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Abstract

For classical elasticity, the constitutive equations (Hooke’s law) have the same func-
tional form for both homogeneous and nonhomogeneous materials. However, for strain-
gradient elasticity, such is not the case. This paper shows that for strain-gradient elasticity
with volumetric and surface energy (Casal’s continuum), extra terms appear in the consti-
tutive equations which are associated with the interaction between the material gradation
and the nonlocal effect of strain gradient. The corresponding governing partial differential

equations are derived and their solutions are discussed.

1 Introduction

In this paper we investigate the constitutive relations for strain-gradient elasticity in both ho-

mogeneous and functionally graded materials (FGMs) modeled as nonhomogeneous materials.
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For classical linear elasticity, the constitutive relations between the Cauchy stresses 7;; and

strains €;; have the same form for both homogeneous and nonhomogeneous materials. That is,
Tij = Aegr 0ij + 2G g4, (1)
in which 0;; is the Kronecker-delta; the Lamé moduli A and G can either be constant,
A=) and G =Gy,
or they can be some functions of the material point x = (x,y, 2),
A=A(x) and G=G((x).

While the form of the constitutive relations is the same for homogeneous or graded materi-
als in classical elasticity, such is not the case for strain-gradient elasticity where extra terms
are generated due to the interaction of strain-gradient effect and material gradation. More
specifically, for homogeneous materials, the constitutive relations in strain-gradient elasticity

are (Exadaktylos et al. [1], Vardoulakis et al. [2]):
Tij = )\Ekk(szj + 2G€U + 2G€/Vkak€ij , (2)

where ¢’ is a material characteristic length associated with surface energy gradient, 0y = 9/0x
is a differential operator, and vy, gy = 1, Ok, = 0, is a director field. For nonhomogeneous
materials, one can NOT simply replace the Lamé moduli A and G in equations (2) by the
respective functions A(x) and G(x) anymore. The corresponding constitutive equations for

nonhomogeneous materials are
Tij = )\(X)&Ekkéij + QG(X)&'j + E’Vk[euak)\(x) + )\(X)akﬂl] 5ij

+ QE/Vk[€ijakG(X) + G(X)ak€ij] . (3)
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Comparing equations (2) and (3), one can observe that there are some extra terms in (3), and
those extra terms are essentially the sum of two types of product: product of the material
gradation function (A(x) or G(x)) and the gradient of the strains, or product of the strains and
the gradient of the gradation function. It is in this sense that the extra terms are generated by
the interaction of strain-gradient effect and material gradation.

Material behavior is often described by differential equations, which are formulated accord-
ing to the constitutive relations. Thus, the next concern shall be how the change of constitutive
equations influences the governing partial differential equations (PDEs). For instance, in clas-
sical elasticity (the constitutive relations have the same functional form for both homogeneous

and nonhomogeneous materials), the governing PDEs for nonhomogeneous materials are
G(x)V*u+ [A(x) + G(x)]VV-u+ (Vu+ Vu' ) VG(x) + (V-u) VA(x) = 0, (4)

where u is the displacement vector, V, V-, and V? are the gradient, divergence, and Laplacian
operators, respectively. Equation (4) can be considered as a perturbation of the familiar Navier-

Cauchy equations for homogeneous materials
G0V2u+()\0+G0)VV-u:0, (5)

where Gy and )\ are the Lamé constants. Comparing equations (4) and (5), one can observe
that the perturbation brings in only the lower (first) order of differential operators, while the
highest (second) order of differential operators have been preserved. As one of the properties
of second-order elliptic PDEs, the behavior of the solution mainly depends on the highest
order of the differential operators (see [3], Chapter 6). Thus, the solution to PDEs (4) should
have similar behavior as the solution to PDEs (5). What is the situation for strain-gradient
elasticity? It turns out that for the case of strain-gradient theory applied to FGMs, the change
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of PDEs is also only pertinent to the lower order differential operators, and the solution to
the governing PDEs are still dominated by the highest order differential operators. In order to
tell a complete story, we need to derive the governing PDEs from the equilibrium equations, in
which the Cauchy stresses 7;;, the couple stresses fu;, and the total stresses o;; are all involved.
Thus, we need to know all the constitutive relations between strains and each of the stress fields.
In this work the derivation of constitutive relations in strain-gradient elasticity relies on the
strain-energy density function W.

