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The success of 1deal hydrodynamics

p; spectra for both central collision and noncentral collisions :

Hydro: U Heinz & P.Kolb Data: STAR PHENIX
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The success of 1deal hydrodynamics

Elliptic flow coefficient \,, in noncentral collisions:
STAR, PHENIX, PHOBOS
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-ldeal hydro describes the data well at b<7fm,(n, /n__>05), p, <1.5~2GeV

max—

-It also gives the correct mass splitting of V, in low [ region



Where 1deal hydro fails

peripheral collisions:
STAR, PHENIX, PHOBOS

forward rapidity:
3D hydro T. leano PRCOZ
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Lower bound for 7/S from quantum mechanics

Quantum mechanics excludes the possibility of an absolutely ideal fluid:

Example: shear viscosity of a dilute gas
Shear viscosity 77 - classical definition:

F . du
A dy
Shear viscosity - microscopic view:
n ~mn Vvl o, s~ kgn
1 _
sl vml o
B
~ I_(I_mv2)( ™y~ €z
k, 2 K
h

V.4

the ability of momentum transfer




The QGP shear viscosity
Kubo formula: 7 =2—1()£)i£13 j d*xe* <[TY(x)T"(0)]>

0 0

o 0
Kinetic theory: [—+v, —+F. —]f(k,x,t)=C[f

- Weakly coupled QCD prediction: T >>AQCD P.Arnold,G.Moore & L.Yaffe ‘00,03
T3

n:(as)zln(l/as) U/S:OISNIS

However, the QGP is a strongly coupled system.

- Strongly coupled AdS/CFT prediction:
AdS/CFT correspondence: gauge/gravity duality

4d gauge theory at strong coupling - 5d gravity at weak coupling

N=4 SYM <= Type IIB superstring theory on AdS xS’

77/ S>1/47~0.08 D.T. Son et al. '01,'05

(not related to real QCD

To extract the QGP viscosity from experimental data, we need viscous hydrodynamics



Ideal hydrodynamics

Hydro expansion
of QGP or nadron gas

IFI
I|,|r
iI II

Preequilibrium

Hydrodynamics:

-A macroscopic tool to describe the expansion of QGP or hadronic matter
Conservation laws

Initial state

Freeze-out

hadronisation

5 equ. 14 independent variables

8 N“(x)=0 | | |
# - reduce # of independent variables (ideal hydro)

0,T7(x)=0 - or provide more equations? (viscous hydro)

Ideal hydrodynamics: @ ,$# = 0 Microscopically
d°p _

" p N #(x) = p“(fo + o)
N = nhu feq(X’ p) ‘[ 53p ]
T# =(g+ p)u“u” - pg* T (x)= [P P (g + T

Input: “‘EOQS” € = 5( p, n) feq(x1 p) = [e[p-u(x)+u(x)]/T(x) il]—l



Viscous hydrodynamics - Theory

f(x, p)= feq(x p)(1{5f (X, p))

—_ e ==

"\

T

eq
l

N#(x) = j ~f)= Ng;*aN#

ensor decomposition in frame of U”

+(W*“U" +WVu") —TIX" + 7

VAu,=0 W*u, =0 W”—EV” +o
n

z*'u,=0 x;=0 ¢“u, =0

Landau frame: W # =0




Viscous hydrodynamics - Theory

f(x,p)= feq(X p)(1 {5]: ( X . p )) general conservation laws:

~——:_\ o,N“(x)=0
T (x)= g o,T* (x)=0
l
N#(x) = j -f)= Neffq AR 5N * | we need more egs. for T1, 7", q*

-1st order theory, Navier-Stokes formalism:
ensor decomposition in frame of y* I1=-06=¢X
0" = x(VAT —Tu*) = X #
=2nc*’ =2nX*

(VV”U +WVUﬂ) —TIX" + 7" || -2st order theory, Israel-Stewart formalism:

Vv ”u 0 W ”u _0 W”—e+PV” a) phenomenologically: 0 ; S >0
- “n o b) from kinetic theory pﬂd” f(X,t,p)=C(X)
z*'u,=0 x;=0 ¢“u, =0

-2st order theory, Ottinger-Grmela formalism:

Landau frame: W # =0




[-S formulism: phenomenological approach
-Thermodynamics: S = fp—an+ fe  Ts=p—m+e, a=ulT,f=1T
-Relativistic, equilibrium: $* = pf* —aN," + B,T,,"" a=plT,p*=0"/T

-Relativistic, off equilibrium: S$# = pB* — (N 4N“)+ B, (T, 5T+
+Q¥(AN#,0T*")
\

J

-
24 order and higher
order corrections

To,S* >0



[-S formulism: phenomenological approach
10,5720

-Relativistic, off equilibrium: S = pg* _a(Neqﬁ‘d\'”)*‘,B (T A STHN
+Qﬂ(5Nﬂ éTﬂV)

T8,S* =T X -q*X, +72*' X, +T8,Q*20

nT
X=-0=-V .-u, X*=- Vﬂ(ﬂ)’ X # = VY<Hy¥> = gt
e+ p T
-a simple case for second order theory (without heat flow& bulk pressure)

p . u* B A. Muronga 00-04 W. Israel, J.Stewart 79
Q*=—(pz¥r, ), (=0, g*=0)

oT \ 2
AV T ﬂa
TaﬂS” =7Z'a'B[ o —ﬂZAu A'BDﬂ'ﬂV +28/1(f_2ui aﬂ—Zﬂﬂ('ua)a TaﬂS” = W >

1
[75‘” - 2no % +7£”V77T61( Cx ul]}— 2 @)

