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Abstract. Informally, a sequentialdynamicalsystem(SDS)consistsof anundi-
rectedgraphwhereeachnode � is associatedwith a state �� and a transition
function �  . Giventhestatevalue �  andthoseof theneighborsof � , thefunction�  computesthe next valueof �  . The nodetransitionfunctionsareevaluated
accordingto a specifiedtotal order. Sucha computingdevice is a mathemati-
cal abstractionof a simulationsystem.We addressthecomplexity of somestate
reachabilityproblemsfor SDSs.Our mainresultis a dichotomybetweenclasses
of SDSsfor whichthestatereachabilityproblemsarecomputationallyintractable
andthosefor whichtheproblemsareefficiently solvable.Theseresultsalsoallow
usto obtainstrongerlowerboundsonthecomplexity of reachabilityproblemsfor
cellularautomataandcommunicatingstatemachines.

1 Intr oduction and motivation

We studythecomputationalcomplexity of somestatereachabilityproblemsassociated
with a new classof finite discretedynamicalsystems,calledSequentialDynamical
Systems(SDSs),proposedin [BR99,BMR99]. Informally, anSDSconsistsof anundi-
rectedgraphwhereeachnode � is associatedwith a state ��� anda transitionfunction� � . Giventhestatevalue ��� andthoseof theneighborsof � , the function

� � computes
thenext valueof ��� . Thenodetransitionfunctionsareevaluatedaccordingto aspecified
totalorder. A formaldefinitionof anSDSis givenin Section2.

SDSsarecloselyrelatedto classicalCellularAutomata(CA), awidely studiedclass
of finite discretedynamicalsystemsusedto modelproblemsin physicsandcomplex
systems.Computabilityaspectsof dynamicalsystemsin generalandcellularautomata
in particularhavebeenwidely studiedin theliterature(seefor example,[Wo86,Gu89]).
Dynamicalsystemsarecloselyrelatedto networksof communicatingautomata,transi-
tionsystemsandsequentialdigital circuits(seefor example,[Ra92,AKY99,RH93,Hu73]).



In this paper, we will restrictourselvesto Simple-SDSs, that is, SDSswith thefol-
lowing additionalrestrictions:(i) the stateof eachnodeis Booleanand(ii) eachlocal
transitionfunctionis Booleanandsymmetric.Our hardnessresultshold evenfor such
simple-SDSsandthusimply analogoushardnessresultsfor moregeneralmodels.

We studythe computationalcomplexity of determiningsomepropertiesof SDSs.
Thepropertiesstudiedincludeclassicalquestionssuchasreachability(“Doesa given
SDSstartingfromconfiguration� everreachconfiguration��� ?”) andfixedpoints(“Does
agivenSDShaveaconfiguration� suchthatonce� is reached,theSDSstaysin � for-
ever?”) thatarecommonlystudiedby thedynamicalsystemscommunity. Specifically,
we investigatewhethersuchpropertiescanbe determinedefficiently usingcomputa-
tional resourcesthatarepolynomialin thesizeof theSDSrepresentation.

The original motivation to develop a mathematicaland computationaltheory of
SDSswasto provideaformalbasisfor thedesignandanalysisof large-scalecomputer
simulations. Becauseof the widespreaduseof computersimulations,it is difficult to
give a formal definition of a computersimulationthat is applicableto all the various
settingswhereit is used.An importantcharacteristicof any computersimulationis
the generationof global dynamicsby iteratedcompositionof local mappings.Thus,
we view simulationsas comprisedof the following: (i) a collection of entitieswith
statevaluesandlocal rulesfor statetransitions,(ii) an interactiongraphcapturingthe
local dependency of an entity on its neighboringentitiesand(iii) an updatesequence
or schedulesuchthat the causalityin the systemis representedby the composition
of local mappings.References[BWO95,BB+99] show how simulationsof large-scale
transportationsystemsandbiologicalsystemscanbemodeledusingappropriateSDSs.

Following [BPT91], we saythata systemis predictableif basicpropertiessuchas
reachabilityandfixedpoint existencecanbe determinedin time that is polynomialin
thesizeof thesystemspecification.Our PSPACE-completenessresultsfor predicting
thebehavior of “very simple” systemsessentiallyimply thatthesystemsarenot easily
predictable;in fact, our resultsimply that no predictionmethodis likely to be more
efficient thanrunningthe simulationitself. The resultsherecanalsobe usedto show
thatevensimpleSDSsare“universal” in thatany reasonablemodelof simulationcan
be“efficiently locally simulated”by appropriateSDSsthatcanbeconstructedin poly-
nomial time. Themodelsinvestigatedincludecellularautomata,communicatingfinite
statemachines,multi-variatedifferenceequations,etc.

