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A b s t r a c t  

T h i s   p a p e r   r e v i e w s   t h e   e r r o r s   i n   d e t e r m i n i n g  
t h o   c e n t e r   o f  a r e s o n a n c e   l i n e  which a r e   d u e   t o  
r e s i d u a l   i m p e r f e c t i o n s   i n   p r a c t i c a l   e l e c t r o n i c  
systems u s i n g   s i n u s o i d i a l   f r e q u e n c y  or  phase 
modulat ion.  I n  p a r t i c u l a r   t h e   e f f e c t s   o f   r e s i d u a l  
a m p l i t u d e   m o d u l a t i o n ,   b a s e l i n e   d i s t o r t i o n ,   a n d  
h a r m o n i c   d i s t o r t i o n   i n   t h e   m o d u l a t i o n   p r o c e s s  and 
t h e   d e m o d u l a t o r   a r ?   q u l l i t a t i v e l y   a n a l y z e d  for  3 
L o r e n t z i - i n   l i n e   i n   t h e   l i m i t  of small modulation 
i n d e x .   T h i s   p e r n i t s   o n e   t o   e ? s i l y   c a l c u l a t e  
a n a l y t i c a l l y   t h e   f r e q u e n c y   o f f s e t s  a s  a f u n c t i o n  of 
modula t ion   indpx  and   the   t ransfcr   func t ion  of t n e  
fundamsntal   and  var ious  ha-monics   of   the   modulat ion 
frequency.   Using  this   model  o n 3  c a n   e a s i l y  
f o r m u l a t e   a c c u r a t e   t e s t s   f o r   e x p e r i m e n t : + l l y  
m e a s u r i n g   t h e   f r e q u r n - y   e r r o r s   i n   p r a c t i - . ? l   s e r v o  
systems, cv?n i f   t h e   o r i g i n a l   a s s u m p t i o n s   a b o u t  
small   modulat ion indc?x and -1 p u r e   L o r e n t z i a n   l i n e  
a r c   n o t   c . x , l c t l y   f u l f i l l e d .  

I n t r o d u c t i o n  

I:any systems use  s inusoida l   f requi incy  or phase 
modulation  of I proSe   f r equency   i n   o ree r  t o  f i n d  
t ' l e   c ? n t r r   o f  3 r e s o n 3 n c e   l i n e .  The purpose  of  
t h i s   p a p e r  is t o  revi:,; t h e   r - i s i d u z l   i m p e r f e c t i o n s  
'which o c c u r   i n   p r a c t i c a l   s y s t e m s  and  t h e   s u b s x , u e n t  
e r r o r s  ir, de tn rn in inK line c e n t e r .  I n  p r . r t i c u l a r  
thc f f f e c t s  of   rns idus l   ampl i tude   modula t ion ,  
b q s e l i n ?   d i s t o r ' i o n ,  .ind h i r m o n i c   d i s t o r t i o n   i n   t h e  
modulation 2nd thc  demodul?t ion  procc:ss   are  
q u a l i t a t i v l l y   m a l y z e a  f o r  a L o r e n t z i a n   l i n e   i n   t h e  
limit of m a l l  m o d u l ? t i o n   i n d e x ,   t h i s   p e r m i t s   o n e  
t o  r 3 Z i l y  c a l c u l ? t e   a n 3 l y t i c a l l y  tb:3 f requency 
o f f s c t s  a s  a func t ion   of   mobula t ion   index   and   thc  
t r a n s f e r   f u n c t i o n   o f   t h e   f u n d a n e n t a l  and v a r i o u s  
narmonics of the  modulat ion  f requency.   Based on 
t h i s  nodr.1 on? can   t hen   compare   t he   r e l a t ive  
s u s c c p t a b i  l i  t y  of v a r i o u s   s e r v o   c o n f   i g u r a t i o n s  t o  
-?s idu?!   e lec t - ronic   imperfec t ions .   Addi t iona l ly  
one c l n  e a s i l y   f o r n u l n t e   s c c u r a t e  tests f o r  
e x p ? r i ~ n t a l l y   m e a s u r i n g   t h e   f r e q u e n c y   e r r o r s  i n  
p r a c t i c a l   s e r v o   s y s t e m s ,   e v e n   i f   t h e   o r i g i n a l  
assumptions  about  small modul3tion  index and a pure 
L o r e n t z i s n   l i n e  z r c  n o t   e x a c t l y   f u l f i l l e d .  

