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I. FORWORD 

A detailed study of the loading of a pneumatic tire by inflation is of in- 

terest since the inflation loads provide tensile forces in the cords which en- 

able them to carry the usual running loads imposed on the tire. 

stresses between plies are generated by the internal pressure. 

the cord loads and interply stresses so generated are not negligible, but pro- 

vide a major portion of the total loading of the tire and as such are of con- 

siderable technical interest. 

In addition, 

In many designs 

A second reason for a study of the process of inflating a pneumatic tire 

is that elastic shape changes take place during inflation. 

stances this can be of great importance, such as in the design of wheel wells, 

where generally space is at a premium. 

ances between the wheel well and tire as small as practically possible, which 

necessitates a knowledge of the tire inflated shape. 

In certain in- 

There, it is desired to make the clear- 

Third, this analysis of the results of inflation in a pneumatic tire 

serves as a starting point which may be used for the development of techniques 

which can be carried over to the more difficult problems of the tire loaded 

against the flat surface and the running tire against the roadway. 

For all these reasons, it was thought desirable to develop methods for 

analyzing the broblem of inflation of a pneumatic tire, and at the same time 

attempt to produce a workable design method for the tire engineer, so that 

inflation effects could be readily studied. 

1 



11. SUMMARY 

The principle of potential energy is applied to toroidal shell problems 

By use with particular application to internal pressure in pneumatic tires. 

of this principle, the orthotropic nature of tire materials may easily be in- 

cluded in the equations governing the solution. 

integration of the differential equations of shell equilibrium represents a 

more direct method of solving this problem, it is nevertheless true that en- 

ergy principles do provide an alternate approach which is less susceptible to 

difficulties involving singularities than is direct integration. These meth- 

ods of solution are perhaps not the fastest in terms of computer time, but 

much of this disadvantage can be overcome by programming. 

elastic characteristics of orthotropic laminates, such as that of Clark, 

is brought together and correlated in such a way that the elastic response 

of a pneumatic tire to inflation pressure may be determined, provided that 

one starts with the basic characteristics which a designer must know in 

order to build a tire: cord properties, rubber modulus, the geometry of 

individual plies, number of plies in the tire carcass, and the geometry of 

the tire. This means that analysis of a tire due to inflation may proceed 

directly from the conceptual stage without lengthy intermediate calcula- 

tions or experiments. 

While it may be argued that 

Past work on the 

1 

A digital computer program has been constructed which accepts the in- 

put data discussed previously and provides as output the elastic displace- 

ments of the tire in the form of the displacements of its carcass midline. 

From such displacements one may calculate loads in the tire cords, interply 

stresses between different plies of the tire, and bead forces. These cord 

loads and interply stresses may be calculated on a membrane basis, on a bend- 

3 
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ing basis, or by utilizing both effects. 

in obtaining significantly accurate higher derivatives from such truncated 

series as are used here, no attempt will be made to calculate anything other 

than the membrane induced cord loads and interply stresses. This is not felt 

to be seriously in error since in most tires bending deformations during in- 

flation are quite small. 

Due to the well-known difficulties 

An example analysis is presented for a typical 32 x 8.8 Type VI1 aircraft 

tire mounted on a standard wheel and inflated to a rated pressure of 95 psi. 

Comparisons between calculated deflections of this tire and deflections meas- 

ured from actually inflating it are quite good, and it is believed that in 

general it may be possible to use such an approach as this to determine the 

final inflated characteristics of aircraft tires. iQ J T h O G  

4 
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111. REVIEW OF TOROIDAL! SHELL LImRAm 

It i s  of considerable i n t e r e s t  t o  review t h e  h i s to ry  of attempts t o  c a l -  

c u l a t e  t h e  s t r e s s  state and in f l a t ed  shape of pneumatic t i res .  

2-7 give most of t h e  important contr ibut ions and ideas cur ren t ly  being used. 

