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RELATIVISTIC CHARGED FLUID FLOW

I. ENTROPY FORCE TENSOR
by
Lawrence A. Schmid

Goddard Space Flight Center
Greenbelt, Maryland

ABSTRACT

//a//j/

The problem of the dynamical effects of entropyremeration—i-e. heat

absorption or rejection, on the flow of an electrically charged fluid is
considered within the framework of Special Relativity. The source or
sink for the heat transferred to or from the fluid may be imagined to be a heat
reservoir whose velocity is in general not the same as the fluid velocity.
The analysis of a relativistic Carnot cycle that operates between two heat
reservoirs having relative motion with respect to each other provides a
simple way to study the dynamical effects of heat transfer and to incor-
porate the moving heat reservoir model into the formalism of fluid dynam-
ics. All the dynamical effects that are functions of the 4-gradient of the
specific entropy of the fluid can be expressed in terms of an antisym-
metric tensor, the entropy force tensor, whose role in the fluid equation

of motion is analogous to that of the electromagnetic field tensor. ﬁ

/////



RELATIVISTIC CHARGED FLUID FLOW
I: ENTROPY FORCE TENSOR

1. INTRODUCTION

The familiar stress-energy tensor approach!-3 to relativistic fluid dynamics,
which is summarized in Section II, arrives at a fluid equation of motion in which
the dynamical effects of heat flux in the fluid are given by the 4-divergence of a
symmetric tensor Q% which is the contribution to the stress-energy tensor re-
sulting from the presence of heat flux. Until more specific information concern-
ing the form of Qi¥ is provided, however, the analysis can be carried no further.
This barrier can be circumvented by expressing the heat force term in the equa-
tion of motion directly in terms of a model that is both flexible enough to include
most situations of physical interest, and simple enough to allow a direct insight
into the processes producing the dynamical effects associated with heat transfer
within the fluid. Such a model must also be related to the heat tensor Q'k so
that, given this tensor, the characteristic features of the model can be calculated.
The intuitive thinking and calculation could, however, be carried out directly in

terms of the model.

The moving heat reservoir model fulfills these requirements. The quanti-

tative implementation of this model can best be carried out in terms of a rela-
tivistic Carnot cycle operating between two heat reservoirs having relative
motion with respect to each other. This is done in Section IV. As an introduc-
tion to the relativistic Carnot cycle, a discussion is given in Section III of the
Lorentz transformation of heat and temperature, which has been the subject of

recent debate.



In Scction V the moving heat reservoir model is incorporated into the fluid
equation of motion, and the entropy-dependent contribution to the force is ex-

pressed in terms of the antisymmetric entropy force tensor which is analogous,

in its dynamical effects, to the electromagnetic field tensor.

Notation
Since everything we do will be within the framework of Special Relativity, we

shall assume throughout the flat-space form of the metric tensor gik:

g =g, = 1;

gjj :gjj = - 1, (J = 1, 2, 3), (1.1)
Y ) .

gk =g, =0, (j £ k).

The components of the 4-gradient operator aj are as follows:

) 1 3
— (30 1 2 3y _
(3g 9+ Oy 93) = (°, =0', 0%, -9 = <Z‘a—t’v> (1.2)
where V is the 3-gradient operator. (In the notation illustrated in (1.2) it will be
understood throughout that the space-like components with indices 1, 2, and 3

represent the x, y, and z components respectively in a Cartesian coordinate

system fixed in the observer's reference frame.)

With the exception of the gradient operator given above, it will always be the
contravariant form of a 4-vector, rather than the covariant form, that is the rel-
ativistic generalization of the corresponding 3-vector. Thus the components of

the contravariant 4-velocity v’ are as follows:

(Voi Vl’ V2v V3) = I_‘(C’ V) (1'33’)




where

C=(=pV2 g-v/e, (1.3b)

and c is the speed of light. Note that the fact that

vi v, = c? (1.4)

implies

o1 .
v, 9, V! :Eak (v]. vi) = 0. (1.5)

(Repeated indices, of course, indicate summation.)

Differentiation with respect to the local proper time r of the fluid is de-

fined as
4 iz =D (1.62)
dr )
where
D-=2 4 v.V (1.6b)
3t

is the non-relativistic substantial time differentiation operator.

We shall also have need for the symmetric space-like projection operator o ik

whose definition is
ok = gik _ vl yk/c2, 1.7)

This operator has the property that the contraction of either index with that of an
arbitrary 4-vector b, yields the projection of b _ that is orthogonal to the fluid

velocity v,

v, (Ujkbk) =v, (b, okiy = 0. (1.8)



Tensor indices will always be indicated by lower case Roman letters. When
other identifying subscripts or superscripts are necessary, capital letters will be
used. Whether a superscript or subscript is used to identify a 4-vector will de-
pend on whether it is in its covariant or contravariant form respectively. Thus,
for example, the contravariant and covariant forms of the external 4-force acting

on the fluid will be designated by f}, and f‘j': respectively.

The invariant particle density (not mass density) will be designated by #
0
and the particle rest mass by m. Thus if U is the specific volume in the fluid

rest-frame, we have

o]
U=1/em. (1.9)

The particle density and particle mass as seen in the observer's frame will

be designated by o and m* respectively. Thus
e = ol m* = ml, (1.10)

The specific volume 1) in the observer's frame is given by

0 0
U=U/T=v1-81V (1.11)
Further notation will be introduced as needed.

II. STRESS-ENERGY TENSOR APPROACH
The stress-energy tensor Tik for an ideal fluid* has the following well-

known form:5

Tik = om(l + h/c?) vi yk _ P gjk (2.1)




where h is the specific enthalpy, P is the pressure, and all the other quantities

have already been defined. Using the thermodynamic relation
0
h:U+pU:u+p/,om, (2.2)
where u is the specific internal energy, Ti* can also be written
Tik = pm(1 + u/c?) vi vk - P ik (2.3)
where ol¥ is the space-like projection operator defined in (1.7).

