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ABSTRACT 

Magnetotel l u r i c  f i e l d  measurements can generally be viewed as 

sums of signal and additive random noise components. The standard 

unweighted leas t  squares estimates of the impedance and t ipper 

functions which a re  usually calculated from noisy data a re  not optimal 

when the measured f i e l d s  are  nonstationary. The nonstationary 

behavior of the signals and noises should be exploited by weighting 

the data appropriately to  reduce errors i n  the estimates of the 

. impedances and tippers. 

Insight into the effects  of noise on the estimates i s  gained by 

careful development of a s t a t i s t i c a l  model, w i t h i n  a l inear  system 

framework, which allows f o r  nonstationary behavior of both the signal 

and noise components of the measured f ie lds .  The signal components 

are, by def ini t ion,  l inear ly  related to each other by the impedance 

and t ipper functions. I t  i s  therefore appropriate t o  treat them as 

deterministic parameters, ra ther  t h a n  as random variables, when 

analyzing the e f fec ts  of noise on the calculated impedances and 

tippers. 

developed to  reduce the errors i n  impedances and t ippers which are 

cal culated from nonstationary data. 

From t h i s  viewpoint, weighted least  squares procedures are  
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INTRODUCTION 

Magnetotel l  u r i c  (MT) da ta  a re  obta ined as sets  o f  simultaneous 

measurements o f  orthogonal e l e c t r i c  and magnetic f i e l d  components a t  a 

g i ven  s i t e  on t h e  e a r t h ' s  surface. 

transformed and used t o  c a l c u l a t e  complex t r a n s f e r  f u n c t i o n s  which 

r e l a t e  the  f i e l d  components t o  each o t h e r  i n  t h e  frequency domain a t  

t he  a i r - e a r t h  i n t e r f a c e .  When t h e  usual assumptions concerning t h e  

plane-wave na tu re  o f  t h e  source f i e l d s  are s a t i s f i e d  (e.g. Madden and 

Nelson, 1964; S w i f t ,  1967), t h e  s ignal  components ( s u b s c r i p t  s )  o f  t h e  

measured f i e l d s  a re  r e l a t e d  t o  each o the r  i n  t h e  f o l l o w i n g  manner: 

The data sets are F o u r i e r  

and 

The tenso r  impedances, Zix and Ziy, and the  t i p p e r  func t i ons ,  T,, and 

Tzy, are f u n c t i o n s  o f  f requency and c o n d u c t i v i t y  s t ruc tu re .  The goal 

o f  MT i s  t o  deduce the c o n d u c t i v i t y  s t r u c t u r e  o f  t h e  e a r t h  from t h e  

frequency dependent behavior  o f  t h e  impedance and t i p p e r  func t i ons .  

General ly,  F4T f i e l d  measurements c o n s i s t  o f  s igna l  components o f  

v a r i a b l e  ampli tude, contaminated by  noise. Noise can be de f ined  i n  

general terms as any canppnents o f  t h e  processed f i e l d  measurements 

which do not s a t i s f y  the  plane-wave impedance r e l a t i o n s h i p s  g i ven  b y  

equat ions (1) and ( 2 ) .  This  general d e f i n i t i o n  i n c l u d e s  systemat ic 

e r r o r s  i n  a d d i t i o n  t o  a d d i t i v e  random noise components. Systematic 
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errors are caused by deviations from the assumed model, e.g., errors 

due t o  sources w h i c h  are not plane waves, cultural noise, and analogue 

or digital processing errors from instrument dr i f t ,  a1 iasi ng , o r  

truncation effects. 

errors and randan noise when devel oping estimation procedures and 

error analysis for the impedance and tipper functions. The primary 

goal o f  this paper i s  t o  suggest processing procedures which may lead 

to  improved impedance and tipper estimates when systematic errors are 

negligible and the f i e l d  measurements are contaminated by additive 

I t  i s  important t o  distinguish between systematic 

random noise. 

Impedances and tippers a re  usually calculated as unweighted least 

squares estimates. We di s t i  nguish between conventional and remote 

’ reference impedance and tipper estimates. Conventional estimates are 

calculated entirely from field measurements obtained a t  a single base 

s i t e  (e.g. Sims e t  a l ,  1971). Two of the horizontal  field 

measurements are used as references with equations (1) or (2 )  t o  

compute the estimates. In contrast, remote reference estimates 

(Goubau, e t  a l ,  1978; Gamble e t  a l ,  1979a) are computed by introducing 

two reference fields which are measured a t  a separate location. This 

i s  done t o  avoid correlations between the noises in the base and 

reference field measurements which introduce bias errors into the 

estimates. 

estimates (e.g. Swift, 1967). Attempts t o  remove t h e m  (Kao and 

Rankin, 1977; Boehl e t  a l ,  1977; Goubau et  a1 , 1978), or t o  avoid t h e m  

by using more sophisticated estimation procedures (Jupp, 1978), have 

met with limited success. 

Such bias errors have long been recognized in conventional 

In view of the nonstationary behavior of MT d a t a ,  i t  seems 
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reasonable t o  at tempt t o  improve the  est imates b y  i n t r o d u c i n g  

weight ing i n  t h e  l e a s t  squares e s t i m a t i o n  procedure. The problem i s  

t o  develop q u a n t i t a t i v e  weight ing procedures which can be app l i ed  

a u t o m a t i c a l l y  t o  produce est imates o f  equal o r  super io r  q u a l i t y  when 

compared t o  t h e  unweighted est imates.  