In  general ,  these  schemes seem t o  f a l l  i n t o  two categories .  I n  t h e  f irst ,  

References 

as exemplified by t h e  work of  Hofferberth,? t h e  e n t i r e  i n f l a t i o n  load i n  a 

t i r e  i s  assumed t o  be ca r r i ed  by the  cords so t h a t  t h e  s h e l l  stresses are 

proportioned i n  such a way t h a t  t h e i r  vector  r e s u l t a n t  must l i e  i n  t h e  d i rec-  

t i o n  of t h e  cord a t  each l o c a l  point on t h e  t i re .  This results i n  t h e  exis t -  

ence of a r e l a t ionsh ip  between t h e  two s h e l l  s t r e s s e s  o r  s h e l l  forces ,  Ne i n  

t h e  circumferent ia l  d i r ec t ion  and NQ i n  t h e  meridianal d i rec t ion .  

r e l a t i o n s h i p  i s  obtained, usua l ly ,  from t h e  well-known s h e l l  equi l ibr ium equa- 

t i o n  normal t o  t h e  surface of  t h e  t i re .  This r e s u l t s  i n  a s e t  of two equa- 

t i o n s  which allow the  two s h e l l  forces  t o  be determined a t  any point  on t h e  

sur face  of t h e  t i r e .  This determination i s  possible  only when t h e  shape of 

t h e  t i r e  i s  given, so t h a t  r a d i i  of curvature may be obtained, and when t h e  

cord angle i s  known a t  every point .  

A second 

The assumption t h a t  the  cords car ry  a l l  t h e  load i n  t h e  t i r e  i s  cer-  

t a i n l y  cor rec t  during t h e  process of expanding or forming, when t h e  surround- 

ing  rubber i s  e s s e n t i a l l y  p l a s t i c ;  however, w e  be l ieve  t h e r e  i s  some question 

concerning t h e  assumption t h a t  t h e  cords car ry  a l l  t he  loads throughout t h e  

body of  t h e  cured t i r e ,  pa r t i cu la r ly  a t  regions of r e l a t i v e l y  high cord angle 

with respec t  t o  a meridianal plane.  Also t h i s  type of ana lys i s  does not re- 

cognize t h e  exis tance of s t r e s s e s  s e t  up i n  t h e  v i c i n i t y  of t h e  r i m  due t o  

t h e  concentrated loads which must be applied the re ,  nor of t h e  presence of 

i n t e r p l y  stresses. I n  general ,  it i s  f e l t  t h a t  t h i s  type of approach t o  t h e  

5 



cord load problem i s  a simple approximation of some v a l i d i t y ,  but one t h a t  does 

not r e f l e c t  a l l  f ac to r s  inherent  i n  the problem, 

A second general  c l a s s  of approach t o  the t i r e  stress problem has been t o  

u t i l i z e ,  i n  one form o r  another,  the equations developed f o r  s t r e s s e s  i n  t o -  

r o i d a l  s h e l l s  made from i so t rop ic  mater ia l s .  Almost invar iab ly ,  on ly  the  mem- 

brane so lu t ions  have been chosen f o r  t h i s  purpose, and, of  these ,  only the one 

f o r  the  complete c i r c u l a r  t o rus  has had much p u b l i c i t y ,  Several  r a t h e r  severe 

approximations have t o  be made t o  consider t h a t  a pneumatic t i r e  resembles the  

t y p  of s t ruc tu re  f o r  which t h i s  well-known s h e l l  so lu t ion  i s  va l id .  For ex- 

ample, R e f .  8 shows t h a t  t h i s  so lu t ion ,  while der ived i n  p a r t  from bas ic  equi -  

”& 

librium phenomena, does not account f o r  the f a c t  t h a t  the de f l ec t ions  a t  the 

r i m  of the  t i r e  must vanish, nor f o r  the f a c t  t h a t  the pneumatic t i r e  i s  a 

par t ia l  to rus  and not  a complete one. For these reasons,  and f o r  a major rea-  

son t o  be discussed subsequently, it i s  f e l t  t h a t  the membrane s h e l l  expres- 

s ions,  as der ived f o r  a complete i so t rop ic  to rus ,  are not s a t i s f a c t o r y  approx- 

imations t o  the stresses i n  a pneumatic t i r e .  