t lodc l  of a Resonance  Line anb Error S i g n a l  

One o f   t h e  most con!non,  methods fo r   de t e rmin -  
in,y t h e   c e n t e r  of 8. r e sonance   l i ne   w i th   h igh  
p r e c l s i o n   i s   t o   s i n u s o i d a l l y   m o d u l a t e   t h e   f r e q u e n c y  
(or ph?se j   o f   the   p robe  and d e t e c t   t h e   p h a s e  of t h e  
r e s u l t i n g   a n p l i t u d e   m o d u l a t e d   s i g n a l   a t   t h e  
fundamental   of   the   modulat ing  s ignl l .   The  gsnc.ral  
scheme i s  shown i n  F i g u r e  1 .  

The var ious   subsys tnms  and   th? i r   e?f fec t  on 
e r r o r s   i n   d c t s r m i n i n g   t h e   c e n t e r   o f   t h e   r e s o n a n c e  
w i l l  b e   a n l l y z e d   i n   l a t e r   s e c t i o n s .  

*Con t r ibu t ion  of t h e   N a t i o n a l  Buri izu of S t a r d a r d s ,  
n o t   s u b j e c t  t o  "opyr igh t .  
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I,-- 
Fig.  l .  Block  diagrsm of a s inuso ida l ly   modu la t cd  
probz   osc i l la tor   which   can   be   locked  t o  t h e   c e n t e r  
of a r e f e r e n c e   l i n e .  

C u r v ?  3 of   F i&urc  2 s5ows 3 t y p i c a l   r e s o n a n c e  
l i n e   t h a t  would  be  observed a t   p o i n t  c of F i g u r e  1 
as a func t ion   of   s lowly   sweeping   the   f requency   of  
the   p robe   (wi thout   modula t ion)  ifcross t h e  
resonance.   Curve b of   Figure 2 is t h e   d e r i v a t i v e  
of   curve   a .  

For t h e  mom?nt, l e t ' s  3ssume t h a t   t h e   p r o b e  
o u t p u t  is 3 sinewsve  with a s p e c t r a l   w i d t h   v e r y  
n-,rrow  compwcd t.o th?   wid th   o f   the   resonqnce  shown 
i n  F i g u r e  2 ,  cu rve  a .  I f   t h e   c e n t e r  of t h c   p r o b e  
is a t   t h e   p o i n t  A ,  t hen  t h e  o u t p u t   s i g n a l   i n c r e a s e s  
as the   f requency  of t h e  VC0 is i n c r e a s e d ,  and a t  
p o i n t  9 ,  t h e   s l z n n l   d e c r e a s e s  as t h e   p r o b e  
f r equen \?y   i n r r eases .  I f  t he   f r equency   o f   t he   p robe  
is srrcpt   back  and  for th  (FM) ,  t h e n   t h e   s i g n a l  h2.s 
both a dc T n c  an  ac  componsnt.  I f  t h e   d e v i a t i o n   o f  
t h e  F!,: is sml l  compared t o   t h e   h a l f   l i n e w i d t h  W, 
t hen   t he   s emodu la t ed   ?nd   f i l t e r ed   ou tpu t  of t h e  
synchronous   de t ec to r   (mcasu red   a t   Po in t  D of  F i g u r e  
1 )  f . i i r l y   a c c u r a t e l y   r e p r o d u c e s   t h e   d e r i v a t i v e   o f  
cu rve  a .  :lotc t h a t   i n   c u r v e  h ,  t h e   p o i n t   o f   z e r o  
sign.1,  which also h a s   t h e   s t e e p e s t   s l o p e ,  
n o n i n a l l y   o c c u r s   a t  t.he c e n t e r  of the   resonanCe 
l i n e .   T h i s   c u r v e  is referrr2d t o  a s  a f requency 
d i sc r imin? to r   cu rve .  The s i g n a l   a t   p o i n t  D can  bc 
u s ? d  t o  s t e e r   t h c   p r o b e   f r e q u p n c y   b e c a u s e   n e a r   l i n e  
c e n t c r  we now 'lave cl d c   s i g n a l   p r o p o r t i o n a l  t o  t h e  
f r equency   e r ro r   be tween   t he   p robe   f r equency   and   t he  
cen te r   o f   t he   r e sonance .  