A* AP Dz, =-
T 2nT

T




I-S formalism - Kinetic theory approach

f(x,p)= T (x, PA+5F (X, p)) zt =TH =T
5 (X, p)=e(x, ) +e, ()P +&,, (x)ppr = [ @D oS
shear viscosity only: of (X,t, p)=¢&,, (x,t)p*p" =2T*(e+ p)&*’(x)

f. =expEp, u”/T)

T IO p”
Of t, p)= —&
(x,t, p) = 2T 2 (e + p)

p,d”1T(x,t,p)=C(x)



I-S formalism - Kinetic theory approach

(X, p) = o (% PYA+ST (X, D)) fy=exp-p,u" /)
6T(X,t, p)=8(X,t)+81(X,t) p/l +8/1V(X,t) p/l pv a?’ =2T (e+ p)gﬂ (X)

A AV
iscosi . of (X, 1, p) = x,t)p*p” O (x,t,p)= 2o BV
shear viscosity only ( p) 5,1V( )p P ( p) T 2(e+ p)

Baier et al. ‘06, W.Israel, J.Stewart ‘79
)7 S = . _
p,d”f(x,t,p)=C(x) Copust=h
Tn
d’p
(27)°E

)

“acting jdw ,or jdw p® on both sides —— conservation laws: ([ de = |
H _ v _
5, N“(x)=0, 8,T*(x)=0.

-acting j dw p® p” on both side and expand §f to the 2nd order — |-S formalism:

N“N’Dr,, = S [ﬂ*” - 2770"‘V]+%ﬂ‘”[5D InNT -V _u]-272""“w
T

/4

massless particles: f, =exp(—p,u“/T)



Compare I-S eqgns. from different approaches

I-S eqgns. from 2" law of thermodynamics (phenomenological) -S egn. (I)

1 1
A AP Dz, = ——[7:’” — 2no ”V] —x ﬂ(’}ﬂ( T_’I’_ u* -2z @})
T T

T Z

I-S eqgns. from kinetic theory: full I-S egn I-S eqn. (1)

AN Dz, = [z — 2o » |2z [5DINT =V u]> 270
T

/2

-n, 7, are totally free parameters in the phenomenological approach, but could be
calculated in kinetic theory approach.

-they are identical with each other for a pure massless QGP phase (conformal fluid )

1 T 1
g I 5 | T2yt le—5 Z2#[5DINT =V _u®]
2 r \nT 2 “

p:e/3,e~T4’ De ~ — (e + p)(vuuﬂ) 77~S,T”~T_l

-for non-conformal fluid (with a phase transition), it is better to use I-S eqgn. (I)

-Numerically, the differences between I-S eqn. (1) and I-S eqn. (lI) are small if the
system size and initial energy density are not too small



-For a conformal fluid, conformal symmetry constrains the form of the 2"d order
VISCOUS eqns.. Baier, Romatschke, Son, Starinets & Stephanov, arXiv:0712.2451[hep-th

4
" = 2noc " —TH[A”“ AY Dz, + gﬂ”vvaua}fulll-Seqn

_%[R<yv> + zuaRa<pv>ﬂu’B]

7Z'a<'u7Z'V> . ]’2 ﬂ,a(uwv) . 2‘3
2 a

(94

(04 Vj 4 14 (04
-to preserve the conformal symmetry, A“*A” D7z, & —z"" (V,u”) must

appear simultaneously 3
-flat space: k=0
-fluid vorticity, @ ,, = =V ,u,, for irrotational fluid, 4,,4; =0



Conformal 2™ order formulism

-For a conformal fluid, conformal symmetry constrains the form of the 2" order

VISCOUS eqns.. Baier, Romatschke, Son, Starinets & Stephanov, arXiv:0712.2451[hep-th]

A
" =2noc * —T”[A““AV’B Dz, + gﬂ“vvaua}fulll-Seqn

-

B K rD<,UV> + ZuaHu\,uv>puﬂJ

— T\
2 L
A A A

_ 12 7z-a<ﬂ7z.;> — = 2 ﬂ.a(ﬂ{”;/) '3 $a<uw;>_
2n 21N 2

(04 V 4 14 (04
-to preserve the conformal symmetry, A““A” Dz, & gﬂ“ (V,Uu") must
appear simultaneously
-flat space: k=0

-fluid vorticity, @ ,, = =V ,u,, for irrotational fluid, 4,, 45 = 0

-for strongly coupled N=4 plasma,
nls=1/(4rn), 7, =(2-In2)/I(22T), A, =nl(2xT)
-for weakly coupled plasma,

T



o,T"(x)=0 T# =(e+ p)u“u” — pg*” + 7

A“A?Drx,, = _i[yzﬂv ~2n0* |+ %iz‘” [5DInT -V _u“]
T

/4

(2+1)-d viscous
hydrodynamics

-Bjorken approximation: V, = z /'t
(7,X,Y,n7) coordinates 3+1==>2+1

-For simplicity, assuming: N # =0, II =0



(2+1)-d viscous hydrodynamics

-Romatschke & Romatschke: full I-S eqn.
PRL’07 Au+Au, T, =150MeV (EOS L* here is the quasi-particle one based on lattice QCD)

-Song & Heinz: simplified I-S egn. & full I-S eqn. EOS L

PLB’08 & arXiv:0712.3715[nucl-th] Cu+Cu, simplified I-S eqn., T, =130MeV
(Au+Au, Cu+Cu, system size effects, full I-S eqn. vs. simplified I-S eqn., EOS L etc, in preparation)

-Dusling & Teaney: 0Ottinger-Grmela (O-G) egn.
PRC’08 Au+Au, decoupling by scattering rate, arXiv:0803.1262 [nucl-th], (dilepton production)