I 

Perhaps the most complete, thorough d iscuss ion  of stresses i n  i so t rop ic  

to ro ida l  s h e l l s  ava i lab le  a t  t h i s  t i m e  i s  t h a t  of R e f .  9. Here, i so t rop ic  

t o r o i d a l  s h e l l s  of c i r c u l a r  cross  sec t ion  are t r e a t e d  from the  poin t  of view 
0 

ii of both membrane and bending theory.  It i s  shown the re ,  and i s  well known 

from pre$ious s tud ies ,  t h a t  when edge forces  are a$plied t o  a p a r t i a l  t o r o i -  

d a l  s h e l l ,  as i n  a pneumatic t i r e ,  the influence of these edge forces  may 

prQpagate‘some dis tance in to  the body of the t i r e ,  p a r t i c u l a r l y  from regions 

of  negative Gaussian curvature ,  It i s  c e r t a i n  t h a t  the form of t h i s  propa- 

ga t ion  of e f f e c t s  of edge loads depends on the  e l a s t i c  nature  of the materials. 

For example, it would be expected t h a t  t h i s  propagation would be qui te  d i f f e r -  

e n t  f o r  an iso t ropic  materials o r  f o r  or thot ropic  materials than f o r  i so t rop ic  

materials. It has always been maintained t h a t  it would not be possible  t o  
c 

0 
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understand s t r e s s e s  and deformations i n  a r e a l  pneumatic t i r e  without f i rs t  

understandl ng t.horoughly the mater ia ls  going i n t o  the construct ion of such a 

t i re ,  Somehow any so lu t ion  must take cognizance of the type of e l a s t i c  mater- 

i a l  comprising the pneumatic t i r e  or t o ro ida l  s h e l l ,  and t h i s  i s  fundamnta l ly  

the  primary f a u l t  of pure membrane solut ions.  

I n  connection with the  propagation of edge loads i n t o  the  body of  the t ire,  

6 Clark and F ie ld  attempt t o  approximate cord loads and i n t e r p l y  s t r e s s e s  i n  the  

v i c i n i t y  of the crown by assuming t h a t  f o r  most construct ions the  propagation 

of edge loads i s  such t h a t  t h e i r  e f f e c t  has become negl ig ib le  a t  the  crown lo-  
, 

cat ion.  

s a t i s f a c t o r y  preliminary design t o o l ,  I n  view of the many possible  geometries 

of construction, it i s  conceivable t h a t  or thotropic  s t ruc tu res  could be designed 

with e l a s t i c  constants proportioned so that edge loads were indeed propagated 

i n t o  the v i c i n i t y  of the  crown. I n  those p a r t i c u l a r  cases, the  expressions pro- 

posed i n  Ref, 6 w i l l  be inaccurate and it will be necessary f o r  those who use 

t h i s  program t o  compare ca re fu l ly  i t s  r e s u l t s  with those obtained from the ex- 

pressions of Ref, 6 i n  order t o  f u l l y  understand the types of s i t u a t i o n s  fo r  

which it m y  be used with accuracy, 

To the ex ten t  t h a t  t h i s  i s  t r u e ,  Clark and F i e l d ' s  paper' provides a 