Eckart? and Taub® have shown that the presence of heat flux and viscosity
can be accounted for by the addition of two symmetric tensors, 0% and Sj'; to Tk,

Thus the total stress-energy tensor Tk has the form
Tik = Tik 4 Qik 4 SIk, (2.4)

The tensors Qi and S’% which account for the heat flux and the viscous stress
respectively are, in the general case, restricted only by the following orthogo-

nality requirements:

v, Sik — Gkij v, = 0; (2.52)
v, Qik - Qki v, = q¥; (2.5b)
v, o = 0. (2.5¢)

We shall see below that, in the scalar form of the First Law of thermodynamics,
the space-like 4-vector ¥ defined in (2.5b) plays the role of heat flux density.

In the 4-vector form of the First Law, however, the heat flux density is specified
by the components QPk. This follows from the fact that the statement of conserva-

tion of energy and momentum in terms of Tikis given by



Q)
-
«
1
-ty

(2.6)

e

where fé is the external 4-force density (force per unit volume) acting on the
fluid. (This will later be identified with the electromagnetic force.) The time-
like component of this 4-vector equation is the statement of energy conservation

and can be written as follows:

3T /3t + V. U = ¢ £ (2.7)
where
TOO = pm* (c? + h) - P, Q00 , §00
= prm*(c? 4 u) ¢ (TR P 4 QU0 4 SO0 (2.8)
and
W = c(TOt, TO2, TO3) (2.9a)
= o*m* (2 sh)v + 2+ @
where
2 = c(Q%, Q°2, Q%) (2.9Db)
and
d = c(S01, §02, g03y, (2.9¢)

T% and |, are obviously the total energy density and energy flux density respec-
tively in the fluid. ¢ fg is the work per unit time per unit volume that is performed
on the fluid by external forces. Q°° and S°° are small relativistic contributions

to the energy density which, because of the conditions given in (2.5), vanish in

the local rest-frame of the fluid.




It is evident that in the form of the First Law (i.e. conservation of energy)
given in (2.7) the 3-vector 2 plays the role of heat energy flux density. Referring
to (2.5b), we see that q = (q!, q?, ¢®) and 2 differ only by the dot product of v
with the heat stress dyadic, which is just the space-space part of Qi*. This dif-
ference vanishes in the local fluid rest-frame, and is very small in the observer's

frame, so qx 2.

To arrive at the equation of motion for the fluid (Euler's equation) we must

supplement (2.6) with the continuity equation for the fluid:
Bj (pvi) = 0. (2.10)

Using (2.4), (2.6), (2.10), and the form of Ti* given in (2.3), we arrive at the fol-

lowing form of the equation of motion:
pd Im(1 +u/e?) vil/dr =3 (Poik) -3 (Qk 4 Sik) 4 ). (2.11)

As a preliminary to contracting this equation with v, we note that using (1.7),

(1.5), (2.10), and (1.9) we arrive at the following relation:
A 0
v, Bk(polk) =~ omP dU/dr. (2.12)
The contraction of (2.11) with v, thus becomes
du/dr = - 0d g - Pd0/dr + U | L0k 4 8%y (3 3 v) 4 fi 2.13
u/d7 = - Ud, g - T 4 5 @F + (O, v + v+ fg v, (2.13)

where we have made use of (2.5).

Comparing this with the familiar form of the First Law,

0
Au = AQ - PAU 4 AW, (2.14)



where AQ and AW are the heat added to, and the work (excluding that done by the
pressure) performed on unit mass of the fluid, we see that -9, q*in (2.13) is the
heat added to the fluid per unit volume per unit time, and the expression in the

brackets represents the work per unit volume per unit time done by viscosity (and

the heat stress) and the external forces.

Equation (2.13) is the invariant form of the First Law given by Eckart.? It

is possible to arrive at the analog of the First Law in the form
0
Ah = AQ + UAP 4 AW (2.15)

by repeating the derivation of (2.11) using (2.1) instead of (2.3). Doing this yields
pdm(l + h/c?) vil/dr = 9P - 3 (Qik + Sik) 4+ f] . (2.16)

The advantage of this form of Euler's equation over (2.11) is the absence of o ik
in the pressure gradient term. For this reason (2.16) will be used henceforth

in preference to (2.11). Contracting (2.16) with v, yields

0 . 0 0Ty . , ,
dh/dr = - U 9, q" + UdP/dr + U [5 (Qi% 4 Sik) (aj v, o+ Bk vj) + £} VJ] , (2.17)
which is the desired analog of (2.15).

The invariant forms of the First Law given in (2.13) and (2.17) refer to the
local fluid rest-frame, which in general is different from point to point. Thus
the invariant form of the First Law is more restrictive than the 4-vector form
given in (2.16), which applies to any arbitrary fixed frame of reference. The time-

like component of (2.16) can be put in the following form:

D(c2" + h*) = - U(2Q% /3t + Vv.D) 4+ U3P/3t

+U [cf - (3W00 /3¢ , V.8)7, (2.18)




where h* =Th,and D(c?D) 5 D(1/2 v?) is the substantial time rate of change of
the kinetic energy per unit mass. This form of the First Law is equivalent to that
given in (2.7). In both cases 2 (rather than q) plays the role of heat flux density,
and comparing (2.15) with (2.18) it is evident that - (3Q% /3t + V.2) is the heat

added to the fluid per unit volume per unit time.

We conclude from this discussion that for relativistic fluid flow the most

useful form of the First Law is the following 4-vector equation:
dim(1 + h/c?) vil/dr = (3P)/p 4+ + £L/p (2.19)

- (3, Sk /p,
where

m == (3 0% /p (2.20)

represents the time rate at which heat energy and momentum are added per
particle. In relativistic theory it is in general impossible to add heat energy
to the fluid without also adding momentum as well, because the heat energy has
a mass whose momentum is injected into the fluid along with the heat energy,
and is dependent on the motion of the heat source. This point will be discussed

at greater length in the next two sections.

III., LORENTZ TRANSFORMATION OF
HEAT AND TEMPERATURE
The question of the correct relativistic formulation of thermodynamics,
in particular the form of the Lorentz transformations of heat and tempera-
ture, has been the subject of recent discussion.”’"® An outline of the history
of the field and the points at issue will now be given as a preliminary to ex-

plaining the point of view taken in the present paper.