-Huovinen & Molnar: full I-S eqn.
QMO8 talk: comparing the results from viscous hydro and from transport model

-Chaudhuri: simplified I-S eqn.

arXiv:0708.1252 [nucl-th], arXiv:0801.3180 [nucl-th], arXiv:0803.0643 [nucl-th] Au+Au
Issues:
- verification of the codes individually developed by different groups

- effects from different 2nd order formalisms
simplified I-S eqn. vs. full I-S eqn., I-S eqn. vs. O-G eqn.
- effects from different EoS, systems sizes and freeze-out procedures o




Will show numerical results for:
- Ideal hydro vs. viscous hydro

Cu+Cu, simplified I-S eqn., Song & Heinz, PLB07 & arXiv:0712.3715[nucl-th]
- viscous hydro Iin different I-S formalisms

Simplified Israecl-Stewart equation vs. full Israel-Stewart equation:

Ast_ — 0, simplified I-S eqn. and full I-S eqn. approach the
same Navier-Stokes limit

For EOS with a phase transition, the differences between
simplified I-S eqn. and full I-S eqn. are small (but not for EOS I!)

- system size effects:

V, [ & multiplicity scaling: ideal vs. viscous, simplified vs. full I-S

- entropy production



--- EOS Q
—— SM-EOS Q
.-~~~ EOSL .

e (GeV/fm’)



Causal viscous hydro 1n (2+1)-d

(7,X,Y,77) coordinates 3+1= 2+1 Heinz, Song & Chaudhuri, PRC06

-I-mn’m =O Tmnz(g_l_p)umun_pgmn_l_ﬂmn
m n 1 mn mn
A"A"Drx, = —T—[ﬂ' —2noc ] simplified I-S egn

T

-also the eqns used in Song & Heinz, PLB07 & arXi1v:0712.3715[nucl-th|& the one 1n preparation

T™m=0 T™=(e+pu™u” — pg™+2"
m n 1 mn mn 1 mn a
A" A" Dr, = —T—[IZ' —2noc ]+§7z [5DINT =V _u®]  full I-S egn

T

-also the eqns used in P&U Romatschke PRLO7, Song & Heinz, in preparation

1 1
Vortices terms are neglected, V-"u"™ = E[Vmu” +V™u"]- gAmnéau"

numerical results

-Viscous effects: Ideal hydro vs. viscous hydro, Cu+Cu. si )thled I-S egn
Song & Hemz PLB07 & arXiv:0712.3715 nucl th]

-Comparisons between simplified I-S egn full I-S egn



Viscous vs. 1deal hydro: temperature & entropy
Initial & final conditions: (viscous & ideal) €, =30GeV/fo,TO =0.6fm/c,T,,. =130MeV

Other viscous hydro parameter: Shear viscosity& relaxation time n/s=1/4r, T, = 3n/sT

Simplified I-S egn Song & Heinz, PLB07 & arXiv:0712.3715[nucl-th]

1 IR 100 P~ e
*'.,' Cu+Cu. b=0fm |~ viscous hydro 141d| | “‘*z::::i?\fm CIECs, B
[} EdS Q — ideal hydro 1+1d l [ R, EOSQ
3001 ‘1;:“ - viscous hydro 1d Bj| 7]
Y ideal hydro 1d Bj T
e
% - o
3
o001
200 ---- viscous hydro 1+1d
— 1ideal hydro 1+1d
-+ viscous hydro 1d Bj
| idealhydro 1dBj ~t
1 | ! | I | ! | ] | | Lo o0 | 1 I 1 I oo ]
100 2 4 6 3 0 12 I 10
t—ro(fm/c) t(imfc)

-slowing down of cooling process due to decelerated longitudinal expansion initially ,
but faster cooling in middle and late stages due to stronger transverse expansion

-viscous effects are larger in early and middle stages, but neglectable in late stage



Simplified I-S egn

Viscous vs. 1deal hydro: radial flow & spectra

Song & Heinz, |PLBO7I& arXilvzo712[.3715[nlucl-th]

T T l T
g
------------ 10 = _
0.5F  Cu+Cu, b=0 fm R Cu+Cu, b=0 fm
EOS Q > EOS Q
0d= O 10
=~
o
~ =,
0.3 10
e =
g
02F E o
= -~ viscous hydro (evolution+spectra correction)
o-s 4 || viscous hydro (evolution part) ]
10°H— ideal hydro .
. | . | l |
0 ! | 1 | l | 1 | 1 | O ] 2 3
0 2 4 6 8 10
T-1,(fm/c) P (GeV)

E

dN p-d’c(x))
d3p :JZ 272_3 { feq(xa p) : J;

-More radial flow, flatter spectra
-the viscous effects to the hadron spectra could be absorbed by starting viscous
hydro later with lower initial energy density

p-d’o(X)
(272_)3 1:eq (Xa p)(l




Viscous Vs.

Simplified I-S egn

ideal hydro: momentum anisotropy & V,

v Song & Heinz, PLB07 & arXiv:0712.3715[nucl-th]

£ o
p
0.08 —
0.06 :
0.04 y
i ---- viscous hydro (1deal Tou )
0.02 - viscous hydro (full ™)
- —— 1deal hydro
0 R | | I T I T I T
0 2 4 6 8

-momentum anisotropy: ¢» =

T-T,(tm/c)

< TOXX - Toyy >

2
0.4

0.3

0.2

0.1

<T,+T,)W >

(ideal) ¢, =

- - Viscous hydro (evolution + spectra correction)
----- Viscous hydro (evolution part)
| |— 1deal hydro

Cu+Cu, b=7 fm

—————

e

<T =T +x* -z

<T,+T)+z% +7

-viscous effects are small at later stage ( fixed 77/ S)

-Elliptic flow is very sensitive to even minimal shear viscosity.