A number o f  attempts have been made t o  obtain accurate and meaningful 

so lu t ions  t o  the problem of the i so t rop ic  to ro ida l  s h e l l .  A b r i e f  h i s t o r y  of 

these may be obtained from Timoshenko' and Novishilov'l, i n  which the e a r l y  

work of Wissler12 i s  c i t e d ,  A modern ana lys i s  of the  problem of the  p a r t i a l  

t o r o i d a l  s h e l l  i s  given by €3, A .  Clark, 9 

A l l  these wr i te rs  use as t h e i r  base i so t ropic  mater ia l s  uniform through- 

out the  s h e l l -  While r e s u l t s  from these analyses a re  useful i n  gaining general  

ideas  concerning the response of or thot ropic  s h e l l s ,  they  are not  i n  themselves 

answers t o  the or thot ropic  s h e l l  problem, The bas ic  d i f f i c u l t y  with a l l  these,  

as well as with the or thot ropic  s h e l l  problem, i s  t h a t ,  i n  a t o r o i d a l  s h e l l  i n  

7 



which the  angle tangent t o  the meridianal c ross  sec t ion  becomes ho r i zon ta l  o r  

p a r a l l e l  t o  t he  circumferent ia l  plane of t he  to rus ,  a d i scon t inu i ty  a r i s e s  i n  

attempting t o  define the de f l ec t ion  of the  s h e l l  sur face .  This  d i scon t inu i ty  

i s  a mathematical one i n  the sense t h a t  it is  not  possible  t o  determine s h e l l  

stresses from membrane equi l ibr ium equations and then t o  work backward through 

the  s t r e s s - s t r a i n  r e l a t i o n s  and the  s t r a i n  displacement r e l a t i o n s  t o  ob ta in  the  

displacements of the s h e l l .  There i s  thus,  a t  present ,  no easy  so lu t ion  t o  the  

displacements of a t o r o i d a l  s h e l l  considered only  as a membrane. 

9, 11, and 12 a l l  include the  e f f e c t s  of bending so  as t o  remove the  d i f f i c u l t y  

caused by the s ingular  nature  of  the de f l ec t ion  of the  s h e l l  as a membrane. I n  

R e f .  9, t h i s  i s  accomplished by asymptotic i n t eg ra t ion  of the governing d i f f e r -  

e n t i a l  equations of equi l ibr ium. An approximate technique y ie ld ing  r a t h e r  ac - 

curate  resul ts  f o r  t h i s  same problem has r ecen t ly  been developed and published 

by Dahl.13 

energy, which w a s  extremely convenient f o r  the s i t u a t i o n  being t r e a t e d  t h e r e ,  

namely, the to ro ida l  pipe expansion j o i n t  i n  which a x i a l  loads were appl ied ,  

References 

This approach u t i l i z e d  the p r inc ip l e  of minimum complementary 

None of  the references mentioned i n  t h i s  s ec t ion  contemplated anything 

o ther  than i so t rop ic  mater ia l s ,  and f o r  t h a t  reason they  are not p a r t i c u l a r l y  

appl icable  t o  the t i r e  problem. For the  most pa r t ,  t h i s  i s  due t o  the d i f -  

f i c u l t y  of  transforming any of these approaches t o  an approach capable of  

handling an or thot ropic  s h e l l  of noncircular  c ross  s ec t ion ,  

I n  summary, an exce l l en t  and complete background on t o r o i d a l  s h e l l  prob- 

lems i s  ava i lab le  f o r  those cases i n  which the s h e l l  i s  made from i so t rop ic  

materials and i s  of c i r c u l a r  c ross  sec t ion-  These so lu t ions  a re  use fu l  f o r  

ind ica t ing  the general  form of real so lu t ions  t o  i n f l a t e d  pneumatic t iyes ,  

and a l s o  use fu l  i n  ind ica t ing  techniques on which one might base an approach 

t o  the or thot ropic  problem. None of them, however, i s  d i r e c t l y  appl icable  

as it stands.  
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I V .  GEOMETRY OF AXISYMMFTRIC EFORMATION OF A TOROIDAL SHELL 

I n  t h i s  sect ion,  an attempt w i l l  be made t o  out l ine  the geometry of the 

complete sequence of operations from the construction of the tire on the drum 

up t o  i ts  most general  deformation due t o  in f l a t ion .  

