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Sta tus  report - G a t  ,HGR -07-004-049 
"GRAVITATIONAL N-BODY PROBLEM" 
1 February 1966 - 31 July 1966 c 

The first phase of t h i s  research was aimed a t  developing 
an  in t eg ra t ion  program f o r  the dynamicel system consis t ing of 
n ( n 2 3 ) point  masses moving under t h e i r  mutual g r a v i t a t i o n a l  
influence.  This development was accomplished and the  program 
is described i n  Pa r t  1 of t h i s  report. 
a comprehensive ana ly t i ca l  and experimental inves t iga t ion  was 
conducted t o  c l a r i f y  t h e  problems a r i s i n g  from the  s i n g u l a r i t i e s  
present i n  t h e  dynamical system. 
Part 2 of t h i s  report. 
centers  of u n i v e r s i t i e s  were made t o  avoid any possible r e p e t i t i o n s  
and t o  receive the  benef i t s  of t he  experiences of o t h e r  
inves t iga tors .  
on the  n-body g rav i t a t iona l  problem is described i n  Par t  3 of 
t h i s  report. 
performing t h e  work. 

I n  addi t ion t o  t h i s ,  

This work is described i n  
Thirdly a series of v i s i t s  t o  research 

A rev iew of t he  s t a t u s  of t h e  f i e l d  of research 

Par t  4 discusses fu tu re  research and personnel 

Pa r t  1. 

Genera 1 

In tea ra t ion  propram f o r  n g r a v i t a t i o n a l  bodies 

The n-body in tegra t ion  program prepared under t h e  
sponsorship of t h i s  Grant is a 6 t h  Order Cowell i n t eg ra t ion  
scheme, coded i n  Fortran IV. 
on the  IBM 7094 computer with a 32,768 word memory i n  double 
precision, 

The computation is performed 

The in t eg ra t ion  method is  known a s  "predictor-corrector", 
without the  e x p l i c i t  use of a di f fe rence  table .  
have been obtained from the standard difference-table  formulae. 
They use only the ordinates ("leading edge" o r  "Eunction 
columnf') of a difference table .  
of memory-space . 

The equations 

The advantage is the  saving 
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Step-sizes 

The program uses indiV2drral and var iable  step-sizes for 
every body. 
body is i t e r a t e d ,  every o ther  body with an equal o r  smaller 
step-size is a lso  i te ra ted .  
by 2-, where m is an integer, 
c e r t a i n  bodies a re  not i t e r a t e d ,  t h e i r  coordinates a r e  
extrapolated by means of Lagrangian formulae, 
a r e  s tored i n  the  memory f o r  the  range f r o m  0 t o  1 i n  i n t e r v a l s  
of 11128, If a smaller i n t e r v a l  is needed, the  formula is 
computed during the  integrat ion.  This is rare ly  necessary 
and happens only when the  step-size of the  p a r t i c l e  being 

8 extrapolated is 2 (~256) times l a r g e r  than the  smallest  
step-size used, Never must an extrapolat ion be performed 
fu r the r  than one step-size past  t he  range of the  s tored  
ordinates,  

The step-sizes a r e  so aligned t h a t  when any 

All step-sizes may be expressed 
If a t  an in tegra t ion  s t e p  

These formulae 

Halviw -doubling 

To halve the  in t e rva l  of in tegra t ion  f o r  a p a r t i c l e ,  
the  intermediate values a r e  found by Lagrangian in te rpola t ion  
formulae. These a re  a lso s tored  i n  memory. I n  order t o  
r e t a i n  7 ordinates  a f t e r  a s tep-s ize  is  doubled, it i s  
necessary t o  s t o r e  i n  the  memory 13 pas t  ordinates,  
done f o r  each body. 

difference tables.  Since the  t ab le s  are not s tored ,  the  
differences a r e  computed as follows 

This i s  

The c r i t e r i a  f o r  halving and doubling follow f r o m  the  
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where Fo D2 Xo, D being the step-size. 

the i n t e r v a l  is halved. 

Similar ly ,  i f  
4 4 IC I v Fo\ + i v GO\ + 17 HJ < eDD the i n t e r v a l  is doubled. 

