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Thermodynamics of crystal nucleation in multicomponent droplets:
Adsorption, dissociation, and surface-stimulated nucleation
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We extend our previous work on crystallization of unary liquids@Djikaev et al., J. Phys. Chem. A
106, 10247 ~2002!# to multicomponent systems and develop the Gibbsian thermodynamics of
the crystallization of multicomponent liquid solutions~bulk as well as droplets!. Our treatment
takes into account the possibility of formation of a solid phase from a nonstoichiometric liquid
solution~noncongruent solidification!. Using the capillarity approximation and taking into account
both dissociation and surface adsorption effects, we derive the reversible work of formation of a
crystal nucleus in homogeneous and pseudoheterogeneous modes~the density difference between
crystal and liquid phases is also taken into account!. In the former mode, the nucleus forms
homogeneously within the~supercooled! bulk liquid solution, while in the latter mode, it forms
‘‘pseudoheterogeneously’’ at the liquid–vapor interface. Comparison of the works of formation in
the two modes provides an inequality which must hold in order for pseudoheterogeneous crystal
nucleation to be thermodynamically favored over the homogeneous process. As for unary systems,
this inequality is identical to the condition of partial wetting of at least one crystal facet by its melt,
i.e., the effects of adsorption and dissociation do not explicitly alter the thermodynamic condition
for surface-stimulated crystallization in multicomponent systems. These effects do play an important
role in determining the crystal nucleation mode, because they contribute to the liquid–vapor and
liquid–solid surface tensions that enter the condition of partial wetting. The influence of these
effects on the freezing behavior of droplets is expected to depend on the droplet size. ©2003
American Institute of Physics.@DOI: 10.1063/1.1559034#
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I. INTRODUCTION

Crystallization process in pure systems has long b
assumed to initiate within the volume of the supercoo
phase.1–3 However, it has been known for some time, from
number of molecular dynamics simulations on sm
clusters,4 that the crystalline nucleus most often appears
form at or very near the surface layer. In addition, there
now evidence from analysis of laboratory data that the nu
ation of ice5 in supercooled water droplets and the nucleat
of hydrates of nitric acid6 in concentrated aqueous nitric ac
droplets may also initiate at the droplet surface layer. T
there is some support from analyses of laboratory data on
freezing of supercooled solution droplets that crystallizat
in some single component~ice–water! and binary systems
~aqueous nitric acid-hydrates! may initiate at the droplet sur
face.

In a recent paper7 we presented a thermodynamic theo
based on the capillarity approximation, for the reversi
work of formation of a crystal nucleus in a supercool

a!Author to whom correspondence should be addressed. Electronic
djikaev@chem.ucla.edu
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single component melt. We evaluated and compared
work of nucleus formation at the melt surface to that with
its volume in order to determine the condition under whi
surface nucleation is thermodynamically favored over b
phase nucleation. This thermodynamic condition7 is identical
to the condition of partial wetting~nonzero contact angle! of
at least one of the crystal facets by the melt. In other wor
if a liquid only partially wets at least one of the facets of t
crystal nucleus, then the initiation of the crystal nucleation
this single component system is thermodynamically favo
on the surface of the melt compared to crystal nucleat
within its bulk.

The observed behavior of crystallization in the ice
water system5 provides some support for the validity of th
partial wetting criterion as an indicator of the thermod
namic favorability of surface as opposed to volume nuc
ation in single-component systems. Optical studies on
surface melting of ice show that water only partially wets t
ice surface,8 which may help to explain why ice nucleation i
supercooled water appears to initiate at the surface lay5

Furthermore, molecular dynamic simulations4 of crystalliza-
tion in small clusters, in many single component system
clearly show evidence for the appearance of the crystal
il:
2 © 2003 American Institute of Physics
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6573J. Chem. Phys., Vol. 118, No. 14, 8 April 2003 Crystal nucleation in multicomponent droplets
nucleus near or at the surface layer. Besides thermodyn
ics, kinetic factors also play an important role in determini
the mode of crystallization. In this study we only focus
the thermodynamics of the crystallization process.

In this paper we extend our previous treatment7 to mul-
ticomponent systems in an attempt to determine the ther
dynamic condition~s! under which surface nucleation is fa
vored over the volume process. In a multicomponent syst
a mixture of vapors of several components replaces
simple vapor of a single-component system. The thermo
namics will be complicated not only by the presence of s
eral components, but also by the need to consider the sur
adsorption of all components as well as their dissociat
into ions.9

It should be noted that there is currently some indir
laboratory evidence for aqueous nitric acid6 that crystalliza-
tion in this binary system appears to initiate at the surf
layer. The analysis presented in Ref. 6 suggests that the
of the crystal nucleation process is most likely governed
the rate of nucleus formation at the surface of the melt.
contrast, according to the classical theory of homogene
crystal nucleation, the nucleation rate is determined o
by the rate of nucleus formation within the volume of t
melt.

II. THERMODYNAMICS OF CRYSTAL NUCLEATION
IN MULTICOMPONENT SOLUTIONS

Going beyond our previous work,7 we will now study
crystallization in a liquid multicomponent solution either in
container~Fig. 1! or in droplets~Fig. 2! in equilibrium with
the corresponding vapor mixture. Crystallization will ta
place in the liquid solution if it is in a metastable~super-
cooled! state.