t i o n  of the uncured tire ly ing  f l a t  on a drum, such as shown i n  Fig. l, where 

F i r s t ,  consider forma- 

0-A-5 represents  the uncured t i re .  

angle h t o  one another. After the required number 

Here, the cords a l l  l i e  a t  some i n i t i a l  

A' 

\ I /  

A '  

Fig. 1. Geometry of t i r e  forming from a drum. 
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of p l i e s  i s  put  on, the t i r e  i s  expanded i n t o  i t s  t o r o i d a l  shape aga ins t  a 

mould such as i s  a l so  shown i n  Fig.  1, as the shape O'-A'-8'e I n  the o r i g i -  

nal ,  o r  unexpanded, state, a l l  cord angles a re  given by A. After  expansion, 

various poin ts  on the drum a re  caused t o  increase i n  diameter so  t h a t  t he  

l o c a l  cord angle,  when measured from a circumferent ia l  l i n e  such as A'A' 

i n  Fig.  1, i s  given by the symbol p where p may be approximately determined 

from the expression 

cos p = ro - cos h (1) 
OB 

r 

where ro i s  the r a d i a l  dimension t o  a point  on the midline of the t i r e  carcass ,  

Equation (1) i s  exact  only i f  the cords a re  inextens ib le ,  

cords a s l i g h t  cor rec t ion  must be added. From Eq. (l), and from the symmetry 

of  the deformation, it may be seen t h a t  the l o c a l  cord angle B i s  a symmetric 

funct ion about the crown and r e s u l t s  i n  cord angles p smaller than h a t  a l l  

po in ts  except a t  the  r i m .  The cord angle 8 i s  a minimum a t  the crown, o r  a t  

t he  pos i t i on  of maximum radius  rOs 

For r e a l  t e x t i l e  

Equation (1) has appeared i n  various vers ions throughout the t i r e  l i t e r -  

a tu re  f o r  many years.  It represents  the fundamental equation used t o  de t e r -  

mine the f i n a l  cord angle a f t e r  forming the t i r e .  For the present ,  the in-  

fluence of cord e x t e n s i b i l i t y  i s  neglected i n  t h i s  expression, as i s  the pos- 

s i b i l i t y  of the cord s l i d i n g  sideways during the curing process.  Equation 

(1) thus i s  an approximation t o  the t rue  d i s t r i b u t i o n  of cord angles i n  the 

moulded t i r e .  

Attent ion i s  next d i r ec t ed  t o  geometry of deformation of the formed o r  

expanded t i r e .  It must be recognized a t  the beginning t h a t  t h i s  w i l l  be a 

partial to rus  whose cross-sect ional  shape i s  not necessar i ly  c i r c u l a r .  The 

nota t ion  here w i l l  be based on the work of Reissner and Knowles, 14,15,16 
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This i s  convenient since R e f .  16 w i l l  be used as a b a s i s  f o r  cons t ruc t ing  the 

e l a s t i c  energy of the i n f l a t e d  s h e l l  o r  t i re .  

s e c t i o n  of a t i r e  i s  

I n  Fig. 2, a meridianal cross 

Fig. 2. Toroidal s h e l l  nomenclature. 

shown giving the  th ree  fundamental dimensions used throughout the body of  t h i s  

r epor t  i n  charac te r iz ing  the shape of  the t i r e .  

radial dimension of any point,  r1, the radius of curvature i n  the meridianal 

These dimensions a re  ro, the 
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plane a t  t h a t  point ,  and the  angle between the normal t o  the poin t  i n  quest ion 

and a circumferent ia l  or v e r t i c a l  l i n e  passing through the  crown of the t i r e .  