This paper presents a detailed derivation of the constitutive relations in strain-gradient
elasticity and the corresponding governing PDEs. The paper is organized as follows. First,
the strain-energy density function W is introduced, the constitutive relations are derived from
first principles, and some remarks about admissibility of W are made. Then, the governing
PDEs of strain-gradient elasticity for anti-plane shear problems and plane state problems are
derived. The behavior of the solutions to the corresponding PDEs are discussed. Finally, some

concluding remarks are given at the end of paper.

2 Strain-Energy Density Function

2.1 Elasticity

In classical elasticity, the strain-energy density function has the well known form

1
W = 5)\(X)€m Ejj + G(X) €ij Eji (6)



where A\(x) and G(x) are the material parameters which are functions of position x, and € is
the small deformation tensor

1
Eij = §(ui,j + uj,i) (7)

with u denoting the displacement vector. The Cauchy stresses are given by equation (1), i.e.

ow
= = )\(X)gkk (Sij + QG(X) Eij - (8)
88@'

Tij

In the case of homogeneous materials, A and G are constants (Lamé constants) and the Cauchy

stresses, derived from (6), is

oW
N 88@'

Tij = )\5kk (Sij + 2G Eij . (9)

Notice that equations (8) and (9) have the same functional form.

2.2 Gradient Elasticity

Casal’s anisotropic grade-2 elasticity theory is used in this paper; as an analogue to the concept
of the surface tension of liquid, two material constants, the volume strain-gradient term ¢ and
the surface energy strain-gradient term ¢', were introduced by Casal to characterize the internal
and surface capillarity of the solid. The surface energy strain-gradient term ¢ can not exist
alone (i.e. £ =0 and ¢ # 0 is not an admissible configuration) because the strain-energy density
function needs to be non-negative. The effect of the volume strain-gradient term ¢ is to shield
the applied loads leading to crack stiffening, and the effect of the surface energy strain-gradient
term ¢ is to amplify the applied loads leading to crack compliance by increasing the energy
release rate of the crack [4]. The ratio p = ¢ /¢ has been investigated in detail by Fannjiang

et al. [5].



The three-dimensional generalization of Casal’s gradient dependent anisotropic elasticity
with volumetric and surface energy for nonhomogeneous materials leads to the following ex-

pression for the strain-energy density function

1 1 1
W = 5)\(X) €ii Ejj + G(X) €ij Eji + 5)\(X) €2 (8k 811)(8k €jj) + §€/l/k 8k()\(x)5zz €jj)

+ G(X)fz(ak 5Z-j)(8k 5ji) + E/l/k 8k[G(X) €ij 5ji] , {>0 , (10)

where ¢ and ¢ are two material characteristic length associated with volumetric and surface
energy gradient terms, respectively. The terms associated with ¢ have the meaning of surface
energy. It is easy to see that, after integrating W over the material domain 2 and applying the

divergence theorem with 0,1}, = 0, the terms associated with ¢ become surface integrals', i.e.

1
/ {gfll/k 8k()\(X)€ZZ €jj) + fll/k 8k(G(X) Eij 5ji)} dV
Q

-0 /aQ E/\(X)(gii eii) (V) + G(x)(e35 gij)(yknk)} s, (11)

where ny is the outward unit normal to the boundary 0€2. By considering the particular case
vk = ny, the director field has the same direction as the outward unit normal to the boundary,

the surface integral simply becomes

4 /m E/\(X)(&'i gjj) + G(x)(eij€55) | dS . (12)

ITo get equation (11), one needs to specify the director field in the interior as well, namely, it has to be
divergence-free. If one allows non-divergence free director field, then it is possible to have A and G standing out

of the partial derivative in the ¢ terms of (10) and still representing surface energy.



