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EXPANSIONS I N  SPHERICAL HARMONICS I V .  

INTEGRAL FORM OF THE RADIAL DEPENDENCE 

by 

R. A. Sack 

Page 1.2, Eqn. (26) : The express ion  preceding t h e  f i r s t  i n t e g r a l  

s i g n  should be pu t  i n  parentheses .  
~ 

Page 16,  Eqn. (34) : Write  it for  "1 I' 
Following l i n e  : I n s e r t  " r e s u l t i n g  from t h e  s u b s t i t u t i o n  of (34)" 

Tr4 * 

befo re  " in  (32b)" 

Page 26, Eqn. (53) and l i n e  13. Put "G" f o r  "g". 

Page 27, l i n e  3 : Read: " I f  p3 i s  kept  f ixed",  not 
I 

l i n e  10 : Read: " th ree  ind ices"  f o r  "two indices"  

l i n e  12 : I n s e r t  "Legendre and" be fo re  "Bessel func t ions  

- 
-..- 

!----' .- , ___ -- - - 

: Page 29, l i n e  1 

Page 35, Eqn. (A6) : 

I n s e r t  l l R 3 ~ ~  a f t e r  I'm 11 

"he l a s t  lla'I i n  t h e  top l i n e  should be "1' I t .  
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2 A B  N 1  
A f u n c t i c n  f(rfi:j Y~, 'c  B,.,, yA'idj of a v e c t c r  

be expanded i n  spheric22 h z z a c v i , s  Y"*( % . 7 )  o f  the d i r e c t i o n s  of the  

i n d i v i d u a l  v e c t o r s ,  %he ~ s d i ~ l  : ~ ~ e f f i ~ i e n t s  s a t i s f y  simple d i f f e r e n t i a l  
e 

, 
equat ions  which i n  th ree  p r z - ~ i , ~ i s  ;z,pers* were selved i n  terms of s e r i e s  

i n  r / r j  i 

r e l a t i v e  magnitudes of thc  r Tn t h i s  paper the s c l u t i o n s  a r e  found 

as mul t ip le  i n t e g r a l s  t h e  prcds-ct li~f Legendre polynomials and of 

; these  were d i f f e r e s t  in var ims  reg icns  depending on the  
2 2  

i "  

a func t ion  G( 

k e r n e l  G Q W  1 

t h e i r  r e l a t i v e  

Heavis ide  s t e p  

k / )  where k/ depends Linear ly  on the r The i o  

is  irdepende9t i f  the  number of condi tuent  v e c t o r s ,  

s i z e s  ard t h e  O K & I S  ~f t h e i r  harnonicsp i t  con ta ins  the  

f m c t i o z  H(d as f 6 , c t ~ r  which takes  ca re  of the  

va r ious  ~ e g i o n s ,  Tho prec i se  farm af C, cara be found from f and L 

by a n  i n t e g r a l  equat ion  which E s r  k = 0 ,I i s  so lved  f o r  a r b i t r a r y  

f , and for. L > H f o r  s J f f f c i e n r l v  large p o s i t i v e  powers. The 

e x p l i c i t  express ions  c f  h n i l E e ~ r ,  Twerclt-chLik a d  S i r s c h f e l d e r  f o r  the  

angle  average C ~ E  be ob ta ined  s i m p l y  by repea ted  i n t e g r a t i o n  of G ( d  ) 

o r  d i r e c t l y  from the  d i f f e r 2 n t i a i  e q d a t i s n s ,  For the  inve r se  d i s t a n c e  

between two po in t s  Gh", %Y ) bec.wEs 3irscg s d e l c a  func t ion ;  the number 

of i n t e g r a t i o n s  i s  thereby redcred by DW., P ~ s s i b l e  a p p l i c a t i o n s  of 

the  new approach t o  the evsxa t i i3n  of trm$ecuk~t maiy-center i n t e g r a l s  

a r e  ou t l ined .  Some Torsect ions zre given f o r  t he  r e s u l t s  of the  pre-  

v ious  papers  ir! the s e r i e s ,  

A V t N D n  



. 1 

I. In t roduc t ion  

I n  a s e r i e s  of t h r e e  papers' t he  w r i t e r  has presented  a number of 

Ql 

about a common o r i g i n  0 o r  two d i s t i n c t  o r i g i n s  0, and ; 

expansions f o r  a func t ion  of t he  d i s t ance  r between two po in t s  12 

and Q , which a r e  s p e c i f i e d  by r ( rEy  9, ~ f , )  and N 2  r (r2' 8 4 'p ) 2 N1 

the  d i r e c t i o n s  of t he  p o l a r  axes and of the  planes d e f i n i n g  

a r e  p a r a l l e l  throughout ( c f .  Figure I). 

inc luding  03 and f 3  where zYr3 (r3 = a,  g3 ~ p33 ) i s  the  v e c t o r  

0 
The dependence on each angle ,  

8, oA i s  given by su r face  s p h e r i c a l  harmonics, expressed e i t h e r  

i n  t h e i r  unnormalized 

o r  normalized forms 

? *&) a r e  def ined  by the  4 where the  a s soc ia t ed  Legend r e  func t ions  

s tandard  Rodrigues formula, 

The expansion f o r  a func t ion  



1 / =  2 

2 

( 3 )  

which are  re:*e,-i.-ad f c I' ' h ~  '1-e ~zeazer a d  two-center expansions r e s p e c t -  
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By so lv ing  ( 5 )  toge ther  wi th  the  appropr ia te  boundary condi t ions  f o r  

the  w r i t e r  was ab le  t o  de r ive  e x p l i c i t  expressions f o r  R i n  terms of 

hypergeometric func t ions  (Appell  func t ions  f o r  )~sJ)~; some of the  one- 

4 c e n t e r  expansions f o r  i s o t r o p i c  V had a l ready  been found by Chapman 

us ing  a d i f f e r e n t  approach. 

d i f f e r  according t o  the  r e l a t i v e  s i z e s  of the  r ; f o r  j l  -2 t h e r e  

a r e  two reg ions  

The e x p l i c i t  forms of t h e  r a d i a l  func t ions  

i 

f o r  

f e l d e r  

f = 3  

5 

t h e r e  a r e  fou r  regions as f i r s t  shown by Buehler and Hirsch- 

( see  Figure 2) .  Whereas i n  t h e  case  (6a)  t he  s e r i e s  express ions  f o r  R 

are convergent and reasonably simple i n  the  o u t e r  reg ions  

S3 , the  corresponding s e r i e s  i n  t h e  over lap  reg ion  

d ive rgen t ,  and the  only e x p l i c i t  s e r i e s  obtained i n  I11 were f o r  i n t e g e r  

N = -~,0,1,2...; even these  were no t  l i k e l y  t o  be of g r e a t  pract ical  use,  

e .g .  f o r  numerical  i n t e g r a t i o n s ,  f o r  l a rge  

c a n c e l l a t i o n  of l a r g e  terms with a small a lgeb ra i c  sum. 