P re l im ina ry  sect ions o f  t h e  paper p rov ide  t h e  background t o  meet 

t h i s  ob jec t i ve .  F i r s t ,  a general l i n e a r  system rep resen ta t i on  for t h e  

MT process i s  developed which i nc ludes  a d d i t i v e  random noise i n  a l l  

f i e l d  components. Then a s t a t i s t i c a l  model o f  t h e  s ignal  and no ise  

components i s  developed which i s  cons i s ten t  w i t h  t h e  v iewpoint  t h a t  

s i g n a l s  a r e  re1 ated d e t e r m i n i s t i c a l  l y  t o  each o the r  through t h e  1 i n e a r  

system, w h i l e  t h e  noises are not. P a r t i c u l a r  a t t e n t i o n  i s  pa id  t o  t h e  

d e f i n i t i o n  o f  a s t a t i s t i c a l  expec ta t i on  opera to r  t h a t  i s  app rop r ia te  

f o r  e r r o r  ana lys i s  o f  t h e  impedance and t i p p e r  est imates. 

and m u l t i p l e  coherence f u n c t i o n s ,  which a re  associated w i th  t h e  l i n e a r  

system and are used i n  o p t i m i z i n g  t h e  e s t i m a t i o n  procedure, a re  

def ined and t h e i r  p r o p e r t i e s  a r e  examined w i t h i n  t h e  framework of t h e  

s t a t i s t i c a l  model e Then t h e  l e a s t  squares na tu re  o f  b o t h  convent ional  

and remote reference est imates i s  examined. 

from these developments a re  used t o  fo rmu la te  weighted averaging 

procedures which a r e  expected t o  reduce t h e  e f f e c t s  o f  no i se  when 

e i t h e r  t h e  s igna ls  o r  noises are non-stat ionary.  

Ord inary 

F i n a l l y ,  i n s i g h t s  gained 
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LINEAR SYSTEM REPRESENTATION FOR MT 

In  this section, a general l i nea r  model i s  presented which 

applies t o  b o t h  the impedance and tipper relations between the signal 

components of the measured fields. Additionally estimates for the 

transfer functions of the model are developed. 

Equations (1) and ( 2 )  can be written i n  the general form 

x ,  y ,  or z. (3 ) Osi  = G .  I + G I i =  
i x  sx iy sy’ 

. From the viewpoint of linear system theory, Is, and Isy are i n p u t  

signals which are linearly related t o  an o u t p u t  signal OSi through a 

dual i n p u t ,  single o u t p u t  1 near system with transfer functions Gix  

and Giy, as shown i n  Figure 1. 

viewpoint i n  MT, the i n p u t s  are the horizontal  components, Hsx and 

HSy, of the magnetic field. The transfer functions Gix  and Giy are 

the tensor impedances when the o u t p u t  i s  an electric field component, 

Esi, i = x o r  y. 

field, H S Z ,  then Gix and Giy are the tipper functions. 

solutions for the transfer functions are 

W i t h  regard t o  the conventional 

If the o u t p u t  i s  the induced vertical magnetic 

The formal 

and 
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3 and subsc r ip t s  1 and 2 i d e n t i f y  I s y l  I sx2 where V = [IsxlISy2 - 
F o u r i e r  t ransforms from two d i f f e r e n t  se ts  of inpu t -ou tpu t  data. The 

ex is tence of t h e  equat ions ( 4 )  requ i res  t h a t  Isx1/Isx2 * Isyl/Isy2 , 
foe., t h e  i n p u t s  from t h e  two data se ts  must no t  be l i n e a r l y  

dependent, Phys i ca l l y ,  t h i s  c o n d i t i o n  r e q u i r e s  a change i n  

p o l a r i z a t i o n  o f  t h e  inputs .  

Our goal i s  t o  est imate Gix and Giy as accura te l y  as poss ib le  

from i n p u t  and ou tpu t  measurements con ta in ing  a d d i t i v e  random noises 

which a re  assumed not  t o  be processed by t h e  l i n e a r  system, as shown 

i n  F igure  2. I n  t h i s  paper, t h e  noise components a re  des ignated b y  

1 ower case 1 e t t e r s ,  wh i l  e t h e  measured f i e l  ds a re  designated by  upper 

case l e t t e r s  w i thou t  t h e  subsc r ip t  s. The i n p u t  and ou tpu t  

' measurements, I,, Iy, and Oi, a r e  sums o f  s igna l  and noise,  e.g. I, - - 
I + i,. sx 

Averaging Over a number o f  independent data se ts  i s  requ i red  t o  

suppress random e r r o r s  caused by omnipresent no ise i n  t h e  measured 

i n p u t  and output  data. Commonly, Gix and Giy a re  c a l c u l a t e d  as t h e  

1 east  squares est imates ( subsc r i  p t  m) , 

where 

-- -- * * * * 
[OiA I B - I y A  OiB ] , 

'mix Y 
-7- -- * * * * 

'miy = [ I x A  OiB - OiA 1,B 3- , 

and 

-- -- * * * * 
Vm = [ I x A  I B - I y A  I x B  3 

Y 
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In  equation (5), A and B are the reference fields,  whose signal 

canponents, As and Bs, are linearly related t o  the i n p u t  signals, 
T - I 1 where 1 i s  a non- Is, and Isy, i.e., [As  B s l  = MCIsx sy 

T 

s i ng ul a r t r a  nsf e r mat r i x . 
* -1 N * 

1 k = l  ik k 0.A = N C 0 A , where 

The ba r  represents averaging, e.g. 

the individual products, O i k A k  , are cross 
* 

periodograms (e.g. Oppenheim and Schafer, 1975) a t  a given harmonic, 

and * indicates complex conjugate. 

carried o u t  over a number of adjacent harmonics w i t h i n  a narrow 

I n  practice, the averaging can be 

bandwidth of an i n d i v i d u a l  periodogram, o r  over a number of 

periodograms. 

"averaging over N harmonics'' i n  subsequent developments. Hereafter 

the subscripts i j in G i j  , G , i j  and Wmij are suppressed except where 

required t o  d i  stingui sh between estimates. 

We refer t o  either type of averaging loosely a s  

. 
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STATISTICAL DESCRIPTION OF THE MEASURED FIELDS 

The ana lys i s  o f  t h e  e f f e c t s  o f  a d d i t i v e  no ise i n  t h e  f i e l d  

measurements on t h e  est imates o f  t h e  t r a n s f e r  f u n c t i o n s  i s  f a c i l i t a t e d  

b y  f i r s t  developing a c l e a r  s t a t i s t i c a l  model o f  t h e  measured 

f i e l d s .  Both t h e  s ignal  and noise canponents a r e  descr ibed 

s t a t i s t i c a l l y  by t h e i r  respec t i ve  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n s .  