This l a t t e r  angle i s  denoted by the symbol a and i s  r e l a t e d  t o  the angle 0 

shown i n  Fig.  2 by means of Eq. ( 2 )  

rr a + -  = 0 
2 

The angle @ w i l l  occasional ly  be used i n  t h i s  r epor t  as a n  a l t e r n a t e  t o  the 

angle a, since many conventional s h e l l  expressions and equat ions are der ived 

on the  basis of the angle 0 r a t h e r  than  a. Such equat ions may, of  course,  be 

r e a d i l y  transformed i n t o  statements involving a. 

A rectangular  Cartesian coordinate system (Fig.  3 )  i s  now e rec t ed  w i t h  t he  

xy-plane ly ing  i n  the circumferent ia l  midplane of the t i r e ,  passing through the  

crown. The coordinate z w i l l  be coincident  with t h e  a x i s  of r o t a t i o n  00 of 

Fig.  2 .  

t i v e l y .  The pos i t i on  vector  t o  any point  on the middle surface o f  the carcass  

Unit vectors  ?, 5, and k are  assoc ia ted  with the  x, y, z axes,  respec- 

may now be defined as 

- r ( + , Q )  = (ro cos Q)i + (ro s i n  Q ) ?  +{ ,Lori s i n  @ d f F  ( 5 )  
- 
'3 
L 

provided t h a t  the = n/2 poin t  i s  taken as coincident  w i t h  the xy-plane. 

Forming der iva t ives ,  u n i t  tangent vectors  and u n i t  normal vec tors ,  as i n  Ref 

4, the p r inc ipa l  radii of curvature can be formed as 

where the t w i s t  i s  

12 
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Fig. 3. Coordinates f o r  t i r e  geometry. 

These expressions now allow the geometry of the undeformed and uninf la ted  

to ro ida l  s h e l l  t o  be expressed accurately and concisely. 

Consideration is  now given t o  the geometry of deformation which may take 

place under axisymmetric conditions, t h a t  is, under conditions i n  which each 

meridianal cross  sec t ion  will deform i n  exac t ly  the same way independent of 

i t s  circumferent ia l  pos i t ion  around the t i re .  

the general  vector of d i s p l a c e a n t  of points  on the middle surface of the car-  

cass of the t i r e .  This middle surface of the carcass represents a surface t o  

which a l l  subsequent geometry is  re fer red  and represents  the surface which will 

It i s  now necessary t o  define 
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be used f o r  ca lcu la t ions  of s h e l l  geometry and deformation. 

formations may be defined i n  severa l  ways, but  it i s  convenient t o  presume t h a t  

any point  on a meridianal cross  sec t ion ,  such as point  A i n  Fig.  4, can undergo 

displacements w normal t o  the s h e l l  middle surface and u t angen t i a l  t o  t h a t  

surface.  For genera l i ty ,  needed i n  la ter  work, we w i l l  include the  displace-  

ment v ,  a l s o  tangent t o  the s h e l l  midsurface, bu t  now ly ing  p a r a l l e l  t o  the 

xy-plane of Fig. 4. 

Axisymmetric de- 

In  t o t a l ,  then, u, v, w represent  displacements as shown 

A -v \ 

Fig. 4. T i re  displacements. 
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i n  F ig .  4. 

ro = constant,  

I n  the  meridianal plane a re  u and w, v i s  tangent t o  the c i r c l e  

The vector of d i sp l acemnt  w i l l  be ca l l ed  u, so t h a t  

- 
u = 

+ 

+ 

( u  cos @ cos 0 - v s i n  0 + w s i n  @ cos 0 ) i  

( u  cos @ s i n  0 + v cos 0 + w s i n  @ s i n  ~ ) j  

(-u s i n  @ + w cos @)k 
- 

where, of course, u i s  a displacement due t o  membrane e f f e c t s  only. 

From R e f .  14, 

omitt ing the  formation of the der iva t ives  and the  intermediate algebra.  

i l a r l y  

Sim- 

€0 = 1 

again  omi t t ing  the  algebra.  