.+0.5 

V C 0  1:requency 

F i g .  2 .  R e f z r e n c e   l i n e  !a )  2nd i ts  f i r s t  
d e r i v a t i v e   ( h ) .  
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Now l e t ' s  examine t h i s   p r o c e s s  i n  a l i t t l e  
more d e t a i l .  More g e n e r a l l y ,  assume t h a t  we have 
a   symmetr ic   Lorentzian  l ine  superimposed on a 
sloping  and  curved  background.  Then: 

S igna l  Amp - ( y2 .) 'I2 
Y + ( W - W o )  

where K1 and K2 a r e   t h e   f i r s t  two c o e f f i c i e n t s   o f  a 
Taylor  expansion  of t h c  background  about   l ine 
c e n t e r ,  Y = nW is t h c   h a l f   a n g u l a r   l i n e w i d t h ,  W is 
the   i n s t an taneous   angu la r   f r equency  of the   p robe ,  
and w0 is t h e   t r u e   c e n t e r   o f   t h e   r e s o n a n c e .  

Real   f requency  or   phase  modulators   have  small  
n o n - l i n e a r i t i e s  and t h e r e f o r e   g e n e r a t e  sma l l  
components of modu la t ion   a t  m u l t i p l e s  of t h e  
modulat ion  f requency.   Also  the  modulat ion 
r e f e r e n c e   g e n e r a l l y   h a s  some higher  harmonic 
components a s   w e l l .   T h e r e f o r e  l e t ' s  assume t h a t  
the   modula ted   s igna l  is of  the  form 

W = w1 + Bcos R t  - K3sin  2Rt + 

K5cos ?Rt + Kgsin  3nt (2) 

where R is  the   nodula t ion   f requency .  

The e f f e c t s   o f   d i s t o r t i o n   i n   t h e   r e f e r e n c e  and 
the   modu la t ion   p rocess   a r e   con ta ined   i n   coe f f i -  
c i e n t s  K3, K5 and Kg. T h i s  model  assumes  that   the 
res idua l   modula t ion   a t   R/2 ,  R .  2 R .  e t c . ,   d u e   t o  
s p u r i o u s   s i g n a l s  on t h e   p r o b e   c o n t r o l   l i n e  is 
small   compared  to  that   imposed by the  modulator .  
T h i s  p l a c e s  a   heavy   bu rden   on   t he   pos t f i l t e r   ( s ee  
F igu re  l )  e s p e c i a l l y   i n   s e r v o s   u s i n g  a s q u s r e  wave 
r e fe rence   fo r   t he   demodu la t ion .  The modulation 
process   can   and   usua l ly   does   cause  some ampl i tude  
modu la t ion ,   t he re fo re   ano the r   t e rm,  K,, cosPt ,   needs  
t o  be added t o   e q u a t i o n  1. S u b s t i t u t i n g   f o r  W i n  
equa t ion  1 and  adding  the K 4  term y i e l d s  equa t ion  
3. I t  has   been  assumed  that   the   ampli tude 
modulation is in   phase w i t h  the  f requency 
modula t ion ,   which   y ie lds   the  msximum o f f s e t .  

S igna l  Amp = 

+KIIu l  - W,) + B COS R t !  

+ K [ W  l - + B COS nt12 

+ KqCoS R t  ( 3 )  

Near l i n e   c e n t e r ,   w i t h  t h e  c o e f f i c i e n t s  K?, KO, K g ,  
K6 very  small   compared  to  Y ,  and the  modu a t i o n  
ampl i tude  B o n l y   s l i g h t l y   s m a l l e r   t h a n  Y, t h e  
denominator  can  be  expanded  using  the  approximation 

-+- 1 --* + l a b 2  - 2a 63. .   . fo r  6 < 1  

Signal   Ampli tude = 

- _  cos ?Rt ( l + & ' )  

4 Y 2  

- _  B? bw c o s  R t  ( 1  + a " )  
Y L  

+ S K3 ( s i n  Q t + s i n   3 n t )  ( 1 + 6 " )  
?Y 

- K5 ( cos   R t+cos  3 Q t )  ( 1 + 6 " )  
Y 

- % K6 ( s i n  2Rt  + s i n  4 R t )  ( 1 + 6 " )  
Y 

+ K1 Bcos R t  

> 

+ K2 (2AwBcOS R t +  H' C O S  2 Q t )  

+ Kg C O S  R t  

6" = + $ $OS' S t  -2.491 7 0 s '  86 R t  . 
6 6 

CLJ E w1 -Wo 

DC terms,  and  terms  involving  thc  product of two o r  
more   smal l   coef f ic ien ts ,   eg .  K3K5, h a v e  been 
dropped. 