Note however, t h a t  w i t h  regard  t o  es t ima t ing  the  t r a n s f e r  f u n c t i o n s  

Gix and Giy i t  i s  appropr ia te  t o  t r e a t  t h e  s igna l  canponents o f  each 

data s e t  as parameters, r a t h e r  than as randan va r iab les  which can 

in t roduce e r r o r s  i n t o  t h e  est imates.  

parameters accounts f o r  t h e  f a c t  t h a t  they are  r e l a t e d  

d e t e r m i n i s t i c a l l y  through Gix and Giy. 

t r e a t e d  as parameters w h i l e  t r e a t i n g  the  no ise  components as randan 

v a r i a b l e s  by i n t roduc ing  t h e  concepts o f  marginal  and c o n d i t i o n a l  

p r o b a b i l i t y  d i s t r i b u t i o n s  (e.g. Hamilton, 1964, p. 17), and o f  

s t a t i s t i c a l  expec ta t ion  w i t h  respec t  t o  t h e  c o n d i t i o n a l  d i s t r i b u t i o n .  

T rea t i ng  t h e  s i g n a l s  as 

The s igna l  components can b e  

The s ignal  and noise canponents o f  t h e  measured f i e l d s  can be  

viewed as t w o  se ts  of s t a t i s t i c a l l y  independent measurements fran two 

d i f f e r e n t  randun processes. The two processes a re  descr ibed b y  t h e i r  

respec t i ve  j o i n t  p r o b a b i l i t y  d i s t r i b u t i o n s  and are assumed t o  be zero 

mean, b u t  a r e  otherwi  se unspec i f ied .  

i s  assumed t o  be s ta t i ona ry ,  i .e., t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  which 

descr ibe  t h e  processes can be  t ime dependent. 

I n  p a r t i c u l  ar ,  r ie i  t h e r  process 

We a re  i n t e r e s t e d  i n  



t h e  j o i n t  d i s t r i b u t i o n  o f  d i s c r e t e  F o u r i e r  t rans forms of sequences of  

sampled s i g n a l  and no ise  components a t  a g iven  harmonic. Since 

F o u r i e r  t rans fo rma t ion  i s  a l i n e a r  opera t ion ,  we have 

where U = Us + u i s  any f i e l d  measurement and 2 = Z, + Z i s  i t s  

t ransform. 

means, Zs and z ,  which are  ob ta ined from U s  and u by  l i n e a r  

processing, e x h i b i t  these p r o p e r t i e s  as w e l l  (e.g. M i l l e r ,  1374). 

Thus, i n d i v i d u a l  harmonics o f  t h e  d i s c r e t e  Four ie r  t rans forms of t h e  

sampled f i e l d  measurements a r e  random v a r i a b l e s  o f  zero  mean which are  

Since Us and u a r e  s t a t i s t i c a l l y  independent w i t h  zero  

sums o f  s t a t i s t i c a l l y  independent s i g n a l s  and noises.  Let  

Z = X + j Y  be an n-dimensional complex vec to r  o f  F o u r i e r  

t rans formed s i g n a l  Components, and l e t  - -  z = x + j y  - be t h e  corresponding 

vec to r  o f  n o i s e  components. Then, s ince  t h e  s i g n a l s  and no ises  a re  

s t a t i s t i c a l l y  independent, t h e  , j o i n t  4n-dimensional d i s t r i b u t i o n  o f  

s s  s 

- r e a l  and imag ina ry  p a r t s  i s  synthesized from t h e  produc t  

where f(&, Y+) and g(x, 2) are, r e s p e c t i v e l y ,  t h e  j o i n t  2n- 

dimensional d i s t r i b u t i o n s  o f  t h e  s igna l  components and t h e  no ise  

components. 

Wi th  a p p r o p r i a t e  processing, and assuming p lane  wave s i g n a l  s ,  

e r r o r s  i n  t h e  Gm e x i s t  o n l y  when no ise  components a r e  p resent  i n  t h e  

measured f i e l d s .  Therefore, we t r e a t  t h e  s igna l  components as 

parameters r a t h e r  than  as random v a r i a b l e s  and t h e  e r r o r s  i n  t h e  G,,, 

are  governed by  t h e  c o n d i t i o n a l  d i s t r i b u t i o n  o f  t h e  no ises  o n l y ,  
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rather t h a n  by the jo in t  dis t r ibut ion of the signals and noises. The 

conditional density function of the noises i s  defined as 

hc(s,  1 I 2 , s  1 s )  = h ( ~ s ,  1s. X, y)/hm(Ls, 1 s )  3 

where hm(&, &) i s  the marginal density function def i ned by 

The conditional d i s t r i b u t i o n  of the noises i s  the j o i n t  probabil i t y  

density function of the 2n  noise components, given tha t  the 2n  signal 

canponents have certain fixed values. On the other hand, the marginal 

dis t r ibut ion of the signals i s  obtained by integrating over the range 

of the 2n noise variables, and represents the probability tha t  the 

signals l i e  i n  given ranges irrespective of the values of the 

noises. --s, --s 
the conditional and marginal densi t ies  of the noises are equal because 

In our case, we have h,(x, 1 I X Y ) = g ( 5 ,  2) = h,(x, 2); - 

the signals and noises are s t a t i s t i c a l l y  independent. 

The s t a t i s t i ca l  expectation operator i s  used to calculate b i a s  

errors and variances of the G, and i t  i s  important t o  recognize tha t  

s t a t i s t i ca l  expectation i s  defined w i t h  respect t o  an underlying 

probability distribution. 

measured f i e lds ,  Z = Z + z . 
parameters, then the expected value E[q(l)] i s  calculated from the 

conditional dis t r ibut ion,  hc(x, y I XS, 1,) = g(x, y) ,  rather than the 

Suppose q(1) i s  some function of the 

If the signal canponents are treated as -s - - 

jo in t  distribution, h(&, Is, x, 1) . 
To i l l u s t r a t e  the difference i n  the two viewpoints, we calculate 

the expected value and variance of a single f i e ld  component, Z = Zs + 

z ,  treating the signal f i r s t  as a random variable and then as a 
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parameter. 

t h e r e  r e s u l t s  (e.g. M i l l e r ,  1974) 