S l y  S2 and 

So a r e  i n  gene ra l  

-pi because of the  pa r t i a l  

I n  the  one- 
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c e n t e r  expansion of i s o t r o p i c  func t ions  of the  type (2b) q u a d r a t i c  t r a n s -  

formations appl ied t o  the  hypergeometric func t ions  led i n  I t o  express ions  

rl and r 0 some of t hese  had a l ready  2 '  f o r  R which were symmetric i n  

been der ived  by Chapman 4 6 and by Fontana , but  t he  appearance of powers 

2 2  of (rl+r2) o r  (rl +r2 } i n  the denominator s e e m t o  preclude t h e i r  

usefu lness  fo r  most p r a c t i c a l  purposes. Fontana' has  a l s o  o u t l i n e d  an 

approach t o  an analogous symmetric two-center expansion, bu t  f o r  r e a s o n s t o b e  

given i n  a l a t e r  pape r ,  these  expansions would not be abso lu te ly  con- 

vergent  everywhere, q u i t e  apart from the complicated a n a l y t i c  form they 

would take.  

A r a t h e r  d i f f e r e n t  approach t o  the  two-center expansion has  been 

8 taken independently by Nozawa7 and Chiu . 
t i a l l y  concerned with the  s o l u t i o n  of the  wave equat ion  

Both these  au thors  a r e  essen-  

2 v2.v= f k V , 

b u t  t h e i r  method can be d i r e c t l y  appl ied  t o  any func t ion  V.. They f i r s :  

where r ' = 01Q2 and :2 @ 4 2  break up t he  vec tor  r i n t o  r and 

employ the  usual  one-center expansion, and then  s i m i l a r l y  re-expand the  

h 12 W l  

A s  a r e s u l t  they o b t a i n  3 '  dependence on r ' i n  terms of r and r 

d i f f e r e n t  expressions f o r  R i n  t h r e e  reg ions  only 

4 2  2 

( t h e r e  i s  no subdiv is ion  of S1') . The reg ions  S1, S2 and S3 of 

(7b)  a r e  completely contained i n  t h e i r  primed coun te rpa r t s  and t h e  

express ions  obtained a r e  obviously pa i rwise  i d e n t i c a l ,  and i n  a d d i t i o n  

the  overlap region So i s  s p l i t  up  between t h e  t h r e e  reg ions  of (8).  

B u t  as the  magnitude of r2' depends on the  ang le  a,, between r -2 
I and ;3 , t he  boundary between ' on the  one hand and s2' o r  s3 

s1 
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. 

c 

on the  o the r  depends on 

(3)  the  v a r i a b l e s  a r e  no longer  s t r i c t l y  separa ted  as the  r a d i a l  c o e f f i -  

c i e n t s  R involve the  angles .  In consequence i t  i s  no longer  poss ib l e  

t o  use the  o r thogona l i ty  r e l a t i o n s  f o r  the scrrface harmonics t o  c a r r y  

out  the  i n t e g r a t i o n  over the  angles.  And any a t tempt  t o  extend the  

v a l i d i t y  of the  expressions for the  s a t e r  reg ions  i n t o  S i n  such a way 

t h a t  t he  boundaries a r e  independent of the  angles ,  e.g. by us ing  the  

formulas f o r  Si whenever r. is  the l a r g e s t  of the th ree  v e c t o r s  w i l l  

make the  expansion ( 3 )  diverge  as was a l ready  i m p l i c i t  i n  the  work of 

Carlson and Rushbrooke on r 

e x p l i c i t  mention of the overlap region,  they spec i fy  

the  o t h e r  formulas converge, and these  exclude 

f a c t o r s  mul t ip ly ing  V enforce  convergence a f t e r  i n t e g r a t i o n  over 

angles ,  the  r e s u l t s  obtained i n  S from formulas v a l i d  i n  

l i k e l y  t o  be erroneous.  For these reasons the  w r i t e r  cons iders  any 

expansion of t h e  form ( 3 )  which ignores  t h e  d i s t i n c t  form of the  r a d i a l  

c o e f f i c i e n t  R i n  So , while  not n e c e s s a r i l y  i n c o r r e c t ,  a t  any r a t e  

n o t  very  u s e f u l  f o r  most p r a c t i c a l  purposes. 

% y 2 9  8 3 and y 3 / a n d  i n  the  expansion 

0 

1 

-1 ; though these  au thors  avoid any 
9 

12 

i n  which reg ions  

. I f  a d d i t i o n a l  
so 

a r e  
si 0 

Recently a new approach t o  t h e  two-center expansion has  been made 

by Mi l leur ,  Twerdochlib and Hirschfe lder  . For an  i s o t r o p i c  func t ion  10 

f (r12) they obtained simple expressions f o r  the angle  average 

< f >  = R ( 5 ; 0 0 ; r> by e x p l i c i t  i n t e g r a t i o n  over angles .  The 
4 

resul ts  involve the  r 

and the  func t ions  appearing a r e  obtained from $ by i n t e g r a t i o n  so  t h a t  

t h e  method i s  app l i cab le  t o  f r a c t i o n a l  powers and t o  piece-wise continuous 

f u n c t i o m t o  which the  s e r i e s  expansions f o r  R der ived  i n  I11 cannot be 

app l i ed .  Two ques t ions  posed themselves inmediately:  

only as l i n e a r  combinations (k rl f r2 f r3) , 
i 
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(a) Could the closed form expressions f o r  the  angle  average be obtained 

more simply as s o l u t i o n s  of the  d i f f e r e n t i a l  equat ions  (5) wi th  t h e  

appropr ia te  boundary condi t ions '?  

Could the gene ra l  s o l u t i o n  of thz equat ions ( 5 )  with  a r b i t r a r y  'i 

be given i n  a form which preserved the  l i n e a r i t y  i n  the 

Both these problems were qaickly resolved,  and the  new d e r i v a t i o n s  

are presented i n  s e c t i o n s  2 and 3 r e spec t ive ly .  

expect  c losed expressions f o r  the  s o l u t i o n s  of (b) ,  hence a t tempts  i n  

t h i s  d i r e c t i o n  were quick ly  abandoned. Ins tead  s o l u t i o n s  were success-  

f u l l y  sought i n  terms of an i n t e g r a l  over a func t ion  

is a l i n e a r  func t ion  of the  r 

dependent of the e 
determined by a Vol te r ra - type  i n t e g r a l  equat ion  involv ing  V ( r )  and the  

Heaviside func t ion  

(b)  

r i ? 

It was too  much t o  

G ( d )  where ZJ 

This func t ion  w a s  found t o  be i n -  i o  

and of the  reg ions  Si , i t s  exac t  form i s  

.y 

33 ? I  

the  d e r i v a t i v e  of which is  D l r a ~ . ~ s  d e l t a  func t ion  

s o l u t i o n  of t h i s  equat ion  w a s  obtained f o r  func t ions  V given by (2b) 

o r  ( 6 ) ,  i n  the l a t t e r  case only f o r  s u f f i c i e n t l y  l a r g e  N . 

6 ( d )  . The e x p l i c i t  

The in t e rven t ion  of t he  f a c t o r  H( IJ ) au tomat i ca l ly  takes  cdre  of 

t he  d i f f e r e n t  a n a l y t i c  forms of the  i n t e g r a l s  i n  the  va r ious  r eg ions ;  i t s  

inf luence  on the s o l u t i o n  and s p e c i a l  forms of t he  r e s u l t s  a r e  d iscussed  

i n  Sec t ion  4 ,  and i n  Sec t ion  5 some a p p l i c a t i o n s  of t h e  new approach f o r  

the  eva lua t ion  of 2, 3 and 4 c e n t e r  i n t e g r a l s  a r e  ou t l ined .  



