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In this Part I of a two-part study of Hertzian indentation in
silicon nitride we characterize irreversible contact damage
as a function of microstructure. Three controlled silicon
nitride microstructures are examined, representing a pro-
gression toward greater long-crack toughness: fine (F), bi-
modal with predominantly equiaxeda grains; medium (M),
bimodal with mostly b grains of intermediate size; and
coarse (C), with almost exclusively elongatedb grains. An
effect of increasing the microstructural heterogeneity in
this sequence is to suppress ring cracking around the in-
denter, ultimately to a degree beyond that expected from
increased toughness alone. Along with the crack suppres-
sion is a parallel tendency to enhanced damage accumula-
tion beneath the indenter, such that the contact in the
coarsest microstructure is predominantly quasi-plastic.
The characterization of damage includes the following: de-
termination of indentation stress–strain curves, to measure
the level of quasi-plasticity; measurement of threshold
loads for the initiation of ring cracking and subsurface
yield, to quantify the competing damage processes; and
measurement of characteristic dimensions of the ensuing
cracks and deformation zones in their well-developed
stages. These quantitative results are considered in terms of
formal contact mechanics, along with finite element mod-
eling to generate the essentially elastic–plastic fields in the
different silicon nitride structures. This contact mechanics
description serves also as the basis for subsequent analysis
of strength degradation in Part II. Implications concerning
microstructural design of silicon nitride ceramics for spe-
cific applications, notably bearings, are considered.

I. Introduction

SILICON NITRIDE is acknowledged as the ceramic of first
choice for modern bearing applications where resistances to

wear, fatigue, and corrosion are limiting factors in lifetime
performance.1,2 At the same time, it is well recognized that the
toughness of silicon nitride ceramics can be profoundly in-
creased by suitably tailoring the microstructures, e.g., by grow-
ing large elongated grains3–6 and by manipulating the grain
boundary phase,7,8 in order to enhance bridging.6,9,10However,
this toughness increase is generally limited to the long-crack
region. Properties determined at the microstructural level,

among them strength, may undergo simultaneous degrada-
tion11–14—in extreme cases such degradation may be suffi-
ciently pronounced as to render the ceramic ‘‘machinable.’’15

At issue here is whether increased heterogeneity in the silicon
nitride microstructure results in more pronounced damage in
concentrated loadings. In the specific context of optimal bear-
ing design, there is a clear need to understand the role of
internal microstructural variables on damage properties.

Hertzian testing with spherical indenters is an especially
powerful tool for providing insight into these implied micro-
structural tradeoffs.16 The Hertzian test has been used in the
damage characterization of several tough ceramics,17–21 in-
cluding initial studies on silicon nitride.22–25 By virtue of its
highly confined, compression-dominated stress field, this test
uniquely allows for the identification of intrinsic damage
modes that are not ordinarily evident in conventional fracture
specimens, but which are nevertheless crucial to bearing per-
formance. Essentially, the consequence of increasing micro-
structural heterogeneity, with accompanying microscale weak-
ness, is a change from classic tension-driven ring or cone
cracking outside the contact to shear-driven distributed damage
beneath the contact, constituting an effective brittle-to-ductile
transition.16,26 This transition accounts for the higher suscep-
tibility to fatigue and wear mentioned above. The Hertzian test
is also open to quantification, via measurement of indentation
stress–strain curves18,19,27,28 and finite element modeling
(FEM) of fracture and deformation zones.29

In this study we examine Hertzian contact damage in con-
trolled silicon nitride microstructures. We consider three
grades of silicon nitride with progressively increasing grain
size, designated fine (F), medium (M), and coarse (C), of which
the second most closely represents conventional bearing-grade
silicon nitride. This microstructural progression also represents
increasing grain elongation andb/a phase ratio. The study is
presented in two parts. In Part I, Hertzian tests are made to
characterize the basic contact damage modes in each material
grade, in particular the competition between brittle fracture and
quasi-plastic deformation. The observed damage patterns are
subjected to quantitative mechanical analysis, using FEM to
map out macroscopic ‘‘yield’’ zones and fracture mechanics to
determine conditions for ring crack initiation and propagation.
The principal contact variables are sphere radius,r, and load,P.

In Part II, the degrading effect of contact damage on strength
will be evaluated.

II. Processing and Preparatory Characterization of
Silicon Nitride Materials

Silicon nitride materials with three microstructures were pro-
cessed from a common starting powder composition by con-
trolled heat treatment, and then routinely characterized for sub-
sequent Hertzian testing. Parameters determined from this
characterization are included in Table I.

(1) Processing
The starting silicon nitride powder composition consisted of

a-Si3N4 (UBE-SN-E10, Ube Industries, Tokyo, Japan) with the
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following additives: 5 wt% Y2O3 (Fine Grade, H. C. Starck
GmbH, Goslar, Germany), 2 wt% Al2O3 (AKP 50, Sumitomo
Chemical Co. Ltd., Tokyo, Japan), and 1 wt% MgO (High
Purity, Baikowski Co., Charlotte, NC). The powders were
mixed as a slurry in 2-propanol for 24 h in a planetary ball mill,
using zirconia balls in a polypropylene container. After drying,
the softly agglomerated powder was crushed and sieved
through a 60 mesh screen.

Hot pressing was then performed in nitrogen gas at 1 atm
under uniaxial stress 30 MPa, at either 1570°C for 1 h, 1650°C
for 1 h, or 1800°C for 3 h, followed by furnace cooling. These
heat treatments produced the ‘‘fine’’ (F-Si3N4), ‘‘medium’’
(M-Si3N4), and ‘‘coarse’’ (C-Si3N4) microstructures described
below.

(2) Microstructural Characterization
Specimen surfaces normal to the hot-press direction were

polished to 1mm finish to enable characterization. Figure 1
shows scanning electron microscopy (SEM) micrographs of the
three materials. These surfaces were plasma etched to highlight
the grain structures. No porosity is evident in the micrographs.
Density determinations using the Archimedes method con-
firmed a porosity level <0.1% in each case. X-ray diffraction
(XRD) was used to determine phase contents. Other specimens
were immersed in hot hydrofluoric acid to dissolve the glassy
phase, and the remnant silicon nitride grains collected on filter
paper. SEM micrographs of these grains were analyzed digi-
tally by computer by J. S. Wallace at NIST.

This characterization indicated the following microstruc-
tures:

(i) ‘‘Fine’’ ( F-Si3N4, Fig. 1(a)), bimodal structure with
≈75 vol% equiaxeda grains of mean size≈0.4 mm and≈15
vol% elongated rodlikeb grains of length 1.5mm and diameter
0.4 mm, and with≈10 vol% oxynitride glassy phase.8

(ii) ‘‘Medium’’ ( M-Si3N4, Fig. 1(b)), bimodal structure
with ≈20 vol% equiaxeda grains of mean size≈0.5 mm and
≈70 vol% elongated rodlikeb grains of length 4.0mm and
diameter 0.5mm, again with≈10 vol% glassy phase.