Relativistic thermodynamics was first formulated in 1907 by Planck.!®
(Hasenohrl and Einstein derived similar results by different methods.!®) This
formulation (henceforth referred to as the ""Planck formulation") yields the fol-

lowing velocity transformations for heat AQ, temperature T, and entropy S:

7

AQ=V1 - 32 A8; (3.1a)

(Planck) ﬁ T=vV1-p3? %; (3.1b)
S-S

| S=S (3.1c)

) 0
where AQ, T, and S are the values for 8 = 0.

In 1911 von Laue pointed out!! that the formulation of relativistic thermo-
dynamics is not unique in that it is possible to multiply AQ in the statements of
the First and Second Laws by two different monotonic functions of 32 that are
arbitrary except for the requirement that they become unity for 5= 0. Since
these arbitrary functions will appear in the velocity transformations for AQ
and T (Sis invariant because of its statistical significance), these transforma-
tions cannot be uniquely formulated. That is, some subjective criterion must
be invoked to choose one out of all the possible formulations. Having made this
point, von Laue then went on to defend the choice that had been implicitly made
in the Planck formulation. Subsequently, this formulation was absorbed into
the standard texts!? without, however, von Laue's observation concerning the

lack of uniqueness.

Recently, however, this lack of uniqueness has been re-emphasized by
Ott,” who then proceeded to give arguments in favor of a formulation that yields

the following transformation laws:

10




g

AQ = Ag/h - 3 (3.2a)

Oott)< T-= %Nl - B%; (3.2b)
0

L S=S. (3.2¢c)

This formulation (henceforth referred to as the "Ott formulation') has also re-

ceived some support from arguments based on the consideration of special cases.®?

Ott's formulation has the undeniable intuitive advantage that the heat, which
is after all an energy, transforms as we would intuitively expect an energy to
transform, namely as the time-like component of a 4-vector, whereas this is not
true in the Planck formulation. It is obvious that the complete 4-vector AQ! of

which AQ is the time-~like part has the form
. 0 :
AQ) = (AQ/¢) vi = 8Q(1, v/c). (3.3)

Since in any heat transfer the donor and receiver may in general have different
velocities, care must be taken in specifying which of the two velocities is in-
tended in the (3.3). This matter will be discussed at greater length in the next
section. For the present, however, we shall consider only the simple case in
which the donor and receiver have the same velocity v . The observer sees a
heat energy transfer of amount AQ which, by the general energy-mass equiva-
lence, implies a mass transfer of amount AQ/c? Because this mass transfer
occurs at velocity v, there is necessarily a momentum transfer of magnitude
(0Q/c?) v = 1 (A0, AQ?, AQ3). Thus the space-like components of AQ! give
(except for the factor c) the relativistic momentum transfer that must accom-

pany the heat energy transfer.

11



Ott has shown that the essential difference between his formulation and Planck's
can be set forth in a manner that is directly relevant to the purposes of the present
paper, namely that the two formulations effectively postulate two different forms
for the equation of motion of a body of (variable) rest-mass M that is absorbing
heat from a reservoir at the rate - dQR/dT measured in rest-frame of M or at the
rate _ﬂQR = —(dQR/dT)/F measured in the observer's frame. (d designates a small
quantity that is not a perfect differential.) We take dQ, to be the quantity of heat
absorbed by the reservoir, and so it is positive, according to the usual sign con-
vention, if the reservoir absorbs heat, i.e., if the mass M loses heat. (We must
not, however, jump tothe conclusion that dQ, = - dQ, where dQ, is the heat ab-
sorbed by M. The difference between these two is the work associated with the
momentum that must be transferred along with the heat. This will be discussed
in the next section.) The form of the 4-vector equation of motion postulated by

Ott is

(Ott) dMvi)/dr = F} - dQ}/cdr (3.4a)
where

Fl = T'[(v.Fg/c), F.] (3.4b)

is the external 4-force acting on M. (In writing (3.4b) we have assumed that Fg,
like the electromagnetic force, does not change the rest-mass M. Thus change
in M is to be associated exclusively with heat transfer. This assumption is not
vital, but it does simplify the discussion.) The 4-vector equation (3.4a) is equiv-

alent to the following energy and momentum equations:

D(M*c?) = v.F_ JjQR (3.4c)

12




and, using (3.3),
D(M*v) = F, - B[(QR/c?) v,] (3.44)

where M* = [M and vg 1is the reservoir velocity which in general is different

from the mass velocity v.

Note that (3.4a) has just the well-known form of the rocket equation!3 in which
the energy-momentum carried off by mass discharge has been replaced by that
carried off (or injected) by heat transfer. It seems completely natural that the

two problems should be handled in similar fashion.

As contrasted with (3.4a), the equation of motion that implicitly underlies

the Planck formulation has the following form:

(Planck) dMvi)/d7 = F! (3.52)
where

Fi = [[c™ (v.F_-DQp), F_] (3.5b)

is the composite 4-force that includes both the effects of external fields, such as
an electromagnetic field, and the effects of heat transfer. The energy and mo-

mentum equations corresponding to (3.5a) are

D(M*c?) =v.F_-BQ, (3.5¢)
and

D(M%) = F_. (3.5d)

Note that the time-like component of Fi contains (I'/c)BQg. It is well-known!4
that when heat transfer is incorporated into the 4-force in this manner, the trans-

formation equation (3.1a) follows as a necessary consequence.

13



The differences between the two approaches are most simply illustrated by
the case in which F. = 0 and v = v, = constant. In the common rest-frame of M

and the reservoir it is obvious that

0]
D(Mc?) = - DQ, (for F, =0, v = v, = const.). (3.6)

R

e

(In this casc DQ, is obviously a perfect differential.) But from (3.4c) we find
0

-DQ, = 'MMc?. Substituting (3.6) into this, we have DQ, =I'DO , which is just

(3.2a). Thus (3.4a) implies the transformation law (3.2a).

Now let us consider the consequences of (3.5a). We note that if we use (3.6)
o)
in (3.5d) we obtain F_ = -v e? DQR, where we have used the fact that v and I’
0
are constant. Thus v.F_ - - BEr DO, . Using this and (3.6) in (3.5c), we arrive

6]
at DQ, = ['™! DO, which is just (3.1a).