It ha8 been found t h a t  sH = 100 ED is about the best ra t io .  
The quent$ty cH determines the t runcat ion error which may 

be seen t o  be -0.003 eH. 

The progrum stores the output on magnetic tape i n  binary 
farm 8t  equal time in t e rva l s  of specified length. The autput 
c;!mtit iea me t he  timei the eoordinetes, the veloci t ies t  and 
the s tep-s izes  of a l l  bodies. 
be interpolated,  s ince  the re  is no guarantee t h a t  the 
in tegra t ion  w i l l  i t e r a t e  an the exact time desired. The 
output tapes  may then be used f o r  any analys is  since the 
complete system is f u l l y  determined by these output quantit ies.  
I n  other words t he  stete  of motion manifold is known, 

on the tape - the s t a t e  of t he  system a t  c e r t a i n  times. 
done whenever the  smallest s tep-s ize  used by a body changes. 
h h  a procedure is use fu l  in ind ica t ing  the more ac t ive  parts 
of the system's evolution, as f o r  example, close encounters. 
A t  these p r i n t  outs, the values of the known in t eg ra l s  are 
l i o t e d  a6 checks, 
v i r i a l  f ac to r ,  and optional ly ,  the complete set  of coordinates,  
ve loc i t i e s ,  step-sizes. Also,  t he  d i n e  time may be printed.  

These quan t i t i e s  must usually 

The progrm w i l l  a l so  p r i n t  ou t  - i n  addi t ion t O  the s to r ing  
This is 

Other quent i t ieg include the t i m e ,  the 
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This shows t he  time the  program spends computing certain 
s tages  of the evolution of the  system. 

The Force function 

The force function has been writ ten a s  a separate  subroutine, 
enabling the subs t i t u t ion  of different po ten t i a l s ,  such as 

a g a l a c t i c  po ten t ia l ,  a t i d a l  force, etc. 
edded t o  the standard force submutine which is t he  mutual 
g rav i t a t iona l  a t t r a c t i o n  of n mass points. 
is so designed t h a t  with k of the  n bodies being i terated,  the  
number of mutual dis tances  computed is the lesser of the  two 
quant i t ies  n k or n ( n-1 )/2. 

These may be 

The program 

Other D rograms 

Subsidiary program have been wr i t ten  t o  anelyse the  
output from the  rnagnetsc tapes. These include 

1) A program to p lo t  any number of computed quan t i t i e s  
versu8 time. 
of t o t a l  energy, the  po ten t i a l  energy, the k i n e t i c  energy, the 
v i r i a l  f ac to r ,  t h e  moment of i n e r t i a ,  the  departure f r o m  the  
o r i g i n a l  point i n  phase space, etc. 

Such quant i t ies ,  for example, may be the  va r i a t ion  

2) A program t o  l i s t  the osculat ing elements of a Keplerian 
orb i t .  Also the  program lists the  elements corresponding t o  
a harmonic o s c i l l a t o r  f o r  every body around the  center  of mass. 

3) A program t o  loca te  and show the formation, evolution, 
and disrupt ion of any bodies i n  mutual osculating e l l i p t i c  
motion (Le.,  b inar ies) .  

4) A program t o  list population d e s i t i e s  i n  spher ica l  
s h e l l s  of specified thickness at each time. 



Par t  2. Regularization Qf the  problem of n. bodies 

A general izat ion of the method of  regular izat ion o f  
c o l l i s i o n  o r b i t s  of the problem of two bodies was introduced. 
The independent var iable  occuring i n  the  dynamical system 
was tran6formed by a modification of Sundmann's transformation 
and the equations of motion were formulated using a new time- 
variable. 
motion f o r  double co l l i s ions  o r  f o r  the  case of close 
approaches. The dependent var iables  were not transformed. 
It vas found by numerical experiments t h a t  f o r  a r e l a t ive ly  
small number of bodies ( 3 
the s i n g u l a r i t i e s  waa ra ther  e f f i c i e n t .  
t i m e  required was shor te r  using the  more complicated regularized 
equations than employing t he  o r i g i n a l  equations of motion. When 
the  number of part ic ipat ing bodies was above say 10 the  o r i g i n a l  
(not regularized) system proved t o  be more e f f i c i e n t .  