(iii) ‘‘Coarse’’ ( C-Si3N4, Fig. 1(c)), elongatedb grains of
mean length≈9 mm and diameter 1.5mm, over a comparatively
broad spread in grain size, and with≈10 vol% glassy phase.

The SEM micrographs of each of these structures in Fig. 1
include surface traces of radial cracks from Vickers indenta-
tions. Cracking is predominantly intergranular in each case, the
more so with increasing heterogeneity, attesting to the weak-
ness of the boundaries. Bridging is observed along the crack
paths, again more so in the coarser materials.9,30 The well-
behaved form of the crack traces in Fig. 1 confirms the suit-
ability of Vickers indentations for toughness evaluations in the
next subsection.

The Vickers indentations also provide an indication of hard-
ness, determined here asH 4 P/2a2, whereP is peak load and
a is impression half-diagonal. Values obtained (means ± stan-
dard deviations, five indentations atP 4 100 N) are included

Table I. Silicon Nitride Data
Material F-Si3N4 M-Si3N4 C-Si3N4 WC

Hot-press condition 1570°C, 1 h 1650°C, 1 h 1800°C, 3 h
Grain morphology Equiaxed, elongated† Equiaxed, elongated† Elongated†
Grain size (mm)† 0.4 (equiaxed)

1.5/0.4 (elongated)
0.5 (equiaxed)
4.0/0.5 (elongated)

9.0/1.5

b-phase (vol%) 17 78 100
Hardness,H (GPa) 21.0 ± 0.7 17.9 ± 0.4 15.8 ± 1.1 19.0
Toughness,T (MPa z m1/2) 3.9 ± 0.3 5.3 ± 0.4 4.5–7.0‡
Strength,sF (MPa) 885 ± 85 1084 ± 62 792 ± 32
Flaw size,cf (mm) 5 ± 2 6 ± 2 9 ± 4
Young’s modulus,E (GPa) 335 326 315 614
Poisson’s ratio,n 0.27 0.28 0.29 0.22
Yield stress,Y (GPa) 11.7 9.5 7.3 6.0
Strain-hardening coefficient 1.0 0.7 0.5 0.1

†Length/diameter of rodlike grains.‡R-curve, crack extension range 40–700mm.

Fig. 1. SEM micrographs of silicon nitride specimens: (a)F-Si3N4,
(b) M-Si3N4, (c) C-Si3N4. Specimens plasma etched for 40 s to reveal
grain structures. Segments of radial cracks from Vickers indentations
are visible. Note predominantly intergranular fracture, bridging in
C-Si3N4.
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in Table I. The monotonic decrease throughF → M → C
correlates with the diminishing hardness ofb phase relative to
a phase.3

Young’s modulusE and Poisson’s ration were indepen-
dently determined for each material using routine sonic tech-
niques.

(3) Strength and Toughness
Flexure specimens were prepared as bars 3 mm × 4 mm × 25

mm with polished surfaces and chamfered and polished edges,
for strength and toughness evaluation. The flexure tests were
made in four-point bending, inner span 10 mm and outer span
20 mm. Unless otherwise specified, these tests were made at
fast loading rate (<20 ms break time) in ‘‘inert’’ environment
(silicone oil), to minimize environmental effects.

The first bend tests were made on as-polished, unindented
specimens, to establish a laboratory strength baseline for each
silicon nitride type. Measured inert strengths (means ± standard
deviation, 10 specimens) are shown in Table I.

Another set of bend tests was run on specimens after Vickers
indentation, over a range of loads. Results representing breaks
from indentations (means ± standard deviations, five speci-
mens at each load) are plotted as the data points in Fig. 2. The
baseline laboratory strengths for specimens without indenta-
tions are included as the shaded areas at left. The data set for
F-Si3N4 is relatively low on the strength axis, with a slope
close to −1/3 in logarithmic coordinates, indicative of a mate-
rial with comparatively low, single-valued toughness. The data
set forM-Si3N4 is higher, but again with slope close to −1/3,
signifying an increased, but still close to single-valued, tough-
ness. The data set forC-Si3N4 is highest at larger contact loads,
but crosses below theM-Si3N4 curve at smaller loads; in
C-Si3N4 the slope is significantly less than 1/3, indicating the
existing of a rising crack resistance from the bridging con-
straints referred to in the preceding subsection. An objective
deconvolution of the strength data in Fig. 2 using indentation
fracture mechanics31 yields the functional dependencies of
toughnessK 4 KR 4 T on crack sizec shown in Fig. 3 (see
Appendix for details). ForF-Si3N4 andM-Si3N4, the toughness
values are effectively constant,T 4 T0 (grain boundary tough-
ness), over the crack extension data range≈40 to 700mm. For
C-Si3N4, T(c) rises substantially over this same crack extension
range.13 Note again how theT(c) curve for C-Si3N4 crosses
below that forM-Si3N4 at low load, foreshadowing diminished

short-crack properties (i.e., belowc ≈ 100 mm) in the former.
Actual toughness values are indicated in Table I.

With these evaluations we may estimate flaw sizescf from
the base laboratory strengthssF (assuming the flaws to be
initially in the stress-free state32). The slopes of the toughness
curves in Fig. 3 are too small for any prefailure stable growth,33

even for theC-Si3N4 material, so failure is expected to occur
spontaneously when the applied stress-intensity factorKA at
the critical stress intersects the appropriate toughness curve
T(c),10 i.e.

KA 4 sF (pcf)1/2 4 T(cf) (1)

Estimates ofcf obtained in this way are included in Table I.
Note in each case that the estimated flaw size is equivalent to
a few grain dimensions.

III. Hertzian Contact Damage Tests

Hertzian damage tests were conducted to follow the evolu-
tion of damage in each of theF-Si3N4, M-Si3N4, andC-Si3N4
materials.25 Indentations were made on diamond-polished sur-
faces (1mm finish) using tungsten carbide (WC) spheres of
radiusr 4 1.21–12.7 mm, to peak loads up toP 4 5000 N and
at a fixed crosshead speed 1.67mm z s−1. The indented surfaces
were gold coated for examination by optical microscopy (No-
marski interference) and SEM.

