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FILM THICKNESS FOR DIFFERENT REGIMES OF FLUID-FILM LUBRICATION* 

I t  i s  evident from the discussion i n  previous chapters tha t  

there are a number o f  reasonably well-defined regimes wi th in  the 

f u l l  range o f  condi t ions o f  f l u i d - f i l m  l u b r i c a t i o n  o f  e l l i p t i c a l  

contacts. 

operating condi t ions and the propert ies o f  the mater ia l .  

Each regime has charac ter is t i cs  determined by the 

The type o f  l u b r i c a t i o n  f o r  a p a r t i c u l a r  contact i s  i n f l u -  

enced by two major physical e f fec ts :  the e l a s t i c  deformation o f  

the so l ids  under an appl ied load, and the increase i n  f l u i d  v is-  

c o s i t y  w i t h  pressure. Therefore i t  i s  possible t o  have f o u r  

main regimes o f  f l u i d - f i l m  lubr icat ion,  depending on the magni- 

tude of  these e f f e c t s  and on t h e i r  importance. These f o u r  re- 

gimes are def ined as 

(1) Isoviscous-rigid: I n  t h i s  regime the  magnitude of  the 

e l a s t i c  deformation o f  the surfaces i s  such an i n s i g n i f i c a n t  

par t  o f  the thickness o f  the f l u i d  f i l m  separating them t h a t  i t  

can be neglected, and the maximum pressure i n  the contact i s  too 

low t o  increase f l u i d  v i s c o s i t y  s i g n i f i c a n t l y .  

lubr icd t ion  i s  t y p i c a l l y  2ncount2red i n  c i rcu la r -a rc  th rus t  

This form o f  

bearing pads; i n  i n d u s t r i a l  coat ing processes i n  which paint ,  

emulsion, o r  p ro tec t ive  coatings are appl ied t o  sheet or f i l m  

*Published as  Chapter 12 i n  B a l l  Bearing Lubr icat ion by 
Bernard J .  Hamrock and Duncan Dowson, John Wfley & Sons, Inc. ,  
Sept. 1981. 
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mater ia ls  passing between r o l l e r s ;  and i n  very l i g h t i y  loaded 

r o  1 1 i ng bear i  ngs. 

(2 )  Piezwviscous-r ig id:  I f  the pressure wi th in  the con- 

t a c t  i s  s u f f i c i e n t l y  high t o  increase the f l u i d  v iscos i ty  w i t h i t 1  

the conjunct ion s i g n i f i c a n t l y ,  i t  may be necessary t o  consider 

the pressure-viscosity charac ter is t i cs  o f  the lubr ican t  wh i le  

assuming t n a t  the so l ids  remain r i g i d .  For the l a t t e r  p a r t  o f  

t h i s  assumption t o  be v a l i d  i t  i s  necessary t h a t  the deforma- 

t i o n s  o f  the surfaces remain an i n s i g n i f i c a n t  par t  o f  the 

f l u i d - f  i l m  thickness. This form of  l u b r i c a t i o n  may be encoun- 

tered on r o l l e r  end-guide flanges, i n  contacts i n  moderately 

loaded c y l i n d r i c a l  tapered ro l le rs ,  and between some p i s t o n  

r ings  and cy l inder  1 iners. 

( 3 )  Isoviscous-elastic: I n  t h i s  regime the e l a s t i c  defor- 

mation o f  the so l ids  i s  a s i g n i f i c a n t  p a r t  o f  the thickness o f  

the f l u i d  f i l m  separating them, but  the pressure w i t h i n  the con- 

t a c t  i s  q u i t e  low and i n s u f f i c i e n t  t o  cause any substant ia l  in- 

crease i n  v iscos i ty .  This s i t u a t i o n  ar ises wi th mater ia ls  o f  

low e l a s t i c  modulus, and i t  i s  a form o f  l u b r i c a t i o n  t h a t  may be 

encountered i n  seals, human j o i n t s ,  t i r e s ,  and elastomeric- 

mater ia l  machine elements. 

( 4 )  P iezO-v iscouselast ic :  I n  f u l l y  developed elastohydro- 

dynamic l u b r i c a t i o n  the e l a s t i c  deformation o f  the s o l i d s  i s  

o f ten  a s ign i f i can t  p a r t  o f  the thickness o f  the f l u i d  f i l m  s e p  

ara t ing  them, and the pressure w i t h i n  the contact i s  h igh enough 

t o  cause a s i g n i f i c a n t  increase i n  the v i s c o s i t y  o f  the l u b r i -  
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cant. This form o f  l u b r i c a t i o n  i s  t y p i c a l l y  encountered i n  b a l l  

and r o l l e r  bearings, gears, and cams. 