Thus we have demonstrated that the two different equations of motion do in
fact lead to different transformation laws for the heat. This simple example can
also be used to illustrate the remark made previously that the formulation of
relativistic thermodynamics is indeterminate because of the possibility of multi-
plying the heat term in the statement of the First Law by f(3?) where f is an
arbitrary monotonic function such that f(0) = 1. To do this we note that the
First Law for the Ott and Planck formulations is given by (3.4c) and (3.5¢) re-
spectively, where M*c? plays the role of the internal energy of the system,

D(.- QR) is the rate at which heat is injected into the system, and v.-F; = 0 or
v-F o =p21D(- (O)R) = [U2D(-0) is the rate at which mechanical work is per-
formed on the system in the Ott and Planck formulations respectively. Thus the
two statements that are the analog of AU = AQ + AW (U, Q, and W being internal

cnergy, heat, and work, respectively) are as follows:

14




(Ott) DM c?) = D(~0p); (3.7)

(Planck) DM"c?) = D(-0p) + [FT2D(-0p)]. (3.8)

But (3.8) may also be written

(Planck) D(M*c?) = (1 - 8271 D(-Qp). (3.9)

Thus we arrive at the Planck formulation by replacing D(-Q;) in (3.7) by
(1-4%)"! D(-Qg). We see then that the difference between the two formulations canbe
described as a difference in the form of the heat term appearing in the First Law,

the difference being the factor f (52%) = (1-52)1.

An important intuitive difference between the two formulations is apparent
from a comparison of (3.7) with (3.8). In (3.7) no mechanical work appears. In
particular, no work must be done to provide the increase in kinetic energy of the
moving mass that results because its rest-mass M increases when it absorbs
heat. The reason for this is that in the Ott formulation the quantity of heat that
is transferred increases with velocity by just the amount necessary to account
for the increase in kinetic energy caused by the increase in M. Another way of
saying this is that the work necessary to speed up the heat energy (which has
mass) was already done when the heat reservoir was brought to the velocity v .
This kinetic energy of the heat is then regarded as an integral part of the heat

energy, and is carried along into the mass M* when the heat transfer is made.

In contrast to this straight-forward explanation in the Ott formulation, the

situation in the Planck formulation seems rather exotic. At first glance it might

15



appear that the work 322 D (-Qg) that appears in (3.8) is just what is necessary
to account for the increase in the kinetic energy of the heat, which is
(T"-1)D(- 8R )=T(" - 1) D(-Qg ). Butto order 5 we find that the work is exactly
twice as large as the increase in the kinetic energy of the heat. The reason for
this is that from (3.1a) it follows that the heat absorbed from the moving reser-
voir is less than that which would be absorbed from a stationary reservoir. (In
both cases there is no relative motion between mass and reservoir.) Another
way to say this is that the moving reservoir has less heat energy to give than

the same reservoir at rest (Qg < 812 ), i.e. the kinetic energy of heat is negative.

This defies a simple intuitive explanation.

It was this exotic nature of the Planck formulation that led Ott to reject it.
He also set forth more abstract arguments to show that only his formulation, out
of the infinity of possible formulations of relativistic thermodynamics, meets the
necessary criteria for a satisfactory theory. In the present paper the problem
of choosing one formulation and of all possible ones will not be faced. We shall
simply pose the much more modest and concrete question, '"Given a choice
between the Planck and the Ott formulations, which is more appropriate to the
needs of fluid dynamics?' The answer is obvious. The Ott formulation is more
appropriate. This is immediately evident when one compares (2.19) with (3.4a)

and makes the following identifications:

M_m(l 4h/c2) (3.10a)
Fé o1 [P -3 Sik | fé] ; (3.10b)
- dQL/d7r L i, (3.10c)

16




The Ott formulation allows a clean separation of all aspects of the fluid flow that
are dependent on the presence of heat flux from those aspects that are dependent
on pressure, viscosity, or external fields. It makes possible, moreover, a con-

ceptual model for the term 7! in (2.19), namely the moving heat reservoir. (In

the Planck formulation, it is very awkward to carry out a covariant mathematical
implementation of the reservoir concept because the effects of the reservoir ap-
pear explicitly only as a contribution to the time-like component of Fi . In the
Ott formulation, by contrast, all effects associated with the reservoir appear
unmixed with the effects of any external forces in a single covariant package, the
4-vector- dQL /dr, which in the fluid case is identified with the 4-vector #i.) In
keeping with the reservoir model, we imagine that the fluid is in thermal contact
with a heat reservoir which might be a very concrete and obvious thing, as in the
case of two fluids (e.g. electron and ion gases) that coexist in space, each serving
as a thermal reservoir for the other; or it might be more abstract, as in the
case of a single fluid. In this case the reservoir can be defined only in terms of
the tensor Qik which in turn is defined either in terms of local averages over
the statistical fluctuations in the components of the exact stress-energy tensor
for the fluid or in terms of an empirically postulated tensor function of the fluid
variables. Regardless of the way in which the heat reservoir is defined, it is a
useful abstraction that allows a further analysis of the basic equations (2.19) that
would otherwise be impossible in the absence of specific information about the

functional form of the force »J appearing in (2.19).

Temperature Four-Vector

The 4-vector dQJ is inconvenient from the analytical point of view because

it is not a perfect differential, i.e. it depends on the nature of the process by

17



which a body gains or loses heat, and not just on its initial and final states. If,
however, the heat transfer is reversible, it is possible to express dQ) as the
product of the entropy change dS which characterizes the process by which the
heat is transferred but is nevertheless a perfect differential, and the temperature

4-vector T which characterizes the thermal state of the body. Thus

dQi - Ti dS (3.11)
where
o
T =Tvi/c=T(1, v/c), (3.12a)
where, as in (3.2b),
o)
T =TT, (3.12b)

0
where T is the temperature of the body in its own rest-frame, and T is its tem-

perature in the observer's frame. The legitimacy of (3.11) follows from the fact

that in the rest-frame of the body it is true that, for a reversible heat transfer,
o 0
dQ = TdS. (3.13)
If now we multiply this equation by v! /c we have, referring to (3.3), equation

(3.11).