We undertake the computationalstudyof SDSsin an attemptto increaseour un-
derstandingof SDSsin particularandthe complex behavior of dynamicalsystemsin
general.SDSsarediscretefinite analogsof classicaldynamicalsystems,andwe aim
to obtainabetterunderstandingof “finite discretecomputationalanalogsof chaos”.As
pointedout in [BPT91,Mo90,Mo91], computationalintractabilityor unpredictabilityis
theclosestform of chaoticbehavior thatsuchsystemscanexhibit. Extendingthework
of [BPT91], we prove a dichotomyresultbetweenclassesof SDSswhoseglobal be-
havior is easyto predictandothersfor which theglobalbehavior is hardto predict.In
[Wo86], Wolfram posedthe following threegeneralquestionsin the chapterentitled
“Twenty Problemsin the Theoryof Cellular Automata”: (i) Problem 16: How com-
monare computationaluniversality andundecidabilityin CA? (ii) Problem 18: How
commonis computationalirreducibility in CA? (iii) Problem 19: How commonare



computationallyintractableproblemsaboutCA? The resultsobtainedhereandin the
companionpapers[BH+01a,BH+01b,BH+01c] for SDSs(andfor CA asdirect corol-
laries)show that the answerto all of theabove questionsis “quitecommon”. In other
words,it is quitecommonfor synchronousaswell assequentialdynamicalsystemsto
exhibit intractability. In fact, our resultsshow that suchintractability is exhibited by
extremelysimpleSDSsandCA.

2 Definitions and problem formulation

2.1 Formal definition of an SDS

As statedearlier, we will restrictour selvesto Simple-SDSs.(Unlessotherwisestated,
we use“SDS” to meana simpleSDS.)Our definitioncloselyfollows theoriginal defi-
nition of SDSin [BMR99].

A Simple Sequential Dynamical System (SDS) � is a triple ������� ��!#" , whose
componentsareasfollows:

1. �$�&%'�)(*" is anundirectedgraphwithout multi-edgesor self loops. � is referredto
astheunderlying graph of � . We use + to denote , %-, and . to denote, (-, . The
nodesof � arenumberedusingtheintegers1, 2, /0/�/ , + .

2. Eachnodehasonebit of memory, called its state. The stateof node 1 , denoted
by ��2 , takeson a valuefrom 3 � = 4�56��798 . We use :�2 to denotethe degreeof node1 . Further, we denoteby ;<��1=" the neighborsof node 1 in � , plus node 1 itself.
Eachnode 1 is associatedwith a symmetricBooleanfunction

� 2?> 3A@CB�D �� E 3 � ,
( 7GFH1�FI+ ). We refer to

� 2 asa local transition function. The inputsto
� 2 are

thestateof 1 andthestatesof theneighborsof 1 . By “symmetric”wemeanthatthe
functionvaluedoesnot dependon the orderin which the input bits arespecified;
thatis, thefunctionvaluedependsonly on how many of its inputsare1. We use�
to denote4 � � � � � �0/�/�/�� �KJ 8 .

3. Finally, ! is a permutationof 4L79�NMA��/0/�/���+O8 specifyingthe order in which nodes
updatetheir statesusing their local transitionfunctions.Alternatively, ! can be
envisionedasa totalorderon thesetof nodes.

Computationally, the transitionof an SDSfrom oneconfigurationto anotherinvolves
thefollowing steps:

for 1OPQ7 to + do
(i) Node !R�S1C" evaluates

�KTVU 2XW . (This computationusesthecurrentvaluesof thestate
of !R�S1C" andthoseof theneighborsof !R�S1C" .)

(ii) Node !R�S1C" setsits state� TVU 2YW to theBooleanvaluecomputedin Step(i).
end-for

Statedanotherway, the nodesareprocessedin the sequentialorderspecifiedby
permutation! . The“processing”associatedwith anodeconsistsof computingthevalue
of thenode’sBooleanfunctionandchangingits stateto thecomputedvalue.