Several autht r's - Moes (1965-66), Theyse (1966), Archard 

(1968), Greenwood (1969), Johnson (1970), m d  Hooke (1977) - 
have contr ibuted sorut ions f o r  the f i l m  chickness i n  the f o u r  

l u b r i c a t i o n  regimes, but  t h e i r  r e s u l t s  have been confined large- 

l y  t o  nominal l i n e  o r  rectangular contacts. The essent ia l  d i f -  

ference between these contr ibut io: is i s  the way i n  which the dom- 

inant  parameters were made dime!isionless. 

f i l m  thickness i s  def ined f o r  the f o u r  f l u i d - f i l m  l u b r i c a t i o n  

regimes j u s t  described f o r  conjunctions ranging from c i r c u l a r  t o  

rectangular. Tne f i l m  thickness equations f o r  the r e  ;pective 

l u b r i c a t i o n  regimes c o w  from theore t ica l  studies reported i n  

previous chapters on elastohydrodynamic and hydrodynamic l u b r i -  

ca t ion  of  e l l i p t i c a l  conjunctions. 

isothermal, f u l l y  f looded conjunctions. 

thickness equations f o r  the various condi t ions a map i s  presen- 

ted o f  the l u b r i c a t i o n  regimes, w i t h  f i l m  thickness contours 

being representod on a log-log g r i d  o f  v iscos i ty  and e l a s t i c i t y  

parameters f o r  f i v e  values o f  the e l l i p t i c i t y  parameter. This 

chapter draws extensivejy on the work o f  Hammck and Dowson 

(1979b). 

I n  t h i s  chapter the 

The r e s u l t s  are v a l i d  f o r  

I n  addi t ion t o  the f i l m  

12.1 Dimensionless Grouping 

The representation of r e s u l t s  of elastohydrodynamic theory 
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f o r  e l l i p t i c a l  contacts i n  t h i s  book i n  terms o f  the dimension- 

less groups (H, U, W ,  G, k )  has been p a r t i c u l a r l y  h e l p f u l  since 

the physical explzndt ion o f  conjunct ion behavior can readi  l y  be 

associated wi th each set o f  nunierical resul ts .  However, several 

authors have rioted tha t  t h i s  set o f  dimensionless groups can be 

reduced by one parameter, wi thout any loss o f  general i ty,  by 

using dimensionless analysis. 

the four  f l u i d - f i l m  l u b r i c a t i o n  regimes can then be conveniently 

represented graphical l y  by the smallest number o f  parameters, 

The f i i m  thickness contours f o r  

even though the physical  meaning o f  each composite parameter 

requ i r e s  c aref  u 1 consideration. 

Johnson (1970) has pointed out t h a t  the behavior d i s t i n -  

guishing the f o u r  l u b r i c a t i o n  regimes can be characterized by 

three quant i t ies,  each having the dimensions o f  pressure: 

(1) The reduced pressure parameter qf, a measure o f  the 

f l u i d  pressure generated by an i sov i  -ous lubr icant  when 

elasc’ , defornlation i s  neglected 

( 2 )  The i l lverse pressure-viscosity coeff  i c i e r i t  l/a, a meas- 

ure o f  the change o f  v iscos i ty  w i t h  pressure 

( 3 )  ?he maximum Hertz ian pressure p,,,, the nlaximum pres- 

sure i n  a dr! e l a s t i c  contact 

Although Johnson (1970) d i d  not  consider e l l i p t i c a l  contacts, he 

d i d  s tate k h a t  the ?:ondimensional parameters f o r  such conf igura- 

t ions  should be: 

4 



Dimensionless f i l m  parameter: 

ii = n($ 

Dimensionless v i s c o s i t y  parameter: 

.- - 

Dimensionless e l a s t i c i t y  parameter: 

ORIGINAL PA= IS 
QF POOR QUALITY 

(12.1) 

( 12.2)  

(12 .3)  

The e l l i p t i c i t y  parameter k remains as discussea i n  Chapter 3 ,  

equation (3.28). Therefore the  reduced dimensionless group i s  

(H ,  gv, g p  k ) .  

12.2 I s o v i  scous-Ri g i d  Regime 

The in f luence of  conjunct ion geometry on the isothermal 

hydrodynamic f i l m  separat ing two r i a i d  s o l i d s  was invest igated 

i n  Chapter 6 f o r  f u l l y  f looded, isoviscous condit ions. The ef -  

f e c t  o f  geometry 3n the f i l m  thickness was determined by vary ing 

the rad ius r a t i o  R / R  from 1 ( a  c i r c u l a r  conf igurat ion)  

t o  36 ( a  conf igurat ion approaching a rectangular contact ) .  The 

f i l m  thickness was var ied over two L-ders o f  magnitude f o r  con- 

d i t i o n s  representat ive o f  s t e e l  q o l i d s  separated by a p a r a f f i n i c  

mineral o i l .  I t  was found t h a t  the computed minimum f i l m  th ick -  

ness had the same speed, v iscos i ty ,  and load dependence as the 

c l a s s i c a l  KapitZa (1955) Solution, However, when the Reynolds 

Y X  
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c a v i t a t i o n  boundary cond i t i on  (ap/an = 0 and p = 0) was in- 

troduced a t  the  cav t a t i o n  boundary, where n represents the 

normal coordinate t o  the i n te r face  between the f u l l  f i l m  and the 

c a v i t a t i o n  region, an add i t i ona l  geometrical e f f e c t  emerged. 