If  b o t h  Zs and z a r e  t r e a t e d  as random va r iab les ,  t hen  

E[Z] = Z h(X ,Y ,x,y) dX dY dxdy = 0. 
s s  s s  

X 3 y; , X , Y 

A1 t e r n a t  i v e l  y, we f i n d  

E[Z] = Jm Z g(x,y) dxdy = Z ( 7 )  
-OD S 

X ,Y 

when t h e  s i g n a l s  a re  t r e a t e d  as parameters. 

of a complex random v a r i a b l e  i s  de f i ned  by (e.g. M i l l e r ,  1974) 

Cont inu ing,  t h e  var iance 

Trea t ing  Z s  as a random va r iab le ,  t hen  i n  v iew o f  equat ion  ( 6 ) ,  V a r  Z 

= E [ I Z I 2 1 ,  where 

The q u a n t i t i e s  E I X s x l  and E[Ysy] a r e  zero  because t h e  s i g n a l s  and 

noises a r e  s t a t i s t i c a l l y  independent so t h a t ,  e.g., E I X s x l  = E[Xs] 

E[x]. Thus, we o b t a i n  

( 9 )  
Var Z = E [ l Z s l  2 3 + E [ l z l  2 3. 

A l t e r n a t i v e l y ,  t r e a t i n g  Zs as a parameter, t h e n  i n  v iew o f  equat ion  

( 7 ) ,  Var Z = E [ I Z I 2 ]  - l Z s 1 2 ,  where 

Now we o b t a i n  

Var Z = E[lz1*]. 
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........... .~. .  

We s h a l l  see i n  a l a t e r  sec t i on  t h a t  equat ions ( 7 )  and (10) l ead  t o  

e r r o r  ana lys i s  which i s  cons i s ten t  w i t h  t h e  hypothes is  t h a t  s igna l  

canponents a re  re1 ated d e t e r m i n i s t i c a l l y  through the  t r a n s f e r  

f u n c t i o n s  Gix and Giy. Equat ions ( 6 )  and ( 9 )  do not. 
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COHERENCE FUNCTIONS 

Ordinary and multiple coherence functions can be defined (e.g. 

Bendat and Piersol, 1971) which provide  measures of the linear 

relationships between the field components associated w i t h  the 1 inear 

system i n  Figures 1 and 2 and are t h u s  useful i n  noise analysis. I n  

th i s  section we define ordinary and mu1 t i  pl e coherence functions 

w i t h i n  the framework of the statistical model presented in the 

previous section. 

estimates must be understood in order t h a t  they may be used 

The properties of the coherence functions and their 

intell igently in subsequent developments. Therefore, we digress t o  

exami ne them. 

The ordinary coherence -& i s  a measure of the correlation 

between two field components i n  the  frequency domain, and i t s  

estimate, CAB , i s  2 

- * - - * * 
where the quantities P A  = AA ; PB = BB , and AB 

spectral density estimates cal culated from discrete Fourier transforms 

of the two field components. The multiple coherence y I I -oi 

measures the frequency domain correlation of the measured o u t p u t  t o  

the measured inputs of the linear system in Figure 2 and is  estimated 

are auto  and cross 

2 

X Y  

from 

13 



Theoretical coherencies are defined f o r  stationary random 

processes of zero mean by replacing the spectral density estimates i n  

equations (11) and (12)  w i t h  t he i r  theoretical values, which are 

obtained using expectation defined w i t h  respect t o  the j o i n t  

distribution of the signals and noises. However, different  

definit ions are required under the s t a t i s t i ca l  model of the previous 

section. We define the theoretical ordinary coherence between two 

f i e l d  measurements A = As + a and B = Bs + b as 

where expectation i s  taken w i t h  respect t o  the conditional 

dis t r ibut ion of the noises, a and b. The theoretical multiple 

coherence i s  defined similarly. Both theoretical coherencies sa t i s fy  

the inequality 0 - < Y - < 1 , where the value 1 s igni f ies  perfect l inear  2 

c o r r e l a t i o n  a t  a g i v e n  frequency. Note t h a t  ~f I -o is uni ty  by 
sx sy si 

d e f i n i t i o n .  I n  practice, the multiple coherence between the signals 

could be less  t h a n  unity if the t ransfer  functions Gix and Giy varied 

significantly over the bandwidth  of the calculated signal spectra 

(Foster and Guinzy, 1967).  However, we have already assumed 

implicitly t h a t  such variations are insignificant so t h a t  G i x  and Giy 

can be calculated accurately from noise-free data. 

The ccherence estimates given by equations (11) and (12 )  also 

range i n  value from zero t o  one b u t  they contain random and b i a s  

errors which are decreased as  the number, N ,  of harmonics averaged t o  

14 



o b t a i n  t h e  spect ra l  est imates increases. Useful d iscuss ions o f  t h e  

e r r o r s  i n  o rd ina ry  coherencies est imated f rom s t a t i o n a r y  Gaussian 

random processes a re  prov ided by Benignus (1969) and Car te r  e t  a1 

(1973). 

suggests t h a t  t h e  assumption o f  n o r m a l i t y  i s  n o t  c r i t i c a l  i n  the  e r r o r  

analysis.  Fo r  our purposes, t h e  behavior o f  t h e  b i a s  e r r o r  i s  

Foster  and Gui nzy (1967) p rov ide  experimental evidence which 

p a r t i c u l a r l y  important.  I n  general ,  E [ ~ A B ]  2 i s  g rea te r  t han  YAB 2 when 

* i s  l e s s  t h a n  u n i t y .  Car te r  e t  a1 (1973) show t h a t  an upper bound 

2 It i s  impor tan t  t o  

YAB 

on t h e  b i a s  e r r o r  i s  g i ven  by ( 1  - yAB)/N . 
understand t h e  behavior o f  t h i s  b i a s  e r r o r  s ince i t  i n f l u e n c e s  our 

i n t e r p r e t a t i o n  of t h e  coherence est imates and 1 i m i t s  our subsequent 

use o f  them. I t  i s  w e l l  known t h a t  when N i s  u n i t y ,  t h e  b i a s  e r r o r  
2 i s  (1 - yAB), and CEB i s  u n i t y  regardless o f  t h e  t r u e  r e l a t i o n s h i p  

between the processes. This  b i a s  e r r o r  behaves as O(N-l)  as N 

increases and i t  e x i s t s  because C i B  i s  a non l i nea r  f u n c t i o n  o f  A and 

B. Thus, a l though the r e s u l t s  a r e  der ived f o r  coherencies c a l c u l a t e d  

from s t a t i o n a r y  random processes, t h i s  general behavior i s  a l s o  t o  be 

expected when A and B a r e  nonstat ionary.  The behavior o f  t he  

est imates o f  t h e  m u l t i p l e  coherence i s  s i m i l a r  t o  t h a t  o f  t h e  

est imates o f  o r d i  nary coherence (e.g. Bendat and P i e r s o l ,  1971). 