Mote ;hat 6 '  and 6" a r e   e v e n  pover s e r i e s   o f  
cos-  9 t  and  could  have  been  given i n  terms 

of a Besse l   func t ion .  They con ta in   mix tu res  of 
cos  2 R t ,  cos 4Rt ,   cos  6 n t  e t c .   and  hnvc a f i n i t e  
value  averaged  over  3 per iod  of the   nodu la t ion  
f requency  R .  

Term 5 a   c o n t a i n s  a dc c o n t r i b u t i o n  p l u s  even 
harmonics of R (mostly  2nd) due  to   sweeping  over  
t h e   l i n e   p r o f i l e .   E x p a n d i n g   t c r m  5a y i e l d s  

- 1 / 4  - c o s  4 n t  ( . l  29 . . . l  BC RC 
Y2 ( 6 )  Y 

Term 5b c o n t a i n s   t h e   d e s i r e d   e r r o r   s i g n a l  
p r o p o r t i o n a l   t o   t h e   f r e q u e n c y   e r r o r  h .  I t s  
harmonic  content  is odd with c o n t r i b u t i o n s   a t   R t ,  
3Rt,   5Rt.   etc.   coming  from  the  expansion  of 6" .  
Note that   dependence  of  t h i s  tern; on is t.he 
same a s   f o r   t h e  unwanted e r ror   t e rn is  5c through  5e.  
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5b = - -*wBrcos n t  ( 1  + 

Y2 

Fundamental  Sineuave  Demodulation 

The most common types  of demodulators   used  to  
r e c o v e r   t h e   e r r o r   s i g n a l   d i s p l a y e d  i n  Equation 5 
arc  the  sinewave  demodulator  and  the  squarewave 
demodulctor.  The pr imary   d i s t inc t ion   be tween  the  
two is the   type  of r e f e r e n c e .  The r e f e r e n c e   c m  be 
a t   t h e   f r e q u e n c y  of modulation or a t  a h igher  
harmonic - t y p i c a l l y   t h e   t h i r d .  

The f i r s t   t y p e  to  be cons idered  is the  fundamental  
sinewave  demodulator.  The d e t e c t o r  of  F igu re  1 i s  
assumed t o  b e   l i n e a r .   T h i s  is very  important  a s  
n o n l i n e a r i t i e s  c3n  cause  intermodulation  between 
the  var ious  terms  of   Equat ion 4 y i e l d i n g   l a r g e  
e r rors .   These   type  of e r r o r s   w i l l   n o t  be ana lyzea  
h e r e .  The func t ion  of t h e   p r e f i l t e r  is t o   f i l t e r  
n o i s e  and s p u r i o u s   s i g n a l s  from t h e   d r t e c t e d   s i g n a l  
by narrosrina  the  bandwidt.h. O f  p a r t . i c u l s r  
importance is t h e   r e d u c t i o n   o f   t h e   s i g n ~ l s   a t  T R t ,  
3 i i t ,   4 Q t ,   e t c .   I n   a d d i t i o n   t o   t h e   p o t e n t i a l s  
e r r o r s   o r i g i n a t i n g  from  terms  5c,   5d,   5e ,   and  5f   of  
equa t ion  4 ,  the  domodulator  should be o p e r a t e d   a t  
t h e   h i g h e s t   p o s s i b l e   l e v e l  so   as  to   min imize   the  
r e l a t i v e   e f f e c t s  of d r  o f f s e t s  i n  the  demodulator  
o u t p u t .  

B e f o r e   f i l t e r i n g ,   t h e   s i g n a l s   a t   2 R t ,  4 R t ,  e t c .  
g e n e r a l l y   f a r   e x c e e d   t h e   n o i s e   n e a r   l i n e   c e n t e r  [:W 

= 0 )  and t h e r d o r e   l i m i t   t h e   u s e f u l  dynamic  range 
of  the  demodulator i f  n o t   a t t e n u a t e d .  Assume t h a t  
t h e   p r e f i l t e r   a t t e n u a t e s   t h e   s i g n a l   a t  211t by K 1 2 ,  
2nd by K 1 3  a t  3 n t ,   e t c .  