Therefore from Chapter 6 the dimensionless minimum, o r  cent ra l ,  

f i l m  thickness parameter f o r  the isov iscous-r ig id  l u b r i c a t i o n  

regime can be w r i t t e n  as 

where 

1 /0 .64  

Ab - (1 + &I1 

(12.5) 

(12.6) 

In equation (12.4) the dimensionless f i l m  thickness parameter 

H 
4 

i s  shown t o  be s t r i c t l y  a func t ion  o f  the geometry o f  the 

contact R / R  
Y x '  

12.3 Piezo-Viscous-Rigid Regime 

Blok (19&?) has shown t h a t  the minimum f i lm thickness f o r  

the p ie to -v iscous- r ig id  l u b r i c a t i o n  regime, i n  a rectangular con- 

t a c t  can be expressed as 
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By tak ing  account o f  the e l l i p t i c i t y  o f  the conjunct ion under 

considerat ion equation ( 12.7) can be r e w r i t t e n  as 

(12.8) 

The absence o f  an applied-load term i n  (12.8) should be noted. 

When expressed i n  terms o f  the  dimensionless parameters i n t ro -  

duced i n  equations (12.1) and (12.2), t h i s  can be w r i t t e n  as 

Note the absence o f  the  dimensionless e l a s t i c i t y  parameter 

i n  equation (12.9).  
gE 

12.4 Isoviscous-Elastic Regime 

The inf luence o f  the  e l l i p t i c i t y  parameter k and the d i -  

mensionless speed u, load W, and mater ia ls  G parameters on 

the minimum, o r  central ,  f i l m  thicknesses was inves t iga ted  theo- 

r e t i c a l l y  f o r  the isoviscous-elast ic regime, and the r e s u l t s  

have been presented i n  Chapter 11. The e l l i p t i c i t y  parameter 

was var ied from 1 (a  c i r c u l a r  con f igura t ion)  t o  12 ( a  configura- 

t ion  approaching a rectangular con tac t ) .  The dimensionless 

speed and load parameters were each var ied by one order o f  mag- 

nitude. 

s ionless minimum-f i lm-thickness equation 

Seventeen cases were considered i n  ob ta in ing  the aimen- 

7 
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(12.10) P 7.43 $*6$-o*21(1 -0.85 e-OS3lk) %In 

From equations (12.1) and (12,3) t he  general form o f  the 

dimensionless minimum-f i lm-thickness parameter f o r  the 

isov iscous-e last ic  l u b r i c a t i o n  regime can be expressed as 

= Ag:(l - 0.85 (12.11) 

where A and c are constants t o  be determined. From equation 

(12.1) and equation (12.3) we can w r i t e  equation (12.11) as 

1 
-0.31k 2-2cw ( 8/ 3 ~ )  -2 

%in - AU (1 - 0.85 e (12.12) 

Comparing equation (12.10) w i t h  equation (12.12) g ives c = 

0.67. Subs t i t u t i ng  t h i s  i n t o  equation (12.11) wh i le  so lv ing  

f o r  A g ives 

%in (12.13) A -  
0 6 ~ 0  - 0.85 .-0-39 gEo 

The a r i t h n e t i c  mean f o r  A based on the  1 7  cases cdnsid- 

ered i n  Chapte- 11 i s  8.70, w i t h  a standard dev ia t ion  o f  +0.05. 

Therefore the dimensionless minimum-film-thickness parameter f o r  

the  isoviscous-elastic l u b r i c a t i o n  regime can be w r i t t e n  as 

- 

= 8.7C g0*67(l - 0.85 
E (12.14) 

With a s i m i l a r  apyoach the dimensionless cent ra l - f  i lmth i ckness  

parameter f o r  t he  isovibcous-elastic l u b r i c a t i o n  regime can be 

w r i t t e n  as 

-0.28k) (ic)IE = 11.15 #'67(1 - 0.72 e (12.15) 
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12.5 Piezo-Viscous-Elastic Regime 

In Chapter 8 the influence o f  the ellipticity parameter and 

the dimensionless speed, load, and materials parameters LA-. 