-Both the evolution corrections (viscous corrections to f) and spectra corrections
(viscous corrections to of) have significant effects to v ,, for low P 1 region evolution
correction dominant.



Sensitivity to initialization of 7™

>=rn"+x", A=x"-x"
[

0.2 T [ T J [
~ % .
/ N Cu+Cu, b=7 fim
01 S SM-EOS Q
e
e e
gl o T
= T~
;:-,J_, D arprem _._' .......... ..-_._- ______-_-_:_:-_-__: .—— - m———
a 0.01
'—E l T rrx T | T
— i : TE:,:? IE\ \\ i
-0.1F = [ N\ ]
2. E‘D oI \\“1 ,
i n 2N e, e
E N\ T ]
02k oLNA L A
0.01 -_ | | | .’.""1‘- by T# _-
- — initialized by T =20 0 7 i
— initialized by n’:“=n | -1 (fm/c)
0 2 4 6

-1, (fm/c)

ﬂ_mn — Zﬂo_mn VS. ﬂ,mn — O

Song & Heinz, PLB07 & arXiv:0712.3715[nucl-th]

Cu+Cu, b=7 fin. SM-EOSQ.

V'}
A viscous hydro
| |-~ viscous hydro (flow anisotropy only)
| | —- 1deal hydro
0.3 — initialized by n" =20~ g
— initialized by n” =0 -~

p(GeV)

-viscous effects are smaller (or even negligible) in late stage ( fixed 77/8)

-after ~1fm/c (several relaxation times), viscous pressure loses memory of initial cond

-V, is insensitive to different initializations of ™



Comparison with Romatschke 07 results

Y 25 — — —
0.4||— viscous hydro Song & Heinz | i : P. &U.Romatschke
= viscous hydro (flow anisotropy only)| PLB 08 .__._:__.-_'."-'-'::_- ] : fﬂdll.:‘_lj[} 03 ,
| [—- ideal hydro # f._,__:-#;_# g 20 —_— /s=0.08
03k L P el mom )s=(16
Cu+Cu, b=7 fm j?p{ = s
- s, B
SM-EOSQ 2P 26 a00 :
D_E — - - E-
. 10

- simplified I-S eqn. -~

e "'-' L "-.'-'..._-_:-:.......--'" }
D]._ .-..__:-' .'.I-.":E-i::”;: . 5
e
,.--I""I L'o'-.:"--:‘ \..-:-.._-___- .
e 0
0 0.3 I | J | 1 -1

- different systems & EOS: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

- different Isreal-Stewart egns. used: simplified I-S eqn. vs. full I-S eqgn.

Effect of using different I-S eqns.?



Simplified I-S eqgn. vs. full I-S egn.:

. - O AV 1 v 14
simplified I-S eqn.: A& AﬂDﬂaf—T—[ﬂ” —2no” ]

T

fullI-Sean.:  A“A”Dz,=——[z* - 2p0"]
T

7L

+=z"[5DINT -V _u*]- 275@

Important for preserving the conformal symmetry
(Baier et al. ‘07)




Code testing: VISH2+1 vs. Romatschke code

Au+Au, b=7fm EOSI  together with P.Romatschke
-

0.2 ideal hydro--Song&Heinz. 1/s=0, 1/t =0 | '
- 1ideal hydro--Songé&:Heinz, 1/s=0.004
—— 1ideal hydro--2Romatschke, 1/s=0.004 —

— —  VISCOUS h}'dro——Soug&Hemz{nm=U)

——  wiscous hydro--2Romatschke (same viscous equations as Song&Heinz)
0.15 viscous hydro--2Fomatschke (original full viscous eugations)

viscous hydro--Song&Heinz, with 5DInT+ .. but without vorticity terms |- Ideal hyd ro

i e,=17.3 ‘f.'j-e""«’.-"fm3 = ]
w™ 01k T,=03GeV. t,=06fim/c full I-S eqn. _
n/s=0.08, T _=61/sT 30-50%

sim[ofified I-S eq_r_l.

0.05—

T (fim/c)

- for identical initial conditions, EOS (EOS | here), transport egns. (full I-S eqn. or
simplified I-S egn.), the two codes agree well with each other

- But: the additional terms in the full I-S egn. bring big differences for the late-stage
momentum anisotropy and final elliptic flow ?!



simplified I-S eqn. vs. full I-S eqn.

0.2 0.1
' sp(t—rozélfm/c)

_0.08—
0.15- |

0.06 -

eal hydr
— viscous hydro: full I-S eqn
— viscous hydro: simplified I-S eqr

w 0.1 0

0.05F

i
-
-
-
-

-

-
: -
-
-

n/s=0.08, © =1.5n/sT
--- n/s=0.08, T =3n/sT
T
| — N/s=0.08, 1 =6n/sT

4 6
T (fm/c)

8

0.15

0.05

- 0.1

—0.08

[ 0.06

[ 0.04

_Ep(r—toztlfmfc)

ideal hydro
— viscous hydro: full I-S eqn
— viscous hydro: simplified I-S eqr

-
———
-
-
=
-

.....
----

—
st -
-
-
-

e /520,08, T =LS/ST

— n/s=0.08, T =3n/sT
T

— 1/5=0.08, 1 =6n/sT

3 4 5
T (fm/c)

Momentum anisotropy evolution: simplified I-S eqn. vs. full I-S eqgn. with different7 _:

- for EOS |, the additional terms in full I-S eqgn. bring 30-50% difference in the late-time
momentum anisotropy and final v, suppression