IV. RELATIVISTIC CARNOT CYCLE

In order to exploit the heat reservoir model, it will be necessary first to de-
scribe in detail the energy-momentum exchange that takes place between two

moving reservoirs in thermal contact. This can best be accomplished by studying

18




. a relativistic Carnot cycle operating between two heat reservoirs having relative

motion with respect to each other.

Such a cycle is executed by an engine of some kind that interacts with each
of the reservoirs only when its temperature and velocity are exactly equal to
those of the reservoir in question. This requirement is necessary in order for
the heat transfer to be reversible. During the time the engine is absorbing
or rejecting heat, it does no work. Work is performed only during the adiabatic
transitions between reservoirs. Because during these transitions the velocity of
the engine must be changed from the velocity of one reservoir to that of the other,
a momentum exchange, as well as an energy exchange (i.e. performance of work),

is necessary.

The energy and momentum aspects of the cycle are illustrated in figures 1
and 2 respectively. Using the sign convention that energy or momentum into the

Carnot engine is positive, we have the following expressions for the total engine

energy E (in the observer's frame) at each of the four corners of the cycle:

E;=E, +4,0; (4.1a)
E.=E;-OW=E, +4,0-4W; (4.1b)
E =E.-0Q=E, + (4,0-4.0) -4AW (4.1c)
E,=E, +8,W=E, +(8,0-20Q)- (A W-4W. (4.14d)

From (4.14d) it follows that

AW=AW-AW=AQ-10Q (4.2)

where AW is the total work done by the Carnot engine during the cycle.
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Figure 1—Energy Diagram for Carnet Cycle Between Moving Reservoirs
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Note that all of these relations are identical with the corresponding ones for
the non-relativistic Carnot cycle between two stationary reservoirs. This would
not have been the case if we had used the Planck, rather than the Ott, formulation,
because then it would have been necessary to include extra terms in (4.1a) and

(4.1c) corresponding to the term in brackets in (3.8).

Since the heat energy A Q that is transferred from the hot reservoir has a
o
rest mass A Q /c? and a velocity v, » We have for the transferred momentum

AhP in the Ott formulation
0
AP =T (8,0/cH v, =(1,0/cDv,.

A similar relation holds for the momentum —AC P transferred to the cold reser-

voir. The momentum relations corresponding to the energy relations (4.1) are

Py =P, +(8,Q/¢D) v,; (4.32)
Pe=Py-8,P=P, +(8,0/cHv, -4 P; (4.3b)
Pp=Pe=(8.Q/cH v =P, +c2[v,AQ-v_AQ) -AP; (4.3¢c)
Pao P +A,P=P, +c™2 [v,AQ-v.AQl-(AP-AP). (4.3d)

Thus
AP =0 P-A,P=[v,AQ-v A Q]l/c? 4.4)

where AP is the total momentum transferred away from the Carnot engine during

the cycle.
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Now we note that if AQ, is the heat gain of the hot reservoir, AS, the corres-
ponding entropy change, and T, the reservoir temperature (all in the observer's

frame), then using the time-like component of (3.11) we find
AQ=-AQ =-T,AS,. (4.5)

Similarly,

AQ=0Q =T, AS. (4.6)

Because a Carnot cycle is reversible, the total entropy change of the two reser-

voirs must be zero. Thus

AS = - A4S 4.7)
Using this in (4.5) we have

A Q=T A4S . (4.8)
Using (4.6) and (4.8) in (4.2) and (4.4) we find

AW = (T -T)) AS, (4.9a)

and

AP = ¢72 [Th v, = T, vc] AS,. (4.9b)

Referring to (3.12a) we note that these two equations can be written as the follow-

ing single 4-vector equation:

AW = (AW, cAP) = (T - Ti) AS_. (4.10)

21



Thus the difference of the two temperature 4-vectors characterizing the hot and
cold reservoirs multiplied by the entropy change that characterizes the Carnot
cycle gives the energy-momentum 4-vector for the work and momentum that is

extracted from the Carnot engine.

Application to Heat Reservoir Model

In order to relate the preceding analysis of the Carnot cycle to the problem
of heat exchange between reservoir and fluid, it is necessary first to relate the
idealizations of the former to the realities of the latter. The Carnot cycle is
based on two idealizations: the ideal engine, and the ideal heat reservoir. An
ideal engine can convert thermal energy and momentum into mechanical energy
and momentum with no entropy generation. An ideal heat reservoir can, in its

own rest-frame, reversibly absorb or reject heat energy, but no momentum.

The point to be emphasized is that an ideal reservoir can in its own rest-frame

absorb or reject no momentum. This is purely a matter of definition. A reser-

voir that violated this condition simply would not be ''ideal."

To illustrate the point, consider a stationary probe of finite dimensions in a
moving air stream. If the probe, which may be hotter or colder than the air
stream and so exchanges heat with it, is so perfectly streamlined that the stream
exerts no force on it, i.e. it absorbs no momentum from the stream, then it may
be considered to constitute an ideal heat reservoir (if, of course the probe is
connected to such a large heat source or sink that the heat exchange does not
change its temperature). If, however, the streamlining of the probe is poor, so
that a wake develops and momentum is absorbed from the stream, then the probe

is not an ideal reservoir. Note that the absorption of momentum is associated
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with the generation of turbulence, and hence with an entropy increase. This
illustrates that the condition that no momentum be absorbed is necessary in order

for the heat exchange to be reversible.

We are now in a position to relate the Carnot cycle to the heat exchange
between a heat reservoir (always regarded as "ideal'") and a fluid. To do this
we first identify the hot and cold reservoirs of the Carnot cycle with the ideal
heat reservoir and the fluid. The fluid, however, is not an ideal reservoir. In
particular, it is capable of absorbing (or rejecting) momentum in its own rest-
frame. Thus the fluid is available to absorb the energy and momentum delivered
by the Carnot engine to the external environment. It is not necessary that this
energy and momentum be absorbed by the fluid. If suitable mechanisms are
present, it could for example be absorbed by an electromagnetic field. For sim-
plicity, however, we shall assume that the fluid absorbs the energy and momentum
made available in the Carnot cycle. Thus the fluid is to be regarded as a com-
bination of Carnot engine, heat reservoir, and sink (or source) for the energy and
momentum delivered by (or to) the Carnot engine. In general these different
aspects of the fluid will be so intimately intermingled that it would be difficult,
if not impossible, to separate them. For example, consider again the probe in
the air stream. If the probe is hotter than the stream, we may imagine the probe
to emit radiation, i.e. photons, that are absorbed by the steam. The momentum
as well as the energy of each photon is transferred to the fluid at the instant of
absorption. It is obviously impossible to construct a detailed correspondence
between the steps of the Carnot cycle and the emission and absorption of the