(1) Indentation Stress–Strain Curves
Indentation stress–strain curves were evaluated from mea-

surements of contact radiusa (made visible by first coating the
specimen surface with a gold film) at each given loadP and
sphere radiusr.18,19Data representing indentation stress,p0 4
P/pa2, as a function of indentation strain,a/r, are plotted in
Fig. 4. The data for each material fall on a universal curve,
independent ofr, confirming geometrical similarity in the yield
process.27 The solid curves through the data are theoretical fits
(Section IV). The inclined dashed line through the origin rep-
resents the limit for purely Hertzian elastic contacts on
F-Si3N4

18,19(Section IV). The horizontal dashed lines at upper
right indicate hardness values for reference (Table I).

The indentation stress–strain curves in Fig. 4 deviate dis-
tinctly from linearity in the high stress region, indicating the
onset of ‘‘yield.’’ Although the deviations are much less
marked than in other, softer ceramics,26 and despite the fact
that part of the deviation is attributable to deformation in the
WC indenters (the spheres were noticeably flattened by the
contacts), a trend is discernible in the data. The nonlinearity is

Fig. 2. StrengthsF of Vickers-indented Si3N4 flexure specimens as
function of indentation loadP. Data forF-Si3N4 andM-Si3N4 closely
follow classical relationsF ~ P−1/3 for materials with single-valued
toughness. Data forC-Si3N4 show flatter response, indicating rising
toughness curve. Shaded areas at left indicate laboratory inert strengths
for specimens without indentations.

Fig. 3. Toughness curves of Si3N4 materials, deconvoluted from data
in Fig. 2 (see Appendix).
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slightest for theF-Si3N4, and greatest for theC-Si3N4, consis-
tent with the observed tendency to softening with increasing
microstructural heterogeneity.

(2) Damage Initiation: Critical Loads for Quasi-plasticity
and Ring Cracking

Hertzian contact tests were conducted on polished surfaces
of F-Si3N4, M-Si3N4, andC-Si3N4 specimens to characterize
quasi-plasticity and ring crack damage types and to determine
critical conditions for the onset of these damage modes. Inden-
tation loads were incremented at successive contacts to deter-
mine the first signs of damage using Nomarski illumination: for
yield, surface depression; for fracture, ring cracking. A useful
adjunct in the detection of cracking was the use of an acoustic
sensor mounted on the specimen surface close to the contact to
monitor acoustic emissions during loading.34,35

Figure 5 shows surface views of residual contact sites on
each of the silicon nitride materials after indentation with a WC
sphere of radiusr 4 1.98 mm at peak loadP 4 4000 N, along
with corresponding acoustic signal traces over a loading half-
cycle. The distinctive damage patterns and acoustic signatures
suggest a trend from fracture-dominated to deformation-
dominated with increasing microstructural heterogeneity. In
F-Si3N4 (Fig. 5(a)), the surface ring cracks are relatively pro-
nounced and the acoustic signals strong, implying deep crack
penetration. In this material, there is no sign of accompanying
irreversible deformation, at least at this sphere radius. In
M-Si3N4 (Fig. 5(b)), the ring cracks are less pronounced and
the acoustic signals weaker, suggesting less crack penetration.
A residual surface depression is now apparent within the ring
crack, confirming the onset of quasi-plasticity. InC-Si3N4 (Fig.
5(c)), the ring cracks are even less distinct and the acoustic
signals correspondingly very much weaker, suggesting even
shallower surface fracture. In this case the surface depression
within the ring cracks is strongly evident.

The acoustic spikes correlate one-to-one with the surface
ring crack locations in Fig. 5, enabling more accurate determi-
nation of the critical loads for first ring cracking,PC. From
such correlations, the ratio of the surface ring-crack radiusR0
to critical contact radiusaC lies within the rangeR0/aC ≈ 1.15
± 0.05 for all three silicon nitrides.36 On the other hand, there
is no indication of any correlation between the acoustic signal
and the incidence of quasi-plasticity in the silicon nitrides, even

in the comparatively deformableC-Si3N4. Weibull plots ofPC
for sphere radiusr 4 1.98 mm in Fig. 6 (14 indentations)
typify data variations.

Results of determinations of the threshold loads for yield,
PY, and for ring cracking,PC, are plotted as data points in Fig.
7 as a function of sphere radiusr for each material. (The
limited yield data range in the intrinsically brittleF-Si3N4 in
Fig. 7(a) reflects the difficulty in detecting irreversible defor-
mation in this material.) Solid curves are fits to the data (Sec-
tion IV). Two trends are of interest:

(i) Effect of indenter size: The critical loads for onset of
fracture and yield show different functional dependencies on
sphere radius in all materials, implying a size effect in the
competition between these two processes. The crossover point
betweenPY(r) and PC(r) signals a kind of ‘‘ductile–brittle’’
transition,37–41 with a predilection toward yield at smaller
sphere sizes (‘‘sharp’’ indenters) and toward fracture at larger
sphere sizes (‘‘blunt’’ indenters).42

(ii) Effect of microstructure: The data crossover point oc-
curs at ever-increasing sphere sizes with increasing microstruc-
tural heterogeneity, so that, over the size range covered,
F-Si3N4 is relatively brittle andC-Si3N4 is relatively quasi-
plastic, withM-Si3N4 intermediate. On an absolute load scale,
values ofPY decrease monotonically in the sequenceF → M →
C. This trend is consistent with the progressively diminishing
Vickers hardness values in Table I. Values ofPC increase from
F-Si3N4 to M-Si3N4; however,PC decreases again, to its lowest
level, in C-Si3N4. These trends in the fracture behavior corre-
late with the measured toughness characteristics in the short-
crack region of Fig. 3.

(3) Damage Evolution: Development of Yield Zones and
Ring Cracks

Bonded-interface specimens were used for section views
through subsurface damage zones.18,19 In each such specimen,
two polished half-blocks were clamped face-to-face with an
intervening thin layer of adhesive, and the top surface itself
then polished. Indentations were made across the surface trace
of the bonded interface, the adhesive subsequently dissolved in
acetone, and the separated half-blocks gold coated for exami-
nation in Nomarski illumination.