The formation of a crystal may occur either~1! within
the bulk liquid or in the interior of the droplet, or~2! at the
interface of the bulk liquid or droplet with the surroundin
medium. Focusing on the freezing of liquid drops in the
mosphere~or other fluid media!, we will not be interested in
the crystal nucleation at ‘‘liquid–container’’ interfaces, b

FIG. 1. Multicomponent liquid solution in a container.~a! Homogeneous
crystal formation within the solution.~b! Pseudoheterogeneous crystal fo
mation at its interface with the vapor mixture.
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only at a ‘‘liquid–vapor’’ interface. We will use the classica
Gibbsian thermodynamics to derive the reversible works
crystal nucleus formation~1! within the bulk liquid or droplet
and ~2! at the liquid–vapor interface of the bulk liquid o
droplet. These will be compared in order to specify the co
ditions under which the surface-stimulated crystallization
thermodynamically favored over the volume process.

For single component systems we showed7 that the ther-
modynamic condition for surface-stimulated crystal nuc
ation is identical to the condition of partial wetting of at lea
one crystal facet by its own melt. That condition is

sl
vs2sv l,sl

ls , ~1!

where the double superscriptsvs, v l , and ls indicate the
interfaces vapor–solid, vapor–liquid, and liquid–solid, r
spectively, thes ’s are the corresponding surface tension
andl indicates a particular facet of the crystal nucleus.

As we will show below, the condition for surface
stimulated crystal nucleation in multicomponent liquids h
the same form as that in unary liquids. However, the phys
implications of this condition and underlying phenome
are now significantly more complicated than in unary s
tems. They will be indicated as our theoretical developm
unfolds.

We consider the case when the liquid solution~whether
bulk or in droplets! remains in equilibrium with the vapo
mixture at all times. If the chemical potentials of all th
components in the vapor phase are fixed, so are those in
liquid solution. Under such conditions, the composition
the liquid solution remains constant during crystal nuc
ation. Often, however, a liquid solution freeze into a solid
fixed composition, that is independent of a variable solut
composition.~For example, nitric acid hydrates can crysta
lize from an aqueous nitric acid solution of variable comp

FIG. 2. Multicomponent liquid droplet in a vapor mixture.~a! Homoge-
neous crystal formation within the droplet.~b! Pseudoheterogeneous cryst
formation at its interface.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6574 J. Chem. Phys., Vol. 118, No. 14, 8 April 2003 Djikaev, Tabazadeh, and Reiss
sition.! If the composition of the liquid solution differs from
that of the solid phase, material must be exchanged betw
the vapor mixture and the liquid solution to maintain eq
librium. This exchange of material can lead to a change
the vapor and liquid volumes~note that the total volume o
the system is fixed!. Thus,unlike the situation in Ref. 7 deal
ing with crystallization in single-component liquids, it is no
necessary to consider the vapor mixture as a part of
system in order to take into account the possibility of form
tion of a solid phase of fixed composition from a multicom
ponent solution of arbitrary~nonstoichiometric! composition.

For convenience, the work of formation will be calc
lated in the canonical ensemble~i.e., N, V, T ensemble,
whereN is the constant total number of molecules,V is the
constant volume, andT is the constant temperature in th
system!. Strictly speaking, in this ensemble it is not possib
to fix the chemical potentials of the vapor mixture, since
volume and number of molecules can vary during crysta
zation. In the thermodynamic limit, however, since the cr
talline nucleus is usually very small compared to the b
liquid solution, the relative inaccuracy in the free energy d
to such variations tends to zero, and the reversible work
formation of a crystal particle does not depend on the cho
of the ensemble~for more detailed discussion of this issu
see, e.g., Ref. 10!.

Assuming the crystallization process to be isothermal7,11

the reversible work of crystal nucleus formation,W, can be
found as the difference betweenF f in , the Helmholtz free
energy of the system in its final state~vapor1liquid
1crystal!, andFin , the Helmholtz free energy in the initia
state~vapor1liquid!:

W5F f in2Fin . ~2!

A. Formation of a crystal
within a bulk multicomponent solution
or a multicomponent droplet

Consider a bulk liquidn-component solution in a con
tainer~Fig. 1! whose upper surface is in equilibrium with th
corresponding vapor mixture.

We will use superscriptsa, b, andd to denote quantities
in the liquid solution, vapor mixture, and crystal nucleu
respectively. Double Greek superscripts will denote qua
ties at the corresponding interfaces. The contribution to
free energy of the system from the liquid–container int
faces will not be considered since we are interested in c
tallization of ‘‘free’’ volumes of multicomponent solutions.

In accordance with the Gibbsian thermodynamics
multicomponent multiphase systems,12 the system in the ini-
tial state is regarded as consisting of three distinct s
systems: Liquid phasea ~multicomponent solution! of uni-
form density, vapor phaseb ~vapor mixture! also of uniform
density, and dividing surfaceab between them. In the fina
state, the system consists of the liquid phasea, vapor phase
b, solid phased ~crystal!, and the dividing surfacesab
~liquid–vapor! andad ~liquid–solid!.

The composition of the liquid solution~and eventually of
the solid phase! can be characterized by the composite va
able xa[$x1

a ,x2
a , . . . ,xn21

a % representing the set ofn21
independent stoichiometric mole fractions defined by
Downloaded 08 Apr 2003 to 143.232.124.66. Redistribution subject to A
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x i
a5Ni

aY (
i 51

n

Ni
a ~ i 51, . . . ,n!.

Clearly,x1
a1 . . . 1xn

a51.
Since some components of the liquid solution may d

sociate into ions, it is also useful to introduce mole fractio
based on the assumption of complete dissociation. Denot
zi the number of ions into which a molecule of componeni
dissociates in the solution~the corresponding quantity for th
ab-interface will be denoted byzi

ab), and definexi as

xi
a5Ni

aY (
i 51

n

ziNi
a ~ i 51, . . . ,n!.

For components which do not dissociate,zi5zi
ab51.

