NUMERICAL METHODS FOR THE BIOT MODEL IN POROELASTICITY

A Dissertation Presented to the Faculty of the Department of Mathematics University of Houston

In Partial Fulfillment of the Requirements for the Degree Doctor of Philosophy

By Konstantin Lipnikov May 2002

NUMERICAL METHODS

FOR THE BIOT MODEL IN POROELASTICITY

Konstantin Lipnikov

APPROVED:

Dr. Yuri Kuznetsov, Chairman

Dr. Roland Glowinski

Dr. Tsorng-Whay Pan

Dr. Edward J. Dean

Dr. Marc Garbey, Department of Computer Science

Dr. John L. Bear Dean, College of Natural Sciences and Mathematics

ACKNOWLEDGMENTS

I would like to express my sincere appreciation to my advisor, Dr. Yuri Kuznetsov, for promoting and tolerating my diverse research interests. In addition, I would like to thank him for his guidance, insight, patience and gregarious hospitality, all of which were vital factors in the completion of this thesis.

I would like also to thank the members of my committee, Drs. Roland Glowinski, Marc Garbey, Edward Dean, and Tsorng-Whay Pan, who have found time to read this manuscript and have made many important comments.

My research interests in numerical methods for poroelastic problems were initiated and supported by a grant from ExxonMobil Upstream Research Company. I thank Drs. Steve Lyons and Sergei Maliassov from ExxonMobil for many enthusiastic discussions that eventually resulted in writing Chapters 3 and 4.

I have had the good fortune of visiting Los Alamos during Summer 2001. I would like to express my gratitude to Dr.Mikhail Shashkov for his key role in making my visit possible and to acknowledge his incredibly contagious enthusiasm that continues to inspire my interest in accuracy estimates for mimetic finite difference discretizations. I also extend my thanks to Drs. Markus Berndt and David Moulton for many encouraging and instructive discussions that resulted in writing a journal article and Chapter 5.

To my parents and grandmother I convey my deepest thanks for their unconditional support and encouragement. The long and arduous journey that has been this thesis, could not have been completed without the continued support and encouragement of Josiane Paoli. I am especially indebted to her patience, sacrifice and understanding.

NUMERICAL METHODS FOR THE BIOT MODEL IN POROELASTICITY

An Abstract of a Dissertation Presented to the Faculty of the Department of Mathematics University of Houston

In Partial Fulfillment of the Requirements for the Degree Doctor of Philosophy

By Konstantin Lipnikov May 2002

ABSTRACT

In this dissertation, efficient numerical methods for the Biot poroelastic model are considered. The model describes two basic mechanical processes in porous media: single-phase fluid flow and rock deformation. Its mathematical formulation is a coupled system of the Lamé and diffusion equations.

A mixed finite element and a mimetic finite difference scheme are used to solve simultaneously for the porous media displacement, fluid mass flux, and pore pressure. The resulting discrete problem is solved iteratively by the preconditioned Lanczos method. The preconditioner is a block diagonal matrix with as many blocks as there are physical variables. The diagonal blocks are preconditioners for the Lamé and diffusion operators. The problem is further simplified by the Korn inequality which states that the bilinear form associated with the elastic energy induces an H^1-norm in the space of displacements. Therefore, the spectral properties of the block diagonal preconditioner are solely dependent on spectral properties of a preconditioner for an elliptic operator. In this thesis, a few preconditioners for elliptic operators are studied theoretically and numerically. In addition, the first convergence estimates are proved for the mimetic finite difference scheme.

The preconditioners may be used in fully implicit time discretization schemes as an alternative to operator splitting algorithms.

Contents

1 Introduction 1 1.1 Review of discretization methods . . . . . . . . . . . . . . . . . . . . 2 1.2 Review of solution methods . . . . . . . . . . . . . . . . . . . . . . . 5 1.3 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

2 The Biot model in poroelasticity 10 2.1 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 2.2 Finite element discretization . . . . . . . . . . . . . . . . . . . . . . . 13 2.3 Mimetic finite difference discretization . . . . . . . . . . . . . . . . . 19

3 Numerical methods for coupled problem 27 3.1 Block diagonal preconditioners . . . . . . . . . . . . . . . . . . . . . . 29 3.2 Preconditioners for the elastic block . . . . . . . . . . . . . . . . . . . 31 3.3 Preconditioners for the diffusion block . . . . . . . . . . . . . . . . . 32 3.3.1 Preconditioner for matrix A_{ff} . . . . . . . . . . . . . . . . . . 32 3.3.2 Preconditioner for Schur complement S_p . . . . . . . . . . . . 33 3.4 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 43

4 Numerical methods for hybridized problem 47 4.1 Hybridization procedure . . . . . . . . . . . . . . . . . . . . . . . . . 48 4.2 Separable preconditioner for A_{λλ} . . . . . . . . . . . . . . . . . . . . . 52

4.2.1 Fast direct method for 2D problems . . . . . . . . . . . . . . . 53 4.2.2 Applications of 2D algorithm . . . . . . . . . . . . . . . . . . 60 4.2.3 Fast direct method for 3D problems . . . . . . . . . . . . . . . 66 4.2.4 Applications of 3D algorithm . . . . . . . . . . . . . . . . . . 69 4.3 Multilevel preconditioner for A_{λλ} . . . . . . . . . . . . . . . . . . . . 72 4.3.1 Abstract form of multilevel algorithm . . . . . . . . . . . . . . 72 4.3.2 Algorithm implementation . . . . . . . . . . . . . . . . . . . . 79 4.3.3 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . 83

5 On accuracy of mimetic discretizations 85 5.1 Error estimates for the mixed FE method . . . . . . . . . . . . . . . . 86 5.2 Error estimates for the SO method . . . . . . . . . . . . . . . . . . . 95 5.3 Numerical experiments . . . . . . . . . . . . . . . . . . . . . . . . . . 104

Bibliography 108