I . 7 

2.  The Angle Average 

The formula der ived  by Mil leur ,  Twerdochlib and Hirschfelder'O f o r  

t he  angle  average if> , i . e .  f o r  t he  r a d i a l  c o e f f i c i e n t  R(O , 0 ; r )  , 

of a s p h e r i c a l l y  symmetric func t ion  
- . %  

where 

t h e  expres s io ruva l id  i n  S2 and S3 a r e  obtained from ( lob )  by permu- 

t a t i o n  of t h e  ind ices .  S u b s t i t u t i o n  of t h i s  i n t e g r a l  i n  (10)  shows t h a t  

so ; t h e  lower l i m i t  of i n t e g r a t i o n  i s  immater ia l  i n  

i n  consequence a s i n g u l a r i t y  of 

i n  4$> i n  the  o u t e r  reg ions ,  bu t  may c r u c i a l l y  a f f e c t  t he  r e s u l t  i n  

t h e  over lap  region.  Thus f o r  f(r12) = r12 ( l o b )  remains meaningful 

for a l l  N ,provided the  lower l i m i t  i n  (11) is  taken t o  be 6 > 0 ; on 

S1 , though not  i n  

f (r12) a t  r = 0 w i l l  n o t  show up 1 2  

N 

t h e  o t h e r  hand convergence of the i n d i v i d u a l  terms i n  ( loa) r e q u i r e s  

N > -3 , The formulas (10) and (11) have a wel l -def ined  meaning f o r  any 

f u n c t i o n  $ (rl2; which i s  in t eg rab le  f o r  a l l  non-negative r12 , * no 

a n a l y t i c i t y  of need be assumed as w a s  requi red  i n  111. 

The express ions  (10) and (11) were obtained by Mi l leur ,  Twerdochlib 

and Hi r sch fe lde r  by i n t e g r a t i o n s  over  t h e  geometric angles .  To d e r i v e  
~~ 10 
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t he  same r e s u l t s  as s o l u t i o n s  of d i f f e r e n t i a l  equat ions ,  we mus t  p u t  a l l  

t he  l equal  t o  ze ro  i n  ( 5 ) .  Consider f i r s t .  the  one-center case i 

,'= 2 and p u t  

For t h i s  func t ion  ( 5 )  becomes 

which i s  d'Alembert 's  equation. wi th  the  well-known gene ra l  s o l u t i o n  

Hence < > mus t  be of t he  form f 

However as r tends t o  zero  i n  the  reg ion  S1 ~ > tends t o  2 

f- (rl) ; hence by L ' H e p i t a l ' s  r u l e  
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or 

although again the lower limit of integration is essentially arbitrary. 

The angle average is thus 

with g(lJ) defined in (16); the second formula follows from the first 

by symmetry. For the two-center case ( 9  =3q we put 

for which (5) becomes 

Considering the three sides of this equation in pairs we see that each 

r 

hence < f > is of the form 

\ is coupled\Go the others by addition or subtraction as in (14a), i r  
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A s  r3 tends t o  ze ro  i n  Sl (20) m u s t  tend t o  (17a) and a renewed 

a p p l i c a t i o n  of L ' H 2 p i t a l ' s  r u l e  y i e l d s  the  s o l u t i o n  (11) and ( l o b ) .  

formulas v a l i d  i n  S2 and S3 fo l low from symmetry, and ( l o a )  can be 

deduced as the only func t ion  of the  form (20) which smoothly l i n k s  the 

The 

known so lu t ions  i n  the  o u t e r  regions.  

Both (16), ( 1 7 )  and ( l o ) ,  (11) can be w r i t t e n  i n  a form independent 

of t he  region i n  which they apply by making use of t he  Heaviside func t ion  

H ( M )  : 

where each Bi can take the  va lues  f 1 independent ly .  The s t e p  

f u n c t i o n  thus takes  ca re  of the  va r ious  reg ions  by e l imina t ing  terms of 

nega t ive  argument; t he re  should be no ambiguity on the  boundaries  of t he  

reg ions  as long as g(0)  o r  h (0 )  vanish ,  i . e .  as long as 9 {(Q\ 

( o r  i t s  i n t e g r a l )  i s  i n t e g r a b l e  a t  v =  0 e 

The g e n e r a l i z a t i o n  of ( l o ) ,  (11) f o r  t he  angle  average of a f u n c t i o n  

f where 2 A B  i s  composed of an a r b i t r a r y  number of 

v e c t o r s  ( c f .  24) fol lows e a s i l y  by induc t ion  
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where 

c 

3.  I n t e g r a l  Solu t ions  f o r  Arb i t r a ry  e t .  

(i> General form of the so lu t ions .  

The d i f f e r e n t i a l  equat ions  (5) f o r  t he  r a d i a l  c o e f f i c i e n t s  R do 

not involve the azimuthal  quantum numbers m which can t h e r e f o r e  

e f f e c t  t he  s o l u t i o n  only i n  t h e  form of a cons t an t  f a c t o r ;  hence the 

i y  

func t ions  R can always be decomposed i n t o  two f a c t o r s ,  one depending 

on 4 and m only,  the o the r  on 4 and r as w e l l  as on the  na tu re  

of the  func t ions  V t o  be expanded: 
* Y d Y 

As a l r eady  pointed o u t  i n  I1 and 111, t h i s  p a r t i t i o n i n g  i s  no t  unique, 

as any dependence on the only may be drawn i n t o  e i t h e r  f a c t o r .  

As mentioned i n  the in t roduc t ion  the  ch ief  a i m  of the  p re sen t  

i n v e s t i g a t i o n  was t o  e s t a b l i s h  s o l u t i o n s  of ( 5 )  involv ing  the  r only 

i n  l i n e a r  combinations,  i . e .  i n  t he  form 

.y 

i 

summed o r  i n t e g r a t e d  over var ious  va lues  of u . As the  s o l u t i o n  w a s  i 



bound t o  involve the  r o t a t i o n a l  quantum numbers 

most obvious t r i a l  s o l u t i o n  w a s  

t i n  some way t e e  i 

12 

Assuming that 6L(Iv) has a second d e r i v a t i v e  everywhere end apply ing  

the  r l -operator  of (5) t o  the  f i r s t  i n t e g r a l  i n  (25) only  we ob ta in :  

where the  last i n t e g r a l  vanishes  on i n t e g r a t i o n  by p a r t s .  

ope ra to r  i n  ( 5 )  appl ied  t o  the  t r i a l  func t ion  R" of (25) y i e l d s  thus  

a similar V-fold i n t e g r a l ,  w i th  G I 1 (  /k) ) r e p l a c i n g  G( a) ; t he  

r e s u l t i n g  expression i s  thus  i n v a r i a n t  whichever p a r t i c u l a r  ope ra to r  i n  

(5) i s  chosen, and (25) i s  indeed a s o l u t i o n  of (5).  

of G makes i t  l i k e l y  t h a t  (25) r e p r e s e n t s  t he  gene ra l  s o l u t i o n  of (5) 

except  poss ib ly  f o r  some s i n g u l a r  s o l u t i o n s .  Although f o r  the  purposes 

of the  proof it  has been assumed t h a t  G ( W )  possesses  second 

The rl- 

The gene ra l  na tu re  
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d e r i v a t i v e s  everywhere, t h i s  i s  not EP necessary cond i t ion  as even a d i s -  

continuous G ( w )  e m  be t r ea t ed  as the  l i m i t  of a sequence of func t ions  

wi th  second d e r i v a t i v e s .  