This transformation regularized the  equations of 

n s 10 1 t h i s  procees t o  eliminate 
The t o t a l  computer- 

The method of regular izat ion,  consequently, is kept i n  
readiness - even f o r  a large number of par t ic ipa t ing  bodies - 
if unusually close approaches would occur i n  the  system. 

It is highly probable t h a t  a con;ljined transformation 
of the posi t ion coordinates and the  time would increase the 
accuracy and a t  the same time would reduce the computer t i m e .  
Such general izat ion o f  the  transformations oustornary i n  the  
r e s t r i c t e d  problem of three bodies, was not found up t o  t h i s  
time. A publication i s  i n  preparation on t h i s  subject. 
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Part 3 Review of s t a t u s  of resaarch i n  the  g rav i t a t iona l  
n -body problem. 

The following is an alphabetized list of s c i e n t i s t s  who 
a r e  o r  have been involved i n  research on the  g rav i t a t iona l  
n-body problem. The list a l s o  contains t h e i r  a f f i l i a t i o n s  
and a few remarks. 

Aarseth, S.J. a t  Cambridge University has conducted extensive 
experimental s tud ie s  using a s l i g h t  modification of t he  
Newtonian g rav i t a t ione l  f ie ld .  
i n  order  to es t ab l i sh  the e f f e c t s  of h i s  modifications 
of the  force  f i e l d  on the  microscopic and macroscopic r e su l t s ,  

We intend t o  repeat  h i s  work 

King. I .  a t  the University of Cal i fornia ,  Berkeley, suggested 
t o  us to superimpose the g a l a c t i c  f i e l d  on the  n-body 
g rav i t a t iona l  field because of the  theo re t i ca l ly  expected 
poss ib i l i t y  of s i g d f i c a n t  effects. 

Jlecar. M, at t he  Smithsonien Astrophysical I n s t i t u t e  and a t  
Hervard University has developed a computer program generating 
random i n i t i s l  conditione f o r  a g rav i t a t iona l  n-body program. 
H e  a l s o  experintented with a one-dimensional model and was 
closely connected with the development of our  program. 

Mi l le r ,  8. 
fascinat ing numerical r e s u l t s  according t o  which an exponential  
i n s t a b i l i t y  i, exhibited in t h e  phase space regarding the  
microscopic development of the grav i t a t iona l  n-body problem. 
Whether t h i s  i n s t a b i l i t y  is of numerical or dynamical o r i g i n  
is of utmost importance and one of  our goals is t o  answer t h i s  
question i n  the future .  

at the  University of Chicago described c e r t a i n  

Prenderrrrst. K. a t  Columbia University es tabl ished the 
probabi l i ty  of binary formation i n  the g r a v i t a t i o n a l  n-body 
problem. 
experimentally with our computer program. 

It i s  our  in ten t ion  to  inves t iga te  t h e  same question 



Sherman, J. 
in tegra ted  an irupsssIve Iu~i?k?n c €  bodies under t h e i r  mutual 
g rav i t a t iona l  a t t r a - t i . c ? ,  !'- B ; ~ m ~ w ~  i~ Less sophist jcated 

than ours  and t:% dzvftJ-;,r,-c..:t- r,f k.fs c1'.:3Czi of cwsr 313C 
bodies eften :sn:tj t c l  3 slrw-down and to s top  c k s e  

approaches deanend such skr t  time-steps t h a t  t he  in t eg ra t ion  
dceo not procec; any m r e .  

regularized p r c ~ m n  w o u h  ~ , t c p  I n  t o  resoive the  d i3f icu l ty .  

University of Cal i fornia ,  Radiation Laboratory 

'Thin is  the Crlse when oirr 

T h u r i r U a  or" Kai-ls~~.-?.e :e I .  Formed in tegra t ions  of dynamical 
systems simi:lxt:.iq tim a c c l i . i d S ~ g l l  c lus te rs .  Hie c l u s t e r s  
Zonsistecl of cfast! f i i : . ,~ ,r . irs  ~1~73 h i s  f i n d h g s  shcw t h s t  these 
b ine r l e s  srz  F :eserwv ::id cn 1.y s l i g h t l y  de fo rne l j  during t h e  
"col l ie i :~~i"-  
of  ccllic:io-.: ox' c l u s t e r s  consis t ing o f  many s t a r s .  