By definition, the Cauchy stresses 7;;, couple stresses fu;, and the total stresses o;;, are

Tij = 8W/85w
Wri; =  OW/0eijk (13)

Oij = Tij — Okpkij -
Using equations (13) and (10), the constitutive equations for functionally graded materials are

Tii = AX)eplij + 2G(X)eij + CvgenopA(x) + A(X)Oken]di;
+ 20'vg[e4;0:G(X) + G(x)Okeij] (14)
prij = CvpA(x)endij + CNx)Oeudij + 20 vk G(x)ey; + 20°G(x) Ok (15)
o = ANX)(ewr — PV %er)0i; + 2G(x) (45 — £°V7ey;)

— €2 [8kA(x)](8ksll)5lj — 262 [8kG(X)](8k€ZJ) (16)

2.3 Remarks

If the material is homogeneous, then the Lamé constants A and G in equation (10) can be
placed either before or after the differential operator Jy = 0/0x;. However, if the material is
nonhomogeneous, then different positions of A and GG in equation (10) would lead to different

strain-energy density functions. Thus, if one express the strain-energy density as

1 1
Wy = )\(X)&Eii €jj + G(X) €ij €5 t+ §€28k[)\(x) 8@'] (8k €jj) + §€/l/k 8k[)\(X) Eii €jj]

N | —

+ fzak [G(X) 8@'] (8k 5ji) + E/l/k 8k [G(X) 5ij 5ji] s (17)

then it is clear that by the product rule of derivative, W4 and W are different. Two other

strain-energy density expressions can be obtained by placing A(x) and G(x), the Lamé moduli



are associated with the surface characteristic length ¢, in front of the differential operator 0y in
equations (10) and (17) [6]. We choose to work with W because it gives rise to an energy func-
tional that is always positive-definite regardless of the material inhomogeneities (A(x), G(x))
and the strain-gradient parameters ¢,¢ > 0. When the material inhomogeneities are present
and rough (i.e. the derivatives of A\(x), G(x) are sufficiently large) the other (three) energy
functionals lose positive-definiteness, resulting in negative total energy of possibly arbitrary
magnitudes. Thus, in this paper we restricted our consideration to the energy density W and

derive the constitutive relations and the corresponding PDEs from it.

3 Plane State Problems

In this section we derive the governing (system of) PDEs of gradient elasticity for a plane
problem in functionally graded materials from the strain-energy density function. The process

is similar to the one for anti-plane shear case, however the algebra is more involved.

3.1 Constitutive Equations

From the definition of 7;;, prij, and o;; in equation (13), we have already obtained the (gen-
eral plane) constitutive equations of gradient elasticity for FGMs in equations (14)-(16). For

homogeneous materials, the constitutive equations are ( Exadaktylos et al. [1], Exadaktylos [7]):

Tij = Agkkaij + 2G€ij + E’ykﬁk(Aguéij + 2G€ij) (18)
Hkij = )\Ezﬁksuéij + 2Gf/l/k€ij + )\f/l/kafll(;ij + 2Gf28k€ij (19)
oy = Agkkaij + 2G€ij — €2V2()\5kk6ij + 2G€ij) . (20)



Comparing equations (14)-(16) with (18)-(20), one notices that the couple stresses ju;; in (15)
and (19) take the same form. However, for the total stresses o;;, there are more terms in (16)
than in (20), and those extra terms will confound the form of the governing (system of) PDEs.

For two-dimensional plane problems, the components of the strain tensor are given by:

_ Ou _Ov _1(8u ov

T — [ = a5 zy — 2 | & 5 5 Tz — z — zzzo 21
c ox 7 W Jy far = 9 8y+8:£) c fu T E (21)

Each component of the stress fields for homogeneous materials are [7]:
Opr = 0y, =0
Oz = (A4 2G)egs + Aeyy — (N + 2G) 2V e, — MV ey,
Oy = A+ 2G)eyy + Aewae — (A + 20)2V 2%, — M2V, (22)
Oy = Oyp = 2Gey,, — 2G12 Ve,

O = MEuz + Eyy) — MPV2 (200 + £4y)

and

Paze = (N + 2G) 2 0pe 4y + M0y y,
pyar = —( A+ 2G) ey — Meyy + (A + 2G) 20y 4y + MPDyey,
Payy = (N + 2G) POy + M0y
(23)
Py = —(A+2G) ey, — Mege + (N + 2G)0yeyy + MP0ye sy

Hzzy = Hayzr = 2G€28m5my

Hyyz = Hyzy = _2G€/5my + 2G€28y5my .