The r e l a t i o n s h i p  o f  coherencies between t h e  s igna l  components t o  

coherencies between t h e  measured f i e l d s  i s  o f  i n t e r e s t .  For example, 

i f  t h e  noises a and b a re  independent, then f o r  l a r g e  N t h e  

i s  g iven by 2 r e l a t i o n s h i p  between CAB and C, 
s s  

15 
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. Note t h a t  t he  i n e q u a l i t y  becomes l a r g e r  as the  2 2 
SO t h a t  CAB 5 CA B 

s s  
r a t i o  of no ise power t o  s ignal  power i n  A o r  B increases. 

The m u l t i p l e  coherence est imate a l s o  e x h i b i t s  t h i s  behavior,  so 

o r  Oi a re  noisy.  If noise I Y  , t h a t  i t  i s  l e s s  than u n i t y  when I,, 

e x i s t s  o n l y  i n  t h e  output  measurement, Oi, t h e  e q u a l i t y  

= Po /Po i s  v a l i d  f o r  l a r g e  N. Then a s y m p t o t i c a l l y  
s i  i Cf I -0 sx S Y  i 

unbiased est imates of t he  output  no ise power and of t h e  r a t i o  o f  

output  no i se  power t o  output  s i g n a l  power a r e  obtained from t h e  

expressions 

. and 
1 2 P c1 - CI 1 

- -  O i  - sx sy-Oi 
P, n 

s i  U LI I -oi sx sy 

If t h e  i n p u t  measurements 1, o r  Iy are 
3 

than C; I -o , and i t  i s  easy t o  v e r  
sx sv i 

i s  l e s s  noisy then CI I -oi 
X Y  

f y  from equat ion (12) t h a t  t 

2 

i nequal i t y  becomes l a r g e r  as t h e  r a t i o  o f  t h e  noise power t o  t h e  

signal power of either input increases. Note t h a t  the estimates of 

output  noise power and of noise t o  s ignal  r a t i o ,  g i ven  by equations 

i e  

(13) and (14), a r e  i n f l a t e d  by t h i s  behavior.  These expressions, and 

t h e i r  behavi o r  when t h e  i n p u t s  a r e  no i  sy , are expl o i  t e d  subsequent1 y. 

16 
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LEAST SQUARES NATURE OF THE ESTIMATES 

Sims e t  a1 ( 1 9 7 1 )  have shown t h a t  t h e  est imates G, s a t i s f y  

va r ious  minimum mean squared e r r o r  c r i t e r i a  when t h e  references a r e  

chosen as any p a i r  o f  t h e  h o r i z o n t a l  f i e l d  measurements a t  a base 

s i t e .  I n s i g h t  i n t o  t h e  general e s t i m a t i o n  problem i s  gained by  

developing t h e  est imates w i t h i n  a l e a s t  squares framework. Suppose N 

independent harmonics a r e  a v a i l a b l e  t o  est imate Gix and Giy. Then we 

can w r i t e  t h e  system o f  equat ions,  

Using t h e  m a t r i x  no ta t i on ,  = 0 , then t h e  s o l u t i o n ,  

*T 1 * T 
- G = L1-I 0 , (15) 

i s  t h e  unweighted l e a s t  squares s o l u t i o n  t o  t h e  system o f  equations. 

The s o l u t i o n s  given by  equat ion (15) a re  i d e n t i c a l  t o  those g i ven  by 

equat ion ( 5 )  when t h e  references (A,B) a r e  chosen as ( IX , I y ) .  

Equation (15) can be genera l ized t o  a l l o w  f o r  o t h e r  re ference 

f i e l d  pa i r s ,  i.e. 

where 5 i s  t h e  m a t r i x  o f  N-dimensional column vec to rs  o f  t h e  re fe rence  

f i e l d  measurements, - R = [A - -  B]  . The s ignal  components o f  any 

17 
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orthogonal  p a i r  o f  re fe rence f i e l d s  a r e  r e l a t e d  l i n e a r l y  t o  t h e  i n p u t  

s i g n a l s  th rough  a t r a n s f e r  m a t r i x  -. M a t  t h e  e a r t h ' s  sur face,  i.e., 

T T 
Fls =MA . 
have 

I f  both  t h e  i n p u t s  and t h e  re fe rences  a r e  noise- f ree,  we 

* *T -1 * *T *T -1 *T G = [ M I  I ]  M I . O = [ h A ]  5, - 4 0 ,  - -s -s - 

and t h e  r e s u l t  i s  i d e n t i c a l  t o  equat ion  (15) .  However, i f  i n  a d d i t i o n  

t o  ou tpu t  no ise,  t h e r e  i s  no ise  i n  e i t h e r  t h e  i n p u t  o r  t h e  re fe rence 

f i e l d  measurements, then t h e  s o l u t i o n s  f rom equa t ion  (16)  a r e  no t  t h e  

same as those  from equat ion (15 ) .  We defer  t rea tment  o f  t h i s  general  

case t o  t h e  nex t  sect ion.  

I n  t h e  remainder o f  t h i s  sec t ion ,  we assume t h a t  o n l y  t h e  ou tpu t  

. measurements - 0 a r e  noisy.  Then t h e  c l a s s i c a l  t h e o r y  o f  l i n e a r  l e a s t  

squares can be  appli 'ed t o  determine s o l u t i o n s  f o r  Gix and Giy which 

a r e  op t ima l  i n  t h e  sense t h a t  t h e y  a re  unbiased and have minimum 

var iance. From t h e  Gauss-Markov theorem (e.g., M i l l e r ,  1974) , these 

- es t imates a r e  g iven b y  

where V i s  t h e  covar iance m a t r i x  o f  t h e  elements o f  t h e  vec to r  - 0 . 
We assume f o r  s i m p l i c i t y  t h a t  t h e  i n d i v i d u a l  harmonics Oik, k = 

1,2,...,N a r e  s t a t i s t i c a l l y  independent so t h a t  V i s  a diagonal  

ma t r i x ,  even though c e r t a i n  process ing techniques may have been 

u t i l i z e d  which r e s u l t  i n  some harmonics be ing  l a r g e l y ,  b u t  n o t  

t o t a l l y ,  independent o f  each o t h e r  (Welch, 1967; Wight e t  a l ,  1977). 

