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Abstract

Recent studies show the sinusoidal projection to be a superior planar projection for representing
global raster datasets. This study uses the sinusoidal projection as a basis for evaluating pixel
loss and replication in eight other planar map projections. The percent of pixels represented
accurately as a single pixel when projected from the sinusoidal to one of the other projections
ranged from a low of about 58% for the VVan der Grinten projection to a high of about 83% for
the Mollweide projection. The graphic display of these losses and gains of pixels had revealing
patterns, for example, large values of replication in the higher latitudes of cylindrical projections.

Introduction

Recent articles have analyzed and illustrated resampling errors in the form of pixels lost and
replicated when raster datasets are projected between the sphere and the plane using various map
projections. These errors are potentially an important effect in many applications. For example,
in using categorical data such as classified imagery displayed over large areas like continents,
hemispheres, or the entire globe, the distribution of pixel counts by class can change
substantially depending upon the projection. Similarly, the distributions of continuous data can
change as well.

Steinwand et al. (1995) initiated the recent series of articles by describing the nature of the
problem and then analyzing and displaying the distortion produced for several combinations of
projections using alternating black and white checkerboard image blocks. Mulcahy (2000)
developed measurements for pixel loss and duplication and analyzed these properties for eight
projections. Mulcahy and Clark (2001) reviewed the display of map projection distortions in
general, including the techniques developed by Steinwand et al. (1995) for raster data distortions.

Kimerling (2002) developed another approach to measuring and displaying pixel loss and
replication called the data loss and duplication map and applied this to projections of equal angle
raster data (grids with equal increments in latitude and longitude). Seong and Usery (2001) and
Seong (2003) developed a scale factor model of the accuracy of the transfer of categorical raster
data and applied the model to transfers between each pairwise combination of three different
projections. Seong et al. (2002) calculated the accuracy of the transfer of generic categorical
raster data between UTM and five other projections. Usery and Seong (2001) and Usery et al.
(2003) calculated the accuracy of the transfer of specific categories of several databases between
pairwise combinations of a number of projections.
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One notable finding in Mulcahy (2000), Seong and Usery (2001), and Seong et al. (2002) was
the evidence for the superior performance of the sinusoidal projection in minimizing raster data
resampling errors. The Seong papers (2001, 2002) explained the mathematical basis for the
sinusoidal projection’s performance as a result of the projection’s horizontal scale factor being
equal to 1.0 along all parallels of latitude. This property means that, for example, equally spaced
horizontal transects in the projection space have equally spaced transects on the sphere.
Furthermore, parallels are equally spaced vertically. Thus square pixels in the projection space
sample equal increments in both longitude and latitude on the sphere, whereas other projections
do not have this property. It is worth noting that the sinusoidal projection would not necessarily
have this advantage for some alternative planar tessellation systems, such as hexagons.

Because the vast majority of rasterized data uses square grids, however, it is useful to have
techniques to assist in evaluating the effects of projection distortion on pixel loss and replication.
Using the sinusoidal projection as a basis and square pixels, this paper presents the pixel loss and
replication patterns for eight other projections.

Methods

Loss and replication patterns of eight projections were examined, four equal area projections and
four that were not equal area. The four non-equal area projections were the Van der Grinten,
Miller, Robinson, and Plate Carrée. The equal area projections were the Mollweide, Hammer-
Aitoff, Eckert 1V, and Gall-Peters. The last is given its name here in recognition of its initial
publication by James Gall, even though Arno Peters republished it with minor modification in
the late 20™ Century (and both Gall’s and Peters’ versions being modifications of Lambert’s
equal area cylindrical projection).

Each projection was sampled in its planar projection space with a tessellation of squares of 100
kilometers on a cell side. The coordinates of the grid samples were projected to geographic
space (latitude and longitude coordinates) and then reprojected to the sinusoidal projection,
rounding to the nearest sinusoidal grid position. Both forward and inverse projections were
performed using spherical rather than ellipsoidal models of the earth; formulae were obtained
from Snyder (1990, for the Robinson projection), Maling (1974, for the Hammer-Aitoff forward
projection), Wolfram Research (1999-2005, for the Hammer-Aitoff inverse projection), and
Snyder (1987, for all others). The number of samples of the given projection that occurred in
each 100 km cell of the sinusoidal projection space was recorded. The sample counts, for each
projection, in each pixel of the sinusoidal space were mapped in the sinusoidal space, using the
classes of O (pixels that were lost), 1 (pixels in the original projection that became exactly one
pixel in the sinusoidal), gain (pixels that were replicated in the sinusoidal) of 2-4 pixels, gain of
5-8 pixels, and gain of 9 or more pixels. The maximum number of replicated pixels for each
projection in any pixel of the sinusoidal projection was also recorded.

Results and discussion

The number of pixels of the different projections for each cell in the sinusoidal projection ranged
from O (pixels lost) to a maximum of 500 (a replication of 500 Van der Grinten pixels in one
sinusoidal pixel) (Table 1).
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Table 1. Percent of pixels lost, matched, or replicated (gained), plus the maximum number of
replicated pixels, all relative to the Sinusoidal projection. Classes of replicated pixels are the
same as those of Figure 2.