Half-surface and section views of the contact damage ob-
tained atr 4 1.98 mm andP 4 4000 N are shown in Fig. 8
(cf. Fig. 5). InF-Si3N4 (Fig. 8(a)), a fully developed subsurface
cone crack is apparent.42–44 Once beyond the initial surface
ring, the cone crack propagates at an anglea ≈ 19 ± 2° to the
top free surface. No accompanying deformation is detectable
beneath the contact circle (cf. Fig. 5(a)). This kind of near-ideal
brittle response is typical of homogeneous, fine-grain ceram-
ics.17 In M-Si3N4 (Fig. 8(b)), a cone crack is again evident, at
approximately the same angle but considerably shorter in
length. There is also now clear evidence of a subsurface quasi-
plastic deformation zone, accounting for the slight surface de-
pression (cf. Fig. 5(b)). The response is in an intermediate
stage, with fracture and deformation in mutual competition. In
C-Si3N4 (Fig. 8(c)), the incipient surface ring crack collars
show virtually no penetration at all in the section view. The
subsurface quasi-plastic zone, on the other hand, is consider-
ably more intense, consistent with the pronounced surface de-
pression (cf. Fig. 5(c)). This last response is typical of tough,
but soft, heterogeneous ceramics,26 with a macroscopic defor-
mation zone geometry beginning to approach that of fully plas-
tic metals.27,45

Figure 9 shows the progressive evolution of the subsurface
damage zone with increasing load in the coarseC-Si3N4 ma-
terial, again forr 4 1.98 mm. Once more, damage initiates
beneath the contact, where the shear stress is a maximum, and
gradually progresses until the plastic zone is fully developed.26

Note that the minimum load in this sequence,P 4 1000 N
(Fig. 9(a)), lies just above the yield threshold for spheres of this
size (cf. Fig. 7(c)).25 Figure 10, a higher-magnification SEM

Fig. 4. Indentation stress–strain curves for Si3N4 materials, from
Hertzian contact tests. Data plotted for range of sphere radiusr 4
1.21–12.7 mm (r values not distinguished). Solid curves are FEM-
generated fits. Inclined dashed line through origin is Hertzian elastic
limit for F-Si3N4. Horizontal dashed lines at upper right indicate Vick-
ers hardness values.
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micrograph of the central subsurface damage zone from Fig.
9(e), reveals the underlying micromechanical form of the dam-
age process inC-Si3N4.

Bonded-interface specimens like those in Figs. 8 and 9 allow
for direct determination of characteristic dimensions of fully
propagating ring cracks. Figure 11 shows data (closed sym-
bols) for ring crack coordinatesc andC, measured respectively
from the surface ring or virtual cone tip to the cone base (see
inset), as a function of peak loadP, for r 4 1.98 mm. As a
check against the possibility of artifacts in the crack geometry

from the bonding procedure, data from sections polished
through contact centersafter indentation on bulk specimens
surfaces are included in Fig. 11 (open symbols). The trend to
strongly diminishing crack sizes in the sequenceF → M → C
noted in Fig. 8 is again in evidence. Solid curves represent data
fits or predictions (Section IV).

The suppression of cone cracking noted in Fig. 8(c) warrants
further attention, because of its pertinence to strength degra-
dation (Part II). Comparative SEM images of the near-surface
region for the extreme casesF-Si3N4 andC-Si3N4 are shown in

Fig. 5. Hertzian contact sites in (a)F-Si3N4, (b) M-Si3N4, (c) C-Si3N4, from WC sphere of radiusr 4 1.98 mm at loadP 4 4000 N. Left column:
optical micrographs (Nomarski), showing surface views. Right column: corresponding acoustic emission signals, plotted as function ofP over a
loading half-cycle (acoustic signal in arbitrary units, but same scale in all cases). Acoustic spikes correlate with ring crack pop-in.
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Fig. 12. Although a common intergranular mode of fracture is
again evident (cf. Fig. 1), the crack growth is more highly
deflected in the coarse-grainC material (consistent with obser-
vations of enhanced crack path disruption in heavily bridged
ceramics9,46). This enhanced tortuosity is more apparent in the
higher-magnification micrograph in Fig. 13. It is noteworthy
that the scale of the grain facet deflections in the C material
(Figs. 12(b) and 13) is comparable with the depth of the surface
ring collar in theF material (Fig. 12(a)).

IV. Mechanics

In order to analyze the contact damage patterns in the dif-
ferent silicon nitride materials it is necessary to evaluate the
contact fields. Because of the quasi-plasticity component we
resort to a numerical algorithm, using finite element modeling
(FEM), details of which are described elsewhere.26 First, we
match theindentationstress-strain curves,p0(a/r) (Fig. 4), with
constitutiveuniaxialcompression stress–strain responses,s(e),
to establish a condition for deformation. Then we map princi-
pal shear components, for evaluation of the quasi-plastic yield
zones, and principal tensile components, for evaluation of the
ring cracks.

(1) FEM and Elastic–Plastic Contact Fields
The FEM algorithm assumes a WC sphere of specified ra-

diusr in normal frictionless contact with a flat Si3N4 specimen
surface. Deformation in both WC and Si3N4 above the respec-
tive elastic limits is governed by a critical shear stress yield
criterion, in accordance with idealized uniaxial compression
stress–strain functionss(e). Such functions are plotted in Fig.
14: for WC (dashed line), from a previous calibration;26 for
Si3N4 (solid lines), constructed from the following input pa-
rameters:

(i) Young’s modulusE and Poisson’s ration (Table I),
determining the slope in the initial elastic region. This initial
linear region corresponds to an equivalent initial linear region
in the indentation stress–strain curve, determined by the
Hertzian relationp0 4 (3E/4pk)a/r (k ≈ 0.81 for WC/Si3N4).28

(ii) Yield stressY, determining the quasi-plasticity cutoff
point. Quasi-plasticity is predicted to activate when the maxi-
mum shear stress≈0.47pY in the Hertzian contact field (located
at a depth≈0.5a below the contact center) attainsY/2, corre-
sponding to a point of deviationpY 4 PY/pa2 ≈ 1.1Y on the
indentation stress–strain curve.27,47Observations of the critical

Fig. 6. Weibull diagrams plotting critical load for ring crack pop-in
for silicon nitride materials, using WC spheres of radiusr 4 1.98 mm.
The fits correspond to Weibull moduli: forF-Si3N4, m 4 19; for
M-Si3N4, m 4 28; for C-Si3N4, m 4 22.

Fig. 7. Mean critical contact load for ring crack initiation,PC, and
yield, PY, as function of WC sphere radiusr, for (a) F-Si3N4, (b)
M-Si3N4, (c) C-Si3N4. Note different dependencies ofPC andPY on r,
and diminishingPY/PC throughF → M → C. Solid curves through
PY(r) data are theoretical fits, throughPC(r) data are empirical fits.
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loads (Fig. 7) and corresponding contact radii at first perma-
nent impression enable determination ofY (mean values in-
cluded in Table I).

(iii) Strain-hardening coefficienta0, determining the slope
(s − Y)/(eE − Y) in the (assumed) linear quasi-plastic region.26

The coefficienta0 is adjusted for each material to provide a
best fit to the indentation stress–strain data in this region (val-
ues included in Table I).