The d iagonal  elements o f  V are  t h e  var iances,  

-0 

-0 

- 

-0 
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2 where E[loikl  1 i s  t h e  noise power i n  t h e  k t h  harmonic. 

i s  c a l c u l a t e d  f rom equat ion (8) ,  w i t h  expec ta t i on  de f ined w i t h  respect  

t o  t h e  cond i t i ona l  d i s t r i b u t i o n  o f  t h e  noises.  

The var iance 

When t h e  output  no i se  i s  nonstat ionary,  approximately opt imal  

s o l u t i o n s  can be obta ined i n  p r a c t i c e  by p a r t i t i o n i n g  t h e  data, 

I and - 0 , i n t o  M subsets, A1 arid (Il , 1 = 1,2, ..., M each con ta in ing  

N/M harmonics. The average no ise  power (and thus t h e  var iance)  i n  

each data vec to r  (Il can then be est imated f rom equat ion (13), i.e. 

-5 

I n  p rac t i ce ,  t h e  number of subsets, M, i s  chosen l a r g e  enough t o  take  

advantage o f  t h e  nons ta t ionary  behavior  of t h e  noise, b u t  n o t  so l a r g e  
9 

. t h a t  b i a s  e r r o r s  i n  C; I -o i n v a l i d a t e  equat ion (19). The opt imal  
sx sv  i - -1 

s o l u t i o n  g iven by equat ion (17 )  i s  t hen  c a l c u l a t e d  approx imate ly  as 

G = [ ! W I*TI 1-l [ !! W I*TO 1, - 1=1 rlsl-sl 1=1 rl-sl-1 

where t h e  Wrl a r e  r e l a t i v e  weights  de f ined as Wrl = Wl/w, w i th  

de f i ned  as t h e  average, M c W The i n d i v i d u a l  weights  a r e  t h e  

r e c i p r o c a l s  o f  t h e  average var iances o f  t h e  output  vectors  (Il , 

-1 M 
1=1 1 

i.e. W 1 = (l/Poi)l . 
The covar iance m a t r i x  o f  t h e  s o l u t i o n  vec tor  5 i s  a l so  o f  

i n t e r e s t .  

op t ima l  s o l u t i o n  c a l c u l a t e d  f rom equat ion (17)  i s  g iven b y  

From l e a s t  squares theory,  t h e  covar iance m a t r i x  % of t h e  

S i m i l a r l y ,  t h e  covar iance m a t r i x  o f  t h e  approx imate ly  opt imal  s o l u t i o n  

c a l c u l a t e d  from equat ion (18) i s  est imated f rom 
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IXTI 1-1 . v + = w  [ E  w --1 M 
1=1 rl 31-sl 

where J-' estimates the average variance of the o u t p u t  vectors, oil . 
When the o u t p u t  noise i s  stationary, the relative weights are a l l  

unity and equations (21)  and ( 2 2 )  are equivalent. Then, by 
calculating P [I  *T I 1-l and normalizing the numerator and denominator 

oi -s -s 

of the elements by N 2 ,  i t  can be shown t h a t  the  variances have the 

form 

Po. 'PI 

N C 1  - C l  1 '  
Var G m i j  = - 1 s j  

sxA sy 

i s  the sample coherence between the inputs Is, and 2 where C I  I 
sx sy 

Isyo 

the variance expression derived b y  Gamble et a1 (1979b) reduces t o  

equation (23) under identical assumptions, 

For purposes of comparison, i t  i s  straightforward t o  show t h a t  

I n  concluding this  section, we note t h a t  when the o u t p u t  noise i s  

stationary, the diagonal elements of &, a l l  have the same value, 

PA Then, regardless of the behavior o f  the  signals, the unweighted 

optimal and any differential weighting will 
"i 

least squares estimate i s  

a c t u a l l y  increase t h e  va r  

not  appropriate t o  weight 

ance of the estimates. I n  par t icu lar ,  i t  i s  

by either the o u t p u t  noise t o  signal ratio, 

or the t o t a l  power, Po = Po + P , 
i s i  O i  
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GENERAL WE I GHTI NG PROCEDURES 

The c l a s s i c a l  l e a s t  squares theo ry  presented i n  the  prev ious 

s e c t i o n  i s  not optimal when noise i s  present  i n  e i t h e r  t h e  i n p u t  o r  

re fe rence f i e l d  measurements. I n  p a r t i c u l a r ,  t he  presence of such 

noise in t roduces  e r r o r s  i n t o  t h e  c o e f f i c i e n t  ma t r i x ,  [E *T I ]  , i n  

equat ion (16). I n  t h i s  s e c t i o n  we examine t h e  e f f e c t s  o f  such e r r o r s  

on t h e  estimates. Then weight ing procedures a r e  devised which may 

produce improved estimates when t h e  s igna l  o r  no ise components o f  t h e  

measured f i e l d s  a re  nonstat ionary.  

Assuming f o r  t he  moment t h a t  t h e  output  measurements a re  noise- 

f ree ,  then t h e  e f f e c t  o f  e r r o r s  i n  the  c o e f f i c i e n t  m a t r i x  can be 

examined from t h e  mat r i x  equat ion 

- -  G = A- . The e r r o r s  & s a t i s f y  

Moler, 1967 p.  23) 

1 

l l&ll ‘ 

m 

[A t a](G + AG) = 

the  sharp bound (e.g. Forsythe and 

, where 

11MI 1 
- m  < K  

where 1 I * [  I i s  any m a t r i x  norm and K = 1141 I I lL-’l I i s  t he  

c o n d i t i o n  number o f  A . The bound g iven by equat ion (24 )  i s  t h e  

sharpest bound which can be s p e c i f i e d  f o r  a r b i t r a r y  m a t r i c i e s  

- A and a , since 

- AA. We d e s i r e  a 

inequal  i t y  I 15 t 

e q u a l i t y  i s  poss ib le  f o r  c e r t a i n  choices o f  A and 

bound on the  r a t i o  I IAGJ / / I  151 I .  By s u b s t i t u t i n g  t h e  

AGI I 5 I I + I l~&l I i n t o  equat ion  (24)  and 

rear rang ing  terms, we ob ta in  t h e  bound 
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II&l I I I41 I llL!ill -1 
< K  rn - m cl-KmlJ ' 

which i s  v a l i d  provided KI IAAI 1 / 1  Ill1 I i s  less t h a n  unity. 