The r c f e r e n c e   s i g n s 1   i s   f u r t h e r  assumed t o  bc 
t h e  same a s   t h a t  used i n  the   mcdula tor ,   phase  
s 9 i f t e d  by G ,  whlre 0 i s  due t o   v a r i o u s   d e l a y s   i n  
t h e   e l e c t r o n i c s  and  can  be a func t ion   of   the   envi -  
ronment-especial ly   tFmperatur? .   For   $<<l  , 
cos(nt+:)   can be  approximated as c o s ( R t )  + @ s i n ( R t )  
y ie ldinp,  

3 a 8b 

Ref = cos  R t  + $ s i n  n t  - 

K 7  s i n  2 R t  + K g  c o s  2 R t  + K g  s i n  3n t  ( 8 )  

K a t h e m a t i c a l l y ,   t h e   e f f e c t  of the  demodulator is t o  
mul t ip ly   t hc   s igna l   o f   equa t ion  5 by t h e   r e f e r e n c e  
s i g n a l   g i v e n  i n  equa t ion  S C l ] .  

The servo a c t s   t o   f o r c e   t h e   o u t . p u t   o f   t h e  
demoduhtor   towards  zero.  The a c t u a l   e r r o r   d e p e n d s  
on t h e   s e r v o   g a i n .  If the   dc   se rvo   $ . i in ,  Cl G,, i s  
s u f f i c i e n t l y   l a r g e ,   o n e   c a n   a s s u m e   t h a t   t h e  
demodulator  output is ze ro .  For s i m p l i c i t y   t h e  
modulator  output  has  been  aver.3ged  over  three full 
periods  of   the   modulat ion  f requcncy R and t h e  
des i r ed   f r equency   e r ro r   t e rm,  9 3 ,  s e t   o p p o s i t e   t o  
t h e   s p u r i o u s   e r r o r  t,erms i n  equat ion  9 .  

The e f f e c t i v e  dc o f f s e t  C11 of the  demodulator  
is r ep resen ted  by Kdc and is a func t ion  of t h e  
t o t a l  ac g a i n  of the  system, CAc. 

9a 9b 9c 

Au ( 1 + 6 '  ) = Y? L1 +?I,?Aw Y2 

9d 9e  9 f  

+ 1 / ? K 3 $ ( 1 + 6 " )  + K 4  F +1/2K5(1+6") Y2 

9g  9h 
+1/2(K1, ) :KyB)(1-6")  + K2BY2kg 

9 i  9J 

2K Y2 + ~ ~ ~ ~ ) 1 + 6 " )  - dc  
B 

Term 9b is due t o   t h e   l i n e a r  component,  of t h e  
background  slope and is s e l e c t e d   o u t  of t h e   e r r o r  
s i g n a l  b y  Sa .  T h i s   e r r o r  is j u s t  t h e   r a t i o  of t h e  
background  s lope   to   the   s lope  of t h e   d e r i v a t i v e  
m u l t i p l i e d  by the   angular   ha l f   bandwidth .   In   cases  
where t h i s  e f f e c t  is e x c e p t i o n a l l y   l a r g e   a n d / o r  
unnanageable,  a t h i r d  d e r i v a t i v e   l o c k   c a n  b? used 
a t   t h e   e x p e n s e   o f   s i g n a l   t o   n o i s e .   S e e   l a t e r  
d i s c u s s i o n .  

Term 9c is a l s o   s e l e c t e d   o u t   o f   t h e   e r r o r  
s i g n a l  Sy 8a and causes  no f r equency   e r ro r  by 
i t s e l f ,  however   in   the   p resence   o f   o ther   e r ror  
terms i t  e f f e c t i v e l y   m o d i f i e s   t h e   a n g u l a r   h a l f  
wid th  'F. T h i s   e f f e c t   i s   u s u a l l y   s m a l l  and can b f  
ignored .  

Term  9d s c l c c t e d   o u t   o f   t h e   e r r o r   s i g n a l  by  
Eb, is due  to   the  out-of-phase  conponent   of   the  
second  harmonic   d i s tor t ion   in   the   phase   modula tor  
( s i n   2 2 t ) ,   t h e   e f f e c t  of t h i s  term  can  be  reduced 
cons ide r sb ly  by making @ sma l l .  VRlueS of @ 
between .01 and . l  a r e   gene ra l ly   ea sy   t o   ach . - jve  
and  maintain.  