In the actual FEM computations the loadP is increased

incrementally, and the contact radiusa computed at each step,
allowing for computation of indentation stresses (p0 4 P/pa2)
and indentation strains (a/r). The indentation stress–strain
functions regenerated in this way, with due allowance in the
algorithm for deformation in the WC sphere,26 are plotted in
Fig. 4 (solid curves), along with the Hertzian elastic limit for
F-Si3N4 (dashed line). The regenerated curves fit the data
within the experimental scatter. Note that whereas the inden-
tation stress–strain curves in Fig. 4 show significant deviations

Fig. 8. Half-surface and side views of Hertzian contact damage in (a)F-Si3N4, (b) M-Si3N4, (c) C-Si3N4, from WC sphere radiusr 4 1.98 mm
at loadP 4 4000 N. Nomarski optical micrographs of bonded-interface specimens. Note transition from fracture-dominated to quasi-plasticity-
dominated damage pattern throughF → M → C.
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from linearity, these deviations are not much greater forM-
Si3N4 and C-Si3N4 than for F-Si3N4. On the other hand, the
intrinsic s(e) functions in Fig. 14 show marked material-to-
material variations. This implies that the nonlinearities in the
indentation data in Fig. 4 come in large part from deformation
of the indenter, consistent with the relative location of the WC
s(e) curve in Fig. 14 and the observed sphere flattening in
Section III(1).

With these parametric ‘‘calibrations,’’ the FEM algorithm
enables determination of contours and trajectories of maximum
principal shear and tensile stresses (t31 4

1
2
(s3 − s1) ands1 $

0), and corresponding strains (e31 and e1) (with principal
stresses defined such thats1 $ s2 $ s3 within the damage
zone, and withs2 a ‘‘hoop stress’’).26 These evaluations afford
predictions of the quasi-plasticity zone boundaries, delineated
by the yield conditiont31 4 Y/2,26 and prospective crack
paths, delineated by thes2–s3 trajectory surface.44 In deter-
mining such contours and trajectories an internode interpola-
tion procedure is used in the algorithm to smooth out grid
discreteness.

(2) Quasi-plasticity
An analysis can be made of the effect of indenter size on

critical load,PY(r) in Fig. 7, using the principle of geometrical
similarity. This principle states that, for isotropic homogeneous
bodies, the stress and strain states are determined exclusively
by geometryand not bysizeof the contact. The validity of this
simple but powerful principle in contact mechanics has long
been acknowledged.27,48One confirmation is the independence
of Hertzian indentation stress–strain curves on sphere radius
(Fig. 4). Another is the independence of yield stress on char-
acteristic test dimension, in this case sphere radiusr (a proviso
being thatr remains large compared with the scale of the mi-
crostructure, but small compared with the scale of the speci-
men). Accordingly, takingpY 4 PY/pa2 4 1.1Y from the
previous subsection in conjunction with the Hertzian relation
a3 4 4kPr/3E,48,49 we have

PY/r2 4 (1.1pY)3(4k/3E)2 4 constant (2)

so that, sinceY is independent ofr, the functionPY(r) is para-
bolic. The solid curves in Fig. 4 generated from Eq. (2) using
E andY (Table I) andk ≈ 0.81 (WC/Si3N4) pass through the
appropriate data sets, validating the similitude principle, at
least over the data range.

Consider now the geometry of the quasi-plasticity damage
zones. In Fig. 15 we plot FEM-computed contours of maxi-
mum principal shear strain for each Si3N4, at r 4 1.98 mm and
P 4 4000 N, to facilitate direct comparisons with the section
observations in Fig. 8. Contours ofstrain rather thanstressare
plotted in this instance to afford a stronger correlation with the
observed damage intensity in the micrographs (bearing in mind
that the Nomarski contrast used in Fig. 8 is displacement-

Fig. 9. Half-surface and side views of Hertzian contact damage in
C-Si3N4, from WC sphere radiusr 4 1.98 mm, at loads (a)P 4 1000,
(b) 1500, (c) 2000, (d) 3000, and (e) 4000 N. Nomarski optical mi-
crographs of bonded-interface specimens.

Fig. 10. SEM views of micromechanical damage from central region
of Fig. 9(e): (a) secondary electrons, (b) backscattered electrons.
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sensitive). Accordingly, the degree of shading in Fig. 15 indi-
cates the levels of strain within the predicted yield zones:F-
Si3N4, strain buildup, but a barely perceptible yield zone;M-
Si3N4, moderate strain buildup within a modest yield zone;
C-Si3N4, much more intense strain buildup within a larger yield
zone. These computed characteristics are seen to correlate with
the observations in Fig. 8.

Figure 16 shows a sequence of computed yield zone bound-
aries as a function of increasing load forC-Si3N4, at r 4 1.98
mm, for comparison with Fig. 9.26 This sequence indicates the
evolutionary development of the quasi-plastic zone, from its
initiation just above the critical load (Fig. 16(a)), through its
intermediate confined expansion (Figs. 16(b–d)) to its nearly
full development (Fig. 16(e)). Again, the predictions correlate
with the observations in Fig. 9.

(3) Ring Cracks
A rich literature exists on the mechanics of Hertzian frac-

ture.10,36,42–44,50–61The FEM-generated tensile stress fields
that are assumed to control the crack evolution are plotted in
Fig. 17 for each Si3N4, at r 4 1.98 mm andP 4 4000 N (cf.
Fig. 8). In these figures solid curves are contours of principal
stresss1, with shading indicating tensile regions. Extreme con-
centrations of tension in the near-surface regions outside the
contact circle, where the ring cracks occur, are apparent. Note
that the tensile field does not appear to vary as markedly from
material to material as does the shear field in Fig. 15, indicating
that relaxation effects outside the quasi-plastic damage zone
are not strong (at least at the present contact conditions26).
Dashed curves in Fig. 17 ares3 stress trajectories within the
plane of the diagram (i.e., normal tos1 and contained within
the plane of the diagram), indicating favored directions for the
propagating cone cracks.

However, even in ideal, homogeneous solids, analytical frac-
ture mechanics has proved somewhat limited in its capacity to
deal with the highly complex ring crack evolution during
Hertzian indentation. For instance, whereas the apparent cor-
respondence betweens3 trajectories and ensuing cone cracks
has long been recognized,44 leading to the presumption that the
fracture mechanics may be completely predetermined by the
prior Hertzian stress field, the anglea ≈ 26° that the trajectories
make with the top free surface in Fig. 17 is significantly larger
than thea ≈ 19° observed experimentally in Fig. 8. Such dis-
crepancies in crack angle have been previously noted, and pro-
visionally attributed to uncertainties in Poisson’s ratio.60,62

Only recently has it been demonstrated, using an FEM code
that allows piecewise ring crack extension within theevolving
(as distinct from theprior field),63 that the stress trajectories
are not an accurate determinant of the ultimate path, and that
the fracture mechanics may differ quantitatively (if not quali-
tatively) from conventional calculations.