If  we use the 1 2  norm, then the norm of an n-dimensional complex 

vector & i s  defined by 

where the Xi are the components of :E,  and the norm of an n x n complex 

matrix 5 i s  defined by 

where u1 i s  the largest singular value of C. 

defined as the square roots o f  the eigenvalues of the Hermitian 

matrix, c*Tc . 
i t  can be shown t h a t  the singular values o f  C are given by 

The singular values are 

In our case, A and are 2 x 2 matrices. When n = 2 ,  

where S i s  the trace and D i s  the determinant of the matrix c*Tc. 
Applying these results, we ob ta in  t h e  expression 

Note from equation (26) t h a t  the largest singular value of AA, 

m a x ( u A ~ ) ,  i s  related directly t o  the magnitude of the largest 

component of AA9 while the smallest singular value of A approaches 

zero as the determinant of approaches zero, i.e. as the linear 

An approx 

yields further 

dependence o f  the system of equations A 5 = 

IAAI 1 / 1  I can be der 

of the bound (Forsythe 

increases. 

mate expression for K 

insight by making use 
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1967 p. 4 )  

where the C i j  are the elements of C. Applying this bound, we obtain 

the relation 

maxlAa. . I  I lhAl I < ZK-. K m -  a i j  

Additionally, i t  can be shown t h a t  the condi t ion  number K of the 2 x 2 

matrix - A i s  given by 

K = p + (p2 - 1)'I2, 

where p i s  given by 

Equations (E), (27) ,  and (28) together show clearly t h a t  the relative 

errors in the solution vector, - -  G + AG, depend on the noise t o  signal 

ratio of the el ements of [A + - AA] and the degree of 1 inear dependence 

o f  the system A4 = E. 
Equations (24)  and (25) suggest t h a t  & can be reduced by 

weighting which reduces the noise t o  signal ratio I IAAI 1 / 1  IAI I more 

t h a n  i t  increases the cond i t ion  number K. I t  i s  likely t h a t  such 

weighting i s  possible when the signals are nonstationary, even if the 

noises are stationary. Thus ,  a l t h o u g h  no general prescription for a 

weighting procedure which i s  optimal in any sense i s  available, i t  i s  

clear from equations (24)  and (25) t h a t  subsets of the d a t a  should be 

weighted t o  reflect the ratios of noise t o  signal in the input and 

reference field measurements, i n  a d d i t i o n  t o  the absolute noise level 
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i n  t h e  output  measurements. 

R e l a t i v e  weights which s a t i s f y  these requirements can be devised 

by  e x p l o i t i n g  t h e  behavior  o f  t h e  m u l t i p l e  coherence est imates.  We 

r e c a l l  from prev ious d i scuss ion  t h a t  when Ix and Iy a r e  noisy,  t h e  

becomes l a r g e r  as t h e  r a t i o s  o f  no ise i n e q u a l i t y  CI 2 I 2 
x y  i 5 CIsxIsy-Oi 

t o  s ignal  i n  t h e  i n p u t s  increase. Thus t h e  q u a n t i t y ,  p = 
2 (1  - CI I -o . )Po  , c a l c u l a t e d  f o r  each subset of data, has t h e  

proper ty ,  ECpl > P 
x y  1 i 

, and r e f l e c t s  bo th  t h e  nons ta t i ona ry  cha rac te r  
O i  

o f  t h e  output  noise and t h e  changing noise t o  s igna l  r a t i o s  o f  t h e  

i npu ts .  Note a l s o  t h a t  s ince the  reference s ignals ,  A, and Bs, a r e  

l i n e a r l y  r e l a t e d  t o  t h e  i n p u t  s ignals ,  Is, and Isy, t h e  noise t o  

s igna l  r a t i o s  of the references can be est imated f rom u = 

and v, a r e  a l s o  i n f l a t e d  as t h e  r a t i o s  o f  no ise t o  s igna l  i n  I, and Iy 

increase. Thus, p, u, and v e x h i b i t  t h e  d i f f e r e n t  types o f  f u n c t i o n a l  

behavior  we wish t o  i nco rpo ra te  i n  a general weight ing scheme. 

We can combine p, u, and v i n  va r ious  ways t o  o b t a i n  weights w i t h  

app rop r ia te  behavior. 

l t h  subset o f  data which incorporates a l l  t h r e e  terms and reduces t o  

For example, one choice o f  weight ing f o r  t h e  

t h e  l e a s t  squares weight whensthe i n p u t s  and references are noise f r e e  

i s  given by 

w1 = p i l c 1  + u1 + v l ~ - n  , n > o . (29 1 

No c l a i m  i s  made t h a t  t h i s  choice of we igh t i ng  i s  opt imal i n  any sense 

when i n p u t  o r  reference f i e l d  no i se  in t roduces noise i n t o  t h e  

c o e f f i c i e n t  m a t r i x ,  A = [E *T I-] . I n  p a r t i c u l a r ,  t h e  exponent, n, - 
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which leads t o  est imates w i t h  t h e  sma l les t  e r r o r  must be chosen from 

experience. The goal i s  t o  choose t h e  value o f  n which produces the  

maximum r e d u c t i o n  i n  K I  IAAI 1 / 1  [ A I  - I . Note t h a t  t h e  weights g i ven  by 

equat ion (29) eventual l y  become l a r g e  as t h e  no ise  i n  t h e  base f i e l d s  

becomes smal l ,  regard less of t h e  no ise  i n  t h e  re fe rence  f i e l d s .  This  

i s  d e s i r a b l e  behavior,  s ince  Var G i j  i s  ze ro  when t h e  base f i e l d s  a r e  

no ise  f ree ,  regard less o f  t h e  reference f i e l d  no i se  (Goubau e t  a l ,  

1978). 

