APPENDIX C: THEORETICAL ANALYSIS OF GATED GAUSSIAN NOISE

This appendix provides theoretical analyses of gated Gaussian noise expressed mathematically as
u(®) = 2(0g(T,7,) = (1) *hype (D) (T7,,)

where z(¢) is a Gaussian noise random process with an ultra-wide transmission bandwidth (B )
much greater than the victim receiver bandwidth (Byy), n(f) is a zero-mean white Gaussian noise
random process, /;p:(f) is the impulse response of a band-pass filter that defines Byy; , and * is
the convolutional operator. The ideal gating function is described mathematically as

(S,: 0<t<z7,,)

0 1
t;T,t )= R(t—-kT;r , Wwhere R(t;7,,) =
g( un) Z ( on) ( ) {0 (S2: Ton Sf<T)

k=—0

and S; and S, refer to gated-on and gated-off states, respectively. The complex-baseband (CBB)
representation, denoted by ~, of () is modeled as

u(t) =z2()gt:T,z,,)

where z(¢) is a complex Gaussian-distributed random variable with zero-mean. The variance of

2(t) is 0.° =207, where o is the variance of the real and imaginary parts. The following

amplitude probability distribution (4PD) and power spectral density (PSD) expressions are
derived in terms of ().

C.1. Amplitude Probability Distribution
Computation of the APD for gated Gaussian noise begins with the total probability expression

pA<a)=p(A<a|S)pS)+p(A<a|S$)p(S,) , (C-1)

where ¢ represents probability, A =

ﬁ(t)| is the amplitude random variable which takes on
values of a ranging from 0 to o , @ (S) represents the probability of being in state Sy, and
@(A<a|S,) represents the conditional probability of 4 < a given the state S;.

Amplitudes are Rayleigh distributed in state S, giving the probability density function (PDF)

a —a’
qal|sS)) =?CXP(202 J
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The corresponding cumulative distribution function (CDF) is

@(A3a|sl)=1—exp(2az]

Similarly, the amplitude is always 0 in state S, giving the PDF
q(alS,)=06(a) ,

where d(a) is the delta function. The corresponding CDF is acquired by integrating the PDF over
all amplitudes which yields the step function U(a). Recall that a > 0, hence U(a) = 1 yielding

p(4<alS,)=1
Probabilities of being in each state are expressed in terms of the fractional on-time ({)
PS)=¢ 5 pS)=0-9)

Substituting these expressions into the total probability expression (C-1) yields the CDF

go(Aga)zl—gexp[;zj

The corresponding APD is obtained by subtracting the CDF from 1

A>a)={ex . -
$( )=¢ p(Zsz (C-2)
Figure C-1 provides APDs of normalized (¢ = 1) gated Gaussian noise with

¢=1{1,0.5,0.25, 0.125, 0.0625} in an ultra-wide transmission bandwidth.

Peak-to-average ratio (P/A) is computed from the peak and root-mean-square (rms) amplitudes.
Peak amplitude (a,) 1s defined by the percentile p. Replacing go(A > a) with p and a with a, in

equation (C-2) and solving for a, yields

This expression is only valid when (> p.
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Rms amplitude is found by substituting the probability densities given previously into the
derivative of (C-1) with respect to a to obtain

2
—da

q(a) = q(a|S)p(S))+q(a|S,)p(S,) = 4%6@[ Py j+ (1-¢)d(a) ,

and using this PDF to calculate rms amplitude

a,. = f?azq(a)da = 0\/3 .

Finally, the expression for P/4 is

P/ A {"pk Jz _In(¢/p)
a ¢

rms

Figure C-2 provides P/A4 as a function of { for gated noise in the ultra-wide transmission
bandwidth; peak definitions considered in Figure C-2 are p = {0.001, 0.01, 0.1, 1.0} %.

C.2. Power Spectral Density

Derivation of the PSD for gated Gaussian noise begins with the autocorrelation function
R, (tt+7)= E{a(a (t+7)}

where E{ } denotes expectation and ~ denotes conjugation. Pulling the deterministic gating
function out of the expectation gives

Ry (tt+7)= g(l)g*(l‘ +7)R. (7)

Expressing the gating function as a Fourier series

o0 T
g(t) = ch exp(j27zkt/T) , c, = %J.g(t) exp(— jZﬂkt/T)dt
0

k=—0

yields

R, (t,t+7)= i i c,c, exp(j2x(l —k)t/T)exp(~ j2zkr/T)R..(7)

|=—0k=—0
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The first complex-exponential term causes the autocorrelation to be time-varying. This variation
is periodic, in that

R,(tt+7r)=R,,t+T,t+7+T) ,

and 1s removed by averaging over the gating period. The resulting time-averaged autocorrelation
function is

T © 0
<le (T)> = %J.Rﬁﬁ (Lt +7)dt = Z chcz exp(— j27rkT/T)R2§ (7)
0 I

1 T
—explj2z(l—k)t/T)dt
=—wk=—0 T-([ ( )

which evaluates to

i|ck| exp(— j27zkr/T)R22(r) (I=k)
<R1212 (T)> =
0 (I #k)

The PSD is derived from the Fourier transform of the time-averaged autocorrelation function

0

(S ()= J.<Rm; (2))exp(— j27 fr)dr

—00

Substitution yields the following expression for the PSD of gated Gaussian noise

<sz (f)> = Z|Ck| o(f +?) *S8.:(f)
k=—0
Note that S,,(f) is constant, yielding
S (f)= n0|HLPF (f)|2 >

where n, 1s the power density of the underlying white Gaussian process and H,,Af) is the CBB
representation of Hyy-(f). This simplifies the PSD expression

(S () =n, _i|ck| §(f+§)*|]7{LPF(f)|2 ,

In this experiment we assume the transmission filter, H,p+(f), is constant over the bandwidth of
the victim receiver. Hence, the PSD of gated noise is constant for all frequencies considered.
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Figure C-1. Theoretical APDs of gated noise in Byys.
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Figure C-2. Theoretical P/4 of gated noise in Byys.
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