Having thus e s t ab l i shed  the gene ra l  na ture  of the  s o l u t i o n  of (5) 

we next  have t o  show t h a t  f o r  the expansion of a func t ion  

(which inc ludes  (2b) as a s p e c i a l  ca se )  wi th  a s u i t a b l e  choice of the  

f a c t o r  K" the  func t ion  G(q,y) i s  independent of the  number of com- 

ponent vec to r s  and the  r o t a t i o n a l  quantum numbers e . Once 

t h i s  has  been e s t a b l i s h e d  i t  remains t o  determine the dependence of G 

on f and L e 

(ii) Invar iance  of G . 
The t ransformat ion  p rope r t i e s  of t he  s p h e r i c a l  harmonics A," Or 

m Y of (1) under r o t a t i o n  requi re  tha t  the  c o e f f i c i e n t s  of each i n d i -  

v i d u a l  term i n  (3)  involve the azimuthal quantum numbers m only through 

t h e  i n t e g r a l s  (general ized Gaunt's c o e f f i c i e n t s )  

e 

I J 



o r  

The l a t t e r  i n t e g r a l  vanishes  unless  

4 

1 I 

Here (30b) follows from p a r i t y  cons ide ra t ions  and (30a) and (30c) from 

the or thogonal i ty  r e l a t i o n s  of the  s p h e r i c a l  harmonics. The i n t e g r a l  

i n  (28) does not  n e c e s s a r i l y  vanish  i f  (30a) i s  v i o l a t e d ,  bu t  

as the  only i n t e g r a l s  of importance a r e  those f o r  which (30a) i s  val id ,  

T 
--a 

we assume the r e l a t i o n  must  hold.  I n  view of the  w r i t e r s  personal  

preference f o r  unnormalized harmonics, the d e r i v a t i o n  w i l l  be g iven  i n  

terms of these func t ions ;  some of the  formulas requi red  i n  t h i s  s e c t i o n  

a r e  der ived  i n  Appendix A i f  t h e i r  p r e s e n t a t i o n  he re  would i n t e r r u p t  

the flow of the argument. 

If i n  the expansion of (27)  we pu t  f o r  the  rn-dependent c o e f f i c i e n t  
u 

K” of R (cf .  ( 3 )  and (23)): 
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t h e  I i s  a consequer-ce of the txansformati.cn p r o p e r t i e s ,  the addi -  -n 

choice of K r g  the  Eucctior. G ( M  ir! (24) and (25) i s  indeed i n -  

dependent of V and -! we note t h a t  by making r = 8 , the  only 

dependence of t he  in tegrand  of (25) on i s  thraagh the  Legendre 

4 v 

polynomial; heace by os thogoca l i ty  all the  i n t e g r a l s  (25) vanish,  un less  

e,, = 0 , i n  which case t h e  i n t e g r a l  i s  j u s t  twice t h a t  obtained wi th  

r and u missing; a t  h e  same time (31) has exac t ly  h a l f  the  value 

i t  would have i n  the  absence of: eV+$ Hence f o r  the  expansion (3)  t o  

be i n v a r i a n t  under the  a d d i t i o n  of an a r b i t r a r y  number of ze ro  v e c t o r s ,  

9 v 

G ( Q  ) 

number of u terms wi th  e. = 0 

m u s t  be i n v a r i a n t  under the  a c c r e t i o n  OK d e l e t i o n  of an a r b i t r a r y  

j J 

More gene ra l ly  we can S ~ Q W  t h a t  the  invar iance  of G i n  (25) 

ensures  the  i d e n t i t y  of the  expansion (3 )  whether we take two r a d i i  

and r ) 

1 2 "  

i n  the  same d i r e c t i o n  o r  take a s i n g l e  v e c t o r  of (say 51 -2 

magnitude r +r Collecti izg mTYy those f a c t o r s  i n  ( 3 ) ,  (25) and (31) 

which depend on 

over  these ,  we c b t a i n  i n  che one case  the  c o n t r i b u t i o n  

and < and summing (81 9 f? ) - p t >  fJ ) 
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and i n  the  other  
* 

The products  of two sphesicaL harmcriics i n  (32e3  can be expanded i n  the  

u s u a l  way as suns of sLn.gle harmonics 

whereas the  s i n g l e  i n t e g r a l  itl (32b) can be converted i n t o  a double one 

w i t h  the  same argument f o r  G as i n  (32a) by mul t ip ly ing  wi th  the  

d e l t a  function. 

On expanding t h e  products  of Lrgendre func t ions  of 

same way as i n  (33)  we o b t a i n  as the  factor of 
fil i n  (32b) the  
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from (32b) and (34) 

and from (32a) and (33) 

c 

-c - 2  

=z 
?,h 

h 

i n  view of (A3) and (A6) .  The expressions (32a) 

4, 
0 

and (32b) a r e  thus  

ident ical  provided G ( w  ) does n o t  depend on o r  t he  - -/ . 
While 

t h e s e  

wou Id 

i d e n t  

t h i s  i s  no t  a r igorous  proof t h a t  G( I$ ) must be independent of 

q u a n t i t i e s ,  i t  makes it more than  p l aus ib l e .  A complete proof 

have t o  show t h a t  t he  reduct ion  f o r  V t o  -1 vec to r s  g ives  

been ab le  t o  d e r i v e  such a p roof ,  bu t  as i t  involves  q u i t e  a number of 

in te rmediary  lemmas, i t  w i l l  be omit ted here ,  
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If the spherical harmonics i n  both (33 and (27) are given in 

normalized form, we obtain for t h e  factor from (l), (29) and (31) 

(iii) Relation of f and G . 
Having established the invariance of G ( M )  with 9 and Y c 

it is an easy matter to find the exact relation of G ( d  ) to f and 

L in (27). One simply has to put = 1 , in which case only one 

term in the expansion (3) survives in view of the orthogonality relations, 

and the equation to be solved becomes 

Here it should be noticed that r can by definition take only real 

non-negative values and 

trarily for r < O  . 
{(r) can to some extent be chosen arbi- 

T h e  easiest way t o  achieve this is by multiplying 

f (r) by t h e  Heaviside function H ( r )  ; a.ny ambiguities arising from 

branch points of f(r) at r=O are thereby automatically eliminated. 

Correspondingly we may choose G( ‘k7) E 0 for @< 0 so that (37) 

be comes 
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c 

where the  s u f f i x  L has been added t o  G t o  i n d i c a t e  which Legendre 

polynomial e n t e r s  i n t o  the  t ransforn .  For L = 0 we ob ta in  

w i t h  the  s o l u t i o n  

For L = 1 the  corresponding equat ion and s o l u t i o n  a r e  

(39)  

The s o l u t i o n s  f o r  the  transforms i n  (38)  with  L > 1 a r e  l e s s  s t r a i g h t -  

forward i n  genera l ,  and the  only case  d iscussed  i n  the  p re sen t  paper i s  

t h a t  of a r e a l  power {(r) = rN 

must a l s o  be p ropor t iona l  t o  the same power 

It i s  obvious from (38)  t h a t  G ( IJ ) L 

where Cm i s  the  r e c i p r o c a l  of t h e  i n t e g r a l  

( 4 3  



3 
( c f .  (3.12.23) of Ref. ). Hence we g e t  

20 

L even ( 4 5 4  
I 

L odd 

v a l i d  f o r  

The except ions  are L = 0 and L = 1 f o r  which the  products  i n  the  

denominators of (45 a , b )  become empty with the  va lue  un i ty ,  and hence 

these  formulas remain v a l i d  provided 

7 - %  

I L = o  ) 

i n  agreement with (40) and (52).  A more d e t a i l e d  d i s c u s s i o n  of t he  

s o l u t i o n  of (38) i n  the  gene ra l  case wi th  L >  1 w i l l  be g iven  i n  a 

subsequent paper. 