Clearly,z1x1
a1 . . . 1znxn

a51. Note thatzi andzi
ab may dif-

fer from each other. For example, in aqueous nitric acid
lution a nitric acid molecule dissociates into two ions with
the bulk, whereas at the surface nitric acid is adsorbed
a molecular form.9 Thus, in this casezNA52, while zNA

ab51
~NA stands for nitric acid!.

Marking the quantities for componenti by the corre-
sponding subscript, indicating the initial values of all qua
tities by the subscript ‘‘0,’’ and using the Gibbs method
dividing surfaces, one can write the Helmholtz free energy
the n-component system in the initial state as

Fin5(
i 51

n

Ni0
b m i

b~Pi0
b ,T!1(

i 51

n

ziNi0
a m i

a~P0
a ,x0

a ,T!

1(
i 51

n

zi
abNi0

abm i
ab~G0!2P0

bV0
b2P0

aV0
a1s0

abaab, ~3!

whereNb and mb(Pi
b ,T) are the number of molecules an

chemical potential in the vapor mixture of volumeVb and
total pressurePb5( i Pi

b ~partial pressure of componenti
is denoted byPi

b), while Na andma(Pa,xa,T) are the num-
ber of molecules and chemical potential in the solution
volumeVa, pressurePa, and compositionxa. Note that for
components that dissociate in the solution or at the interfa
the corresponding chemical potentials should be unders
as mean ionic chemical potentials. The third term on
right-hand side of Eq.~3! represents the contribution to th
free energyFin from the excess numbers of molecules,Nab,
attributed to the dividing surface. The chemical potenti
mab(Gab) at the dividing surface are functions of th
composite variable Gab5$G1

ab , . . . ,Gn
ab% where G i

ab

5Ni
ab/aab ( i 51, . . . ,n). The surface tension and corre

sponding area of the liquid–vapor interface are denoted
s0

ab andaab, respectively. The first five terms on the righ
hand side of Eq.~3! depend on the choice of the dividin
surface, but the last term therein does not, and neither d
the sum~i.e., the free energy itself!. Moreover, neithers0

ab

nor aab depends on the choice of the dividing surface
long as the interface is flat.

It should be noted that in electrolyte solutions, catio
and anions may adsorb at the vapor–liquid interface in
ferent proportions. However, we cannot take this effect i
account within the approach chosen. As shown in Ref. 12
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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6575J. Chem. Phys., Vol. 118, No. 14, 8 April 2003 Crystal nucleation in multicomponent droplets
the concept of dividing surfaces is applied to an electroc
illary two-phase system in equilibrium~without external
electric fields!, the condition of electroneutrality must hol
not only for the both homogeneous phases but also for
dividing surface. There exists another method that could
low one, at least in principle, to take account of the asy
metry of ion adsorption. It is called the multiple layer mod
of the interface and is also described in Ref. 12. In t
model the interface between liquid and vapor phases is c
sidered as consisting of a series of thin layers placed on
the other, each layer being of uniform composition. Althou
the successive layers may have finite charges associated
them, the interface is neutral as a whole. This multila
method would be also more appropriate in the case where
thickness of the nonuniform interfacial layer is of the ord
of the diameter of crystal nucleus, even if there were
asymmetric ion adsorption. In the present work we study
situation when the nucleus diameter is much larger than
interface thickness.

Now consider the above system but with a crys
formed within the liquid solution~Fig. 1, casea). The crys-
tal is of arbitrary shape withl facets~Fig. 3!. Hereafter, we
adopt Gibbs’ definition of the surface tension of a solid
given in Chap. 17 of Ref. 12. Namely,ssolid5 f 82( isi8m i8 ,
where f 8, s8, and m8 are the surface free energy per un
area, adsorption, and chemical potential of componenti, all
attributed to the dividing surface between solid and flu
~Note that only in the case where the adsorption at the so
fluid interfaces is neglected, the surface tension of the s
can be identified with the surface free energy per unit ar!
The surface area and surface tension of the facetj will be
denoted byAj ands j , respectively.~Anisotropic interfacial
energies are particularly important in determining the ch
acter of the nucleation process.! The Helmholtz free energy
of the system in this ‘‘final’’ state is~from now on we omit
the limits of sums overi keeping in mind thati takes on
values from 1 ton)

F f in5(
i

Ni
bm i

b~Pi
b ,T!1(

i
ziNi

am i
a~Pa,xa,T!

1(
i

zi
abNi

abm i
ab~Gab,T!1(

i
n im i

d~Pd,xd,T!

1(
i

(
j 51

l

zi j
adNi j

adm i j
ad~G j

ad ,T!2PbVb2PaVa

2PdVd1(
j 51

l

s j
adAj

ad1sabaab, ~4!

where in the fourth termn i andm i
d(Pd,xd,T) are the number

of molecules and chemical potential of componenti in the
solid particle formed within the liquid,Pd being the pressure
within the crystal,Vd its volume, andxd its composition
defined as a set$x1

d ,x2
d , . . . ,xn21

d % of stoichiometric mole
fractionsx i

d5n i /( i 51
n n i ( i 51, . . . ,n). The fifth term on the

right-hand side of Eq.~4! represents the contribution toF f in

from adsorption at the liquid–solid interface. The numb
of ions, into which a molecule of componenti dissociates,
when adsorbed at the facetj, is indicated byzi j

ad . The total
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number of molecules, chemical potential, and adsorption
componenti at facet j are denoted byNi j , m i j , and G i j ,
respectively~the double superscripts specify the interfac!.
The composite variableG j

ad is the set of adsorptions
$G1 j

ad , . . . ,Gn j
ad% of all components. In the case of two divid

ing surfaces the numbers of molecules at each surfac
defined by introducing amathematicalsurface that lies be-
tween two dividing surfaces in the region of uniform densi
This mathematical surface should split the whole system
two parts~with known number of molecules!, such that in
each part there is only one dividing surface. Thus the us
definitions10,12 of excess numbers of molecules and adso
tions at the dividing surfaces can be given. Thephysical
surface of the crystal is usually sharp on an atomic scale
that the contribution of the fifth term on the right-hand si
of Eq. ~4! to F f in can be expected to be relatively small a
the size of the crystal is determined by the setn1 , . . . ,nn .
The area of the liquid–vapor interface does not change,
the surface tensionsab may change due to changes in th
adsorptionGab.