Projection Loss 1-1 Gain2-4 Gain5-8 Gain9+ Max Gain
Sinusoidal 0.0 100.0 0.0 0.0 0.0 1
Van der Grinten 0.0 57.8 28.8 9.8 4.1 500
Miller 0.0 63.4 23.7 9.6 4.0 321
Robinson 13.3 76.3 9.8 0.5 0.1 89
Plate Carrée 0.0 68.8 27.3 3.4 0.9 401
Mollweide 8.7 82.8 8.6 0.0 0.0 5
Hammer-Aitoff 10.0 80.1 10.0 0.0 0.0 2
Eckert IV 15.1 71.0 13.7 0.2 0.0 6
Gall-Peters 21.9 58.2 19.5 0.3 0.0 27

Mapped patterns of loss and replication highlight aspects of the behavior of the different
projections (Figure 2). The non-equal area projections displayed substantially more pixel
replication, especially in high latitudes, which is not surprising. The Robinson projection was an
exception to this pattern. The equal area projections displayed a balancing between losses and
gains necessary to achieve equal area representation. The graphic patterns show the effects of
aliasing caused by the square wave transfer function from the nearest neighbor resampling (Russ
1995, also see, for examples, http://geospatialmethods.org/smmrpfreport/, accessed 5 November
2004). All eight projections had symmetric patterns across the equator and across the central
meridian. The Hammer-Aitoff projection had a distorted four-way symmetry that might be
expected from a stretched azimuthal projection.

The bar charts of losses and gains (Figure 3) show more dramatically some aspects of the
statistics of Table 1 and they summarize the patterns in Figure 2. The size of the bars in each
projection’s graph is an indication of how many levels of replication the projection had. The
Van der Grinten projection, for example, had the greatest variety in replication, and the Hammer-
Aitoff the least, having only duplicates. The non-equal area projections, except for the Robinson
projection, had no losses of pixels.

The idea of a data loss and duplication map was introduced by Kimerling (2002) to display the
spatial pattern of resampling error due to map projections. In that paper the maps were applied
to projections from equal angle data sets to planar surfaces. This paper draws on the work of
Seong and collaborators which shows the superiority of the sinusoidal projection in representing
raster data. In recognition of this superiority, several global datasets are now being distributed in
this projection, for example, the Integerized Sinusoidal (ISIN) MODIS land products
(http://Ipdaac.usgs.gov/landdaac/tools/modis/index.asp, accessed 5 November 2004), and the
Mars Mosaicked Digital Image Model (MDIM)
(http://pdsimage2.wr.usgs.gov/cdroms/viking_orbiter/vo_2007/document/volinfo.txt, accessed 5
November 2004).

If the sinusoidal projection becomes more commonly used for distributing global datasets, as is
appropriate, then it will become more important to better understand the nature of resampling
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errors from that projection. To this end, the maps and graphs presented in this paper present a
graphical method to portray that understanding.

R language programs for these analyses are available from the author.
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Figure Captions
Figure 1. Longitude and latitude graticules and continental land masses shown in map
projections used in the analysis.

Figure 2. Maps of pixel loss and replication for each projection relative to the sinusoidal
projection, which was used as the base map. All maps (except the sinusoidal) show graphic
patterns similar to Moiré patterns, where the nearest neighbor resampling to the sinusoidal
projection produced intersecting patterns of curved or straight, white or pink, lines on a gray
background.

Figure 3. Bar graphs of the losses and gains of pixels for each projection relative to the
sinusoidal projection. Each bar shows the number of pixels for a single value of losses or gains.
“0” is a pixel in the sinusoidal projection that was lost from the given projection; “1” is a pixel
that was transferred without gain or loss; “2” is a pixel in the sinusoidal that was covered by two
pixels in the given projection; and so forth. The Van der Grinten and Miller projections had
more values of replication than can be shown in the labels at the bottom of the bars; only a
sample of those values is indicated.

Geocarto International 21(2):19-22, June 2006


http://mathworld.wolfram.com/Hammer-AitoffEqual-AreaProjection.html

Sinusoidal

P

(77

Van der Grinten Mollweide

H (HINERERENR
ll_-IIIFI' \\\\\\\\l\l\ll;
| SO VR
AR

Miller

Robinson Eckert IV

Gall-Peters
P 3 - ’
| - 3 E
B T
[ —‘}
=3 =——— iiiiiﬁﬁﬂj‘: == ;annn-ﬂﬂz:

Geocarto International 21(2):19-22, June 2006



Sinusoidal

—

Mollweide

Van der Grinten

ixels
9+

. 58
Miller 24

0

Plate Carrée

Geocarto International 21(2):19-22, June 2006



percent of pixels

LA s L L L

percent of pixels

L L L UL

percent of pixels

PP

percent of pixels

LA s A L L

bl

P

T

1

P

percent of pixels
€0

P

?

Van der Grinten

0 4 8 13 18 23 28 34 39 45 57 72 105 500
gain or loss of pixels

Miller

0 3 6 912 16 23 28 33 41 49 89 107
gain or loss of pixels

Robinson

0 1 2 3 4 5 B 8 9 10 46 89
gain or loss of pixels

Plate Carrée

II._ :
0 2

4 B 8 10 12 15 20 22 31 41 64
gain or loss of pixels

percent of pixels percent of pixels percent of pixels
I A R

I

percent of pixels

o A

Sinusoidal

1
gain or loss of pixels

g
2
2
9_
=
o

Mollweide

:II_
0 1 2 3

5
gain or loss of pixels

Hammer-Aitoff

l:l._
0 1 2

gain or loss of pixels

Eckert IV

0 1 2 3 4 5 6
gain or loss of pixels

Gall-Peters

gain or loss of pixels

Geocarto International 21(2):19-22, June 2006




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