A configuration of an SDS is a bit vector �&Z � �NZ � ��/0/�/��[Z J " , where Z�2 is the state
valueof node �\2 . A configuration� of an SDS �QP]�&����� ��!#" canalsobe thoughtof



asa function � > % E 3 � . Thefunctioncomputedby SDS � , denotedby ^�_ , specifies
for eachconfiguration� , thenext configuration��� reachedby � aftercarryingout the
updateof nodestatesin theordergivenby ! . Thus, ^ _ > 3 J� E 3 J� is aglobalfunction
on the setof configurations.The function ^ _ canthereforebe consideredasdefining
thedynamicbehavior of SDS � . We alsosaythatSDS � movesfrom a configuration� at time ` to a configuration ^ _ �a�#" at time �S`cbd7e" . The initial configuration(i.e.,
the configurationat time `fPg5 ) of an SDS � is denotedby h . Givenan SDS � with
initial configurationh , the configurationof � after ` time stepsis denotedby iA�S�j��`�" .
We define iA�a�j�N5k"cPlh . For a configuration� , we use�m�onp" to denotethestatesof the
nodesin nrqs% and �m�S�t" to denotethestateof a particularnode�vuw% .

A fixed point of an SDS � is a configuration� suchthat ^ _ �S�#"xPy� . An SDS �
is saidto cycle througha sequenceof configurationsza� � ��� � ��/0/�/����|{�} if ^#_x�a� � "'P~� � ,^ _ �a� � "RP�� � , /0/�/ , ^ _ �a��{�� � "RP���{ and̂ _ �S��{�"RPs� � . A fixedpointisacycleinvolving
only oneconfiguration.Any cycleinvolving two or moreconfigurationsis calleda limit
cycle. The phasespace ��� of an SDS � is a directedgraphwith onenodefor each
configurationof � . For any pair of configurations� and ��� , thereis a directededge
from thenoderepresenting� to thatrepresenting� � if ^#_j�a�#"'Ps� � .

2.2 Problemsconsidered

Given an SDS � , let , �x, denotethe size of the representationof � . In general,this
includesthenumberof nodes,edgesandthedescriptionof thelocaltransitionfunctions.
We assumethatevaluatingany local transitionfunctiongivenvaluesfor its inputscan
bedonein polynomialtime.

The main problemsstudiedin this paperdeal with the analysisof a given SDS,
that is, determiningwhethera given SDShasa certainproperty. Theseproblemsare
formulatedbelow.

GivenanSDS� , two configurationsh , � , andapositiveinteger ` , the ` -REACHABIL ITY

problemis to determinewhether� startingin configurationh canreachconfiguration�
in ` or fewertimesteps.If ` is specifiedin unary, it is easyto solvethisproblemin poly-
nomialtime sincewe canexecutetheSDSfor ` stepsandcheckwhetherconfiguration�

is reachedat somestep.So,we assumethat ` is specifiedin binary.

GivenanSDS� andtwo configurationsh , � , theREACHABIL ITY problemis to de-
terminewhether� startingin configurationh ever reachestheconfiguration� . (Note
that,for anSDSwith + nodes,wheǹc�sM J , ` -REACHABIL ITY is equivalentto REACH-
ABIL ITY.) GivenanSDS � anda configurationh , the FIXED POINT REACHABIL ITY

problemis to determinewhether� startingin stateh reachesa fixedpoint.

2.3 Extensionsof the basicSDSmodel

As defined,the stateof eachnodeof an SDS storesa Booleanvalue and the local
transitionfunctionsaresymmetricBooleanfunctions.Whenwe allow thestateof each
nodeto assumevaluesfrom a domain � of a fixedsizeandallow the local transition
functionsto have � astheir range,we obtaina Finite RangeSDS (FR-SDS).If the



statesmaystoreunboundedvaluesandthelocal transitionfunctionsmayalsoproduce
unboundedvalues,we obtaina GeneralizedSDS(Gen-SDS).

Anotherusefulvariantis aSynchronousDynamical System(SyDS),anSDSwith-
out thenodepermutation.In aSyDS,duringeachtimestep,all thenodessynchronously
computeandupdatetheirstatevalues.Thus,SyDSsaresimilar to classicalCA with the
differencethattheconnectivity betweencellsis specifiedby anarbitrarygraph.

The notion of symmetrycanbe suitablyextendedto functionswith non-Boolean
domainsaswell. In definingtheabovemodels,we did notattemptto relaxthesymme-
try propertyof local transitionfunctions.Dynamicalsystemsin which the local tran-
sition functionsarenot necessarilysymmetricareconsideredin thecompanionpapers
[BH+01a,BH+01b,BH+01c].