4. Discussion of R e s u l t s  

The i n t e g r a l  express ions  (23)-(25) wi th  (31) and (40) ,  (42) o r  (38)  

provide a genera l  so lu t i .on  f o r  the  r a d i a l  f a c t o r s  

t he  expansion ( 3 )  of V as def ined  i n  (2) ;  t o  t h e  w r i t e r ' s  knowledge 

R( 4 , m ; r )  i n  
- - e  
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h 

t h i s  form of t h e  s o l u t i o n  i s  sompleteky new, a p a r t  from one s p e c i a l  

case  mentioned a f t e r  (48 )  below. The form of the func t ion  (25) i s  such 

t h a t  t he  f a c t o r s  R u n  can be i n t e r p r e t e d  as weighted averages of 

another  func t ion  G ~ not  of r i t s e l f ,  b u t  of its component AB 

a long  a prescr ibed  z - d i r e c t i o n .  

* 

However, i t  should be borne i n  mind 

t h a t  the  q u a n t i t i e s  u occurr ing i n  (25)  do not  r ep resen t  phys i ca l  

d i r e c t i o n  Cosines, bu t  a r e  simply i n t e g r a t i o n  v a r i a b l e s ;  a l l  the  

i 

dependence on the  geometric angles  i s  contained i n  the  s p h e r i c a l  

harmonics i n  ( 3 ) .  It i s  i n t e r e s t i n g  t o  note  t h a t  t he  p a r t i t i o n i n g  of 

R according t o  (23) w i th  the  ob jec t  of keeping G ( d )  i n v a r i a n t  leads  

t o  f a c t o r s  K" , and hence R s r  , which agree wi th  the  s i n g l y  primed 

f a c t o r s  der ived  i n  III (291 ,  ( 3 4 )  f o r  the two-center expansion f o r  

L = 0 and only d i f f e r  from those i n  I1 (33Q, (37)  f o r  the  one-center 

expansion by the  f a c t o r  c-) ; y e t  the  p r e c i s e  p a r t i t i o n i n g  i n  I1 
I\+L 

had no s t r o n g e r  motivat ion than  keeping the recur rence  r e l a t i o n s  between 

the  R' as simple as poss ib l e .  

The occurrence of the  Ifeaviside fcncfion El,( Q ) as a f a c t o r  i n  

G ( 4 J  ) i n  (24 ) ,  (25) and (38) means t h a t  i n  gene ra l  the  i n t e g r a t i o n  

i s  e f f e c t i v e l y  c a r r i e d  out over only half the  

-1 5 ui L, 1 , the  domain on one s i d e  of the  hyperplane 

y -dimensional hypercube 

0 = 0 (which 

passes  through the  o r i g i n )  havin.g ze ro  in tegrand .  I f  f o r  a p a r t i c u l a r  

index  i 

t h e  s u r f a c e  u = 1 is  everywhere a boundary of the  i n t e g r a t e d  domain, 
i 
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c a r r i e d  out  over u the Lwxer limit i s  a f c n c t i o n  of the o t h e r  u 'S , 

but  t he  l i m i t s  of a l l  sukseqcent i n t e g r a t i o m  a r e  independent ly  -1 and 

i j 

+1 . I f  however none C J ~  -he r a d i i  s a t i s f i e s  ( 4 6 ) ,  no f ace  of the  cube 

l i e s  e n t i r e l y  on one s i d e  of the  sepa ra t ing  plane,  and the  upper l i m i t  

of t he  f i r s t  i n t e g r a r i o n  as well as the  lower l i m i t  of a t  l e a s t  one 

f u r t h e r  i n t e g r a t i o n  a r e  a l so  v a r i a b l e .  The Heaviside func t ion  thus  

au tomat i ca l ly  sorts out  the va r ious  reg ions  S ; a passage of the  

s e p a r a t i n g  plane through a corner  of the  cube corresponds t o  the  passage 

t o  another  region.  This i s  i l l u s t r a t e d  i n  Figure 3 f o r  t he  case = 3 . 
I f  t he  integrand i n  (25), apart  from the  f a c t o r  H( W ) of ( 3 8 ) ,  

i s  r e g u l a r  everywhere i n  the  hypercube and i s  i n v a r i a n t  under s i m u l t a -  

neous change of s i g n  of all. the u (an even func t ion ) ,  then  the  
i 

i n t e g r a l s  over t he  domains 0 a r e  i d e n t i c a l .  We may t h e r e f o r e  

drop the  f a c t o r  H( W and take i n s t ead  h a l f  t he  i n t e g r a l  over the  

whole hypercube; from t h i s  p o i n t  of view t h e r e  i s  no s e p a r a t i n g  plane 

and the  expansion ( 3 )  i s  the  sane i n  a11 reg ions .  Thus i f  V i s  a 

sum of terms of t he  form.(6b) i t  fo l laws  from (30b),  (31) and ( 4 5 )  t h a t  

f o r  

k =  0 ,  I , 2 . . .  
1 

(47 1 

t he  same a n a l y t i c  express ions  f o r  the R( { , m ; r) 

r ; t h i s  i s  i n  agreement wi.th the  f a c t  t h a t  both the  s o l i d  harmonics 

a r e  v a l i d  f o r  all 
- h  

have AB 
) and a l l  p o s i t i v e  i n t e g r a l  powers of r L M  

rAB 'L ('AI3 ' y A . F  

u n i v e r s a l l y  v a l i d  expansion c o e f f i c i e n t s  R 1,6,11 

The evenness of t h e  in tegrand  wi thout  a n a l y t i c i t y  throughout  t he  

cube does no t  ensure the uni formi ty  of t he  i n t e g r a l  through a l l  r eg ions .  
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Thus we ob ta in  from (4GQ for 

c 

which i s  an  even func t ion  even after m u l t i p l i c a t i o n  by the 

compatible wi th  (31); y e t  t h i s  was the  case  f o r  which the ex i s t ence  of 

d i f f e r e n t  reg ions  was f i r s t  e s t ab l i shed  by Laplace. The i d e n t i t y  of t he  
e !+a 

c o e f f i c i e n t s  r /r, wi th  the double i n t e g r a l  (25) using (23)  (31) and < 
7 (48b) has a l r eady  been e s t ab l i shed  by Nozawa and Linderberg . 

Whenever one of the  ind ices  t? vanishes ,  the  i n t e g r a t i o n  over i 

t h e  corresponding u can be c a r r i e d  out  e x p l i c i t l y .  I n  p a r t i c u l a r  i 

the  express ions  (21)  and (22) ,  and hence the  form (10) given by Mi l l eu r  

.. e t  allo f o r  the  angle  average < fo l low from a repeated i n t e g r a t i o n  

of (23)-(25) and (40) wi th  a11 di = 0 s i n c e  i n  view of (31) 

t h e  func t ion  Go( /t3-) is  thus  i d e n t i c a l  wi th  g ( which would 

precede g1 i n  the  recurrence r e l a t i o n s  (22b). 