It i s  now necessary t o  express as a vector the  bending por t ion  of the  d i s -  

placement of a poin t  some distance z from the. middle surface.  

t o t a l  displacement (membrane plus bending) t o  be of the form 

Consider the  

V ( @ , 0 , Z )  = ; ( @ , e )  + z u'(@,0) [- 1 ( 9 )  

The membrane por t ion  u(@,0) has previously been wr i t ten .  

t i o n  i s  more d i f f i c u l t .  

The ut ( @ , 0 )  por- 

Reference 14 shows t h a t  t h i s  quant i ty  may be wr i t t en  

where 



- 
so t h a t ,  by use of  Eqs. (6), u t  may be wr i t ten  as  

The der iva t ives  of ut with respect  t o  @ and 8 a re  needed. Due t o  t h e i r  length,  

they w i l l  not be wr i t ten  out  here since i n  the general  case of asymmetric load- 

ing, u,  v and w are funct ions of both @ and @. Using these der iva t ives ,  one 

may obtain c e r t a i n  geometric quan t i t i e s  defined i n  R e f .  15 as 

Similar ly ,  the geometric quant i ty  y defined i n  Ref. 15, i s  obtained as 
@(a ' 

(1: 1 1 au v cos @ 1 av 
r l  a@ 

- - - -  + - -  
Y @ Q  rO ae rO 

again omitt ing the  intermediate algebra.  From the same reference,  the geo- 

metric quant i ty  T* may be obtained as 
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These geometric quan t i t i e s  are s u f f i c i e n t  t o  descr ibe the  possible 

axisymmetric deformations of the  s h e l l  both from the point  of view of mem- 

brane and bending e f f e c t s .  



V. PR1NCIPL;E OF POTENTIAL ENERGY APPLIED TO 
AN ORTHOTROPIC TOROIDAL SHELL 

I n  view of the general  i n t e r e s t  i n  deformations and shape changes of a 

t i r e  upon in f l a t ion ,  it was f e l t  des i rab le  t o  u t i l i z e  some technique from 

which displacement could be obtained d i r ec t ly .  Recent work i n  formulating 

s t r a i n  energy expressions f o r  s h e l l s  of revolut ion indicated t h a t  such ex- 

pressions could be reformulated f o r  or thotropic  bodies with r e l a t i v e l y  

l i t t l e  d i f f i c u l t y ,  For these reasons and because it seemed t o  lend i tself  

conveniently t o  d i g i t a l  programming, an attempt was made t o  obtain solut ions 

by means of energy techniques for the axisymmetric, p a r t i a l  t o ro ida l  s h e l l  

under i n t e r n a l  pressure.  

Reference 16 i s  an attempt t o  u t i l i z e  a rigorous geometry of deforma- 

t i o n  t o  construct  a s t r a i n  energy expression f o r  t h i n  e l a s t i c  s h e l l s  on a 

r a t i o n a l  basis. This s t r a i n  energy funct ion includes c e r t a i n  terms not 

commonly used i n  such s t r a i n  energy functions,  and, as a consequence, should 

be somewhat more accurate f o r  those cases where displacements are highly 

sens i t i ve  t o  secondary f ac to r s .  Equation (17) of R e f .  16 w i l l  be used as 

the  fundamental s t r a i n  energy function fo r  the  t i r e  t r e a t e d  as a n  e l a s t i c  

she 11 

Ut i l i z ing  membrane forces ,  mmbrane s t r a i n s ,  bending moments and 

16 
bending deformations as employed by Reissner and Knowles, 

f o r  s t r a i n  energy dens i ty  per u n i t  a rea  i s  given by Eq. (16) f o r  the  case 

of a s h e l l  of revolut ion with axisymmetric loading. 

the  expression 

It i s  now necessary t o  write Ngg,  NgQ, M@@, and Mee i n  terms of the s h e l l  



displacements u, v,  and w and the or thot ropic  e l a s t i c  constants .  For t he  two- 

dimensional case,  Eqs .  (3 )  and ( 4 )  of Ref. 19 give the fundamental s t r e s s -  

s t r a i n  r e l a t i o n s  f o r  an or thot ropic  body i n  the p r i n c i p a l  d i r ec t ions  of elas- 

t i c i t y .  These expressions w i l l  be given here as E q s .  (17) and (18). 