3 Summary and significanceof results

In this paper, we characterizethe computationalcomplexity of determiningseveral
phasespacepropertiesfor SDSsandCA. The resultsobtainedare the first suchre-
sults for SDSsanddirectly imply correspondinglower boundson the complexity of
similarproblemsfor variousclassesof CA andcommunicatingfinite statemachines.

Our main resultis a dichotomybetweeneasyandhardto predictclassesof SDSs.
Specifically, weshow that ` -REACHABIL ITY, REACHABIL ITY andFIXED POINT REACH-
ABIL ITY problemsfor FR-SDSsarePSPACE-complete.Moreover, theseresultshold
even if the local transitionfunctionsare identicalandthe underlyinggraphis a sim-
ple path.We further extend theseresultsto show that the above threeproblemsre-
mainPSPACE-completefor SDSs,evenwhentheunderlyinggraphis simultaneously�
-regular for somefixed

�
, bandwidthbounded(and hencepathwidthand treewidth

bounded)andthelocal transitionfunctionsaresymmetric.
In contrastto the above intractability results,we show that theseproblemsareef-

ficiently solvable for SDSsin which eachlocal transitionfunction is symmetricand
monotone. Specifically, weprovethatwheneachlocal transitionfunctionis a

�
-simple-

thresholdfunction1 for some
� �s5 , theseproblemscanbesolvedin polynomialtime.

As a partof our methodology, we alsoobtaina numberof “simulation” resultsthat
show how to simulateonetype of SDS(or CA) by anothertypically morerestricted
type of SDS (or CA). Thesesimulationresultsmay be of independentinterest.For
instance,we show (i) how agivenFR-SyDSwith local transitionfunctionsthatarenot
necessarilysymmetriccanbeefficiently simulatedby aSyDS,and(ii) how aSyDScan
besimulatedby anSDS.

Theresultspresentedhereextenda numberof earlierresultson thecomplexity of
problemsfor CA andalsohave otherapplications.We briefly discusstheseextensions
andtheir significancebelow.

Reference[RH93] shows the EXPSPACE-hardnessof local STATE REACHABIL-
ITY problemsfor hierarchically-specifiedlinearly inter-connectedcopiesof a single
finite automaton.The constructionspresentedhere imply that various local STATE

1 The � -simple-thresholdfunctionhasthevalue1 iff at least � of its inputsare1. Conventional
definitionof thresholdfunctionsassociatesa weightwith eachinput [Ko70]. We usethesim-
plified form whereall inputshave thesameweight.



REACHABIL ITY problemsarealsoEXPSPACE-hard,for hierarchically-specifiedand
bandwidth-boundednetworksof simpleSDSs.Usingideasfrom [SH+96], this last re-
sult implies that determiningany simulationequivalencerelation or pre-orderin the
Linear-time/Branching-timehierarchiesof [vG90,vG93] is EXPSPACE-hardfor such
hierarchically-specifiednetworksof simpleSDSs.

Our reductionsarecarriedout startingfrom theacceptanceproblemfor determin-
istic linear spaceboundedautomata(LBAs) and are extremely efficient in termsof
time and spacerequirements.Specifically, thesereductionsrequire ���S+#" spaceand���S+f�X�k�'+#" time.Thustheseresultsimply tight lower boundson thedeterministictime
andspacerequiredto solve theseproblems.

The resultsin [Su95,Su90] prove the PSPACE-completenessof REACHABIL ITY

andFIXED POINT REACHABIL ITY problemsfor CA. Thesepapersdo not addressthe
effect of restrictingtheclassof local transitionfunctionsor restrictingthestructureof
the underlyinggraphon the complexity of theseproblems.Our resultsextend these
hardnessresultsto muchsimplerinstancesandalsoprovidethefirst stepin proving re-
sultsthatdelineatepolynomialtimesolvableandcomputationallyintractableinstances.

Theresultspresentedherecanbecontrastedwith thework of Buss,Papadimitriou
andTsitsiklis [BPT91] on the complexity of ` -REACHABIL ITY problemfor coupled
automata.Their identity-independenceassumptionis similar to oursymmetricfunction
assumption,exceptthatthey considerfirst orderformulas.In contrastto thepolynomial
time solvability of the reachabilityproblemfor globally controlledsystemsof inde-
pendentautomata[BPT91], our resultsshow that a small amountof local interaction
suffices to make the reachabilityproblemcomputationallyintractable.Our reduction
leadsto aninteractiongraphthatis of constantdegree,bandwidthboundedandregular.