- numerical simulations also show that simplified I-S eqgn. and full I-S eqgn. approach
the same Navier-Stokes limit asz _ — 0, but the full I-S eqn. shows much weaker

sensitivity to 7 _



simplified I-S eqgn. vs. full I-S eqn.:

- ideal hydro -~ 1deal hydro
Au+Au, b=7fm — viscous hydrc: full I-S eqn Cu+Cu, b=7fm — viscous hydrc: full I-S egn
SM-EOS Q — viscous hydrc: simplified [-S eq) - SM-EOS Q — viscous hydre: simplified 1-S e

_—"
-
-
-
-
-
-

-~
_____

P02
e u O e =
et e -
r e LY s
%

0.05F =
- /s=0.08, 1 =3n/sT L T e n/5=0.08, T=1.5n/sT]
/ L = —
; _ ] ——./s=0.08, T =3n/sT
# | A BN =008, T=6n/sT
% 5 10 0 2 4 6 3
T (fm/c) T (fm/c)

Momentum anisotropy evolution: simplified I-S eqgn. vs. full I-S eqn. with different7 _:

- simplified I-S eqn. vs. full I-S egn. only: 5-10% differences (for SM-EOS Q)
- for smaller systems, the difference between full and simplified I-S egns. increases

- for simplified I-S egn. the sensitivity to the value of the relaxation time is stronger



simplified I-S eqgn. vs. full I-S eqn.:

ideal hydro

AutAu, b=Tfm | — viscous hydrc: full I-S eqn Cu+Cu, b=7fm _ }viggoug h;(:in : full I-S eqn
i EOSL — viscous hydre: simp’liﬁegl 1-Seq - EOS L — viscous hydrc: simplified I-S eq
0.1l =30 Gevif’, i ert o # ' 011 ¢ =30 GeViin’, .=0.6fme )
N A o I
0.05 0051 R R
' _- W/s=0.08, T =3nsT B S =008, =l myisT

—--1)/5=0.08, © =3nsT
— n/s=0.08, T =6n/sT —n/s=0.08, T =6n/sT
1 | 1 | 1 0 1 I 1 | 1

0 3 10 0 2 4 6 8
T (fm/c) T (fm/c)

Momentum anisotropy evolution: simplified I-S eqn. vs. full I-S eqgn. with different7 _:
- for EOS Q and EOS L, viscous effects are largely similar

- for realistic EOS with a phase transition, the difference between simplified and full I-S

eqns. for the viscous suppression of v, are small if the systems are not too small and
the initial energy density is not too low



Comparison with Romatschke 07 results

TJ 25 | : |
0 4|~ viscous hydro Song & Heinz y — P. &U.Romatschke
- viscous hydro (flow anisotropy only)| PLB 08 =% 4 - fﬂ .":1[} 03 \
—- ideal hydro #_,__f.-”:_; " 201 — T'|l-".~'-=[]|.|:|é‘.”-
03F e e n = w016
Cu+Cu, b=7 fm K T s
SMEOSQ  #7.F 70.80% :
02} v o
w10
- simplified I-S eqn. -~
[:I.]-_ ."#T’:’E'.I;I;“:E-ij:.;\';:..:..: --.-'. 5
.-_'_."'-I_.h_;_,.'t‘j{-_ﬁj::-____--
- _.u.'.:'.::.'.F":: %
e 1 |
r::I'[I' 0.3 1 |:I[]l | 2 3 4

- different Isreal-Stewart eqns. used: simplified I-S eqn. vs. full I-S egn.
- different systems & Eo0S: CuCu, b=7, SM-EOS Q vs. Au+Au, min bias, EOS Lattice

System size effects and EOS ?



Different effects contributing to v, suppression

system size, EOS-, different I-S equations:

Simplified I-S egn | -l Simplified I-S egn | | ,//_
Cu+Cu, b=7 fm el 0.2 Au+Au, b=7 fm el B
0.2+ & = /’, 40%
Il SM-EOSQ 7 7000 SM-EOSQ -
e, =30 GeV/fm®, ©,=0.6fm/c,~” o [ 2=30 GeV/im’, 7;=0.6fmje””
o[ V5=008, T =3n/sT 0.1} M/s=0.08, T =3n/sT -~ i
-~~~ ideal hydro = ~~ ideal hydro _
0 - . — viscous hydro: simplified I-S eqn| 0 e . — viscous hydro: simplified I-S eqn
0 1 2 0 1 2
p(GEV) p(GEV)

-system size: CuCu b=7fm vs. AuAu b=7fm:
20-30% effect



Ditferent etfects contributing to v, suppression

o

-
=
£
=
(S
=
(=

0.2

Simplified I-S eqn full I-Seqn .-~

Au+Au, b=7 fm ///’ 30%

EOS L

¢, =30 GeV/fm’, T,=0.6fat/c

0.1 M/s=0.08, T .=3n/s]" ]
,/” -- ideal hydro
i /" — viscous hydro: simplified I-S eqn|
0 o — viscous hydro: full I-S eqn
0 l 2

p,(GEV)

s ferent I-S equations:

I b 7
Simplified I-S eqn Fe
021 Au+Au b=7 fm i
T e 40%
| e;=30 GeV/fim®, 1;=0.6fm/e””

0.1} M/s=0.08, T =3n/sT -~ _

I /’/ -~ ideal hydro ]

0 e — viscous hydro: simplified I-S eqn
0 1 2

p(GEV)

-system size: CuCu b=7fm vs. AuAu b=7fm:
20-30% effect

-EOS: SM-EOS Q vs. EOS L: ~10% effect

-differe

I-S eqgn.:

nt I-S egns: simplified I-S eqgn. vs. full
~5% effects (EOS Q and EOS L only)



Different contributions to the suppression of v,

System size, EOS, different I-S equations:
J P J , simplified I-S eqn. | ' /,/l

B

<C0n81der1ng all of these effects, the final Suppres-

~ston of v, for Aut+Au with EOS L and the full I-S
{eqn., for minimal shear viscosity 7/s=0.08, 1s ~25%,
approaching the results of P. & U. Romatschke
((PRL 99, 172301 (2007)).