For nonhomogeneous materials, the couple stresses fu;; have the same form as in (23), except

that the Lamé constants functional A and G are not constants, they are functions of (z, y)



according to the gradation of the material. The total stresses o;; have more terms than in (22),

and they are:

Opr = 0y, =0
Ozz = [A($> y) + 2G($> y)](l - €2v2)€mm + A($> y)(l - €2v2)€yy
— CH{[0:A(w, Y)]0(€0n + €4y) + [OpA (@, Y)]0y(Ene + E4) }

— 202 {[0,G(x, y)|0sees + [0,G(z, Y)]|Oyean}
oy = (A, y) + 2G(x, y)|(1 = 2V?)ey, + M, y)(1 = £2V?)ey,

— CH{[0:A(w, Y)]0(€0n + €4y) + [OpA (@, Y)]0y(Ean + E4) }

— 20 {[0,G(, y)] 0ty + [0,G (2, y)]0yeyy}
Ouy = Oya = 2G(2, Y)(ay — 1?V?esy) — 202 {[0:G(, Y)]OsEay + [0,G (x, Y)|Oyeuy }

0. = N2, y)[(€az + €yy) — PV (Epa + Eyy)]

— CH{[0:A(w, Y)]0(€0n + €4y) + [OpA (@, Y)]0y(Eae + E4) }

3.2 Governing System of PDEs

By imposing the equilibrium equations

003, 00gy 00y 0oy, _0

dx 9y Oz Oy ’
and using equations (34) and (24), one obtains the following system of PDEs
G(z,y) V(1 — VHu+ Aa,y) + G(x,y)]V (1 — V) V-u
+ [1=V?) (Va+Vu" )] VG(z,y) + [(1 = *V*)V-u] VA(z,y)
aG 0G(z,y) 3} 0G(x,y) )
{( ) E + (Vayu) \Y oy VIVA(z,y) VV-u]
9
Oz

— { (VVu)VG(z,y)]+

%[(VV’U)VG($,?/)] + (VV?u) VG(az,y)} =

10

0, (26)



where the boldface u denotes the displacement vector (u, v). Equation (26) is the most general
form. In particular, if the moduli vary as a function of (x, ) and assume the exponential form

G = G(x, y) = Goe™ ™, A= ANz, y) = i:?

Gz, y), (27)

then the system of PDEs is

2 2 2
(1-ﬁ£2%—7£23—e2v2) {(Iﬁ—l—l)@—l-(l-ﬂ—l)@—l-Q i

dy 0x? y? 0xdy
ou ou ov ov
ﬁ("“‘l)%+7("€—1)8—y+7(/{—1)%+ﬁ(3—%)8—y] = 0, (28
0 0 0% 9%v 0*u
Y L Lt A agv
(1 24 5 o4 2y EV) {(KJ 1)8$2+(K+1)8y2+28:ﬂ8y+
ou ou ov ov
v(3 — /@)—aa7 + [k — 1)_83/ + B(k — 1)_855 +v(k + 1)—8y] =0, (29

where k = 3—4v if plane strain is considered, K = (3—v)/(1+v) if it is a plane stress problem,
and v is the Poisson’s ratio.
If G and X are constants, then the homogeneous material case is recovered, and the system

of PDEs (26) is reduced to
(1-0PV?)[GVPu+(A+G)VV-u=0, (30)

which has been studied by Exadaktylos [7]. In the conventional classical linear elasticity (i.e.
¢ — 0), the system of PDEs (26) becomes (4). If G and \ take the form in (27), then (4) can

be expressed as

9%u 9%u 0% ou @ ov ov

() gz + (1) g + 25 5+ Bl g+ (e + (1) 5+ B3—n) 5 =0 (31)
9%v 9%v 0%u ou ou Ov Ov

This system (31) and (32) has been studied by Konda and Erdogan [8]; for the homogeneous
materials, they can be further simplified to Navier-Cauchy equations (5) for the elastic medium.
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4 Anti-Plane Shear