Other than [BPT91], papersthat are most relevant to our work are the follow-
ing. References[BMR99,BMR00,MR99,Re00,Re00a,LP00] investigatemathematical
propertiesof sequentialdynamicalsystems.Sutner[Su89,Su90,Su95] andGreen[Gr87]
characterizethecomplexity of reachabilityandpredecessorexistenceproblemsfor fi-
niteCA. Moore[Mo90,Mo91] makesanimportantconnectionbetweenunpredictability
of dynamicalsystemsandundecidabilityof someof their properties.Themodelscon-
sideredherearealsorelatedto discreteHopfieldnetworks[FO00,GFP85,BG88].

Alur et al (seefor example[AKY99]) considerthecomplexity of severalproblems
for hierarchicallyspecifiedcommunicatingfinitestatemachines.SDSscanbeviewedas
verysimplekindsof concurrentstatemachines.Moreover, thehardnessproofobtained
herecan be extendedto obtain EXPSPACE-hardness,when we have exponentially
many simpleautomata(verticesin ourcase)joinedto form abandwidthboundedgraph.
This resultsignificantlyextendsa numberof known resultsin theliteratureconcerning
concurrentfinite statemachinesby showing that the hardnessresultshold even for
simpleclassesof individualmachines.

Quadraticdynamicalsystemsareavariantof discretedynamicalsystemsthataimat
modelinggeneticalgorithms.In [ARV94] it is shown thatsimulatingquadraticdynam-
ical systemsis PSPACE-hard;specifically, it is shown that the ` -reachabilityproblem
for suchsystemsis PSPACE-completeevenwhen ` is specifiedin unary.



4 Complexity of reachability problems

4.1 Roadmap for the reductions

In this sectionwe proveour mainhardnesstheoremconcerningthe ` -REACHABIL ITY,
REACHABIL ITY andFIXED POINT REACHABIL ITY problemsfor SDSs.

Theorem1. (Main hardnesstheorem) The ` -REACHABIL ITY, REACHABIL ITY and
FIXED POINT REACHABIL ITY problemsfor SDSswith symmetricBooleanfunctions
are PSPACE-hard, even when(i) each nodeis of constantdegree and the graph is
regular (i.e. all nodeshavethesamedegree),(ii) thepathwidthandhencethetreewidth
of the graph is boundedby a constant,and (iii) all the nodeshaveexactly the same
symmetricBooleanfunctionassociatedwith them.

Overall proof idea: Theproofof theabovetheoremis obtainedthroughaseriesof local
replacementtype reductions(steps).The reductionsinvolve building generalgadgets
thatmaybeof independentinterest.

Step1: First,byadirectreductionfromtheacceptanceproblemfor aL INEAR BOUNDED

AUTOMATON (LBA) we can show that the ` -REACHABIL ITY, REACHABIL ITY and
FIXED POINT REACHABIL ITY problemsfor FR-SyDS(finite CA) and FR-SDSare
PSPACE-hard even under the following restrictionsappliedsimultaneously. (i) The
graph � is a line (which haspathwidthand treewidth of 1). (ii) The numberof dis-
tinct local transitionfunctionsis at mostthree.(iii) The domainof eachfunction is a
smallconstant,dependingonly onthesizeof theLBA encoding.This resultis statedas
Theorem2 below; theproof is omitted.

Theorem2. (Step1:) Thè -REACHABIL ITY, REACHABIL ITY andFIXED POINT REACH-
ABIL ITY problemsfor FR-SyDS(Cellular Automata)andFR-SDSare PSPACE-hard,
evenwhenrestrictedto instancessuch that: (i) Thegraph � is a linegraph(andthushas
pathwidthandtreewidthof 7 ), and(ii) Thenumberof distinctlocal transitionfunctions
is at mostthree, and(iii) Thesizeof thedomainof each functionis a smallconstant.

Step 2: Next, we show how to transformtheseproblemsfor FR-SyDSinto the cor-
respondingproblemsfor SyDSin which the maximumnodedegreeis bounded.See
Section4.2.

Step3: Next, we show how a SyDScanbesimulatedby anSDSwherethemaximum
nodedegreeis bounded.(Theunderlyinggraphof theSDSmaynot beregularandthe
local transitionfunctionsmaynot beidentical.)

Step4: Finally, weshow how to transformtheSDSobtainedin Step3 into anotherSDS
whoseunderlyinggraphis regular andwhosenodefunctionsare all identical (same
functionandsamedegree).