0 

The i n t e g r a l  form of the r a d i a l  c o e f f i c i e n t s  R as opposed t o  the  

s e r i e s  der ived  i n  1-111 makes poss ib le  the  expansion of non-analyt ic ,  

even discont inuous func t ions  (1; i n  (2 ) .  A d i s c o n t i n u i t y  i n  =f 
Y AB 

w i l l  produce a d e l t a  func t ion  in. G(4d  ) in 

= 0 ~ b a t  i t  is  

t i o n s  t h a t  a requi red  i n t e g r a l  over r i s  

t roduce a cu t -of f  a t  rAR = € 7 0 and l e t  

-f (rAB) diverges  at r AB n - AB 

~~- 

J 

view of (38)-(42).  I f  

known from o t h e r  considera-  

convergent, one can i n -  

€ tend t o  ze ro  l a t e r ;  
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this merely mea36 r e F h c i t . g  K( U by H ( A J -  6) in (38)-(42). An 

interesting application of t h . b  arises in the expansion of the first 

order irregular solid spherical hermonic % 
!- 

if the formula ( 4 2 )  were applied uncrrtically, but this expression is 

meaningless. On introducing a c u t - o f f ,  we can put from (42) and (50) 

again the expression has nw limit as g + 0 , but we can add any even 
function (u) to GI( 'k)) without affecting the integral (25) as 

the product of the <[k\ is odd in view of (30b) and (31). The 

delta function 

x 
8 ( l r )  ) is an even function of qJ , thus we can put 

A 
by L'Hopital's rule. Even more elaborate tricks are required in the 

expansion of the higher yy , except for L = 2 , 

to tend to zero, at Beast m t  f o r  values of the r corresponding to 

the region So . 
for V = r 

€ cannot be made 

i 
Similarly I c ~ c - o f f  must he introduced in the expansion 

n where II < -7, ; after performing the integrations € AB 



25 

I . 

may be reduced t o  ze ro  f o r  - / 7 37-3 b r ~ t  not. i n  gene ra l  f o r  

( c f .  Mi l l eu r  e t  a1 

n 4  -3 
I 

BO 

Another poss ib l e  ope ra t ion  on G ( U  fol lows from (26) 

v-? G@) 
Applying t h i s  t o  ( 4 8 )  we o b t a i n  

For the  angle  average t h i s  'leads t o  the  express ion  (22)  of Mi l leur ,  

Twerdochlib and Hi r sch fe lde r  ; f o r  gene ra l  ti (23)-(25)  i n t e g r a t e  

t o  the formulas given by Tanabe 

by Mi l leur  e t  a l .  

$0 

b l  and i n  111 ( 4 0 ) ;  as f i r s t  pointed out  

t h e  l a t t e r  f o r m l a  should be d iv ided  by (-8), no t  

on ly  f o r  t he  angle  average,  bu t  f o r  a l l  r51 e *  
One aspec t  which awaits f u l l e r  i n v e s t i g a t i o n  is t he  convergence of 

t h e  expression$,  Two n a i n  types of comiergence have t o  be considered: 

(a) of the  i n d i v i d u a l  i n t e g r a l s  (25) f o r  a l l  f ixed  s e t s  r - i '  

( b )  of t he  sum (3 )  f o r  a l l  f ixed  s e t s  (ri, 6 i, 9 i) the  r a d i a l  

func t ions  R being g iven  (23 ) - (25 )  and (31 ) .  

With regard t o  (a) i t  i s  c l e a r  t h a t  the  i n t e g r a l s  converge whenever 

G( W )  considered as a func t ion  of a s i n g l e  v a r i a b l e  i s  everywhere 

i n t e g r a b l e .  

and through t h e  i n t r o d u c t i o n  of genera l ized  func t ion ;  some p r a c t i c a l  

D i f f i c u l t i e s  may a r i s e  through s i n g u l a r i t i e s  a t  the  o r i g i n  

a s p e c t s  of t h i s  have been gescr i5ed i n  the  precedizlg paragraphs.  The 

p o i n t  (b)  has not  been i lavestigated a t  all, and I can only express  my 

pe r sona l  opinion (o r  hope) that. the expansion w i l l  converge i n  most 
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- $ = 0 u1 - a2 = 2, , 1.n w h l ( 2 -  case the  sum becomes 

, 

On the  o t h e r  hand when i n t e g r a t i o n s  o w r  the  angles  wi th  s p e c i f i c  weight 

f a c t o r s  a r e  c a r r i e d  oot ,  the  r e s u l t i n g  s e r i e s  a t  cons tan t  u may e a s i l y  

converge; t he  advantage *of this approach i s  t h a t  the  i n t e g r a t i o n s  over 

t he  r a d i i  and the angles a r e  Ehereby completely s e p a r a t e  (which they 

a r e  anyway i n  the expansion ( 3 ) ) ,  b u t  i n  a d d i t i o n  t h e  l i n e a r i t y  of 

g( q,)) of ( 2 4 ) ,  ( 2 5 )  i n  the  r remains preserved;  a n  a p p l i c a t i o n  of 

t h i s  w i l l  be ou t l ined  ii t h e  nex t  s e c t i o n .  

i 

5. Appl ica t ion  t o  two-center expansions and f u r t h e r  r e sea rch  

The main app l i ca t ions  of the t k o s y  developed i n  t h i s  paper a r e  

l i k e l y  t o  concern two-center expansions,  corresponding t o  the  case 

")) 3 (cf. Figure 1). ThLs r a i s e s  the  q u e s t i o n  whether any advan- 

tage  i s  gained by i d e n t i f y i n g  the  a x i s  

s tar t ,  i . e .  by p u t t i n g  

r e j e c t e d  i n  the  deveBopm?.t of  he theory .  The d i f f e r e n t  r a d i a l  co- 

O1 1 3 ~  wi th  the  Z-axis from the  

B = ( E .  Such an approach must  be emphat ica l ly  3 

e f f i c i e n t s  R corresponding I ? o  g i v e n  e2 i n  (3 )  now depend 

on ml ins tead  of t!, 

i n  the i s o t r o p i c  case L = 1) 1-n. (27 )  I m, I = Im21 can  t ake  all 

t n e i r  nirrnher remains the  same; €or  i n s t a n c e  

L 

va lues  between 0 z i d  pd whereas 4, runs  from \tl- e 1 t o  
) 
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4, + e2 i n  s t e p s  of 2, ihe r m h e r  of d i f f e r e n t  va lues  being +- 1 
i n  e i t h e r  case.  On the ozhes h m d  one of t h e  s i d e s  of the  d i f f e r e n t i a l  

equat ions  ( 5 )  i s  lost i f  l 3  i s  kep t  f i x e d ,  and the  express ions  der ived  

f o r  R a r e  bound t o  be more complicated than those for f ixed  

This i s  borne out  by the g r e a t e r  r e g u l a r i t y  of the c o e f f i c i e n t s  i n  the  

expansions f o r  

and Hirschfelder’; a genera t ing  func t ion  which these  au thors  g ive  i n  

t h e i r  second paper i s  too  cumbersome t o  be of p r a c t i c a l  use.  S imi l a r ly  

Nozawa, who f i x e s  the  d i r e c t i o n  of 0102 ,7 i s  obl iged t o  d e f i n e  

gene ra l i zed  BesseP func t ions  car ry ing  two ind ices  when expanding r e g u l a r  

s o l u t i o n s  of the  wave equat ion;  ir, the  amzlogo;s expansion given i n  I1 

f o r  v a r i a b l e  8 the  corresponding e x p r e s s i w s  a r e  merely products  of 