Equation~4! allows the composition of the solid phase
differ from that of the liquid solution. Thus during crystall
zation the vapor mixture and liquid solution have to contin
ally adjust the equilibrium between them ifx0

a differs from
xd ~as is often the case with freezing of aqueous nitric a
into nitric acid hydrates!. Since we work in the closedNVT
ensemble, the composition of the liquid solution may chan
as it freezes, and so may the vapor~and hence the liquid!
pressures. In addition, the density of the liquid may dif
from that of the solid. If it does, the crystal formation wi
induce a change in the volume of the vapor phase. The
ume change can affect the partial pressures in the vapor
ture~and the pressure in the liquid!, which in turn can induce
a change in the liquid composition. However, all the abo
changes can be neglected at the stage of crystal nucle
where the sizes of crystal particles are still so small that
following conditions are fulfilled

DVad!V0
b , Dn i!Ni0

b ~ i 51, . . . ,n!, ~5!

whereDVad5( in i uv i
d2v i

au is the difference in the total vol-
ume occupied by the crystal molecules before and after c
tal formation, andDn i5ux i

d2x i0
a u(12x i

a)21( i 8n i 8 is the
number of molecules of componenti exchanged between th

FIG. 3. An equilibrium crystal withl facets, the surface area and surfa
tension of the faceti beingAj ands j , respectively;hj is the distance from
the facetj to the reference pointO ~see the text for more detail!.
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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vapor mixture and liquid solution~the solution composition
is bound to be constant, hence such exchange occurs i
compositionsx i

d and x i0
a differ from each other!. Note that

Dn i→n i asx i
d→1 which corresponds to a single compone

system.
Under conditions~5!, one can assume that

Pi[Pi
b5Pi0

b , P[Pb5P0
b~5Pa5P0

a!,
~6!

xa5x0
a , G i5G i0 , Ni

ab5Ni0
ab ,

with Pb[( i Pi
b . Clearly, these equalities hold automatica

in PVT or mVT ensembles~in the latter if the vapor mixture
is ideal!. Note that we do not neglect possible changes in
volume of the vapor or liquid phases occurring as materia
exchanged between them and as a result of the density
ference in the liquid and solid phases. As a matter of fact
the thermodynamic limit the contributions to the free ene
change arising from the inconstancy of pressure, chem
potentials, etc. cancel due to Gibbs–Duhem relation
Gibbs adsorption equation.10

Given Eqs.~2!–~4! and ~6!, one can show that

W5(
i

n i@m i
d~Pd,xd,T!2zim i

a~Pa,xa,T!#

1(
i

(
j 51

l

Ni j
ad~zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!!

2Vd~Pd2Pa!1(
j 51

l

s j
adAj

ad . ~7!

Since usually bothPa!Pd2Pa and DVad!Vd, the term
PaDVad on the right-hand side of Eq.~7! has been ne-
glected. It is at least two orders of magnitude smaller th
(Pd2Pa)Vd. The neglected term would represent the wo
involved in the change of volume of the vapor mixture up
the formation of the crystal within the liquid. Such a chan
may occur because of the density difference between liq
and solid phases.

Above, we have assumed that mechanical effects wi
the crystal~e.g., stresses! reduce to an isotropic pressurePd,
which is related to the fluid pressurePa by the Laplace equa
tion for crystals1,12

Pd2Pa5
2s j

ad

hj
~ j 51, . . .l!, ~8!

wherehj is the distance from facetj to such a pointO within
the crystal that~see Fig. 3!

s1
ad

h1
5

s2
ad

h2
5 . . . 5

sl
ad

hl
. ~9!

These equalities are called Wulff’s relations~see, e.g., Refs
1 and 12! and they determine the equilibrium shape of t
crystal, known as the Wulff form.

Making use of Eqs.~8! and~9!, one can represent Eq.~7!
as
Downloaded 08 Apr 2003 to 143.232.124.66. Redistribution subject to A
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W5(
i

n i@m i
d~Pa,xd,T!2zi

am i
a~Pa,xa!,T#

1(
i

(
j 51

l

Ni j
ad@zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!#

1(
j 51

l

s j
adAj

ad . ~10!

In this equation, the first term represents the excess G
free energy of the molecules in the bulk crystal with resp
to their free energy in the liquid state. This term is related
the partial molecular enthalpy of fusion of all componen
DHi(x

d),0 by ~see, e.g., Ref. 13!

m i~Pa,xd!2zi
am i

a~Pa,xa!

52E
T0

T

DHi~xd!
dT

T
1kTzi

a ln
xi

d f i~xd!

xi
a f i~xa!