For reasonsof space,we omit theconstructionsalludedto in Steps3 and4.

4.2 SyDSwith symmetric Booleanfunctions: Step2

Definition 1. Given
� ��7 , a distance-

�
coloring of a graph �$�&%'�)(�" is anassignment

of colors � > % E 4�5A�079�[Mt��/0/�/��e, %v,k�~798 to thenodesof � such that for all ������u<%
for which thedistancebetween� and � is at most

�
, ���S��"j�P����S�t" .



Proposition1. A graph �$�&%'�)(*" with maximumdegree � can be distance-M colored
usingat most � � b~7 colors,andsuch a coloring canbeobtainedin polynomialtime.
Thus,for a graphwhosenodedegreesareboundedbya constant,and,in particular, for
regular graphsof constantdegree, thenumberof colorsusedfor distance-2coloring is
a constant.

Theorem3. For a given � and � , considerthe classof FR-SyDSswhere the sizeof
thestatedomainof each nodeis at most � and thedegreeof each nodeis at most � .
There is a polynomialtime reductionfrom a FR-SyDS�gP������)��" in this classand
configurations h and � for � to a usual(havingsymmetricBooleanfunctions)SyDS� � Pp�&� � �)� � " andconfigurationsh � and � � for � � such that

1. � startingin configuration h reaches � iff � � startingin configuration h � reaches� � . Moreover, for each ` , � reaches� in ` stepsiff � � reaches� � in ` steps.
2. � starting in configuration h reachesa fixedpoint iff � � starting in h � reachesa

fixedpoint.

Proof sketch: Given � , thereductionfirst constructsadistance-M coloring � of � , using
at most � � b�7 colors,wherethecolorsareconsecutive integers,beginningwith zero.
Thefactthat � is adistance-M coloringis notusedin theconstructionof � � from � , but
is crucialto thecorrectnessof thereduction.

Next, given graph �$�&%'�)(*" and coloring � , graph � � �o% � �)( � " is constructed,as
follows.For eachnode����uw% , thereare �S���l7�"=�#� UX e¡ W nodesin % � . We referto these
nodesas � �2£¢ , 7�FQ1¥¤d� and 7�F§¦¨Fd�#� UX �¡ W . Informally, correspondingto a node� � of � , % � contains�G�©7 setsof nodes(which we call clumps), eachof cardinality�#� UY  ¡ W . For a givennode � � uª% , clump « �¢ refersto thenodes� �¢ � { 7¬F�vF��#�

UX  ¡ W .
Additionally, we will use « � Pp« ��¯® « �� /0/�/ ® « �° � � to denotethesetof all nodesin% � correspondingto ��� . ( � consistsof thefollowing two kindsof edges:For eachnode���$uª% , thenodesin « � form a completegraph.Eachedge 40���t���±{\8¬u�( is replaced
by a completebipartitegraphbetweenthe setsof nodesusedto replacethe nodes�|�
and � { .

Beforespecifyingtheconstructionof thelocal transitionfunctionsof � � , wedefine
the following mapping ²R� , for eachnode ����uy% . Supposethat node ���sud% has
neighbors³ � �0/�/�/0��³k´ in � . We definefunction ² �H>¬µ E � ´ D � (where µ is the set
of nonnegative integers)asfollows: ² � �S¶x"·P z�¸�¹k�)¸ � ��/�/0/��N¸�´0} , wherein the base�
representationof ¶ , ¸�¹ is thecoefficientof �#� UX  ¡ W , and ¸ { , 7ºFl*Fs» , is thecoefficient
of �#� UY¼N½ W .

The functionsin the set � � aredefinedasfollows. We envision the statedomain
of � to be the integers 56��79�0/�/0/����ª�©7 . Considera node � �2¾¢ in « � anda vector ¿ of
Booleaninput valuesfor

�   ¡
BÁÀ . Supposethat in ¿ , exactly ¶ of the input parametersto�   ¡

BÁÀ areequalto 7 . Suppose
�   ¡

from � is the local transitionfunction at node �|� .
Then

�   ¡
B¾À �&¿�"$PÂ7 if f

�   ¡ �S² � ��¶j"�"¯�Ã1[/ In the reductionof � to � � , function
�   ¡
B¾À is

representedby specifyingthe subsetof countsof input parameterstaking value1 for
which theoutputequals1.