Term 9e  is s s l e c t e d   o u t  of t h e   e r r o r   s i g n a l  by 
3a  and is due t o   t h e   f r a c t i o n 2 1   a m p l i t u d e  
nodu la t ion ,  K 4 ,  a t   c o s  R t .  S i n c e   f o r  most  systems 
Y / B  = 1 t h e   e r r o r  is approximate ly  K,, m u l t i p l i e d  by 
t he   ha l f   angu la r   bandwid th  Y .  T h i s  can b-. a major 
l i m i t a t i o n  i n  some systems. 

Term 9 f ,   s e l e c t e d   o u t   o f   t h e   e r r o r   s i g n a l  by  
Sa, is  due  to   the  mixing of the  in-phase  component 
o f   t he   modu la to r   ha rmon ic   d i s to r t ion   ( cos   ?a t )  w i t h  
t h e  fundP.mcnta1 of modulation by the   r e sonance .  
This   can be seen  from  the  expansion of t h e   c r o s s  
p roduc t s  i n  the  denominator  of  eq.   3.   Because of 
t h i s  t h e r e   i s  no  method t o   s u p p r e s s  i t  o t h e r   t h a n  
by making K smal l .   Note   tha t  t h e  o f f s e t  is just 
112  the  amp?itude of the   in   phase  2nd harmonic 
d i s t o r t i o n .  

Term 9g is s s l e c t e d   o u t   o f   t h e   e r r o r   s i g n a l  by 
Kg and is due t o   t h e  2nd harmonic  generation  from 
sweeping  back 2nd f o r t h   a c r o s s   t h e   r e s o n a n c e .  Near 
l i n e   c e n t e r   t h e  cos 2Rt e r r o r   s i g n a l s   u s u a l l y  
dominate a l l   o t h e r   e r r o r   s i g n a l s .  By making K,, 
sma l l   one   zan   g rea t ly   r educe   t he   suscep tab i l i t y   t o  
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7nd h a r m o n i c   d i s t o r t i o n   i n   t h e   d e m o d u l a t o r  and 
pe rmi t  GnC t.o be   increased  t o  t h e  l a r g c s t   v a l u e  
c o n s i s t e n t   w i t h   t h e   n o i s e   i n   t h e   b a n d w i d t h   o f   t h e  
d m o d u l s t o r .  

Tprms ?h s n d  9 i  a r e  second o r d ? r   s m a l l  and can 
b e   n e g l e c t e d   i n   t h i s   a p p r o x i m a t i o n .  

Term 9j i s  du? t o  t h e  d c  o f f s e t  i n  t h e  
demodulator .   Usual ly  K d c  j s  indppenden:  of l rve l  
for  snall s i g n a l   l e v e l s   b u t   a t  some p o i n t  t hp  
e r r o r s  grow e x p o n e n t i a l l y   w i t h   s i g n q l   l e v e l .  By 
mnking K 1 7  very   smal l ,   one  can i n c r e a s e  t h z  si,?n,31 
g a i n  t o  the p o i n t  thzlt t h e  no ise   a round  f requency  C 
i n  a bandwidth  determined by t h e   p r e f i l t e r   i s   j u s t  
b e l o u  t h e  maximum l e v e l   f o r   t h e   d e m o d u l a t o r .  T h i s  
and E/Y = 1 m i n i m i z e s   t h f   e f f e c t   o f  K d c .  

T h u s ,  fo r  systems  where KI2 i s  s r n n l l  t h e  most 
impor tan t   e r ror   t e rms   for   s ine .dave   demodula t ion  at 
the   fundamen ta l   a r e  

A . w ( l + b " )  = Y 2 K 1  + l/;K,$(l+d") + 

Fundamental Square  \*lave Derno<iulation 

For many systems i t  is  essier t o  irnplnmnnt 9 
squ ' l rewsve  denodul3tor  t h a n  i t  is t o  US? a sinewave 
demodu13tor acd Kdc, is o f t e n  much sm;il ler.  In t h i s  
i n s t a n c e   t h e   r e f e r e n c e   s i g n a l   o f   + q u a t i o n  8 is 
r e p l a c e d  by : 

Ref = cos n t  + - c c s  3 n t  + $ s i n  n t  + 
1 

3 
0 (7 + K g )  s i n  3 2 t )  

-X7 s i n  2nt + K3 cos ?Ilt ( 1  1 1  

where t h e   t e r m s   v a r y i u g  ;is s l n  6Ut, or  cos 5 G t  h i v e  
been omi t t p d ,  

I t  i s  e a s i i y  show t h , i t  t he   f r equency  offset 
e r r o r s   o f   t h e   c l o s e d - l o o o  svstem are f u n c t i o n a l l y  
very similar as t h o s e   d e r i v e d   i n  eq. 10 

.~ 
tbovc. 