0.2 simplified I-S eqn. full I-S egn. ,,/:
' Au+Au. b=7 fm ,/300/ 20-30% effect
’ 0

EOS L - E0S: SM-EOS Q vs. EOS L: ~10% effect

- system size: CuCu b=7fm vs. AuAu b= 7fm:

o [ e=30 GeVitm TO=O_6fmk" - different I-S eqn.: simplified vs. full I-S eqn.:

= 0. /s=0.08, ©=3n /§T"/ 1 ~5% effect (EOS Q and EOS L only)

(==

I | | Comment: To extract QGP viscosity from
i -- ideal hydro exp. data by using viscous hydro, one
pr _ 1122232 hode ;;3‘;‘;“;1:3; €t | needs a better description of EoS (Lattice
% ' I 2 | EoS + chemical non-equil. HRG EoS)

p(GEV)




System size effects



Multiplicity scaling of v,: Experiment

Voloshin ‘07

i C ) E. S 8 Eai, A=A, ESTT
—— 0.3 HYDRO (EoS H) — e B (A=d40 GeV, Fo-Sh MAED
:._N E HY DRO (EoS ) E . /f=158 GV, Pb=Fh, MA43
0.2 |
0.15
- STAR Prelim_ ¥, {FTFCN:__ {2}
0.1 Spn=200 GeV, Autiu
- _— '-.IEM_.,—EE Gehy, Au+su
- i WS =200 GeV, Cu+Cu
0.05 - r s— 5, =62 GeV, Cu+Cu
- STAR Prelim., v,{ZDCH=_
0 | : | \]E,._,__,—.Ll:l':l Ge"-.-f AutAu
0 =] 10 15 20 25 3[! 35

1/S dN _,, /dy
low energy limit: v, / g oc (1/ S)(dN ,, / dy)

Central & semi-

central collisions:
200 GeV Au+Au
62.5 GeV Aut+Au
200 GeV Cu+Cu

Compare these
above data with
viscous hydro

Voloshin PLB’00

ideal hydro limit: v, | & > asaturation value around 0.21-0.23 (EOS Q; depends on C.)

- viscous hydro works for near equilibrium systems, which lie between the low energy
and ideal hydro limits (how does shear viscosity change the scaling of ideal hydro?)

-V, | & is insensitive to the type of initialization used (CGC or Glauber model )



Multlphclty scahng of v,/ €

D.S | T _ T T I
: 1deal hydro, EOS I . L viscous hydro, EOSI .
L aoe®
{}'4_ ....£> Q‘vwi Zog | — 04_ -
I > $® | .
% 4 3“ e ,8(_:..
0.3 ¢ -1 03F ot 080 & -
@ | | i} I e full I-Seqn |
L .y 3 > . 3
0.2+ ® AutAu, e, =30 GeV fm 021 ¢ ® AutAu, e, =30 GeV/fm [
O CutCu,e,=30 GeV/fm® |- - o o CutCu, e, =30 GeV/fm” |
B e 3 | e n/s =0.08 B 3
0.1 ¢ AutAu, e, =15 GeV/fm 0.1r /ST ¢ AutAu, e =15 GeV/im"
T =3n/s
¢ CutCu,g,=15 GeV.-‘“me 1 i o CutCu, e, =15 GeV/fn® |
1 ] 1 I 1 I 1 ] | ] | ] | |
% 10 20 30 20 % 10 20 30
iy -
1/S dN_ /dy (fm ) 1/S dN_ /dy (fm 2)

|deal hydrodynamics: multiplicity scaling of v,/ ¢ is weakly broken:

40

- freeze-out condition introduces time scale, breaking scale invariance of id. hydro eqgns.

- Cu+Cu and Au+Au systems are not identical after a rescaling

Viscous hydrodynamics: additional scale breaking by shear viscosity, resulting in fine

structure of v,/ ¢ :

- for similar initial energy density, Cu+Cu curves are slightly below the Au+Au curves

1 dN,
dy

- at fixed =

, the e, = 15GeV/fm’ curves are slightly above the g, = 30GeV/fm’ ones

Viscous effects are larger for smaller systems and lower collision energies




Multiplicity scaling of v,/ €

N —B— Ep/A=11.8 GeV, Au+Au, EB7
""‘;“ 0.3 :_ HYDRO (EoS H) —a— E,/A=40 GeV, Pb+Pb NA4g
— - Eo/A=158 GeV, Pb+Ph, NA49
0.25F . s,
E 3
0.2F % & E
- o e
C o 9 8
015 go ©
o %8 STAR Prelim., v, (FTPCYle__12}
0.1 —e— \[5,,,=200 GeV, Au+Au
C —— s, =62 GeV, Au+Au
0.05 - —e— \|5,,=200 GeV, Cu+Cu
) C l:l —e— \ISNNZEQ GeV, Cu+Cu
C STAR Prelim., v,{ZDC}e_,
oF—- o e . ﬁ =200 GeV, Au+Au
L1 1 1 L1 1 1 L1 1 1 L1 1 1 1 1 1.1 11 5 1 1 1 13111
0 5 10 15 20 25 30 35