, ~11!

whereT0 is the melting temperature of the bulk solid and t
argument ofDHi indicates thatDHi in Eq. ~11! corresponds
to the case in which the solid and liquid phases have
same composition~congruent melting!. The second term on
the right-hand side of Eq.~11! is equal to the difference
zi

am i
a(Pa,xd)2zi

am i
a(Pa,xa) and represents to contributio

arising from the noncongruent melting~crystallization! ef-
fects. If xa5xd, this contribution vanishes. The partial mo
lecular enthalpy of fusion for compositionx is defined as

DHi~x!5Hi
d2Hi

a ~12!

with Hi5(]H/]n i)P,T,nÞn i
andH being the total enthalpy o

the system undergoing freezing or fusion and having
same compositionx in both the solid and liquid phases. De
pending on whether or not the molecules of componeni
dissociate into ions in the solution,f i

a(x) is either its activity
coefficient or mean ionic activity coefficient in a solution
compositionx. The quantityxi

d is defined by analogy with
xi

a : xi
d5n i

d/( i 51
n zin i

d ( i 51, . . . ,n).
If in the temperature range betweenT andT0 the partial

enthalpy of fusionDHi does not change significantly, Eq
~11! takes the form

m i
d~Pa,xd!2zi

ama~Pa,xa!

52DHi ln Q1kTzi
aln

xi
d f i~x i

d!

xi
a f i~x i

a!
, ~13!

with Q5T/T0 . Substituting Eq.~13! into Eq. ~10!, we get

W52(
i

n iS DHi ln Q2kTzi
a ln

xi
d f i~x i

d!

xi
a f i~x i

a!
D

1(
i

(
j 51

l

Ni j
ad~zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!!

1(
j 51

l

s j
adAj

ad . ~14!
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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Introduce a characteristic linear size~‘‘radius’’ ! r and a
characteristic surface tensionsad for a crystal surrounded by
its melt as

r 5F 3

4p ( n iv i
dG1/3

, sad5
1

4pR2 (
j 51

l

s j
adAj

ad . ~15!

If the crystal had a spherical shape, it would have a radiur
and a surface tensionsad.

As usual, define a critical crystal~nucleus! as a crystal
that is in unstable equilibrium with the surrounding fluid.
follows from Eqs.~14! and~15! that the characteristic radiu
r * of the crystal nucleus is

r * 52sadv iS DHi~xd!ln Q2kTzi
a ln

xi
d f i~x i

d!

xi
a f i~x i

a!
D 21

~16!

~hereafter the subscript ‘‘*’’ indicates quantities correspon
ing to the nucleus!. The work of crystal formationW as a
function of r attains its maximum atr 5r * . For the solid
phase to form, the radius of the critical crystal cannot
infinite or negative. Therefore, for any givenxd the condition

DHi~xd!ln Q2kTzi
a ln

xi
d f i~x i

d!

xi
a f i~x i

a!
>0 ~17!

determines the phase diagram and phase coexistence cu
the planeT2xa. In other words, for everyxa the equality in
Eq. ~17! determines the upper limit of the temperature ran
in which a finite-size critical crystal of fixed compositionxd

can form in the liquid solution of variable compositionxa.
Equations~8! and ~9! along with the geometric relation

Vd5 1
3( jhjAj allow one to show that

Vd~Pd2Pa!5 2
3 (

j 51

l

s j
adAj

ad . ~18!

By virtue of Eq.~18! and ~7!, the reversible work of forma-
tion of the ~critical! crystal nucleus can be written in th
form

W* 5 1
3 (

j 51

l

s j
adAj

ad , ~19!

or, alternatively, as

W* 5 1
2V*

d ~P
*
d 2Pa!. ~20!

In what follows, Eq.~20! will be very useful.
Next, consider the case of a crystal, that forms not in

bulk liquid solution, but within a liquid droplet of multicom
ponent solution@Fig. 2~a!# itself surrounded by the vapo
mixture. The reasoning here is almost identical to the prec
ing if, again, we assume the conditions in Eq.~5! to be ful-
filled at least at the stage of crystal nucleation@for droplets,
that are usually small compared to the vapor phase, b
conditions in Eq.~5! hold#. The Helmholtz free energies o
the system in the initial and final states (Fin and F f in , re-
spectively! are now given by slightly modified Eqs.~3! and
~4!. Namely, the pressurePa in Eqs.~3! and~4! is now given
by the Laplace equationPa5P0

a5P12sab/R, whereR is
the radius of the droplet, and the liquid–vapor interface a
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is now equal to the surface area of the dropletaR
ab54pR2

@since both conditions in Eq.~5! hold, not only are all the
equalities in Eq.~6! again valid, but also the radiusR and
hence surface areaaR

ab can be assumed to remain consta
during crystal nucleation#. Keeping this in mind, one can
show that all the above equations, including Eqs.~19! and
~20! for the reversible workW* , remain unchanged.

B. Formation of a crystal at the liquid–vapor interface

Assuming that there are no foreign particles in the s
tem and omitting consideration of crystallization at t
liquid–container interface, we will focus on ‘‘pseudoheter
geneous’’ crystal nucleation at the liquid–vapor interface

First, consider a bulk solution in a container~Fig. 1!
whose upper surface is in contact with the vapor mixtu
~recall that we work inNVT ensemble, where the total num
ber of molecules, volume, and temperature of the whole s
tem are constant!. In the ‘‘initial’’ state, there is no crystal
particle in the liquid solution. In the ‘‘final’’ state there is
crystal nucleus with one facet placed at the liquid–vap
interface@Fig. 1~b!#. We will assign the subscript ‘‘l ’’ to this
particular facet. The Helmholtz free energy of the system
its initial state is given by Eq.~3!, while in the final state it is

F f in5(
i

Ni
bm i

b~Pi
b ,T!1(

i
ziNi

am i
a~Pa,xa,T!

1(
i

zi
abNi

abm i
ab~Gab,T!1(

i
n im i

d~Pd,T!