The rising toughness curves (Fig. 3) accompanying quasi-
plasticity zones (Figs. 8 and 9) and exaggerated crack deflec-
tions (Figs. 12 and 13) that characterize the tough, heteroge-
neous ceramics of interest here add further to these difficulties.
Consideration of the Hertzian contact problem in such hetero-
geneous materials is only now being addressed.26 Accordingly,
we confine ourselves to a phenomenological approach below:64

(A) Crack Propagation: We begin with the less compli-
cated case of well-developed cone cracks. In their fully devel-
oped form, i.e.,C >> R0/cosa (inset, Fig. 10), the ring cracks
assume a geometry approaching that of a truncated cone. In the
limit, the stress-intensity factor has the simple form for essen-
tially pennylike cracks,K(P,C) 4 xP/C3/2.10,42 At increasing
load, the cones propagate in stable equilibrium atK(P,C) 4

Fig. 11. Plot of Hertzian ring dimensionsc of ring cracks as function
of indentation loadP for Si3N4 materials, WC sphere radiusr 4 1.98
mm. Open symbols from bonded-interface specimens, closed symbols
from post-indentation-sectioned specimens. Solid curve throughF-
Si3N4 data is theoretical fit; dashed curves throughM-Si3N4 and C-
Si3N4 data are ensuing predictions. Fig. 12. SEM detail of ring crack path near region of surface initia-

tion in (a)F-Si3N4 and (b)C-Si3N4, from WC sphere radiusr 4 1.98
mm at loadP 4 4000 N.
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T(C). For the special case of materials with constant toughness,
T 4 T0 4 constant (F-Si3N4 andM-Si3N4), we have a familiar
result10

P/C3/2 4 T0/x 4 constant (3)

where x 4 x(a) is a geometric coefficient.10,43 In Fig. 11,
using T0 from Fig. 3, we have fitted this function asymptoti-
cally to theF-Si3N4 data to obtainx 4 0.0154 (solid curve).
Taking this as a baseline calibration, we have then predicted
P(C) for the other two materials (dashed curves): forM-Si3N4,
using Eq. (3); and forC-Si3N4, using xP/C3/2 4 T(C). The
predicted crack sizesC for M-Si3N4 are within ≈10% of the
data points in the asymptotic region, which is about as good an
agreement as may be expected for a material in which the cone
cracks barely meet the condition (C >> R0/cos a) for well-

developed cracks (see Fig. 8(b)). The predicted sizes forC-
Si3N4, on the other hand, are much higher than observed (in
coordinatec, by more than an order of magnitude). The impli-
cation is that the cracks inC-Si3N4 remain entrapped within the
initiation stage.

(B) Crack Initiation: In their initial stages the ring cracks
have a geometry more akin to a cylindrical collar, with crack
depthc << R0.44 Under such small-crack conditions the field
more resembles a state of plane strain, which might appear to
simplify determination of the equilibrium stress-intensity factor
K(P,r,c) 4 Pf(r,c) 4 T(c).10,42,44,58–60However, computations
of f(r,c) are complicated by the uncommonly high stress gra-
dients along the crack path, ever varying with the expanding
contact radius. There is also the above-mentioned issue as to
how accurately one may determineK(P,r,c) from the prior
Hertzian stress field63 and the superposed complications from
polycrystalline heterogeneity. From traditional Hertzian frac-
ture analyses it may be concluded that the critical load at which
the crack equilibrium becomes unstable will generally increase
with sphere radius and toughness and diminish with starting
flaw size, but in a much more complex manner than in uniform
stress fields. For the sphere size dependence,PC(r), reality
generally lies between two extremes of behavior:10,42,44,58–60,65

Fig. 13. Higher magnification view of ring crack collar region in
C-Si3N4 in Fig. 12(b).

Fig. 14. Intrinsic stress–strain functions for uniform uniaxial loading
state (inset):F-Si3N4, M-Si3N4, and C-Si3N4 (solid lines); WC in-
denter material (dashed line, from Ref. 26).

Fig. 15. FEM-generated contours of maximum principal shear strain,
e31, for indentations with WC sphere,r 4 1.98 mm,P 4 4000 N: (a)
F-Si3N4, (b) M-Si3N4, (c) C-Si3N4 (cf. micrographs in Fig. 8). Shading
indicates yield zone. Contact diameter AA.
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(i) critical stress (small flaw, or large indenter) limit, wherecf
is so small relative toR0 that the stress inhomogeneity over its
length may be neglected, so that criticality occurs when the
maximum tensile stress exceeds the bulk strength of the mate-
rial—in this limit the dependence is quadratic,PC/r2 4 con-
stant, with dependence oncf; (ii) ‘‘Auerbach’’ (large flaw, or
small indenter) limit, where the stress inhomogeneity is so
pronounced as to induce initial stable growth of the flaw to a
critical depth prior to instability—in this limit the dependence
is linear, PC/r 4 constant, independent ofcf. In Fig. 7 we
simply note that the empirical curves through the data lie some-
where between these two limits, resulting in crossover with the
PY(r) curves. In the specific case ofC-Si3N4, PC may be in-
terpreted as the load to produce a stably extending (entrapped)
surface ring crack rather than an unstably propagating cone
crack.

Again, the suppression of crack instability inC-Si3N4 war-
rants special attention. Recall the small differences in the ten-
sile stress fields for the three Si3N4 materials in Fig. 17. This
indicates that the crack suppression inC-Si3N4 must be due to
some cause other than stress redistribution. As to material-
related parameters,C-Si3N4 has the largest value of flaw sizecf
(Section II(3)); and, in this crack-size region where instability
might ordinarily be expected to occur,C-Si3N4 has the lowest
toughness (Fig. 3). On these counts it should beeasier to
initiate full cone cracks inC-Si3N4 than in the other two Si3N4

materials. The contrary explanation appears to lie in the exag-
gerated intergranular crack deflections over the depth of the
surface ring collar in Figs. 12 and 13. To quantify this point, let
us hypothesize that the crack is constrained to propagate down-
ward along a weak vertical planar boundary, instead of follow-
ing the stress trajectory. (We choose the vertical path for sim-
plicity—any other deviant planar path yields a similar result.)
Figure 18 compares the falloff of FEM-generated radial stress
sr (radial relative to the contact axis) along such a vertical path
with that of the principal stresss1 along the stress trajectory
path, for indentation conditions pertinent to Figs. 12 and 13.
Whereass1 remains wholly (if modestly) tensile along the
entire crack path,sr quickly becomes compressive below≈20
mm. The implication is that deviant ring cracks encounter com-
pressive restraints, to a degree that scales with a characteristic
grain dimension, resulting in premature crack entrapment in the
more heterogeneous microstructures.