In this section we derive the governing PDE of gradient elasticity for an anti-plane shear prob-
lem in functionally graded materials. It is worth mentioning that this type of problems has
attracted the attention of several researchers, such as Vardoulakis et al. [2|, Fannjiang et al. [5],

Georgiadis [9], and Zhang et al. [10].

4.1 Constitutive Equations

In three-dimensional space, the displacement components are defined as:
Upg = U, Uy =0, Uy =W. (33)
As in equation (7), strains are defined by

1 8ul an
5ij N 5 (8:173 * al’z) ’ (34)

where both the indices i and j run through z, y, and z. The strain-energy density function (for

anti-plane shear) is
1
W = 5)\ €ii €55 t+ GEij €ji + PG ((9k 5Z-j)(8k 5ji) + fll/k 8k(G Eij 5ji) . (35)

We define the Cauchy stresses 7;;, the couple stresses 5, and the total stresses o;; according to
equations in (13). Thus, the constitutive equations of gradient elasticity in anti-plane problems

for homogeneous materials can be directly derived as [1, 2]:

Tij = )\gkkéij + 2G5ij + QGf/ykakgij (36)
pkij = 2Glvei; + 2G1Oheyy (37)
oij = Aewndij +2G(ei; — V7). (38)
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For functionally graded materials the corresponding constitutive equations are:

Tij = )\(X)gkkéij + QG(X)&']’ + 2£/l/k [5Z-j(9kG(x) + G(x)@keij] (39)
Urij = 2€/l/kG(X)€ij + 2£2G(X)8k€ij (40)
Oi5 = )\(X)&?kkéij + QG(X) (5ij — fzvz&'j) — 262 [8kG(X)](8k€ZJ) . (41)

It is worth pointing out that in each of (39) and (41), there is an extra term with respect to
(36) and (38), respectively. The extra terms will disappear if there is no material gradation.
Thus, for homogeneous materials, equations (39)-(41) will become the same as (36)-(38).
According to the relations in (36)-(38), each component of the stress fields for homogeneous
materials can be written as (Vardoulakis et al. [2]):
Opa = Oyy = 0, =0, Opy =0
Ops = 2G(4, — *V?e,.) #0, 0y = 2G(gy. — *V?e,,) # 0
(42)
fazz: = 2G0P0uEnz,  flay. = 2GL*D,ey,
Pz = 2G((P0yer, — Uey) iy = 2G((P0ye,. — leys) .
For FGMs, from the relations in (39)-(41), each component of the stress fields is found to be
Ope = Oyy=0,,=0, 05y=0
0. = 2G (2, y)(eps — *V7e,.)
= 22 {[0.G(x, Y))(Osae) + 0,G (@, 9)](Dyfar)} £ 0
0, = 2G(x, y)(ey. — PV7%,,)
— 202 {[0:G (@, Y))(Outys) + [0,G(, y)](Oyeye)} # 0 (43)
Paozs = 2G(2, YP0rErss oy = 2G(z, y)*ye,.
fye: = 2G(2, Y)(COyees — leas) e = 2G(2, y)(POye,. — Leys)
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Again, comparing equations (42) and (43), one notices that there are extra terms in the total
stresses o;; of (43) due to the interaction of material gradation and the nonlocal effect of strain
gradient. As the equilibrium equation only involves o;; (see equation (46)), the extra terms will
complicate the governing PDE(s) a bit more. The couple stresses ju;; in (42) and (43) assume
the same form, except that G in (43) is not a constant, but rather a function reflecting the

gradation of the material.