- 5 K 5 ( 1 + 6 " )  +2Kdr Y2 
6 

Third  llarrnonic  Dernodulation 

I n  some cases  t h e  Dzckground s lope  
and/or  u n s t a b l e   t h a t  i f  is advAntageous 

is  so  l a rge  
t o  use r7 

3 r d  harmonic   re fe rence  t o  the   demodula tor .  Assunne 
i t  is o f   t h e  f o r m  
Ref = cos 3Qt  + K 1 ,  cos S a t . .  . 

Tn t h i s  c?s- th? s i g n i f i c a n t  frequency errore 
a r p  giv.zn by 

Cw(l+6") = - K3$(1+6") + 
4 
3 

( 1 3 )  ,. 

where thc 5t.c order  terms  hsve been neglected. 
Alt3ough t h e   s e n s i t i v i t y   t o   s l o p i n g   b a c k g r o u n d  ?nd 
zmpli tude  modulat ion is v i r t u h l l y  gone, t h e  s l g n ? l  
is a r n e r a l l y  a l s o   r e d u c e 3  by a f a c t o r   o f  ? c r  3 
which increases t h +   r e l z t i v e   i m p o r t s n c e   o f  2nd 
h a r m o n i c   d i s t o r t i o n  i n  t h e  modulator .?r.d d c  o f f s - t  
In   t he   deaodu la to r .  K 1 2  shcu ld  be k e p t  srnill i n  
o r d ? r  t.o naximizc G,, and tP,ercby reciuce t h e  c f f6 ,c t  
of K&. 

Tests f o r  Servo  Errors 

E - r o r s   g e n e r a t e d   f r o n   t l c  K1 coe f f i c i en t ,   h?vc  
t h e  same func t iona l   dcpendencc  on nodulat ior i  w i d t h  
as t h e   d c s i r c d   s i g n a l  : m d  a r e  t h e r c f o r e   t i i f f i e u l t  
t o  sepsratc, in  fundamental   deir .obulation  syctcm. 
T h c r e f o r f ,  o r e  g e n e r a l l y   h z s   t o   m e a s u r e   t h e  
background   s lope   s rpn ra t e lp  and c a l c u l a t e  t h , :  
o f f s e t .  Ocs c o u l d  31% conpare the  f requency  of  
l i n e   c e n t e r   f o r  a fundlmrntnl  = n d  a 3rd  h?rmonic 
d e n o d u l a t i o n  system. I n  cases wkrr a F!?msejr 
s z r d c t u r e  is p r e s e n t ,   o n e  can  c o n p z r e  the   f r -qusncy  
of' l i n e   c e n t e r  when lockec! t.o psirs   of   su-c-- .ss iv . i  
l o b ? s .  

E r ro r s   gene r s t ed   f rom K , ,  Kg, a n d  K7 r7re 
g e n e r a l l y  small and  can be  n c c l e c t e d .  

E r ro r s   gene ra t ed   f rom K 3  can be sepzratec!  out. 
rrcm t h e   o t h e r  t e r x s  by v a r y l n c   t h e  ?base s ' l i f t ,  G. 
 or most implementat ions,  K~ vnr ic -s  3s B?. 
I!odelin; o f   the   modula tor   c ,m TISO bo h e l p f u l .  

Thn e r r o r s   a s s o c i s t c t d   w i t h  K4 c a n  bes t   be  
determined by m s s u r i n g  t h e  f r ac t iona l   (Ampl i tude  
modulat ion s t  I: on t h e  probe sigr.31. The ph;se 
chosen   fo r  t h e  K q  term is  t h e  most l i k e l y  ?n:i has 
t h f   l a r g e s t  error. KQ depends on t h e  modulation 
width B .  