minimum and central film thicknesses was investigated tworeri- 

cally for the piezo-viscom-elastic regime. The ellipticity 

parameter was varied from 1 to 8, the dimensionless speed param 

eter over nearly two orders o f  magnitude, and the dimensionless 

load parameter over one order o f  magnitude. Conditions 

corresponding to the use o f  solid materials of bronze, steel, 

and silicon ritride and lubricants of paraffinic and naphthenic 

oils were considered in obtaining the exponent on the 

dimensionless materials parameter. Thirtpfour cases were used 

'n obtaining the following dimensionless minimum-f i lm-thickness 

f ormul a: 

Hmin = 3.63 U 0.68,0.49M-00073 - e-O**68k) (12.16) 

The general form of the dimension less minimum-f i lm-thick- 

ness parameter for the piezo-viscous-elast i.: lubrication regime 

can be written as 

where 8, d and f are constants to be determined. From 

equations (12.1), (12.2). and (12.3) we can write equation 

(12.17) as 

(12.1 7 )  

-0.68k) (12.18) 
(1 - e 

d 2-2d-2fW-2+3d+(8f 1 3 )  
%in = BG 
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Coniparing equation (12.16) wi th equation (12.18) gives d = 

0.49 and f - 0.17. Subs t i t u t i ng  these va?ues i n t o  equation 

(12.17) whi le  so lv ing  f o r  6 gives 

Lh 
0.49 0.17 -0 68k) 

t+, 8~ ( 1 - e  
(12.19) 

For the 34 cases considered i n  Chapter 8 f o r  the de r i va t i on  o f  

equation (12.16) the  ar i thmet ic  mean f o r  B war 3.42, w i th  a 

standard dek ia t ion  o f  - +0.03. Therefore the dimensionless 

minimum-f i lm-thickness parameter f o r  the p iezo -v i scouse las t i c  

l u b r i c a t i o n  regime can be w r i t t e n  as 

(12.20) 

An in te res t i ng  observat ion t o  make i n  compari ng equations 

(12.9). (12.14), and (12.20) t s  t h a t  i n  each case the sum o f  the 

exponents on g,, and gE i s  c lose t o  the value o f  213 

required f o r  complete dimensional representat ion o f  these . 

l u b r i c a t i o n  regives: 

and piezc -viscous-elastic. 

p iezo-v i  scous-ri gid, i sovi  scous-el a s t  ic ,  

By adopting a s i m i l a r  approach t o  t h a t  ou t l i ned  here the 

dimensionless c e n t r a l - f i  lm-thickness parameter f o r  the piezo- 

viscous-elast ic l u b r i c a t i o n  regime can be w r i t t e n  as  

12.6 Procedure f o r  Mapping the D i f f e ren t  Lubr ica t ion  Regimes 

Having expressed the  dimension 

parac;etet-s f o r  the four  f l u i d - f  i l m  

ess 

ub r 

minimum-f i lwthickness 

ca t i on  regimes i n  

10 
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equations (12.4),  (12.9). (12.14), and (12.20) we used these 

re la t ionsh ips  t o  develop a map o f  t he  limitation regimes i n  the 

fonn of dimensionless minimum-film-thickness-parameter 

contours. These maps are shown i n  Figures 12.1 t o  12.3 on a 

log-log g r i d  o f  the dimensionless v i  s c x i t y  and e l a s t i c i t y  

parameters f o r  e l l i p t i c i t y  parameters o f  1, 3, and 6, 

respect ively.  The pr. edure used t o  ob ta in  these f igur?s was as 

fo l lows:  
h 

( 1 )  For a given value o f  the e l l i p t i c i t y  parameter, (Hmin) 

(2)   or a value of Rmin > ( H ~ ~ ~ )  

I R  
as ca lcu lated from equation (12.4). 

6 

and the  value o f  k 
IR 

chosen i n  step 1, the dimensionless v i scos i t y  parameter was ca l -  

cu la ted from equation (12.9) as 

312 [ L ,-0.68kd (12.22) 
gv = 1.66(1 - 

This establ ished the dimensionless minimum-f i lm-thi :kness- 

parar?;er con"lurs Hmin a s  a func t i on  o f  gv f o r  a given 

value of k i n  the p?cLo-viscous-rigid regime. 

.. ._ 

6 

(3 )  Fo r  the values of k selected i n  step 1, Hmin seiec,- 

ted  i n  step 2, and 

dimensionless e l a s t i c i t y  parameter was ca lcu la ted  from the  fo l low ing  

gv obtained from equation (12.223, the 

11 
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equation, which was der ived from equation (12.20): 

1 f O .  17 

(12.23) 
3.42 

This establ ished the boundary between the piezo-vi scous-rigid 

and piezo-vi scous-elastic regimes and enabled contours o f  Hmin 

t o  be drawn i n  the piezo-viscous-elastic regime as func t ions  o f  

g,, and gE f o r  g iven values o f  k. 