Besse l  func t ions  which have t o  be added wi th  the  appropr i a t e  angular  

i n t e g r a l s  as c o e f f i c i e n t s ,  

4 - 

1/rL2 der ived  i n  1x1 than  i n  the  formulat ion by Buehler 

3 

Once the  theory has been e s t ab l i shed  the re  a r e  fewer ob jec t ions  

t o  f i x i n g  8 = 0 If i n  the  exparmion O€ ( 2 7 )  the r a d i a l  c o e f f i c i e n t s  

corresponding t o  given va lues  of 

summed over a l l  e3 inc luding  those f o r  which R vanishes  i n  view of 

t h e  condi t ions  (30b,c) ,  t h e  relevant f a c t o r  becomes i n  view of (28) 

3 

!by !nL3 p2’ m2 and m = 0 a r e  3 
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2 with  poss ib ly  an additLonall s i g n  change . 
view i t  i s  very doub t fu l  i f  such a formula could have been der ived  

From a t h e o r e t i c a l  p o i n t  of 

n 

without  going through the  procedure of s e c t i o n  3 .  The express ion  (55) 

i t s e l f  i s  no t  too  unwieldy e s p e c i a l l y  f o r  L = 0 ; i t s  main drawback 

i s  t h a t  the  upper ind ices  raow appear i n s i d e  the  i n t e g r a l ,  i n s t ead  of 

merely through t h e  constants sa in .  (289 a 

The i n t e g r a l s  1, i n  Zhe two-center expansion of an  i s o t r o p i c  

i n t e r a c t i o n  V involve th ree  factors; i n  t h e i r  normalized form (29) 

they a r e  most e a s i l y  expressed i n  terms of Wigner 3j-symbolsY on which 

the re  e x i s t s  an  ex tecs ive  1 F t e r a t z r e  regard ing  both theory and tabu-  

l a t i o n  (cf .13 o r  Refs. 3y4qk05L6 of 11); an  approach t o  the  theory i n  

terms of unnormalized 3j-symbo1s3 which a r e  i n t e g e r s ,  was ou t l ined  i n  

I1 and w i l l  be f u r t h e r  devehped  i n  a subsequent paper i r n  t h i s  s e r i e s .  

Even M L # 0 , t h e  i t l t~graYs  riise e a s i l y  c a l c u l a t e d  from those w i t h .  

t h r e e  f a c t o r s  by means of (A3) .  

The eva lua t ion  of iwtegswls aver all p o s i t i o n s  ~f two p a r t i c l e s  

wi th  i n t e r a c t i o n  



. 29 

can be turned,  i n  view of (31, irato .a summation over 

of i n t e g r a l s  over the ratiii rp c d  r2 bur: involving the  r a d i a l  

c o e f f i c i e n t s  R the  separatiosr. of o r i g i n s  

A s  t hese  c o e f f i c i e n t s  themselves &re expressed as t r i p l e  i n t e g r a l s  i n  

( 2 3 ) - ( 2 5 ) ,  the  method woevld involve r ep lac ing  the 6-fold i n t e g r a l  ( 5 6 )  

by a mul t ip l e  sum of 5 -d imaa iona l  i n t e g r a l s  of the  form 

= a being kept  f ixed .  '3 

which appears a most uneconomic procedure.  However, i f  t h e  func t ions  

)1,,(r2) e i t h e r  are independent of f!, and e 2 '  o r  

e l s e  can be broken up  i n t o  terms which possess  t h i s  independence, the  

i n t e g r a t i o n s  over r and r2 could he done f i r s t  f o r  each p o i n t  of 

t he  cube i n  u-space, and the remaining th ree  i n t e g r a t i o n s  could then  

be c a r r i e d  out  numerical ly;  such a n  approach would be a l l  the  more 

1 

4 4  

p r a c t i c a b l e  when the  r - i n t e g r a t i o n s  can be performed a n a l y t i c a l l y .  

Fo r tuna te ly  the  situation is  more favorable  i n  the  most important  

ca se  V = l/r12 e I n  view of ( 4 8 )  the  func t ion  G( rlJ 1 i n  ( 5 7 )  i s  t h e  

d e l t a  func t ion  & (/k) ) and the number of i n t e g r a t i o n s  i s  thereby 

e f f e c t i v e l y  reduced by one, e.g. any v a r i a t i o n  of rg a t  cons tan t  u 

imp l i e s  a d e f i n i t e  Licear dependence of P on r 

p rope r ty  of t he  d e l t a  func t ion  

N 

However a f u r t h e r  3 . .  2 
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reduces t h e  number of i n t e g r a t i o n s  y e t  f u r t h e r .  If the  in tegra t ion .  over  

the  r a d i i  has been cazr ied  OUT a t  a p a r t i c u l a r  po in t  (u 1 7  U*’ u3) i n  

u-space, t h e  cozresponding i n t e g r a l  at (ku ku ku ) i s  simply the 
Iv 1’ 2’ 3 

o r i g i n a l  one d iv ided  by I k.1 . (This argument cannot be appl ied  i f  t he  

f i r s t  i n t eg rac ion  i s  over one of the u because of the  f i n i t e  l i m i t s . )  
i 

It i s  the re fo re  s u f f i c i e n t  t o  evaluate the r - i n t e g r a l s  f o r  p o i n t s  on 

the s u r f a c e  of the u-cube, and the  volume i n t e g r a l s  wi th  weight f a c t o r s  
d qi ( K ; )  can be expressed as su r face  i n t e g r a l s  wi th  correspondingly 

ad jus t ed  weights.  These su r face  i n t e g r a l s  would have t o  be eva lua ted  

numerical ly;  a Gaussian quadra ture  scheme could be s e t  up i n  which the  

po in t s  on the  su r face  o f  r h e  u-cube a r e  t abu la t ed  f o r  which the  r- 
/v 

i n t e g r a t i o n  i s  t o  be performed, t oge the r  w i t h  t h e i r  weights  appropr i a t e  

t o  each t r i p l e  ( e,, e2, e 3)  , o r  P 1 y  e*, m) i f  t he  approach of 

(55) is used. 

The most d e l i c a t e  p a r t  o f  such a scheme would be the  i n t e g r a t i o n  

r (5) over the  r a d i i ;  i t  depends on the  na tu re  of t he  func t ions  

and 1 ( r 2 )  whether these  a r e  b e s t  performed a n a l y t i c a l l y  a r  numeri- 

c a l l y .  I f  they a r e  Sl is ter  func t ions  o r  products  t he reo f ,  a n a l y t i c  

methods a r e  appropr ia te .  We say d e f i n e  
00 

(59  
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where can be e a s i l y  c a l c d a t e d  
- 0  0 

T = o  
- 0 0  

14,15 The d e r i v a t i v e s  (59) can then  be ca l cu la t ed  by recur rence  r e l a t i o n s ,  

though care has t o  be taken t o  avoid i n s t a b i l i t i e s  i n  the  d e r i v a t i v e s  

of (60b), which can be expressed i n  terms of conf luent  hypergeometric 

14 ,3  func t ions  

and XL The s i t u a t i o n  i s  more involved i f  the  func t ions  

a r e  not  j u s t  products  of powers an3 exponent ia l s ,  e s p e c i a l l y  i f  they 

con ta in  a f a c t o r  a r i s i n g  out of t h e  expansion of a S l a t e r  o r b i t a l  about 

a c e n t e r  o t h e r  than  0, or O2 as i n  the  Rarnett-Coulson approach 
I 

e An increment i n  16,17 to the  eva lua t ion  of 3 and 4 center  i n t e g r a l s  

r w i l l  correspond t o  varioils increments i n  r2 , depending on the  1 

r a t i o  u1/u2 Unless therefore  can be evaluated 

r a p i d l y  f o r  a r b i t r a r y  va lues  of t h e i r  arguments, numerical  quadra ture  

would be too  time-consuming. It  may be t h a t  i n  t h i s  case the expansion 

of an  o r b i t a l  about one c e n t e r  i n  a complete orthonormal s e t  about 

another  c e n t e r  would be more e f f i c i e n t ;  w i th  the  b a s i s  s e t  of LUwdin- 

S h u l l  func t ions  r e c e n t l y  proposed by Srneyers each i n t e g r a l  wouia be 
18 19 
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a sum of terms ( 5 9 ) ,  vhi.:h could 52 evaluated on the  b a s i s  of (60). 