The e r r o r s   ? s s o c i a t s d   w i t h  K5,:<re b ? s t  
i l lumin?.ted by v a r y i n g   t h e  modylatlon width R .  P 
p l o t  of  frequency c'?ange vs .  3 -  f o r  4 - C y i e l d s  K, 
w h i l e   t h e   d i f f e r e n c e  bet'ween t h a t   c u r v e  . ind 5he on2 
o b t a i n e d   w i t h  e - 0.2 csr. be used t o   d e t e r m i n e  K3.  
K5 can  a l s o  be  de'ermin-d f r o n  ii c a r e f u l   c h s r a c t e r -  
i z a t l o n  of t h e  phasr: modulstor .  

Tne  e r ro r s   a s soz i -3 t t . d   w i th  K 3  2r.- u q i q u e  t o  
the fundznental   demodulator   systems and c m  be 
i l l u m i n ? t e d  by va ry ing  K,:. For K 1 2  s m a l l   t h i s  
e r r o r  can b e   t o t a l l y   n e g l n c t o d .  

The  er.co?s o r i g i n l t i n g   f r o m  K g c  arc' best 
5 e p r r i t ; d  O U T  by v a r y i n g   t h e  ic g a l n .  Varying tilt. 
d c  ga in   on ly   changes   t he  loop  a t t a c k   t i m e  
(b-:nciuic!th) s n d  should havc no e f f e c t  on t h z s c  
o f f s e t s  [ l ] .  Another  tnchniq'J- for  i l l umin3 t inE  
K d c  g e n e r 3 t e d  e r r o r s  is t o  vary :he : c  griin  with no 
modulst i -n  on t he   p robe  and rne,lsure t h e  dr: e r r o r  
slEnY1. 
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Summary 

A s imple  model of a rzsonance  system  probed  by 
3 s inusoida l ly   modula ted   p robe   S iena1   h3s   bzen  
t r c s t e d  t o  e x p o s e   t h e   f i r s t   o r d e r   e r r o r s   i n  
d e t e r m i n i n g   l i n e   c e n t e r   d u e  t o  i m p e r f e c t i o n s  i n  t h e  
e l e c t r o n i c s .   A l t h o u z h   t h i s   a p p r o a c h   d o e s   n o t   e a s i l y  
p roduce   r i go rous   va lucs  f o r  t h e  f r e q u e n c y   e r r o r s ,  
i n   t h a t  i t  d o e s   n o t   t a k e   i n t o   a c c o u n t   s a t u r a t i o n  
e t c . ,  i t  d o e s   y i e l d   t h e   c o r r e c t   f u n c t i o n a l  
dependence   of   the   e r rors   on   modula t ion   index ,   ac  
g a i n ,   e t c .  T h i s  pe rmi t s  m e  to   compwe  t h e  o f f s e t s  
i n   d e t e r m i n i n g   l i n e   c e n t e r   u s i n g   v a r i o u s   s e r v o  
c o n f i g u r a t i o n s .  As we've  shown, i n  any   se rvo  
sys tem  wi th  a fundamental   demodulator   reference,  
t h e  most s e r i o u s   f r e q u e n c y   e r r o r s   o r i g i n a t e   f r o m  
s loping   background,  2nd h a r m o n i c   d i s t o r t i o n   i n   t h e  
f requency   modula t ion ,   ampl i tude   modula t ion  on t h e  
p r o b e   s i g n a l ,   a n d   d c   o f f s e t s   i n   t h e   d e m o d u l a t o r .  
Se rvo  systems u t i l i z i n g   t h e   3 r d   h a r m o n i c   o f   t h e  
m o d u l a t i o n   a s  a d e m o d u l a t o r   r e f e r e n c e   a r e   g e n e r a l l y  
n o t   s e n s i t i v e  t o  b a s e l i n e  t i l t  or ampl j tude  
modulat ion on the   p robe ,   bu t   have   i nc reased  
s e n s i t i v i t y   t o  ?nd  h3rmonic d i s t o r t i o n   i n   t h e  
modulator,  and t o  d c   o f f s e t s   i n   t h e   d e m o d u l a t o r .  
With t h e   f u n c t i o n a l   d e p e n d e n c e   o u t l i n e d   h e r e  i t ' s  
r e l a t i v e l y   e a s y  t o  d e s i g n   s e n s i t i v e   t e s t s   o f   t h e s e  
o f f s e t s   e v e n   i f   t h e   o r i g i n a l   a s s u m p t i o n   a b o u t  a 
p u r e   L o r e n t z i a n   l i n e   a n d   s m a l l   m o d u l a t i o n   i n d e x   a r e  
n o t   e x a c t l y   f u l f i l l e d .  
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