We now definethefollowing mappingÄ from theconfigurationsof � to theconfig-
urationsof � � , Ä > ��Å E MkÅeÆ . Considera configurationÇ of � andnode���-u�% . In



configurationÄ���Ç*" of � � , thenodesin thefirst Ç-�S���k" clumpsof « � havestatevalue1,
andthenodesin theotherclumpsof « � havestatevalue0. Moreprecisely, for ����u�% ,7ºFÈ1'¤l�m�ª7ºFª¦$Fl� �

UX  ¡ W , Ä���Ç*"��S� �2¾¢ "RPQ7 if f Çv�S�|�9"c�l1[/
Thereductionconstructsh � as Ä|�Xh'" , and � � as Ä��S�É" . This completestheconstruc-

tion involvedin thereduction.Thecorrectnessof thisconstructionis basedonshowing
that thephasespaceof � is embeddedasa subspaceof thephasespaceof � � , so that� � canbeusedto simulate� . First, we specifywhich configurationsof � � arein this
subspace.

DefineaconfigurationÇ of � � to beproper if for all
� ��1[�o¦k�&Ê#�)Ë ,

�&Çv�S� �2£¢ "RPp7 and 1'��Ê|" Ì Çv��� �Í0Î "RPp7k/
In otherwords,a configurationÇ of � � is proper if thevalueat any nodein clump « �¢
equalto 1 implies thatall nodesin clumps « �� �[« �� �0/�/�/0�N« �¢ arealso1. Thefollowing
claimprovidesanimportantpropertyof themappingÄ .
Claim 4.1: Mapping Ä is a bijection betweenthe configurationsof � andthe proper
configurationsof � � .

For amapping� of asetof statesinto Booleanvalues,welet , ��, denotethenumber
of 1’s in � . We alsotake the notationalliberty of identifying an assignmentof state
valuesto a setof nodeswith the vectorof valuesrepresentingthe assignment.Also,
recallthat ;<�S�|" denotestheneighborsof node� , plusnode� itself.For aconfiguration� andsetof nodesn , �R�onp" denotestherestrictionof � to n .

Claim 4.2:For aconfiguration� of � , node�|� of % , andnode� �2£¢ of « � , �R��;È�S���9"�"RP
²m�A�), Ä|�S��"���;<��� �2¾¢ "�"0, " .

We now stateour key claim,which saysthat � � properlysimulates� .

Claim 4.3: For everyconfigurationÇ of � , ^ � Æ �aÄ���Ç*")"'P�Ä|�&^ � �&Ç*"�" .Now, the following claim completesthe proof of Theorem3. The claim can be
provenusingtheaboveclaimsandinductionon ` .
Claim 4.4: Let � and � � be asdefinedabove. Consider� startingin configurationh
and � � startingin configurationÄ��Áh'" . Then(1) Ï�`Ð�?5 , iA�S� � �)`�" is proper. (2) Ï�`x�?5 ,iA�a� � ��`�"RP�Ä|��iA�a�Ð�)`�"�" .
5 Polynomial time solvablecases

In this sectionwe prove that ` -REACHABIL ITY, REACHABIL ITY and FIXED POINT

REACHABIL ITY problemsarepolynomialtime solvablefor
�
-simple-threshold-SDSs,

thatis,SDSsin whicheachlocal transitionfunctionis a
�
-simple-thresholdfunctionfor

some
� �§7 . Sinceeachsymmetricmonotonefunctionis a

�
-simple-thresholdfunction

for some
�
, thesepolynomialtime resultsprovide thedichotomybetweentwo classes

of SDSs:onewith symmetriclocal transitionfunctionsandthe otherwith symmetric
monotonelocal transitionfunctions.Someremarksregardingthe generalityof these
polynomialalgorithmsareprovidedat theendof this section.

Definition 2. A
�
-simple-thr eshold-SDSis an SDSin which thelocal transitionfunc-

tion at each node�\2 is a
� 2 -simple-thresholdfunction,where 7fF � 2mFÒÑ�ÓYÔ�4 � �):�2Kb¨798 .

Here, :02 is thedegreeof node�\2 .



Theorem4. For any
�
-simple-threshold-SDS,7fF � FÈ+ , theproblems̀ -REACHABIL ITY,

REACHABIL ITY andFIXED POINT REACHABIL ITY canbesolvedbyexecutingat mostÕ .wÖ\M stepsof thegivenSDS,where . is thenumberof edgesin theunderlyinggraph.