(4) For the  values o f  k and Gmfn chos-n i n  steps 1 

and 2 the dimensionless e l a s t i c i t y  parameter was ca lcu la ted  from 

the  fo l lowing equation, obtained by rearranging equation (12.14): 

1f 0.67 

(12.24) 
A 

Emin 
- 0.85 e 

This establ ished the dimensionless minimum-film-thickness- 

parameter contour Hmin as a func t ion  o f  gE f o r  a given 
n 

value of k i n  the isov iscous-e las t ic  l u b r i c a t i o n  regime. 
6 

(5) For the  values o f  k and Hmin selected i n  steps 1 

and 2'and the  value of gE obtained from equation (12.24), 

the v i scos i t y  parameter was ca lcu lated from the  fo l l ow ing  

Th i s estab 1 i shed the i sovi scous-e 1 ast  i c and p i  ezo-vi scous- 

1 2  
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e l a s t i c  boundaries f o r  the p a r t i c u l a r  values o f  k and Hmin 

chosen i n  steps 1 and 2. 
L 

(6) A t  t h i s  po int ,  f o r  p a r t i c u l a r  values o f  k and Hmin, 

the contours were drawn, through t h e  piezo-vi scous-rigid, piero- 

viscous-elastic, and isoviscous-elast ic regimes. A new value o f  

Hmin was then selected, and the new contour was constructed 

by re tu rn ing  t o  step 2. This procedure was continued u n t i l  an 

(. 

adequate number o f  contours had been generated. A s i m i l a r  pro- 

cedure was fol lowed f o r  the range o f  e l l i p t i c i t y  r a t i o s  

considered. 

12.7 Contour P l o t s  

The maps o f  the l u b r i c a t i o n  regimes shown i n  Figures 12.1 

t o  12.3 were generated by f o l l o w i n g  the procedure o u t l i n e d  i n  

the previous section. The contours o f  the dimensionless mini-  

mum-film-thickness parameter were p l o t t e d  on a log-iog g r i d  of  

the dimensionless v i s c o s i t y  parameter and the dimensionless 

e l a s t i c i t y  parameter f o r  e l l i p t i c i t y  parameters o f  1, 3,  and b .  

The four  l u b r i c a t i o n  regimes w e  c l e a r l y  shown i n  these f i g -  

ures. The smallest contour o f  Hmin considered i n  each case 

represents the values obtained from equation (12 .4) ,  and t h i s  

forms a bcundary t o  the isov iscous-r ig id  region. 

Hmin on the isov iscous-r ig id  boundary increases as the 

e l l i p t i c i t y  r a t i o  k increases. 

a 

The value o f  
A 

13 
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By using Figures 12.1 t o  12.3 f o r  g iven values of the pa- 

rameters k, gv, and gE, the f l u i d - f i l m  l u b r i c a t i o n  regime 

i n  which any e l l i p t i c a l  conjunct ion i s  operat ing can be ascer- 

a 
the l u b r i c a t i o n  r e g i m  i s  known, a more accurate value of timin 

can be obtained by us ing the appropr iate dimensionless minimum- 

f i lm-thickness-parameter equation. 

A three-dimensional v iew o f  the surfaces developed by us ing 
L) 

constant values o f  

Figure 12.4. The coordinates i n  t h i s  f i gu re  are gE, gY, and k. 

The f o u r  f l u i d - f i l m  l u b r i c a t i o n  regimes are c l e a r l y  shown. This  

Hmin o f  500, 2000, and 6000 i s  shown i n  

f i g u r e  not  on l y  def ines the regimes o f  f l u i d - f i l m  l u b r i c a t i o n  

c l e a r l y  f c r  e l l i p t i c a l  contacts, but  it a lso  ind ica tes  i n  a sin- 

g le  i l l u s t r a t i o n  how the parameters g", $, and k i n f l u -  

ence the dimensionless minimumf i lmth i ckness  parameter. 

12.8 Closure 

Relat ionships f o r  the  dimensionless minimum f i l m  thickness 

f o r  the fou r  l u b r i c a t i o n  regimes found i n  e l l i p t i c a l  contdcts 

have been developed and expressed as 

(1) Isov iscous-r ig id  regime: 

14 



where 

( 2 )  PiP,+vi scous-r lg id regime: 

( 3 )  Isoviscous-elast  i c  regime: 

( 4 )  Piezo-viscous-elastic regime: 

(12.0) 

(12.9) 

(12.14) 

(12.20) 

The r e l a t i v e  importance o f  the in f luence o f  pre! .Are on e l a s t i c  

d i s t o r t i o n  and lubr ican t  v i s c o s i t y  1s th*  f a c t o r  that d i s t i n -  

guishes these regimes f o r  a given conjunct ion geometry. 