1(
i

F (
j 51

l21

zi j
adNi j

adm i j
ad~G j

ad ,T!

1Nil
bdm il

bd~Gl
bd ,T!G2PbVb2PaVa2PdV8d

1 (
j 51

l21

s j
adAj

ad1sl
bdAl

bd1sab~aab2Al
bd!, ~21!

whereV8d is the volume of a crystal formed pseudohete
geneously. The fifth term on the right-hand side of Eq.~21!
takes into account that the adsorption of vapor on the s
surface may differ from the adsorption of liquid on the so
~and that there is no dissociation in the vapor phase!.

As discussed above, allowing the solid phase to hav
composition different from that of the liquid solution implie
the possibility of changes in the compositions and pressu
of the vapor and liquid phases. These changes, however
be again neglected if condition~5! is fulfilled which is al-
ways the case in the thermodynamic limit. Then all t
equalities in Eq.~6! are again valid, except for the las
which does not hold because the area of the vapor–liq
interface decreases byAl . Due to equilibrium between the
vapor mixture and the liquid solution, however, the change
the total numbers of surface molecules does not contribut
W8, the reversible work ofpseudoheterogeneousformation
of the crystal, given by the expression
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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W85(
i

n i@m i
d~Pd,T!2zim i

a~Pa,T!#

1(
i

F (
j 51

l

Ni j
ad~zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!!

1Nil
bd~m il

bd~Gl
bd ,T!2m i

b~Pi
b ,T!!G2V8d~Pd2Pa!

1 (
j 51

l21

s j
adAj

ad1sl
bdAl

bd2sabAl
bd . ~22!

We have again neglected the work associated with
change of the volume of the vapor mixture upon freez
caused by the possible density difference between the liq
and solid phases. As discussed above, this work is sev
orders of magnitude smaller than thePV term retained on
the right-hand side of Eq.~22!.

Wulff’s relations, Eq.~9!, which determine the equilib
rium shape of a crystal, can be regarded as a set of equ
rium conditions on the ‘‘edges’’ of the crystal facets. In th
case where one of the facets~say, facetl! is the crystal–
vapor interface while all the other facets lie within the liqu
phase~see Fig. 4!, the equilibrium conditions on the edges
this facet are given by

sk
ad

hk
5

sl
bd2sab

hl8
, ~23!

where the subscriptk marks facets adjacent tol. The net
force ~tension!, acting along the facetl on its edges, is equa
to the difference of two tensions acting along this fac
hence the numerator on the right-hand side of Eq.~23!. Thus,
for this case, Wulff’s relations take the form

FIG. 4. Illustration to Wulff’s relations~24! ~for more detail see the text!.
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s1
ad

h1
5

s2
ad

h2
5 . . . 5

sl
ad2sab

hl8
, ~24!

and Eq.~8! becomes

Pd2Pa5
2s j

ad

hj
~ j 51, . . .l21!,

Pd2Pa5
2~sl

bd2sab!

hl8
. ~25!

Comparing Eqs.~9! and~24!, it is clear that the height of the
lth pyramid ~constructed with base on facetl and apex at
point O of the Wulff crystal! may differ from that of the
crystal with all the facets in the liquid, even though all th
other heightshj ( j Þl) are the same in both cases~as will be
proven below!. Thus, the shape of the crystal with one fac
in contact with the vapor mixture, may differ from that i
which all facets are in contact with the liquid.

Using Eqs.~24! and ~25!, one can rewrite Eq.~22! as

W85(
i

n i@m i
d~Pa,xd,T!2zi

am i
a~Pa,xa,T!#

1(
i

F (
j 51

l

Ni j
ad~zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!!

1Nil
bd~m il

bd~Gl
bd ,T!2m i

b~Pi
b ,,T!!G

1 (
j 51

l21

s j
adAj

ad1sl
bdAl

bd2sabAl
bd . ~26!

Furthermore, Eq.~13! allows one to rewrite Eq.~26! in the
form

W852(
i

n iS DHi ln Q2kTzi
a ln

xi
d f i~x i

d!

xi
a f i~x i

a!
D

1(
i

F (
j 51

l

Ni j
ad~zi j

adm i j
ad~G j

ad ,T!2zi
am i

a~Pa,xa,T!!

1Nil
bd~m il

bd~Gl
bd ,T!2m i

b~Pi
b ,,T!!G

1 (
j 51

l21

s j
adAj

ad1sl
bdAl2sabAl

bd . ~27!

For the characteristic ‘‘radius’’ of the critical crysta
formed pseudoheterogeneously one can obtain an equ
similar to Eq.~16! where the surface tensionsad is replaced
by the characteristic surface tensionsadb of the critical crys-
tal formed pseudoheterogeneously, defined as

sadb5
1

4pr 2 S (
j 51

l21

s j
adAj

ad1sl
bdAl

bd2sabAl
bdD .

Clearly, the use of Eq.~16! and its analogue for the ‘‘radius’
of the critical crystal formed pseudoheterogeneously requ
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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estimates of the surface tensions of all the crystal facet
both the vapor mixture and the liquid solution, as well as
estimate of the liquid–vapor surface tension.

For an arbitrary crystal with one of its facets a solid
vapor interface, and the others solid–liquid, one can sh
that

V8d~Pd2Pa!5 2
3S (

j 51

l21

s j
adAj

ad1sl
bdAl

bd2sabAl
bdD .

~28!

This equality allows one to writeW
*
8 , the reversible work of

formation of a critical crystal~nucleus!, in the form

W
*
8 5 1

3S (
j 51

l21

s j
adAj

ad1sl
bdAl

bd2sabAl
bdD , ~29!

or, alternatively, as

W
*
8 5 1

2V8
*
d ~P

*
d 2Pa!. ~30!