., 

Vk i n t e r s  t o  ex+i.;.3 t h i s  work to t h e  problem 

van -..- 1",;-b: 8;; - -- .---.. T. S - -. .Kapteyn Lsb, 

hierarch-, of iaries by numerical integrat ion.  It  seems to 
be necz::t;srJ. +o repeat these ca lcu la t ions  with seve ra l  sets 
i n i t i s l  condLt50-:s before the  discovery o f  d i f f e r e n t  types 
of b ina r i e s  c m  be confirmed. 

Groningen, Holland found a 

von Hoerz? ,  S, integrated the n-body problem and obtained 
tabulared r e s u l t s  f o r  binary formation. 
tendency f o r  la rge  increases of deneity near t he  cen te r  of 
mass of t he  system. Such mass-concentrations are! o f  greet 
cosmological i n t e re s t .  

He a l s o  showed a 

Wielen, R. of t he  University of Heidelberg has swces8 fu l ly  
in tegra ted  one-hundred g rav i t a t ing  bodies f o r  extended t i m e ;  
up t o  24 hours computer-time, corresponding t o  a few "periods" 
of the  dynamical system. 
consequently did not observe binary-formation which process 
is of g rea t  i n t e r e s t  t o  us. 

He has not studied i n  d e t a i l  end 
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Worrall. G., University of  Cambridge performed in t eg ra t ions  
using th ree  bodies, The d i f f i c u l t i e s  of ex t rapola t ing  such 
r e s u l t s  to say  one hundred bodies may be considerable. 
our work we have obtained some i n t e r e s t i n g  r e s u l t s  regarding 
th ree  bodies of di f fe ren t  masses, 
a l t e rna t ing  close approach between one of the  bodies and t h e  
two c - ~ - h E : t 2 ~  

mtim cf’ .??vi q ! ~ ?  non-tr ivial  va r i e ty  which w e  intend t o  
study :LAxk::hw* 

During 

These r e s u l t s  show an 

i‘2 E ~ ~ E G  found a so lu t ion  c lose  t o  a per iodic  

Par t  4. f . ~ ~ - * c c : ~  ----- r c - j r k  and personnel, 

The re-’t-lzrch conducted under the  sponsorship of t h i s  gran t  
is performed by the p r inc ipa l  inves t iga tor ,  Dr, V. Szebehely and 
by Mr. M, Standish, It is  expected t h a t  M r ,  P. Nacozy w i l l  j o i n  
t h i s  undertaking i n  t h e  coming mnths ,  

Iriaaiiiilch as t h e  computer program has been developed and 
perfected during the  first phase of  t h e  pro jec t  w e  will now 
undertake i t s  actual u t i l i z a t i o n  t o  inves t iga t e  the  g r a v i t a t i o n a l  
n-body problem. 
formations, c lose approaches, escapes, densi ty  development, 
va r i a t ions  of t he  moments of  i n e r t i a  of t h e  system, etc. 

Further  s tud ie s  w i l l  a l s o  be performed regarding per iodic  
solutions of  -the ggblem of three bodies, 
will bp dlrecte.3 ioward the  question of accuracy, r e v e r s i b i l i t y  , 
prEse?;lij-L.an of *ke in t eg ra t ion  constants  of t he  system and t o  
the poc_sikL; ~ s t ? i  lishment of  add’rfoilsl i n t e g r a l s  ebove t h e  
t e n  know, 

Special  a t t e n t i o n  w i l l  be given t o  binary 

Another major effcrt 

It 2s expecied t h a t  a continuation of the  p ro jec t  a f t e r  
1 Feb. 1967 w i l l  be applied for ancther  year. 
the organizing of a meeting with possibly a l l  pa r t i c ipan t s  
involved i n  n-body integrat ion.  The meeting w i l l  have the  
sponsorship of the 
be conducted p r i o r  t o  this Union’s General Assembly i n  A u g u s t  

I967 
Since the development of  t h e  computer program has been 

accomplished t h e  continuation of t h i s  pro jec t  w i l l  r equi re  
a l s o  a Eiiqn5if‘2airt amount of fu.nds Fnr s n w ) l t t ~ ~ - - t i m  

This w i l l  allow 

In te rna t iona l  Astronomical Union and it w i l l  