I n  aadi t ion,  t9ese equations have been used t o  develop maps 

of  the l uh r i ca t  ion  regimes by p l o t t i n g  f i l m  thickness contour, 

on a l o p l o g  g r i d  o f  the dimensionless v i s c o s i t y  and e l a s t i c i t y  

parameters f o r  three values o f  the e l l i p t i c i t y  parameter. These 

r e s u l t s  present a complete theo re t i ca l  f i Imthickness-parameter 

so lu t i on  f o r  e l l i p t i c a l  contacts i n  the f o u r  l u b r i c a t i o n  re- 

gimes. The r e s u l t s  a r c  p a r t i c u l a r l y  use fu l  i n  i n i t i a l  i nves t i -  

yat ions o f  many p r a c t i c a l  l u b r i c a t i o n  problems invo lv ing  e l  l i p -  

t i c a l  conjunctions, 

15  



SY t4BOL 5 

A 

**, "'.\ 
* V  

a 
- 
a 

B 

b 

b 
- 

C 

c V  

C 1 '  . . . ,c 8 
C 

- 
C 

De 

d 

0 

da 

db 

de 

e 

di 

0 '  

constant used i n  equation (3.1113) 

re laxa t i on  coef f i c ien ts  

2 drag area o f  ba l l ,  m 

semimajor ax is  of contact e l  1 ipse, m 

a1 2; 

t o t a l  conformlty o f  bearing 

semiminor ax is  of contact e l  1 ipse, in 

bl2; 

dynamic load capacity, N 

drag c o e f f i c i e n t  

constants 

19,609 Nlcm' (28,440 1 bf  / i n2 )  

number o f  equal d i v i s i o n s  o f  semima2or ax is  

distance between race curvature centers, m 

ma te r ia l  f a c t o r  

defined by equation (5.63) 

Deborah number 

b a l l  diameter, m 

number o f  d i v i s i o n s  i n  semiminor a x i s  

o v e r a l l  diameter of bearinq (F igure 2.13). m 

bore diameter, m 

p i t c h  diameter, m 

p i t c h  d i m e t e r  a f t c r  dynamic e f f e c t s  have acted on b a l l ,  m 

inner-race diameter, m 

outer-race diameter, m 
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'a 
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F* 
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F 
- 
F 

F C  

Fmax 

Fr 

Ft 

f 

fb 

fr 

G 

G* 
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modulus o f  e l a s t i c i t y ,  N/m 2 

e f fec t i ve  e l a s t i c  modulus, , N/m 

2 2  i n t e r n a l  energy, m /s 

processing fac to r  

[(Zmin - Hmin)/Hminj x 100 

e l l i p t i c  i n t e g r a l  o f  secmd k i n d  wi th modulus (1 - l / k L )  
112 

approximate e l l i p t i c  i n t e g r a l  o f  second kind 

d ispers ion exponent 

normal appl ied load, N 

normal appl ied load per  un i t  length, N / m  

l ub r i ca t i on  fac to r  

in tegrated normal appl ied load, N 

cen t r i f uga l  force, N 

maximum normal appl ied load ( a t  JI = 0), N 

appl ied r a d i a l  load, N 

appl ied t h r u s t  load, N 

normal appl ied load a t  angle $, N 
1/2 

e l l i p t i c  i n t e g r a l  o f  f i r s t  k ind  w i t h  modulus ( I  - 1/k2) 

approximate e l l i p t i c  i n t e g r a l  o f  f i r s t  k ind  

race conformity r a t i o  

rms surface f i n i s h  o f  b a l l ,  m 

rns surface f i n i s h  o f  race, m 

dimensionless mater ia ls  parameter, aE 

f l l ; i d  shear modulus, N/m2 

hardness f a c t o r  

g rav i ta t i ona l  constant, m/s 2 

17  



'E 

gV 
H 

H 

HC 

c,s H 

Hf 

Hmi n 

min,r H 

min,s H 

.c 

Hmi n 

Hmi n 

h 

hC 

hi  

~ G I N A L  PA= 
dimensionless elasticity parameter, W 8/3/,,2 -m POOR  QUAL^ 

3 2  dimensionless viscosity parameter, GW /U 

dimensionless film thickness, h/R, 
2 2 2 3  dimensionless film thickness, H(W/U)' = F h/u noRx 

dimensionless central film thickness, hc/Rx 

dimensionless central film thickness for starved 

lubrication condition 

frictional heat, N m/s 

dimensionless minimum f ilin thickness obtained from EHL 

el 1 iptical-coritact theory 

dimensionless minimum f i Im thickness for a rectangular 

contact 

dimensionless minimum film thickness for starved 

1 ubricat ion condition 

dimensionless central film thickness obtained from 

least-squares fit of data 

dimensionless minimum film thickness obtained from 

least-squares fit of data 

dimens ionless central-f i ltwthickness - speed parameter, 

dimensionless minimum-film-thickness - speed parameter, 
Hmi 

new estimate of constant in film thickness equation 

film thickness, m 

central 

inlet f 

film thickness, m 

lm thickness, m 
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h* 

min h 

ho 

I P  

Ir 

I t  

I d  

J 

J* 
- 
J 

K 

k 
- 
k 

k 
c 

L 

La 

Lt  

Lp. . .L  4 

10 

50 

a 

a 

M 

- 

f i l m  thickness at  po int  o f  maximum pressure, where 

dpldx - 0, m 

minimum f i l m  thickness, m 

constant, m 

diametral interference, m 
2 b a l l  mass moment of i ner t ia ,  m N s 

i n t e g r a l  defined by equation (3.76) 