4.2 Governing PDE

For an anti-plane problem, the following relations hold:

u=0, v=0, w=w(zvy), (44)

where u, v, and w denote the displacement components along the axes z, y, and z, respectively.

The non-trivial strains are:

10w 10w
Tz — XA z — XA - 4
c 2 Ox v 2 Oy (45)
By imposing the equilibrium equation
00y, 00y,
=0 4
ox dy (46)
with the expressions o,, and 0,, in (43), one obtains the the following PDE
VG(z,y) (1 - V) Vw + G(z,y) (1 - °V?) Vi
0G(x,y) _ow 0G(x,y) _ow
— /2 AN v e VAN v il . 2 —0. 4
\Y o V&E—I—V Iy Vay—l—VG(:B,y) VV-w| =0 (47)
If G is an exponential function of both z and y
G = Gz, y) = Goe™ ™Y, (48)
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then the governing PDE is
0 0 0 0
1-38022 _ Y% _ po2 2 o o —0.
( Jex e 024 a9y EV) (V +ﬁa$+78y)w 0 (49)

In Table 1 we list the governing PDEs in antiplane shear problems that correspond to different

combinations of parameter ¢ and various material gradation of the shear modulus G.

5 Further Remarks

The conventional continuum mechanics theories have been used adequately when the length
scale of the deformation field is much larger than the underlying micro-structure length scale of
the material. As the two length scales become comparable, the material behavior at one point
tends to be influenced more significantly by the neighboring material points. The criterion for
adopting the strain gradient theory should depend on the experimental data, and there are
many experiments indicating conventional continuum mechanics can not lead to a satisfactory
prediction of the material behavior as the two length scales mentioned above are comparable
to each other. Experimental techniques related to strain gradient theory include micro-torsion
(Fleck et al. [16]), micro-bending (Stolkens and Evans [17]), and micro-indentation (Nix [18]),
which can be associated to the parameter /. However, the authors are not aware of experiments
associated directly to ¢, which indicates an area for further research.

The inhomogeneity of materials can be caused by many mechanisms in different length
scales, such as the size and distribution of inclusions, the grain size of crystals, and the size
of constituent atoms and molecules. Thus a constant ¢ cannot describe these different length
scales. Ideally ¢/ = ¢'(x), however, here we consider the gradient parameters ¢ and ¢ as
constants.

15



6 Conclusion

In the conventional classical linear elasticity, one may derive the governing PDE(s) for non-
homogeneous materials by directly replacing the Lamé constants with the material gradation
functions at the level of the constitutive equations. We have shown that this is not the case
for strain gradient elasticity because extra terms may arise. These extra terms come from
the interaction between the material gradation and the nonlocal effect of the strain gradient.
Thus, the constitutive equations for nonhomogeneous materials are different from the ones for
homogeneous materials under the consideration of strain gradient elasticity theory (Casal’s
continuum). The governing PDEs for nonhomogeneous materials are derived by means of the
strain energy density function and the corresponding definitions of the stress fields (which have

been presented in this paper).
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Table 1: Governing PDEs in antiplane shear problems.

Cases

Governing PDE

References

¢ =0, G = constant.

Laplace equation:

Viw =0

Standard textbooks.

(=0,G=Gy) = GoeW

Perturbed Laplace equation:

<V2+78%)w:0

Erdogan and Ozturk [11].

(=0,G=G(z) =Gue™

Perturbed Laplace equation:

(V2482 )w=0

Chan et al. [12].

Erdogan [13].

¢ # 0, G = constant.

Helmholtz-Laplace equation:

(1— V) V2w =0

Vardoulakis et al. [2].
Fannjiang et al. [5)].

Zhang et al. [10].

40, G=Gy) = GoeW

(1-12% - 92) (V2 478 ) w=0

Paulino et al. [14].

(#0,G=G(x) =Gye™

(1=-pB0L -2V (V2 4+ 8L)w =0

Chan et al. [15].

¢ # 0, general G = G(z, y)

Eqn. (47)

Not available.
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