Proof sketch: The proof of the theoremis basedon a potentialfunctionargument.A
similar approachis usedin [GFP85] to establishtheconvergencerateandto boundthe
transientlengthof discreteHopfieldnetworkswith thresholdgates.

GivenanSDSwith underlyinggraph �$�&%'�)(*" , we assigna potentialto eachnode
andeachedgein � . For the remainderof the proof, we use

� � to denotethe thresh-
old value requiredfor a node � to become1. For eachnode � define × � �S�t"ªP � �
and ×*���V"$PØ:0�fby7 . Recall that ��� denotesthe stateof node � . Thus �0�¨P�7 if f at
least× � ���V" of its inputsare1; ��� is 0 otherwise.Anotherinterpretationof × � �S�t" is that
it is the smallestinteger suchthat ��� mustbe assigned1 if × � �S�t" of � ’s inputshave
value1. Usingthisanalogy, define×�¹L�S�t" to bethesmallestintegersuchthat � � mustbe
assigned0 if ×|¹L�S�t" of theinputsto � havevalue0. Thefollowing observationis aneasy
consequenceof thedefinitionsof

� � -simple-threshold,×|¹k���V" and × � ���V" : For any node�vuw% , × � ���V"�bÙ×|¹k���V"ÚPs×*���V"#b~7 . DefinethepotentialÛ$�S�t" ata node� asfollows:

Û$�S�t"'Ps× � ���V" if ���xPQ7Ps× ¹ ���V" if ���xP�5
The following is an easyconsequenceof the definitionsof × ¹ �S�t" , × � �S�t" andthe fact
that

� ���©7 : For any node�-uÜ% , 7ºFsÛ$�S�t"cFl:0��b~7 .
DefinethepotentialÛ$��ÝK" of anedgeÝjPp40�����±8 asfollows:

Û$��ÝK"RPQ7 if ÝfP?4����)�68 and �0ÞÜ�P�� �P�5 otherwise.

The potentialof the entireSDSis given by Û$�&�¥"¯P�ß ��à Å Û$�S�t"cb?ß©á à9â Û$��ÝK"�/ Itcanbe seenthat the initial potential Û$�&�¥" (regardlessof the initial configuration)is
boundedby

Õ .?b�+ . Further, for eachnode�vuÜ% , Û$���V"c�§7 ; thus,thepotentialof the
SDSat any time is at least+ .

If the systemhasnot reacheda fixed point, thenat leastonenode � undergoesa
statechange.Now, fix a globalstepin thedynamicevolution of theSDSandconsider
a particularsubstepin which thestateof node� changesfrom ã to Z . This statechange
maymodify the potentialof � andthe potentialsof the edgesincidenton � . It canbe
shown thateachtimethereis achangein thestateof anode,Û$���¥" decreasesby at least
2. As arguedabove,theinitial valueof Û$�&�¥" is atmost

Õ .§bG+ , andthevalueof Û$���¥"
cannever be lessthan + . Thus,the total numberof configurationchangesis bounded
by äY� Õ .Hb<+#"O��+|å�Ö\MºP Õ .wÖ\M .

In other words, any
�
-simple-threshold-SDSreachesa fixed point after at mostÕ .wÖ\M steps.Theorem4 follows.

The above theorempointsout an interestingcontrastbetweenCA andSDSs.It is
easyto constructinstancesof

�
-simple-threshold-CAwith limit cycles.In contrast,by

Theorem4,
�
-simple-threshold-SDSshavefixedpointsbut not limit cycles.

Theorem4 holds even when eachnodehasa different value of the threshold
�
.

As observed earlier, every symmetricandmonotoneBooleanfunction is a
�
-simple-

thresholdfunctionfor some
�
. Thus,Theorem4 impliesthepolynomialtimesolvability



of reachabilityproblemsfor SDSswith symmetricmonotonelocal transitionfunctions.
Theorem4 alsoshows that for

�
-simple-threshold-SDSs,the lengthof any transientis

at most
Õ .ÜÖ9M .

Theresultof Theorem4 canalsobeextendedto thecasewhenthelocal transition
function at node � 2 is the zero-thresholdfunction (i.e., a function whoseoutput is 1
for all inputs)or the �&: 2 bsM9" -thresholdfunction(i.e., a functionwhoseoutputis 0 for
all inputs).All nodeswith suchlocal transitionfunctionswill reachtheir final values
duringthefirst stepof theSDS.Therefore,in thiscase,thenumberof SDSstepsneeded
to reachafixedpoint is atmost

Õ .wÖ\M�b�7 .
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