i n t e g r a l  defined by equation (3.75) 

func t ion  of  k defined by equation (3 .8)  

mechanical equivalent o f  heat 

po lar  moment of i n e r t i a ,  m N s 

load-def lect ion constant 

e l l i p t i c i t y  parameter, a/b 

approximate e l  1 i p t i c i t y  parameter 

thermal conduct iv i ty,  N / s  O C  

l ubr ican t  thermal conduct iv i ty,  N/s 'C 

f a t i g u e  l i f e  

adjusted f a t i g u e  l i f e  

reduced hydrodynamic l i f t ,  from equation (6.21) 

2 

lengths defined i n  Figure 3.11, m 

fa t igue l i f e  wnere 90 percent o f  bearing popu 

endure 

f a t i g u e  l i f e  where 50 percent o f  bearing popu 

endure 

bearing length, m 

a t i o n  w i  11 

a t i o n  w i l l  

constant used t o  determine width of  side-leakage region 

moment, Nm 
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mw 
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'd 
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Hz 
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Pmax 
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gyroscopic moment, Nm 

dimensionless load-speed parameter, i('V 

torque required to prodilce spin, N m 

mass of ball, N s2/m 

dimensionless inlet distance at boundary between fully 

-0.75 

flooded and starved conditions 

dimensionless inlet distance (Figures 7.1 and 9.1) 

number of divisions of semimajor or semiminor axis 

dimensionless inlet distance boundary as obtained from 

Wedeven, et a\. (1971) 

rotational speed, rpm 

number :f ball s 

refractive index 

constant used to determine lengtn of  outlet region 

dimension less pressure 

d imens i on 1 ess p re ssure d iff erence 

diametral clearance, m 

free endplay, m 

dimensionless Hertzian p.-essure, N/m 

pressure, Nfm 

maximum pressure within contact, 3F/2~ab, Nlm 

i sovi  scous asymptotic pressure, N/m 

solution to homogeneous Reynolds equation 

2 

2 

2 

2 

thermal loading parameter 

dimensionless mass f low rate per unit width, q,, /,, E'$ 

reduced pressure parameter 

volume f low rate per unit widtn in x direction, mZ/s 

0 0  
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qY 
R 

Ra 

RC 

RX 

RY 
r 

ax' rbx 

ay' 'by 

r 

r 

S 

S* 

5 

T 

7 

Tm 

T: 
AT* 

T1 

V 
T 

t 

t a  

B u 

2 volume f low r a t e  per u n i t  width i n  y direct ion,  ni /s 

curvature sum, m 

ar i thmet ica l  mean dev iat ion defined i n  equation (4.1), m 

operational hardness o f  bearing mater ia l  

e f fec t i ve  rad ius i n  x d i rect ion,  m 

ef fect ive rad ius i n  y d i rect ion,  m 

race curvature radius, m 

r a d i i  o f  curvature, m 

c y l i n d r i c a l  po la r  coordinates 

spheric:l po la r  coordinates 

defined i n  Figure 5.4 

geometric separation, m 

geometric separation f o r  l i n e  contact, m 

empir ical  constant 

shoulder height, 'II 

TdPmax 
tangent i a1 ( t r a c t i o n )  force, N 

temperature, 'C 

b a l l  surf ace temperature, 'C 

average lubr ican t  temperature, "C 

b a l l  surface temperature r i se ,  'C 

(f I P  1 
k=l 

v iscous drag force, N 

t i m e ,  s 

a u x i l i a r y  parameter 

v e l o c i t y  o f  bal l - race contact, m l s  
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v e l o c i t y  o f  b a l l  center, m/s 

dimensionless speed parameter, nOu/E I R ,  

surface v e l o c i t y  i n  d i r e c t i o n  of motion, (ua + ub)/2, m/s 

number o f  stress cycles per revo lu t ion  

uC 

U 

U 

- 
U 

AU 

V 

s l i d i n g  ve loc i ty ,  ua - ub, m/s 

surface v e l o c i t y  i n  transverse d i rect ion,  m/s 

W d i mens i on 1 es s 1 oad parameter , F ! E R2 

W surface ve loc i ty  i n  d i r e c t i o n  o f  f i l m ,  m/s 

X 

Y 

d i mens i on 1 e s s coord i nat e, x / Rx 

dimensionless coordinate, y/Rx 

-jimensionless grouping from equation (6.14) 

external  forces, N 

constant defined by equation (3.48) 

