾B�Ci� xN� z6 ) &p!

This implies

�IC H .��D&�xy� x 6 ) &�»�C�xN� z6 ) &Z.5Ci�g�Pxy� x 6 ) &ùB�xy� z6 ) &�&�»�C�x 6 ) �À�ü&i.5CZ�g�IC·B�C H B��D&r¶F!
Thensince xy� x 6 p#&L��xN� z6 p#& , q/s�µ·Í®�� <S * �YX * &nm�¶ , and X��ÀÍ��=&D�@CZ� , weget

�IC H .��D&�xy� x 6 pp&D�@C�xN� z6 p#&�B¯�IC·B�C H B��D&�xy� z6 pp&�»�C�xN� z6 pp&-B¯�IC�B�C H B��ù&cCi�p¶F!
Addingup theseinequalities,wehave �ICiHb.��D&�xy�IO-&´»�C�xy� K & .

Lemma 11 Asbefore, let O���[^]'_R�À�\ ��b& and Q���c¾d¬�lf"�À�� ��b& . Then,X * »�Ã * ï3Ü¬ rq/s .
Proof: Let � bethesmallestindex suchthat Ôl�� is 0, and ��.�; if nosuchindex exists.Similarly, let � bethe
smallestindex suchthat Ô�«��9 , and �½.,; if nosuchindex exists. Clearly, �¾»j� . For all snt@� , Ô �*Ð��Ô * ï3Ü
andfor sL»�� , Ôg�* »¯Ô * ï3Ü . Fromtheprevioustwo lemmas,X * ��) $o ¨ *3Ôl�o �G ã~�r�A�A� and Ã * ��) $o ¨ *�Ô o �G ã��r�1�-� . The
lemmanow follows.

Proofof Lemma5: Theset Í is defined,asbefore,asthesetof s suchthat X * »CÃ * . Let Xù�ÀÍ'&L�jCi�g �ÃZ�ÀÍ^&��
CiH � . As before,the initial stackelberg assignments is concentratedon VÍ , in sucha way that +'.j3¾��Q ,
where 3 is thenashassignmentinducedby s. Thebest2SSstrategy would be to choose+ so thatafter the
first round,when + is transferredto elementsof Í , theremainderon VÍ is assignedoptimally. Becauseof the
difficulty of analyzingthis,weconsideradifferentschemebelow. Following earlierremarks,wewill assume
that X��ÀÍ^&�B2ÃZ�ÀÍ'&´»�� .

Thealgorithmfor 2SSdependson thefollowing two cases,andentailsspecifyingtheassignmentss s’.
Choosing � H : In both thecases,theassignments’ is constructedby performingthereassignmentoperation
definedearlier, which involvesaddinga flow of �-� to thenashassignmenty 6 on Í .

Wefirstderivealowerboundfor xy� x 6 & beforethechoiceof s. Asbefore,z6 is definedasy 6 . s6 . Recall
that � * »,Ã *  rq/szµ2Í . Therefore,xN� z6 &²»¹�ICiHü.��D&E�3¶«� y & . Let 6 besuchthat xy� z6 &z�Â�ICiHü.C�·.�6p&E��¶²� y & .
By Lemma2, xy� x 6ù&n»��ICú. L 5L � @ > &E��¶²�YÃÄ& .

Wenow considerdifferentcases,andconstructsseparatelyin eachof these.

Case1: R¬s�µ VÍ suchthat Ã * B2X * »��-� .
By Lemma11, Ã * m¯ÜlX * , which implies X * »CÃ * B2X * »¯�"� .

First,suppose? * »¯Ôg¶²�YÃÄ& . Define K ñ6 ��c¾de�gf-� VÍÐ ��Ä�<;zBSCiHüBw�ù&�& .
Choosing � : chooses as � o �½Ã o BC� o  rqev�µ VÍ and � o ��9e rqkv�µ¯Í . By lemma10, xy� x ñ6 &R»:�<;^B�C�B�>= L � = >? &E��¶²� z ñ6 &/.t? * � * ïgý . SinceÃ * B¾X * »¯�"� , andz is thenashflow obtainedby reducinga totalof �"� flow

from VÍ , � * »,X * »,�-� . Therefore,xN� x ñ6 &�» � = ? L @ L � @ > @ªÚ >? ¶«� z& . Combiningthis with thelower boundfor

xy� x 6ù& , we have xN� x &�ï�xy� z&²» �A@ >
? . Ú > @ Ù �>= > Û 5? Ù � @ 5 Û . If 6'»�� , we get xy� x &�ï�xy� z&�» �A@ > @ Ù �>= > Û > :�T? . If 6't�� ,

weget xy� x &�ï�xy� z&u» �A@ > @ > U :<� Î? , wherewetake Ô'�,� Î ïgý .
Next, supposethat ? * m¯Ôg¶²� y & .