V. Discussion

In Part I of this study we have characterized Hertzian contact
damage modes in silicon nitride in terms of microstructural
heterogeneity.Experimentally,we have shown how the contact
damage undergoes a transition from brittle fracture to quasi-
plastic deformation as the Si3N4 grains grow larger and more
elongate through the sequenceF → M → C (fine → medium
→ coarse) (Figs. 5 and 8). Attendant key elements of the mi-
crostructural development through this sequence are the fol-

Fig. 16. FEM-generated yield zone boundary for indentation in het-
erogeneous silicon nitride with WC sphere,r 4 1.98 mm, (a)P 4
1000, (b) 1500, (c) 2000, (d) 3000, and (e) 4000 N. Cf. micrographs in
Fig. 9. Contact diameter AA.

Fig. 17. FEM-generated contours of maximum principal normal
stresss1, for indentations with WC sphere,r 4 1.98 mm,P 4 4000
N: (a) F-Si3N4, (b) M-Si3N4, (c) C-Si3N4 (cf. micrographs in Fig. 8).
Shading indicates tensile zone. Dashed curves ares3 stress trajectories
drawn from surface outside contact diameter AA.
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lowing: progressive transformation froma to b phase, known
to simultaneously toughen and soften the silicon nitride struc-
ture;3 progressive weakening of interphase boundaries between
the Si3N4 grains and the glassy second phase, to simultaneously
enhance the quasi-plasticity mode (Fig. 10) and suppress the
fracture mode (Figs. 12 and 13).16,25 Theoretically,we have
used basic continuum mechanics concepts to interpret this
‘‘brittle–ductile’’ transition, with primary emphasis on the role
of underlying microstructure (and indenter) scaling in the com-
petition between the damage modes, but with reference also to
conventional material parameters (toughness and strength,
hardness and yield stress). FEM has been used as a means for
evaluating the critical stress and strain components in the elas-
tic–plastic contact zone: shear (Figs. 15 and 16), to account for
the enhancement of quasi-plasticity in the coarserC-Si3N4 ma-
terial; tension (Figs. 17 and 18), to account for the suppression
of ring cracking.

It might ordinarily be thought that the quasi-plasticity mode
in Si3N4 should be adequately quantifiable by the nonlinearities
in externally measured indentation stress–strain (or load–
displacement) responses, without the need for somewhat spe-
cialized (and time-consuming) ceramographic investigation. In
softer ceramics, such responses show highly distinctive
‘‘yield’’ characteristics,18,26 reminiscent of metals. However,
although the indentation stress–strain data for our silicon ni-
trides (Fig. 4) do show a progressively increasing bendover
through the sequenceF → M → C, the deviations are compar-
atively slight. (Recall from Sections III(1) and IV(1) that part
of this bendover is attributable to deformation of the indenting
WC sphere. Recall also that the FEM algorithm contains inbuilt
provision for separating out such artifacts.) This insensitivity to
the onset of quasi-plasticity in the stress–strain data is perhaps
a little surprising in view of the striking clarity of the devel-
oping yield zones in the micrographs (Figs. 8 and 9), reinforced
by the FEM-generated shear strain contours (Fig. 15). The
implication is that instrumented mechanical tests which moni-
tor external load–displacement responses may not always be
the most appropriate means for measuring (or even detecting)
intrinsic quasi-plasticity components in relatively hard materi-
als like silicon nitride.

It is of interest to explore how closely the threshold loads
for the onset of quasi-plasticity and cracking damage in
Hertzian contact relate to conventional macroscopic mechani-
cal properties such as yield stressY and strengthsF, especially
in light of the tendency for thePY(r) and PC(r) data sets in
Fig. 7 to cross each other (Section III(2)). We have already
alluded to this crossover in terms of the well-documented
transition to enhanced contact plasticity in otherwise brittle
solids at smaller indenter sizes.38–40 From the Hertzian rela-
tion for contact radius,a3 4 4kPr/3E,48,49 we may determine
mean indentation pressurep0 4 P/pa2 at any load in the elastic
region, and thence maximum surface tensile stress,s 4

1
2
(1 −

2n)p0 (at the contact circle), and subsurface shear stress,
t ≈ 0.47p0 (at depth≈0.5a, Section IV(1)). This enables us to
evaluate the critical stress at yieldY 4 2tY ≈ 0.94pY, and
at ring cracking,sC 4

1
2
(1 − 2n)pC. Values ofsC andY evalu-

ated in this way from thePY(r) and PC(r) data in Fig. 7 are
plotted in Fig. 19 as a function of sphere radiusr. Included in
Fig. 19 are the averaged yield stresses (Section III(2)) and bulk
fracture strengthssF (Section II(3)). We see that the yield
stress data are essentially independent ofr, consistent with a
size-independent hardness (at least over the sphere size range
covered). The critical fracture stress data, on the other hand,
decline steadily withr and, moreover, substantially exceed the
bulk strengths over the entire data range. These are classical
manifestations of fracture in highly inhomogeneous stress
fields10 and highlight the complete inadequacy of simplistic
critical stress failure criteria in the general contact damage
description. Finally, we note the uncommonly low ratio of
maximum tension/shear,s/t ≈ 0.25 (n ≈ 0.27), in the (predomi-
nantly triaxial compressive) Hertzian field, explaining why
yield occurs readily below indentations but not in more con-
ventional mechanical test specimens where significant tensile
components are generally unavoidable.

The primary issue in this study is the role of microstructural
heterogeneity in suppressing brittle fracture at the expense of
quasi-plasticity. InF-Si3N4 (Fig. 8(a)) the ring cracks form into
classical cones, with almost imperceptible subsurface quasi-
plasticity. InM-Si3N4 (Fig. 8(b)) the ring cracks are still well
formed, and propagate to sizes commensurate with the tough-
ness (Fig. 11), despite modest attendant quasi-plasticity. In
C-Si3N4 (Fig. 8(c)), however, the ring racks do not escape the
near-surface region outside the contact circle (Figs. 12 and 13),

Fig. 18. FEM-generated normal stressess1 along observed stress
trajectory path andsr along hypothetically constrained vertical planar
path for indentations with WC sphere,r 4 1.98 mm,P 4 1750 N,
R0 4 360 mm.

Fig. 19. Plot of threshold stressesY(r) for yield andsC(r) for ring
cracking. Individual points correspond to threshold load data from Fig.
7. Upper set of lines correspond to directly measured yield stresses
(Section III(2)), lower set to measured bulk fracture strengthssF (Sec-
tion II(3)). WhereasY is essentially size-independent,sC declines with
r, at levels substantially in excess ofsF.
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and quasi-plasticity dominates. We have argued (Section
IV(3)) that the most likely cause of this entrapment is deflec-
tion of the ring crack along the weak interphase boundaries. It
is generally true of contact fields that the principal tensile stress
is much lower magnitude than the principal compression stress
(|s1| << |s3|), so that any deviant crack becomes subject to a
substantial restoring shear stress (mode II) (‘‘directional sta-
bility’’). 42 Whereas in fine grain structures these restoring
forces are able to restore the crack path close to the ideal tensile
stress trajectories, they are less able to do so in coarse mate-
rials. In the latter instance the crack is forced into a compres-
sion zone (Fig. 18) and becomes arrested in its incipiency.