photons.
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The reverse case of a cold probe in a hot stream is a bit more complicated.
In this case the boundary layer around the probe corresponds to the Carnot engine,
i.e. the thermal intermediary between fluid and reservoir. We may imagine the
boundary layer, which is at rest with respect to the probe, to consist of small
blobs of gas, which for simplicity we may regard as being all of the same size.
These are constantly being knocked out of the layer and replaced by similar blobs
in the hot stream. Each time this occurs the newcomer gives all its momentum
to the blob that it knocks out and, once settledinthe boundary layer, gives up heat
to the probe before being itself knocked out of the layer. Note that, because they
are colder, the blobs that are knocked out of the boundary layer are slightly less
massive than the blobs that replace them. They must, however, have the same
momentum. Thus the blobs leaving the boundary layer have a slightly higher
speed than those entering it. Since the speed of the stream after its encounter
with the probe is slightly greater than before, whereas its momentum is the same,
the kinetic energy of the stream is greater after passing the probe. We may
interpret this increase in kinetic energy as the result of the work done by a
"thermal recoil force' associated with the loss of heat to the probe. In the re-
verse case considered previously, when the fluid absorbed heat from the probe,
there was a decrease in its kinetic energy which could be interpreted as work

done by thefluid against the ""thermal dragforce' accompanying the heat absorption.

By describing the heat exchange between reservoir and fluid in terms of a
Carnot cycle, it is possible to relate the magnitude of the thermal-recoil or drag

force and the work done by it to the quantity of heat exchanged, and this is the
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justification for introducing the Carnot cycle even though it is usually very diffi-
cult to find a detailed correspondence between the steps of the cycle and the steps

by which the heat exchange takes place in a real fluid.
We start by rewriting (4.9) as follows:
AW = ALQ - A,Q; (4.11a)

AP = (AQ/c®) vp - (ALQ/c?) vy (4.11b)

where the subscripts R and F refer to ''reservoir' and "fluid" respectively.
The quantities A Q and A Q are both positive if heat is transferred from reser-

voir to fluid, and are negative if the transfer is in the opposite direction.

Since we are assuming that all the work AW performed during the cycle goes
into (or comes out of) the kinetic energy of the fluid, and that the momentum AP

is absorbed by the fluid, we impose the following requirement:
AW =v_ AP, (4.12)
(4.11a) then becomes
ARQ =ALQ 4+ v AP. (4.13)

The interpretation of this equation is very simple. For the case in which heat
flows from reservoir to fluid (positive A Q and A Q) (4.13) says that if v .AP > 0
then, of the heat energy A Q that is surrendered by the reservoir, the quantity
ALQ is absorbed by the fluid and the amount v . AP is converted into an increase

in kinetic energy of the fluid. ¥ v, .AP < 0, then the heat A Q that is absorbed
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by the fluid is greater than the heat A,Q given up by the reservoir. The difference
is made up by a conversion of fluid kinetic energy into heat. Similar interpreta-

tions apply when A Q and AQ are negative.

The equation (4.11b) gives (when divided by At) the relativistic thermal force
acting on the fluid. When heat tflows from reservoir to fluid, it is a drag force
that tends to accelerate the fluid in the direction in which the reservoir is moving.

When heat flows from fluid to reservoir, it is a recoil force.

Note that, because of the requirement (4.12), no work is delivered by the
Carnot cycle in the rest-frame of the fluid. If work were delivered in the fluid
rest-frame, the only way to dispose of it would be to convert it into heat and
inject it into the fluid. But this would produce an entropy increase, with the con-
sequence that the cycle as a whole, including injection of AW and AP into the
fluid, would have a positive entropy increase, and so would be irreversible. Thus
the condition (4.12) is equivalent to the requirement that the heat transfer between
reservoir and fluid be reversible. When (4.12) holds, then the 4~vector AW/ de-

fined in (4.10) has the form
AW = [(v,-OP), cOP] (4.14)
with the result that
vl AW, = 0. (4.15)
We may rewrite (4.10) as follows:

Ti = Ti 4 AW /08, (4.16)
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| Using the fact that T} = T(1, v /c) and T} = T, (1, v, /c) where T, and T, are
respectively the reservoir and fluid temperatures in the observer's frame, and
v

g and v are the respective 3-velocities, and substituting (4.14) into (4.16), we

arrive at the following relations:
To/Tp =1 4 (vp-OP)/TLAS (4.17a)

ve = (T/T)™ lvg + OP/(TAS /)], (4.17b)

These relations give the reservoir temperature and velocity (in the case of re-

versible heat transfer) in terms of the fluid temperature and velocity and the

momentum and heat increments of the fluid, given by AP and T; AS_ respectively.

In order to cast these relations into a form suitable for use in the fluid
equation of motion, we must specify that AS; and AWI refer to increments occur-
rii;g in unit rest volume of fluid per unit proper time. (Referring to (1.6a) and
(1.\}1), we note that (1 /LO)) d/dr =(1/0)D. Therefore it makes no difference
whéther AS, and AW refer to unit volume and time in the fluid rest frame or in
the 1\observer's frame.) Thus AS, /A7 is the entropy change per unit volume per
unitk‘time. Since 8 is the volume occupied by unit mass of the fluid, 8(ASF/A¢) =
(,om)f\1 (ASF/AT) is the entropy change per unit mass per unit time. But entropy

per \*ﬁt mass is just the specific entropy s. Thus we arrive at the relation

|

| AS_ = oms AT, (4.18)
|, .
where s = ds/dr. Note that ms may be regarded as the entropy rate of change

|

per pEEticle.
|
i
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To arrive at the corresponding relation for AW we note that the space-like
part of AW/ /c is a momentum transfer, so AW /cAr is the 4-force acting on unit
rest volume of the fluid andg (AWi/ch7) is the 4-force acting on unit mass of the
fluid. Thus m8 (AW /cA7) = (pcY! AWI/Ar is the 4-force per particle. Designating

this thermal 4-force per particle by ¢’ we have
AW = pcei AT. (4.19)
From (4-15) it is evident that
v (Pj = 0, (4.20)
which means that ¢’ has the form
@ =Tl(v-9/c), 9] (4.21)
where ¢ is the thermal 3-force per particle.