Equations~29! and ~30! are similar to Eqs.~19! and ~20!,
which correspond to homogeneous crystallization within
liquid. Along with Eq. ~20!, the last equation will also be
important.

The analysis of the case where the crystallization beg
at a drop surface can be considerably more complicated
in the above case which refers to a bulk liquid surface. T
results from the deformation of the droplet if freezing is in
tiated at its surface@Fig. 2~b!#. However, one can show tha
under the following condition~such that the area of th
crystal–vapor interface is small compared to the surface
of the droplet!

Al
bd

pR2
!1, ~31!

the formation of a crystal at the droplet surface can be c
sidered as crystallization at the surface of abulk liquid. Un-
der conditions relevant to the freezing of atmospheric dro
crystal nuclei are usually at most of nanometer size, wh
the drops themselves have radii that are at least an ord
magnitude larger, i.e., condition~31! is certainly satisfied.
Therefore, we can use the preceding equations in the ana
of crystal nucleation at a droplet surface.

C. Comparison of the volume-based
and surface-stimulated modes of crystal nucleation

As indicated above, the shape of a crystal with one fa
in contact with the vapor mixture, may differ from that
which all facets are in contact with the liquid. In order
determine, which mode of crystal nucleation is thermod
namically more favorable, one has to compare the revers
works of formation of nuclei for homogeneous and pseu
heterogeneous crystallization. To do this, it is most con
nient to use Eqs.~20! and ~30!, which can be rewritten as

W* 5 1
2V*

d ~P
*
d 2Pa!hom, W

*
8 5 1

2V8
*
d ~P

*
d 2Pa!het , ~32!

respectively. Here, the subscripts ‘‘hom’’ and ‘‘ het’’ indicate
that the difference between the internal pressure of
nucleus and the external pressure might be different, dep
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ing on whether the nucleus forms homogeneously
pseudoheterogeneously~at the surface!. However, by using
Eq. ~13! and the equilibrium condition for the nucleu
namely

m i
d~Pd,xd,T!2zi

am i
a~Pa,xa,T!50 ~ i 51, . . . ,n!,

and assuming the crystal to be incompressible, it is eas
show that the differenceP

*
d 2Pa for the crystal nucleus, in

both cases, is determined by the degree of supercoolin
the liquid and by the ratio of the activities of any compone
at compositionsxd andxa, so that

~P
*
d 2Pa!het5~P

*
d 2Pa!hom

5
1

v i
d S DHi ln Q2kTzi

a ln
xi

d f i~xd!

xi
a f i~xa!

D
( i 51, . . . ,n). ~33!

The first equality in Eq.~35! is equivalent to

hl85
sl

bd2sab

sl
ad

hl . ~34!

On the other hand, according to Eqs.~8!, ~25!, and~33!

hj5hj8 ~ j 51, . . . ,l21!.

Thus, in the case of surface-stimulated nucleation, the W
shape of the critical crystal is obtained by simply chang
the height of thelth pyramid of the Wulff crystal nucleus
corresponding to the volume process. Furthermore, by vi
of Eqs.~32! and ~33!,

W
*
8

W*
5

V8
*
d

V
*
d

.

Therefore, one can conclude that if

sl
bd2sab,sl

ad , ~35!

thenhl8,hl , V8
*
d ,V

*
d , and hence

W
*
8 ,W* .

In other words, if condition~35! is fulfilled, it is thermody-
namically more favorable for the crystal nucleus to form
the surface rather than within the liquid solution.

In Ref. 7 we derived the equivalent of this condition f
crystallization of unary liquids. In that paper we predict
~but did not prove! that the thermodynamic condition fo
surface-stimulated crystal nucleation would be similar
both unary and multicomponent systems where the poss
effects of dissociation and surface adsorption have to be c
sidered. The foregoing development fully confirms that.

The inequality in Eq.~35! coincides with the condition
of partial wettability of thelth facet of a crystal of compo
sition xd by the liquid solution of compositionxa.12 This
effect has been experimentally observed for seve
systems1,8,14 including water–ice8 at temperatures at or be
low 0 °C. In these experiments,8 when air was added to wate
vapor the partial wetting of ice by water transformed in
complete wetting, butonly for some orientations. Besides
the wettability of solids by fluids usually decreases with d
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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creasing temperature.15,16 Since the freezing of atmospher
water drops always occurs at temperatures far below 0
one can expect the partial wettability of at least some fac
of water crystals even in the presence of air. Furtherm
according to Cahn,17 the perfect wetting of a solid by a liquid
away from the critical point is not generally observed, i.
condition ~35! should be fulfilled for most substances.
Cahn’s theory, the general restrictions on the solid phase
that its surface is sharp on an atomic scale and that inte
tions between surface and fluid are sufficiently short-ran
Therefore, that theory can be also applied to the case w
the temperature is far below the fluid critical point and t
solid is of the same chemical nature as the fluid phases. I
temperature approaches the fluid critical temperature, Ca
theory becomes inapplicable to this case. However, temp
tures involved in crystallization are usually far below t
critical point. All these combined with Eq.~35! help to ex-
plain why, in molecular dynamics simulations, crystallizati
always begins at or near a surface, and why it is eas
experimentally, to observe the crystallization of droplets
large collective surface area than that of the correspond
bulk liquid.