A corollary to the previous discussion concerns the effect of
starting flaw sizecf on the critical loadPC for ring cracking.
We have mentioned the reduced sensitivity of the critical load
to cf asPC becomes less quadratic and more linear withr, the
more so ascf increases, as a result of the contact field inho-
mogeneity (Section IV(3)). Microstructural coarsening may
well reduce this sensitivity still further, by making it more
difficult for the larger flaws to follow the stress trajectories.
Hence in heterogeneous materials likeC-Si3N4 especially large
flaws, from either the microstructure or from spurious (e.g.,
abrasion) damage, may remain highly stable within the
Hertzian field. There is a documented precedent for this antic-
ipated ‘‘damage tolerance,’’ from Hertzian fracture data on
glass surfaces with controlled abrasion flaws.62

The application in Section IV of established contact mechan-
ics, supplemented by FEM, has enabled us to establish a phe-
nomenological basis for quantifying the competition between
yield and cracking in Hertzian fields. At the same time, we
have acknowledged certain limitations in our mechanical de-
scriptions, most strikingly in our capacity to account quantita-
tively for ring crack initiation in the highly heterogeneousC-
Si3N4. Inadequacies of longstanding fracture mechanics
approaches that use the prior Hertzian stress field to evaluate
stress-intensity factors have been cited. The use of objective
numerical procedures for computing such stress-intensity fac-
tors, allowing the crack to extend piecewise and reevaluating
the crack-tip field at each step of the extension, would appear
desirable,63 especially when quasi-plasticity accompanies the
fracture. Moreover, with greater microstructural heterogeneity
the very notion of a single well-developed crack becomes in-
creasingly suspect. In the limit of extreme heterogeneity, the
damage is more properly described as a cloud of many micro-
scopically localized microcracks (‘‘shear faults’’) (Fig. 10)
than as a single macrocrack. Micromechanical modeling of the
shear fault process itself remains in its infancy.16,66–70A basic
understanding of how such shear faults respond collectively
within the quasi-plastic damage zone is fundamental to any
complete description of strength, wear, and fatigue in silicon
nitrides and other ceramics.

The data and analysis presented in this study provide a basic
starting point for the characterization and (ultimately) design of
silicon nitride materials for bearing applications. Especially
relevant in this context are the threshold load plots in Fig. 7.
For any given bearing radius it would seem prudent to choose
materials that avoid exceeding eitherPY or PC in these dia-
grams. Over the radius ranger 4 1–4 mm covered in Fig. 7,
the lower-bounding envelope ofPY(r) or PC(r) curves is high-
est for M-Si3N4. This would appear to provide sound justifi-
cation for the choice of an intermediate-grade Si3N4 for bear-
ing-grade material (Section 1). In this sense, Fig. 7 may be
regarded as a kind of ‘‘damage map’’ for evaluating the pro-
spective incidence of damage at any design bearing loadP and
radiusr. It may be noted in Fig. 7 that quasi-plasticity is more
likely to precede fracture as the bearing size is made smaller
and the material tougher. Even though such quasi-plasticity
may not always be readily detectible on the bearing surface
from ordinary visual inspection (since it initiates subsurface), it
can be far from benign. Once initiated, it is subject to accu-
mulation with increased or repeated loadings, with potential for
extensive material removal.15,19,25,34,35,71,72

Fig. 20. Toughness-curve diagrams for (a)F-Si3N4, (b) M-Si3N4, (c)
C-Si3N4. Families of solid curves are plots ofK8A(c) in Eq. (A-1) using
strength data from Fig. 2. Shaded lines areT(c) functions, plotted as
locus of tangency points toK8A(c) curves.
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In Part II of this study we shall investigate the effect of the
two damage modes on subsequent strength properties.

APPENDIX

Deconvolution of Toughness Curves from Vickers
Indentation–Strength Data

We now describe in greater detail deconvolution of the Vick-
ers indentation–strength datasF(P) in Fig. 2 to generate the
toughness curveKR 4 T(c) in Fig. 3. This is accomplished
using an objective indentation–strengthK-field protocol.31 Un-
der the action of an applied stresssA, radial cracks of sizec
produced at indentation loadP extend according to an equilib-
rium condition

K8A(c) 4 csAc1/2 + xP/c3/2 4 T(c) (A-1)

whereK8A(c) is a ‘‘global’’ applied stress-intensity factor, and
c andx are crack-geometry and residual-contact coefficients.
For a given loadP, failure occurs at the applied stresssA 4 sF
that satisfies the ‘‘tangency condition’’

dK8A(c)/dc 4 dT(c)/dc (A-2)

Given an appropriate calibration of the coefficientsc andx, we
may generate families ofK8A(c) curves from thesF(P) data sets
in Fig. 2. Toughness curvesT(c) may then be objectively de-
termined as envelopes of tangency points to these families of
curves.

Such constructions are made in Fig. 20 for the three silicon
nitride ceramics, as follows:

(i) We note first that the indentation–strength data forF-
Si3N4 in Fig. 2 closely satisfy the conditionsF ~ P−1/3 for a
single-valued toughness,T(c) 4 T0 4 constant,32 so this ma-
terial affords a useful control. In the approximation that the
Vickers crack geometry is material-independent, we may retain
c 4 0.77 from a previous calibration, on alumina.31 Allowing
for a dependence in the residual contact field on the average
modulus-to-hardness ratio (E/H)1/2 4 (320 GPa/18 GPa)1/2 4
3.90 (Table I),73 we evaluatex 4 0.066 forF-Si3N4 from that
same previous study. Thus, insertingsA 4 sF at each value of
P into Eq. (A-1) from the control indentation–strength data in
Fig. 2, we generate the family ofK8A(c) curves in Fig. 20(a).
We see that the envelope of tangency points is indeed horizon-
tal, confirming a single-valued toughnessT(c) 4 T0 4 3.8
MPa z m1/2 for this material.

(ii) For the M-Si3N4 and C-Si3N4 materials we use the
same values ofc and x, in the approximation of relatively
invariant (E/H)1/2. We then generate appropriate families of
K8A(c) curves in Figs. 20(b) and (c), using the indentation–
strength data in Fig. 2. The envelope of tangency points is still
horizontal for M-Si3N4, although higher, corresponding to
T(c) 4 T0 4 5.2 MPaz m1/2. ForC-Si3N4, the envelope yields
a distinctly risingT(c) curve.
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