We shall henceforth drop the subscript F since it will be understood that all

quantities without a subscript refer to the fluid.

Dividing (4.19) by (4.18) and using (4.16) and (3.12a), we arrive at the follow~-

ing 4-vector equation:
- .o .
msT) =ms T vl /c 4+ cq (4.2:2a)
which is equivalent to

mT.Ds =mT Ds + v.¢ (4.:22b)
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and

(mTgDs/c?) vp = T Ds/c?) v + @- (4.22¢)

It will prove convenient to introduce the 3-velocity w defined by the following

relation:
o -
w= (mTDs/c)! @ = (mT $/¢H1 . (4.23a)-
The corresponding 4-vector equation can be written
. o .
@' = (mTs/c?) wi. (4.23Db)
Referring to (4.20) and (4.21) we see that

v, w =0 (4.24)

and

wi =T [(v-w/c), wl. (4.25)

In terms of w/ and w, equations (4.22) become

.0 o
Tk = (T/c) (v! + w); (4.26a)
TS = T, =T +v.w/c?); (4.26b)
c(Tp T2, T3) = Tpve = T(v +w), (4.26¢)

It follows from.(4.26a), (4.24), and (1.4) that

[¢]
v; (m T} $/c) = mTs. (4.27a)
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This result is a consequence of the condition (4.12) which, as previously explained,
is equivalent to the requirement that the heat transfer between reservoir and fluid
given in (1.7), we

be reversible. From (4.22a), (4.26a), and the definition of Tik

have
0
T (mTg s/c) = ¢, = (mT s/c?) w, . (4.27b)

The two relations given in (4.27) will be of interest in the next section where we
shall identify the 4-vector mT} s /c with the vector 7/ appearing in the fluid

equation of motion (2.19).

V. ENTROPY FORCE TENSOR

We must now incorporate the formalism of the heat reservoir model into the
fluid equation of motion (2.19). The first step is to eliminate from this equation
the term (3iP)/p in favor of terms involving the 4-gradients of the specific enthalpy
h and the specific entropy s, which will then be regarded as the two independent
thermodynamic variables of the fluid. This can be accomplished by means of the
identity

h(P, s) = (dh/3P) P 4 (3h/3s) s
. © (5.1)

o . o _.
=U9iP 4 TOJis

where for the purpose of arriving at the desired relation we have regarded h to
be a function of P and s. In the second line of (5.1) we have made use of two

0
well-known thermodynamic identities. Since U = 1/om, (5.1) can be written

(3PYy/p =mdh _.m% dis (5.2)
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which is the identity we need in order to eliminate the pressure gradient from

the equation of motion (2.19), which now becomes
. . o . , )
dm@ +h/c?) vi]l/d7 = mdh - mT dis + 7 - (BkSJk)/p + fé/,o, (5.3a)

where

m = - (3@ /p. (5.3b)

Ncte that only the sum of the tensors Qi* and S'* appears in the equation
of motion in the form o! 3, (Qik + Sik) and the distinction between the two
tensors is not uniquely determined by the orthogonality conditions (2.5). We could,
for example, replace Qi* and Sik with the tensors Qik = Qi* 4+ Sik anq §ik =
Sik - §ik where Sik is an arbitrary symmetric tensor for which §“‘uk = 0.
The tensors 0i* and §i* would satisfy the same orthogonality conditions (2.5)
as Qik and Sik, and since 0ik + 8ik = Qik + Sik the equation of motion would
be unchanged by the substitution of §i* and Sik for Qi* and Si*. This indeter-

minacy can be partially removed by imposing the condition
v, 9 Sik = 0. (5.4)
i k

The interpretation of this condition is that the viscosity stress tensor Si¥ is not
to be associated with heat injection into the fluid. In actual fact, of course,
viscosity is accompanied by heat generation, but we regard this as being described
by the heat tensor Qik, along with any other sources of heat injection. In other
words, condition (5.4) simply says that Q’* describes all the heat transferred to
and from the fluid. As an extension of this requirement we assume that the ex-
ternal force f 1’: also satisfies the condition

v, fi = 0. . (5.5)

i
i E
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Contracting (5.3a) with v, and using (1.4), (1.5), (5.4), and (5.5), we arrive

at the following result:
. O . .
v, (7 -mT 9ls) = 0. (5.6)

We shall see that the heat reservoir formalism automatically fulfills this require-

ment.

Because 7} is just the 4-vector that describes the time rate per particle at
which heat energy and momentum are injected into the fluid, we make the follow-

ing identification:

773 :mle2 s/c = (m/c) T}jz(ds/d'r). (5.7)
Since from (3.12a) T}, = T, (1, v,/c), we have

m = [(mTg$)/c, (mTys/c?) vl. (5.8)

Since mTy s is the time rate (in the fluid rest-frame) at which heat energy is
injected per particle, it is obvious that cn® gives the rate of energy injection,
and the space-like part of i gives the momentum that is injected by virtue of
the fact that the injected heat energy, which necessarily has mass, is thrown
off from a reservoir moving with the velocity ve- Note that from (4.27a) and
(5.7) it follows that v, m o= m'(l)' s. Thus the expression for 7! given in (5.7) is

consistent with the condition (5.6).
Using (4.27a) in (5.7), we can write 77 in the following form:

o}
m = (mTs/c?) vi 4+ ¢l (5.9)
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where (m’(l)‘é /c?) vi is just the momentum (and energy) per particle that the fluid
absorbs along with the heat that it absorbs, and ¢’ is the thermal 4-force per
particle that acts on the fluid as a result of the fact that the reservoir velocity is
not identicgl with the fluid velocity. Using the expression (5.9) for 7, the fluid

equation of motion (5.3a) can be cast into the following form:
. 9. . - 0 _. . , .
d(@vi)/d7 - (mTs/c?) vi =3 (c?) -mTds + @I - (3 _SIK)p+fl/p (5.10)

where

m=m(l +h/c?). (5.11)

The variable mass m includes the relativistic mass per particle that results from
the heat energy of the fluid as represented by the enthalpy h, which plays the role
of a thermal potential. This variable mass plays the role of the particle mass
except in those terms involving the specific entropy which, by definition, is the
entropy of a given sample of fluid divided by the rest mass of this sample for

’?‘ = 0, i.e. the mass Nm where N is the number of particles in the sample. The
mass m plays a double role in the sense that the inertial properties of the

2

particle are specified by m v!, while the energy m c? acts as a potential function

whose gradient is one of the applied forces acting on the particle.