1/S dN _, /dy

0.3

0.25

0.2

£.0.15

0.1

0.05

® AutAu.e 0= 30 Ge\f..-"fm3 ~200 GeV, AutAu
¢ AutAu, e,= 15 G—e’\;’..-"fm3 ~62.5 GeV. AutAu
¢ Cut+Cu, e,= 15 Ge\;’..-"fm3 ~200 GeV, Cu+Cu

full I-S eqn 1

viscous hydro, EOS L
T = In/sT

20 30

=
o

/S dN_/dy (fm ")

- experimental data show qualitatively similar fine ordering as viscous hydro prediction

- to reproduce slope of v,/ ¢ vs. (1/S)dN/dy, a better description of the highly viscous
hadronic stage is needed: viscous hydro + hadron cascade

- the experimental v,/ ¢ vs. (1/S)dN/dy scaling (slope and fine structure) is another
good candidate to constrain 77/ S (insensitive to Glauber-type vs. CGC initialization)

- this requires, however, experimental and theoretical improvements: reduced error bars,
accounting for T-dependence of 7/s, /s near T, modeling hadronic phase with realistic cascade



Entropy production



Entropy production (I)

viscous hydro:  1/s=0.08, T =3n/sT viscous hydro:  n/s=0.08, T_=3n/sT

04 T [ T T T T T 04 T I T I T I .
I * — AT/ 3 : : _ X7 3 :
® AutAu, €, 30 GeV/ fm% ] i . TOSIT ® Aut+Au, e, 30 GeV, fm% ]
03 - Y O Cu+Cu, €= 30 GeV/fm' | A 03 - EOS Q O Cu+Cu, e 0= 30 GeV/fm | 1
: g e e 3] 21 e e 3]
i B . ¢ AutAu e 0= 15 GeV/ fm% ] i e EOSL ¢ Au+Au, e, = 15 GeV/fm ]
-~ |e8e -9 o8 o CutCu,e,=15 GeV/fm' | 7 T o CutCu, e =15 Ge\-‘ﬂ-"fm3 7
?;02_ % * g | _Ul-”Uz‘ 0 8
%) B ® - e =1 % = i
< % ot % V%0 @ceposH 4 T ]
O .O 0 ® B r ‘ _
i & EOST 1 < 0¥ agae _\ |
0.1+ EOSQ - 01 { 2ol S Yo o Qe _
_ simplified I-S eqn. - full I-S egn.

0 1 | 1 | L | ! 0 I | I | I | I

0 10 20 30 4C 0 10 20 30 40
. . L 2 i
1/S dN_/dy (fm ) 1/8 dN_ /dy (fm 2)

- for each Eo0S, see good scaling of with (1/S)dN/dy (for both simplified and full I-S egns)

- larger viscous effects in smaller systems and at lower collision energies:
entropy production increases as (1/S)dN,,/dy decreases)

- for EOS L, the simplified I-S eqgn. gives 5-10% more entropy production than the full I-S



Entropy production (II)

- ' | ' | ' | ' _
- viscous hydro, Au+Au, e =30 GeV/fm® .
0351 EOS L -
- /s = 0.08, -
03 simplified I-S eqn. 7
E{f[}.ZS_— full 1-S eqn. N
S ]
0-2¢ TS T =6n/sT -
- § -
0150 Tt T =3sT
[ S=eel P T_= 1.51/sT ]
- — v s i
1L . | | E—— i

0'10 10 20 30 40

1/S dN_ /dy (fin )

- simplified vs. full I-S eqgn.: entropy production approaches the same Navier-Stokes
limit as we letz, —0

- for the full I-S eqn., entropy production is very insensitive to 7 _



Entropy production (III)

B T | T I T | T ]
- viscous hydro, Au+Au, e =30 GeV/fm® .
0.35 EOS L ]
- /s = 0.08, -
0.3 simplified I-S egn.
E{f[}.ZS_— full 1-S eqn. N
<] L i
-2 Tt~ T =6m/sT -
B T ]
0.15F o ’Cﬂ:3]“|_f'ST ]
S NG T_= 1.51/sT °
- ——— m i
1L . | ~ i

0'10 10 20 30 40

1/S dN_ /dy (fin )

A”aAV'BDﬂ'aﬂ _ _i[ﬂ-/w —2nc* &g 7 BDInT -V u®]- 27[““’D
Tﬂ'

- simplified vs. full I-S eqgn.: entropy production approaches the same Navier-Stokes
limit as we letz, —0

- for the full I-S eqn., entropy production is very insensitive to 7 _



Entropy production (IV)

- effects of higher order terms on entropy production

We argue that estimates of dissipative effects based on first-order hydrodynamics with shear viscosity are

potentially misleading because higher order terms in the gradient expansion of the dissipative part of the stress

tensor tend to reduce them, Using recently obtained sound dispersion relations in thermal N = 4 supersymmetric
plasma, we calculate the resummed effect of these high-order terms for Bjorken expansion appropriate to heavy
ion collisions such as those performed at the BNL Relativistic Heavy lon Collider (RHIC) and the CERN Large

Hadron Collider (LHC).

A(sT)2.

2
S0 To

PR R

B = O 0 BD DD W

Ty =300 (MeV) |
First order

.-"!!1

0.20.40.60.8 1 1.2
Tﬂ(fm)

1.25
1.2
1.15
1.1

A reduction of entropy production is found to be substantial, up to an order of magnitude.