It appears however frm t h a  a p p l i c a t i o n s  quoted by Smeyers t h a t  t he  

convergence i s  r a t h e r  S ~ W .  

The foregoing discession. i s  of necess i ty  r a t h e r  sketchy as no 

a c t u a l  ca l cu la t ions  have been c a r r i e d  out along these  l imes;  i n  con- 

sequence t h e  w r i t e r  has no idea  how well, the  new approach would compare 

wi th  o t h e r  methods. 13 .view ~f the  importance and the  d i f f i c u l t y  of 

c a l c u l a t i n g  3 and 4 c e n t e r  i n t e g r a l s ,  no avenue should be l e f t  un- 

explored,  and the ideas  have t h e r e f o r e  been presented  as f a r  as they 

have been thought o u t  t o  d a t e .  

Two o the r  d i sec t ior t s  fox f u r t h e r  r e sea rch  a r e  mentioned i n  con- 

c lus ion .  One concer'ns the  g e n e r a l i z a t i o n  of the  expansion ( 3 )  t o  

vec to r s  i n  a n  a r b i t r a r y  F:mhe;r of Zimensions. The form of the  func t ion  

G depending on the  p r o j e = t i o n  of the  v e c t o r  r onto  a f i c t i t i o u s  

p o l a r  a x i s  can be adapted t:o t h e s e  ca.ses wi thoa t  d i f f i c u l t y ;  t he  f u r t h e r  

f a c t o r s  i n  the  i n t e g r a l  (25) C A ~  i n  t h e  d e f i n i t i o n  (38) of G would be 

cos ines  i n  the  plane and Clegenhcaues func t ions  i n  more than  3 dimensions 

( c f .  s e c t i o n  3.15 of Ref. 3 ) .  

4 AB 

An i n t e r e s t i n g  p ~ 5 i l e m  in.  p u r e  mathematics may be approached from 

a new d i r e c t l o x  011 t he  basis of t h e  p re se2 t  r e sea rch .  The s o l u t i o n s  

f o r  R when V i s  a p w e s  were presented  i n  IPI i n  terms o f  Appell  

func t ions  P and here  ir. terms of the  i n t e g r a l s  (25) where G i s  

s t i l l  a power. This sugges ts  t h e  p o s s i b i l i t y  of expres s ing  F4 i n  

terms of 3-dimensional ig.'il?gr.als; S O  fa r  it has n o t  been p o s s i b l e  t o  

express  t h i s  function! i n  terms of simple s i n g l e  

- 4  

3 
double  Euler  i i l t e g r a l s .  

, 

c 
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Apnendix Ae Some selevaxt p ~ o p e r t i e s  of the  Legendre func t ions  and 
t h e i r  i n t e g r a l s  

The assoc ia ted  Legendre f ~ ~ t i ~ n s  s a t i s f y  the  well-known e 
or thogona l i ty  cond i t ion  

From t h i s  r e l a t i o n  a s d  the  con,pleteoess of the  func t ions  fol lows the  

expansion f o r  the  d e l t a  func t ion  

v a l i d  f o r  a r b i t r a r y  rn ; equation ( 3 4 )  r e p r e s e n t s  t he  s p e c i a l  case  

rn = 0 . Simi la r ly  with t h e  d e f i n i t i o p  f o r  the  i n t e g r a l s  (28) and ( A l )  

and (A2), the  express ion  ( 3 3 )  i s  an i d e n t i t y .  The i n t e g r a l s  (28) a r e  

i n v a r i a n t  under pemvratirm of the columns, and the  s i n g l e  i n t e g r a l  

over u can always be  t u r w d  i n t o  a double i n t e g r a l  by the  i n s e r t i o n  

of the  f a c t o r  (A2). Carrying out both i n t e g r a t i o n s  and summing we 

o b t a i n  the  i d e n t i t y  

For the  l as t  r e s u l t  we make use temporar i ly  of t h e  normalized harmonics 

(lb) and t h e i r  i n t e g r a l s  (29). 

i n t e g r a l s  a r e  given i n  terms of the  Wigner 3j-symbols 

For products  of t h r e e  harmonics t h e s e  
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The Wigner symbols s a t i s f y  the or thogonal i ty  r e l a t i o n  (~f~(3.7.8) and 

( 4 . 6 . 3 )  of Reference 13) 

where is  un i ty  provided the t r i a n g l e  condi t ions  (30c) 

are v a l i d  and zero  otherwise (though i n  t h i s  case  the  sum (30b) may be 

even o r  odd). Re-expressing ( l b )  and (29) by t h e i r  unnormalized 

coun te rpa r t s  ( l a )  and (28) w e  ob ta in  from (A4)  and (A5) 

It i s  intended i n  a f u t u r e  pub l i ca t ion  t o  e s t a b l i s h  a n  exhaust ive theory 

of the  i n t e g r a l s  I by a n a l y t i c a l  methods only,  s o  t h a t  no group- 'A 
t h e o r e t i c a l  arguments a r e  required t o  d e r i v e  r e s u l t s  such as ( A 6 ) .  
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Appendix B. Errata t o  Parts I, II and PI1 

P a r t  I: J. Math. Phys. 5, 245 (1964). 

Abs t rac t :  Delete "for n = -1 and n = -2". 

Abs t rac t :  I n  the  l as t  l i n e  read "or of" f o r  "of of". 

(27a):  The second l i n e  should begin 
.- 

(36b): The f i r s t  l i n e  should read 

Part I1 : J. Math. Phys. 252 (1964). 

Line following (47) should begin: 

" the va lue  of L a t  cons t an t  N" 

(57a): Read ltr2 2'1 f o r  "dr2 211 i n  l as t  f r a c t i o n  . 
P a r t  111: J. Math. Phys. 5, 260 (1964). 

(40b): This  should be mul t ip l i ed  by a f a c t o r :  - t o  read:  

p. 266, 2nd l i n e  of f (a) : read "charge" f o r  "change". 

t 
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Text t o  Figures  

Figure 1. Polar  coordinates  f o r  two-center expansion. 

The angles  

the  diagram. 

a r e  not  shown t o  avoid c l u t t e r i n g  up  

Figure 2. The va r ious  regions:  

a. The one-center case.  

b. The two-center case.  

Figure 3.  Pos i t ion  of the  plane qJ'= 0 i n  the  u-cube. 

a. r i )  r + rk , 

b. 

j 

Irl - r21 < r 3 <  rl + r2 
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