Choosing � : In this case,choose� * � �"� and � o � 9e 	v½É� s . Define z ñ6 as � * �öÃ * B��"� and � o �Ã%o3 rqevwµ VÍjV��Is�� . Clearly, whens is removed from VÍ , the remainderon it is z ñ6 . Let X * ���/�2»½�"� and
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Ã * �F� H �N»,Ü3�-� . By lemma10, xy� x ñ6�X-Y *<Z &z»h�<;FBtC·BS�§B �>= L � = � �? &E��¶«�YÃk&n� � = ? L = ? � @ L � @ � �? ��¶²�YÃÄ& . Since

? * m+Ô%¶«�YÃk& , S * �À� * &um � � = > @ > Ú� � ¶«�YÃk& and xN� x Y *<Z &nm��;�/H=By�D& � � = > @ > Ú� � ¶«�YÃk& . xN� x Y *<Z &��B�ù�Àd * �z.[? * &u» � )� � ¶²�YÃÄ& .
Puttingall of thesetogether, weget

xN� x &�» M B�ý	�N.5CiHb.t�ºH�.�ýb6ù.�ý	� Î ï��/Hý ¶²�YÃÄ& and xy� z&nm��<;u.G6DBw� �ºH¬Bw�� H .��ùÔ3&r¶²�YÃÄ&p!
Thus,using � H »¯Ü3� , weget

xN� x &xy� z& B
M .��ý » � Î B2ý	� H �ùÔF.S� H �<;zBw�ù&<6ý	� H �<;u.C6p& !

When 6z7¯� , weget ^ Ù x Û^ Ù z Û »
�A@ > @ > )
? , with Ô setto � Î ïgý . When 6Fm�� , weobtain

xy� x &xy� z& B
M .��ý » � Îý¢�<;u.��D& !

Case2: Ã * B�X * t��-�g rq/suµ VÍ .
In thiscase,therealwaysexistsaset Ï½ì VÍ suchthat �"�bï3ÜRm�Ãª�ÀÏy&iB�Xù�ÀÏa&´m��"� . Let X��ÀÏy&D�B�º�g �ÃZ�ÀÏy&L�
� H � . Define K ñ6�X { ��c¾d¬�lf"� VÍkV´ÏÅ ��Ä�<;´B�C H B��ÅB��D&�& and K { �@O { .
Choosing � : Chooses so that � o �ÊÃ o BGX o  rqev�µCÏ and � o �ÊÃ o BG� o  	v2µ VÍ@V²Ï . After thefirst round,
whens is movedto Í , assignmentz remainson VÍ . By Lemma10 xy� x ñ6�X { &n»��<;�B�CaB[�®B �>= L � =

� = >? &r¶²� z& ,
whichgives xy� x ñ6�X { &u»

� = ? L = � � @ >? ¶²� z& . xy� z ñ6�X { &D���<;�B�C H B[��B8�D&r¶²� z & . Addingtheabove inequalities,
weget

xy� x ó X { &2»
M B M �y.��8.�ý�C-6pïe�À�·.sC H &ý ¶²� K &p!

Thus

xy� x ó X { &xy� zó X { & »
M B M �y.��8.�ý�C-6=ïe�À�·.5CiH�&ý¢�<;zB��N.G6p& » M .��ý . �(�y.��<;zB��D&<6ý¢�<;�B��a.C6p& !

Since x { � x &L�\x { � z& , ^ Ù x
Û

^ Ù z Û is boundedby thesameratio. By Observation2, ��»��Dï3Ü . Thus,if 6z»��� then

xy� x &xN� z& »
M .G�ú.��<;zB��D&r�ùï3Üý

else

xy� x &xN� z& »
M .��ú.�� Î ï3Üý !

7 ReverseStackelberg Strategy

In thissection,weexplorethemodelwherethestackelberg assignmentis madeaftertheremaining�<;uB��ù&E�
fractionhasformedanashequilibrium.Clearly, thebeststackelberg strategy wouldbeto assignthe � fraction
optimally, giventheremainingassignment.Thelemmabelow showsthatsuchastrategy is at leastasgoodas
1SS.Let t bethenashassignmentof the ;FB�� fractioninitially. Let s ��[®]'_`�À�� A�"�l VSl& bethesubsequent
stackelberg assignment,where VSÌTl� { & is definedas S�T%� { .�(<T=&p rqZU . We still have themodelof a network with
two nodesand � parallellinks betweenthem.
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Lemma 12 xN� s . t &u»+x�� ��� , where x�� ��� is thecostof thebeststrategy for 1SS.

Proof: Let Í�� �IsR£�X * »½( * � , wherex is the optimal assignment,asbefore. Note that X�� VÍ^&ymÊ(�� VÍ®&���Ä�<;`B��ù&²B,(��ÀÍ'& , which implies �ÅB,X�� VÍ^&²B,(��ÀÍ'&¾�öXù�ÀÍ'&²B,(��ÀÍ^&�» �"� . Consideran assignments’
that assigns�-� to elementsin Í , while keeping �IH* .\( * mÓX *  rq/s�µ¹Í , which can easily be donesinceX��ÀÍ^&ªB�(Ì�ÀÍ^&n»��-� . Clearly, xN� x &n»+x�6u�,+ H .�3l&n»��Y(Ì�ÀÍ^&¢.2�"�b&r¶ , where¶ is thecommonnashlatency of t.
If x�6u�,+�Hb.53l&��¦�Y(Ì�ÀÍ^&".��-��.G6��b&r¶ , xy�,+�H�.53l&L�h�<;u.G6p&E��¶ , andtherefore,xy� x &�ï�xN� z&n» � Ù 6 Û;: ð @ > @ 5� @ 5 »�� .
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