--Lublinsky & Shuryak PRC2007

. T, = 300 (MeV)
All order
summation

L1
0.20.40.60.8 1 1.2
Tp (fm)

- Is the the 2"d order expansion formalism enough to describe the more viscous
fluids created in smaller collision systems or at lower energies?




full I-S eqn. vs. parton cascade model

Important insight from comparing viscous hydro with parton cascade model:

Molnar & Huovinen QMO8
fu”ISeqn|||||||||||||||||||||:
a0 | & Transp.o = const. _f
- — Transp. gecT23 83
25 [ EH,-*' __|_,-’m_ = _:
R ——
S o e E
> - B e 3
15 | g —
.10 f— ideal Hydro —f
- Hydro get?2 3
05 = Hydro ¢ = const3
-DD P | I 11 0 | 1 11 | | - I 1 U1 | I
.0 05 1.0 15 2.0 2.5 3.0

p, (GeV)

microscopic view macroscopic view

PCM

massless Boltzmann particle‘ 2 «— 2 processes
o oc 72/3 = n/s~1/(4m) ?,?——lI lersy

e 7 =06 fm/c

e b =28 fm

e Ty =385 MeV and dN /dn|p—o = 1000

e freeze-out at constant n = 0.365 fm—*

Viscous hydro

- parton cascade model: evolves directly f (X,t,p) with Boltzmann egn.
- 2"d order viscous hydro: I-S eqn. is obtained from Boltzman eqn. by expanding to

2nd orderin o f

- amazingly, the two approaches give results that agree well with each other
It appears that the 2nd order |-S equation is still sufficient for semi-central

r

collisions starting with high enough initial energy density



Summary and discussion (I)

- Elliptic flow is very sensitive to even minimal shear viscosity

- Viscous effects are larger in smaller systems and at lower collision energies:
- 20-30% more v, suppression in Cu+Cu b=7 fm than Au+Au b=7fm (similar initial ecc. )

- more entropy production in smaller systems and at lower collision energies

- fine structure in the multiplicity scaling curves for v, [ & predicted by viscous hydro
agrees qualitatively with experimental data and can be used to constrain the QGP
shear viscosity

- Simplified I-S equation vs. full I-S equation:
- approach same Navier-Stokes limit for z_ — 0 (entropy prod., momentum anisotropy etc.)

- for non-conformal fluids (EOS Q, EOS L) both egns. are OK (~5-10% difference)

If the system size and initial energy density are not too small (the approx. behind the
simplified I-S egn. are “OK” (~90-95% reliable) for EOS L and EOS Q)

- for conformal fluids (EOS 1) the full I-S egn. (which preserves the conserve conformal
symmetry) works but the simplified I-S eqn. fails

- entropy production: the full I-S eqgn. is much less sensitive to 7 _, leaving less
ambiguity in the extraction of 7/s due to the choice of 7 _



Summary and discussion (II)

- Extracting the QGP shear viscosity requires a better understanding of all
sources of uncertainty from both sides, theory and experiment:

- For causal viscous hydro, one needs to consider at least the following aspects:

- resolve the ambiguities among different 2nd order formalisms used by different
groups when simulating causal viscous hydrodynamics

a) simplified I-S (Song & Heinz 07-08) vs. full I-S eqn. (P.&U.Romatschke) ~5-10%
b) I-S formalism vs. O-G formalism (Dusling & Teaney) ~?%  (E0SL&EOSQ)

- arealistic EOS: EOS L vs. SM-EOS Q ~10% (for v, andV, /&)
- realistic initial conditions: CGC vs. Glauber-type initialization ~15-30% (forv , )
- bulk viscosity: with vs. without bulk viscosity ~?%

- T-dependent 17/ S : ~?%



Thank You



I-S formalism - Kinetic theory approach

f(x, p)= f, (X, p)A+5T (X, p)) f,=expEp,u/T)
v __ 2 1%
N (x,t, p)=e(X,t)+&,(x,t)p* +¢&,, (x,t)p*p” 7" =2T"(e+ p)e™ (X)
7[/11/ p/l pV

shear viscosity only: Of (X,t, p)=¢,, (X,1) pl P of (x,t, p) = 2T 2(e + p)

Baier et al. ‘06, W.Israel, J.Stewart ‘79

p,d*f(x,t,p)=C(x) c=—put=To

Tn
3p )

-acting jdw or jdw p“ on both sides —— conservation laws: (_[da) I(2;z) e

o,N“(x)=0, 9, T*(x)=0.

-acting j dw p® p” on both side and expand §f to the 2"d order — |-S formalism:

u’ >+&(A7“Aﬂ5Dzry5+2ﬂ5(“ ")+b,7% Da;’ 1D e

_a2

a, T, &

T

massless particles: f, =exp(—p,u”/T) a, = AT® | # b, = 24T | °



Causal viscous hydro 1n (2+1)-d
(Z', X, y,n) coordinates 3+1=> 2+1 Heinz, Song & Chaudhuri, PRC06
Tmn,m=0 Tmnz(g_l_p)umun_pgmn_l_ﬂ,mn
A"A"Drx, = —Ti[zzm” - 2no ”‘”] simplified I-S eqn

T

-also the eqns used in Song & Heinz, PLB07 & arXi1v:0712.3715[nucl-th|& the one 1n preparation

T™m=0 T™=(e+pu™u” — pg™+2"
m n 1 mn mn 1 mn a
A" A" Dr, = —T—[ﬂ' —2noc ]+57z [5DINT =V _u®]  full I-S egn

T

-also the eqns used in P&U Romatschke PRLO7, Song & Heinz, in preparation

1 1
Vortices terms are neglected, V-"u" = E[Vm u"+vmhu"l-=A"o_u’
the transport equations for energy momentum tensor are explicit written as:

%GT(TT’TH@XU”H(%U”):— " H;ﬂw T g™
1 "

;aT(TTZX)_i_aX((TzX_ ﬂzx)vx)_i_ay((-r ZX_ ﬂﬁ()vy) = _ax(p+7z.xx) _ayﬂ-Xy

l('ET(TTZV)H’?X((T’L7z7y)vx)+ay((l"y—7rfy)vy):—ay(eryzW) 2 T +p-=x”
.
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