Inequality ~35! can serve as a criterion for determinin
whether the formation of a solid phase of compositionxd in
a particular supercooled liquid solution of compositionxa

will, or will not, be initiated at the surface rather than with
the liquid. To implement this criterion, however, one has
have accurate and detailed information concerning the
face tension of the liquid–vapor interface as well as the s
face tensions of the crystal facets both in the liquid solut
and in the vapor mixture.~For a more detailed discussion o
this issue see Ref. 7.!

Although our derivation of the condition of surface
stimulated crystallization in multicomponent solutions tak
into account the possible surface adsorption of soluble
factants and dissociation of some solution components, th
effects are not explicitly represented in the final result@con-
dition ~35!#. Nevertheless, they are implicit therein. Actual
the bulk~internal! composition of the solution~multicompo-
nent drop!, xa, is determined by both the dissociation
molecules in the solution and the adsorption of surfactant
the interfaces. On the other hand, first, the surface ten
sad is a function of bothxa andxd, and, second, the surfac
tension sab is a function of xa especially if there are
surface-active components in the solution. The bulk com
sition of the solution~or the internal composition of the
droplet! is a single-valued function of the adsorptionG ~the
inverse is not in general true, because of the existenc
two-dimensional phase transitions in adsorption layers
soluble surfactants18!. Thus, it is clear that the surface te
sion sab is a function of the composite variableG, i.e.,
sab5sab(G), while sad5sad(xa,xd).

Clearly, an increase in the overall surfactant concen
tion in the interior of the droplet causes an increase in
surfactant concentration in the surface layer. Although t
leads to a decrease in the surface tension of the droplet,sab,
the condition of partial wetting may still hold due to th
increase of the solid–liquid surface tensions of some cry
facets,sad. One can expect that the more the solution co
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position differs from the ‘‘packing’’ composition of som
facet, the greater the surface tension of this facet is. Altho
this may not be a general rule, it is clear that the surfa
tension of the liquid–solid interface may nonmonotonica
depend on the difference between the packing composi
of a crystallographic plane and the composition of the s
rounding solution. Thus, surface-stimulated crystallizat
may remain an important mechanism for the freezing of
mospheric droplets even at high concentrations of solu
surfactants.

Finally, it should be noted that the strength of the adso
tion and dissociation effects~characteristic of multicompo-
nent solutions! and their impact on the freezing behavior
multicomponent droplets may depend markedly on the dr
let size~radius!. Preliminary numerical evaluations show th
the impeding effect of soluble surfactants on the surfa
stimulated crystallization becomes weaker with decreas
droplet size. In a following paper19 we will present some
results on the effect of adsorption at the vapor–liquid int
face on the surface tensionsab of droplets of different sizes
The understanding of this effect combined with conditi
~35! will help to clarify the role of surfactants in the freezin
of atmospheric droplets as well as to explain some con
versial features of the observed freezing behavior of mu
component droplets of different sizes~see, e.g., Refs. 5 and
and references therein!.

III. CONCLUDING REMARKS

The results of previous work5,6 dealing with the analysis
of experimental data on the freezing of atmospheric liq
aerosols suggested that the crystallization of droplets m
often initiate at their surface. In addition, a number of m
lecular dynamics simulations of the crystallization of sm
droplets also showed that the process begins at or nea
surface of the simulation cell.

We attempted7 to explain such preferential ‘‘surface
nucleation by developing the thermodynamics of the proc
within the framework of the capillarity approximation. I
that attempt, we derived the condition that must hold in or
for pseudoheterogeneous~surface! crystal nucleation to be
thermodynamically favored over the volume process. T
condition is identical to the condition of partial wettability o
at least one crystal facet by its melt, apparently a frequ
phenomenon in nature.1,8,14,17

However, our previous thermodynamic treatment was
stricted to crystal nucleation in single component syste
although we conjectured that it would hold in multicomp
nent systems and used it in the analyses of the freezing
havior of multicomponent liquids in both bulk and dropl
forms.

In the present work, we have generalized our previo
thermodynamic theory and have developed the Gibbs
thermodynamics of crystal nucleation in multicompone
liquid solutions~bulk as well as drops!. We have derived the
reversible work of formation of a crystal nucleus in tw
modes, homogeneous~volume-based nucleation! and
pseudoheterogeneous~surface-stimulated nucleation!. In the
former mode, the crystal nucleus forms homogeneou
within the ~supercooled! bulk liquid solution, while in the
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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latter, it forms ‘‘pseudoheterogeneously’’ at the liquid–vap
interface. Rigorous account has been taken of the poss
dissociation of molecules into ions and of their adsorpt
into the liquid–vapor interface. The comparison of the wo
of formation for these two modes has once again led to
inequality which must hold in order for pseudoheterogene
~surface! nucleation to be thermodynamically favored ov
homogeneous~volume! nucleation. As in single-componen
systems, this inequality is identical to the condition of part
wettability of at least one facet of the crystal nucleus by
melt ~solution!. Thus the effects of adsorption and dissoc
tion in multicomponent systems do not explicitly alter t
form of the thermodynamic condition for preferenti
surface-stimulated crystal nucleation. However, these eff
do play an important role in determining whether or n
surface-stimulated nucleation is thermodynamically more
vorable than volume-based process, because they influ
the surface tensions of the liquid–vapor and liquid–solid
terfaces which enter the condition of partial wettability. Fu
thermore, in the case of multicomponent droplets,
strength of these effects on freezing may depend on the d
let size.

In a following paper19 results will be presented to sho
how the effect of adsorption at the vapor–liquid interfa
affects the surface tension of droplets of different sizes. T
understanding of this effect along with the condition of pr
erential surface-stimulated crystal nucleation should help
clarify the role of surfactants in the freezing of atmosphe
multicomponent droplets and to explain some controver
features of their freezing behavior.
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