*t' Yt 

'a, Ya, za 

Z 

v i s c o s i t y  pressure index, a dimensionless constant 
- - -  

x, x, x, x 1  

2, ?, r, 1 
Y, Y, Y, Y 1  coordinate system 

Q pressure-viscosity c o e f f i c i e n t  o f  lubr icat ion,  m 2 /N 

a a 

6 

r 
Y 

rad ius r a t i o ,  R /R 

contact angle, rad 

f r e e  o r  i n i t i a l  contact angle, rad 

i t e r a t e d  value o f  contact angle, rad 

curvature d i f f ere nc e 

Y X  

viscous dissipat ion,  N/m 2 s 

t o t a l  s t r a i n  rate, s- 1 

e l a s t i c  s t r a i n  rate, s-1 

viscous s t r a i n  rate, s-l 
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f low angle, deg 

t o t a l  e l a s t i c  deformation, m 

lubr ican t  v iscos i ty  temperature coef f ic ient ,  

e l d s t i c  deformation due t o  pressure dif ference, m 

r a d i a l  displacement, m 

a x i a l  displacement, m 

displacement a t  some loca t ion  x, m 

approximate e l a s t i c  deformation, .n 

e l a s t i c  deformation o f  rectangular area, m 

c o e f f i c i e n t  o f  determination 

s t r a i n  i n  a x i a l  d i r e c t i o n  

s t r a i n  i n  transverse d i r e c t i o n  

angle between b a l l  r o t a t i o n a l  ax is  and bearing 

oc-1 

center l ine  (Figure 3.10) 

p r o b a b i l i t y  o f  surv iva l  

2 absolute v i s c o s i t y  a t  gauge pressure, N s/m 

dimensionless v iscos i ty ,  n / ~  

v i s c o s i t y  a t  atmospheric pressure, N s/m 

6 . 3 1 ~ 1 0 - ~  N s/m2(0.0631 cP) 

angle used t o  def ine shoulder height 

f i l m  parameter ( r a t  i o  o f  f i l m  thickness t o  composite 

0 
2 

sur f  ace roughness) 

equals 1 f o r  outer-race cont ro l  ana 0 f o r  inner-race 

cont ro l  

second c o e f f i c i e n t  0 7  v i s c o s i t y  

Arcnard-Cowking side-leakage factor ,  (1 + 2/3 

re laxa t ion  f a c t o r  
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coef f i c i e n t  o f  s 1 i d  i ng f r i c t i o n  

P l r l  

Poisson's r a t i o  

divergence of ve loc i t y  vector, (aulax) + (av/ay) + (awlaz), 5-l 

l ubr ican t  density, N s /m 

dimensionless density, p / p 0  

- -  

2 4  

densi ty  a t  atmospheric pressure, N s 2 4  /m 

2 normal stress, N/m 

st ress i n  a x i a l  d i rect ion,  Nlm' 

shear stress, ~/i' 
maximum subsurface shear stress, N l m  

2 shear stress, N l m  

2 

2 equivalent stress, N/m 

l i m i t i n g  shear stress, N/m 2 

r a t i o  o f  depth o f  maximum shear s t r e r s  t o  semiminor ax is  o f  

contact  e l  1 ipse 

PH3" 

( @ ) k = l  

auxi 1 i ary angle 

tnermal reduct ion  f a c t o r  

angular loca t ion  

l i m i t i n g  value o f  rcI 

absolute angular v e l o c i t y  o f  inner  race, rad /s  

absolute angular ve loc i t y  of outer  race, r a d l s  

angular ve loc i ty ,  rad/s 

angular ve loc i t y  of ba l  I-race contact, rad l s  

angular ve loc i t y  of b a l l  about i t s  own center, rad/s 
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i o  

C 

S 

w 

w 

Subscripts : 

a 

b 

C 

bc 

1E 

i R  

i 

K 

min 

n 

0 

P VE 

P VR 

r 

S 

X 9 Y  92 

Superscript : 

(7 

angular v e l o c i t y  df b a l l  around shaf t  center, rad ls  

b a l l  sp in  r o t a t i o n a l  veloci ty,  radls 

s o l i d  a 

s o l i d  b 

cent ra l  

ba:l center 

i sovi scous-el ast  i c  regime 

i s o v i  scous-rigid regime 

i nner race 

K a p i  t z a  

minimum 

i t e r a t i o n  

outer race 

piezovi  scous-elast i c  regime 

piezoviscous-rigid regime 

for rectangular area 

for starved cond i t oris 

coordinate system 

approximate 
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Figure I?. 1. - Map of lubrication regimes for ellipticity parameter k of 1. 
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