The left side of (5.10) is just that part of the particle momentum change per
unit time that must be accounted for by the application of external forces. As
was previously explained, the momentum change rate (m’cl)‘é /c?) vi does not have
to be produced by an ‘external applied force, because it is delivered along with

the heat absorbed by the fluid, and so it must be subtracted from the total particle
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momentum change d (m vi)/d7 if only applied external forces are to appear on

the right side of the equation.

Although (5.10) provides a clear insight into the dynamical effects of heat
absorption, a more advantageous form of the equation from the formal point of

view is provided by introducing an antisymmetric tensor ®'% defined as follows:
@ik _ T} s - Tk dis. (5.12)
Using (4.27a) and (5.7) we find that
. . o . o .
(m/c) Bk v, = (m/c) Ty s —mT s =7 -mTIs. (5.13)

(Note that the condition (5.6) is automatically satisfied because of the antisymme-

try of ®ik.) Using (5.13) in (5.3a), the equation of motion becomes
d(mvi)/dr = 3 (mc?) + (m/c) Bk v - (3, S%Y/p+fi/p. (5.14)

As previously noted, we regard h and s as the two indépendent thermodynam-
ical variables of the fluid. (Very often the relation h = cp% is a valid approxima-
tion where the constant-pressure specific heat <, is constant. In such cases, the
thermodynamical variables could be regarded as’?‘ and s.) Becausem depends

only on h, all of the dynamical effects of the entropy are described by the tensor

@k, which we shall call the entropy force tensor. This tensor vanishes if s is

everywhere constant, and (5.14) becomes the equation for relativistic isentropic

flow, which has (for Si* = fi = 0) already been given by Khalatnikov.!®

The introduction of the entropy force tensor ®k allows the entropy-dependent

force to be handled in a way that is completely analogous to the electromagnetic
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force. To make this more apparent, let us assume that we are dealing with a
fluid of charged particles, such as an electron or ion gas, and that fé is just the
electromagnetic 4-force per unit volume. Then f]j; /p is the electromagnetic

force per particle which is
fi/p = (q/c) Fik v, (5.15)

where q is the particle charge and Fi¥ is the electromagnetic field tensor which
is antisymmetric and, in terms of the electric and magnetic field intensities E

and B, has the form
(F1°, F20, F°%) = E; (5.16a)
(F23, F31, F12) - _B. (5.16b)
Using (5.15), the equation of motion (5.14) becomes
d(@ivi)/d7 = 3 (@ c?) + (m/c) Bk v - (3, 8% /p 4 (q/c) Fikv,.  (5.17)

It is evident then that the entropy-dependent force term has the form of an elec-
tromagnetic force that is coupled to the fluid through the particle mass m rather
than the particle charge q, and for which @ik plays the role of the electromagnetic

field tensor.

Because T!"z = Tp (1, R /¢), (5.12) can be written in more explicit form as

follows:
(8%, 820, @%%) = T, Vs 4 v_ (T, 3s/c? 3t); (5.18a)

(0%, 8%, 8'2) = (T, Vs) x v /c. (5.18b)
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Summarizing the analogy, we have

@ik ., Fik, (5.192)
m-q, | (5.19b)
Te Vs 4 vy (T, 3s/c23t) - E, (5.19¢)
(TgVs) xvp/c - - B, (5.19d)

where the arrow is to be read '"corresponds to."

Before this formalism can be put to use in any specific problem, some way
must be found to specify the 4-vector T{Q. There are two approaches to this prob-
lem: (1) We could take the point of view that the form of the heat tensor Qik is
known, and that the time rate of entropy generation is given as a known function

of other variables of the problem. Then from (5.3b) and (5.7) we have
T}, = - (3, Q%) /(pms /<), (5.20)

which we would regard as defining T{z. (2) The physical conditions of the problem
may be such that it is very easy to specify lez directly. For example, if we are
dealing with a fluid that is either losing heat through radiation, or gaining it be-
cause of nuclear or chemical reactions taking place within the fluid itself, we

are dealing with the simple case of a co-moving heat reservoir. In this case

. .o
T, = T =T vi/c. A slightly more complicated example is provided by a plasma
consisting of an ion and an electron gas. If the ion gas is gaining heat through
nuclear reactions taking place within itself, and then passing some of this heat on

to the electron gas in such a way that we could assume that the temperatures of
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the two gases as seen in the electron rest-frame are equal, then T}, = Ti .
Thus the reservoir is co-moving with the ion gas, but has a relative velocity with
respect to the electron gas. In all of these cases it would be necessary to derive

an independent expression for s from the physics of the situation before the form-

alism could be applied to the solution of the problem.

V1. CONCLUSIONS

We have seen that the Ott formulation of relativistic thermodynamics, which
treats temperature and heat as the time-like components of two 4-vectors, allows
the dynamical effects of heat flux in the fluid to be treated in terms of a moving
heat reservoir model. This in turn makes it possible to describe the dynamical
effects of the temporal and spatial variation of the specific entropy of the fluid
in terms of an antisymmetric entropy force tensor, which is analogous to the
electromagnetic field tensor. In the following paper this analogy will be further
developed in that a generalized Larmor theorem will be derived in which the role
of the entropy force tensor will be seen to be completely analogous to that of the

electromagnetic field tensor.
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the equations of Herglotz and Lamla (cited in reference 1), except that the
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The relativistic equation of motion for an ideal charged barotropic fluid
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eq. 55-7). This equation is equivalent to (5.14) above (for 9, Si* = 0) for the
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41