The weights g iven by equat ion (29) are used i n  p r a c t i c e  t o  

c a l c u l a t e  weighted est imates which a r e  s i m i l a r  t o  equat ion (ZO), i.e., 

G = [ !! W !! W R*TO 1, - 1=1 rl-1 -1 1=1 r l -1 -1 

. where t h e  W r l  a r e  r e l a t i v e  weights def ined as f o r  equat ion (20). Note 

t h a t  t h e  elements o f  t h e  ma t r i ces  i n  equat ion (30) a r e  obta ined e a s i l y  

as weighted averages of t h e  spect ra l  est imates which a r e  canputed f o r  

each subset of data. 

spec t ra  a r e  requi red,  corresponding t o  t h e  t h r e e  d i f f e r e n t  outputs,  O i  

= Ex, Ey, o r  Hz. 

weighted est imates can be cal cu la ted e a s i l y  by s u b s t i t u t i n g  these 

weighted spect ra f o r  t h e  unweighted spec t ra  i n  t h e  expressions f o r  t h e  

var iances and covariances der ived by Gamble e t  a1 (1979b). 

I n  general,  t h r e e  d i f f e r e n t  se ts  o f  weighted 

F i n a l l y ,  t h e  var iances and covariances o f  t h e  
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DISCUSS1 ON AND CONCLUSIONS 

I n  t h i s  paper, we have developed a weighted averaging technique 

f o r  MT data which i s  t o  be app l i ed  a t  t h e  spec t ra l  l e v e l .  The 

est imate g iven by  equat ion (30)  i s  approximately opt imal  when o n l y  t h e  

output measurements are noisy, b u t  no p r e s c r i p t i o n  f o r  opt imal 

weight ing i s  a v a i l a b l e  when i n  a d d i t i o n  t o  output  noise, e i t h e r  t h e  

i n p u t s  o r  references a r e  noisy. 

1 eve1 , we might  cons ider  e s t i m a t i  ng t h e  t r a n s f e r  f u n c t i o n s  Gml ,  

1=1,2,...M d i r e c t l y  from each subset of  t h e  data and t h e n  computing 

the  weighted average o f  t h e  M est imates,  

Instead o f  we igh t i ng  a t  t h e  spec t ra l  

. 

where t h e  weights a re  g iven by 

1/Var Gml 

1 7 1/Var Gm, 
a =  

We r e q u i r e  t h a t  f a  be u n i t y  t o  avoid i n t r o d u c i n g  b i a s  e r r o r s  1 
i n t o  Em from t h e  Weighting procedure. When t h e  est imated variances, 

Var G,1, adequately represent  t h e  d i spe rs ions  of t h e  d i s t r i b u t i o n s  of 

t h e  estimates, t h i s  weight ing procedure i s  opt imal i n  t h e  sense 

t h a t  Var E,,, i s  minimized (e.g., Hamilton, 1964 p. 41). However, 

var iance and b i a s  e r r o r s  i n  t h e  i n d i v i d u a l  est imates,  G m l ,  can be 

severe due t o  non l i nea r  propagat ion o f  e r ro rs .  Weight ing a t  t h e  

spect ra l  l e v e l ,  a l though not  guaranteed opt imal ,  can l ead  t o  est imates 
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o f  t h e  t r a n s f e r  f u n c t i o n s  w i th  smal l e r  e r r o r s  than 

nonl i near e r r o r  propagat ion i s  reduced. 

The weight ing procedure descr ibed i n  t h e  prev 

a p p l i e d  t o  e i t h e r  conventiona 

value f o r  t h e  parameter n may 

co l l ec ted .  I n  p a r t i c u l a r ,  i t  

- 
Gm because 

ous s e c t i o n  can be 

data, b u t  the bes t  

o f  da ta  i s  be ing 

o r  remote reference 

depend on which type 

may be approp r ia te  t o  use l a r g e r  values 

o f  n w i th  convent ional  da ta  i n  o rde r  t o  p rov ide  s t ronger  r e j e c t i o n  o f  

data sets  w i th  no isy  references, s ince  noise i n  t h e  references 

generates b i a s  e r r o r s  i n  convent ional  est imates which can be severe. 

I n  any case, weighted averaging can be expected t o  y i e l d  improved 

est imates o f  t h e  t r a n s f e r  f u n c t i o n s  on ly  i f  t h e  output  no ise i s  

nonstat ionary,  o r  i f  t h e  i n p u t  o r  re ference s ignal  t o  noise r a t i o s  a r e  

. nonstat ionary.  F i n a l l y ,  s ince  t h e  o b j e c t i v e  o f  weighted averaging i s  

t o  t a k e  advantage o f  any nons ta t i ona ry  behavior  i n  t h e  s i g n a l s  o r  

noises, weighted averaging schemes might  be more successful  when 

a p p l i e d  t o  da ta  processed us ing  decimat ion techniques (Wight e t  a l ,  

1977), i ns tead  o f  FFT processing w i t h  subsequent averaging o f  ad jacent  

harmonics, s ince t h e  h ighe r  harmonics o f  an FFT represent  averages o f  

s igna l  and noise over a l a r g e r  t ime  window than is necessary f o r  

adequate spec t ra l  resol  u t i  on. 
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LIST OF FIGURES 

1. Dual i n p u t ,  single o u t p u t  linear system model of  the MT process. 

The i n p u t  signals, Is, and Isy, are related linearly t o  the o u t p u t  

signal, O s i ,  through the transfer functions G i x  and G i y .  

2. Dual input, single o u t p u t  linear system w i t h  additive random 

and noises, i, and iy,  i n  the i n p u t  measurements, I, and I 

additive random noise, o i ,  i n  the o u t p u t  measurement, O i .  The 

noise components, i,, i 

independent of the s ignals ,  Is,, Isy, and O S i ,  and are not 

processed by the system which i s  represented in the dashed box. 

Y’ 

and o i ,  a r e  by definition statist ically Y’ 
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FIGURE 1 

Noise - Free 

Input - Output Relation 
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