‘@ ‘Q €0  = - + -  
E@ 

- 5Q.Q 
‘8  - 

U@ = F@€@+ F E 8  

From Ref. 17, t he  s h e l l  forces  a r e  defined as 
I 

2 

It i s  seen t h a t ,  if the r e s u l t s  of Eqs .  (17) and (18) a r e  subs t i t u t ed  

Eqs .  ( 1 9 )  and ( 2 0 ) ,  a d e f i n i t i o n  of the shell-membrane forces  and moments per 

u n i t  l ength  may be obtained i n  terms of the or thot ropic  e l a s t i c  constants  and 

the s t r a i n s  i n  the form 

i n t o  

I 

20 



Subs t i tu t ing  the  results of Eqs. (21) i n t o  Eq. (16) gives an expression f o r  

the  s t ra in-energy dens i ty  i n  terms of the  or thot ropic  e l a s t i c  constants and 

s t r a i n s  : 

Next, Eqs. (7) ,  (8), (10) and (ll), may be subs t i t u t ed  i n t o  Eq. (22) t o  

ob ta in  the s t r a i n  energy i n  terms of the  s h e l l  displacements u, v, and w. 

Because the number of terms involved i n  the s t ra in-energy expression would 

become very la rge ,  the f inal  algebraic  form of t h i s  expression will not be 

wr i t t en  out  here. 

We t u r n  next t o  the so-called work term, that is, t h e  term involving 

t h e  work done or change i n  po ten t i a l  energy of the ex te rna l  forces  as they  

mve through the  displacements which they cause on the  s h e l l .  

of minimum po ten t i a l  energy requires  the  va r i a t ion  of the work term about the  

The p r inc ipa l  

equilibrium posi t ion,  o r  def lected posit ion.  

which def lect ions are t r u l y  small, and f o r  those problems which have so lu t ions  

For problems i n  e l a s t i c i t y  i n  

not p a r t i c u l a r l y  sens i t i ve  t o  t h e i r  geometry, it has been c o m n  prac t ice  t o  

perform the va r i a t ion  of the work term about the o r i g i n a l  geometry, not  the 
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f i n a l  geometry. This i s ,  of course, much e a s i e r .  I n  t h i s  p a r t i c u l e r  case, 

comparison of calculated r e s u l t s  with experiments ind ica te  t h a t  it i s  not suf -  

f i c i e n t  t o  use the o r i g i n a l  geometry f o r  the work term. Before proceeding t o  

t h a t  development it might be noted t h a t  s t r a i n  energy should a l s o  properly be 

wr i t t en  about the f i na l  geometry. However, i n  a l l  these equations,  no def lec-  

t i o n  terms higher than order two a r e  re ta ined  i n  order t o  keep the r e s u l t i n g  

a lgebra ic  equations l i rear .  Examination of the s t r a i n  energy shows t h a t  it i s  

already of order two, based on the  o r i g i n a l  geometry, and t h a t  wr i t ing  it i n  

terms of f i n a l  geometry w i l l  only add higher-order terms which would be elim- 

inated by t runcat ion anyway. This i s  not the s i t u a t i o n  with the work term, 

which i s  or order one i n  displacements based on o r i g i n a l  geometry. It i s  now 

necessary t o  t r e a t  the work term on the basis of f i n a l  geometry and r e t a i n  

i n  it a l l  terms of order two o r  l e s s .  

i g i n a l  r a d i i ,  w and u a re  displacements of point  0 t o  0 '  by means of normal 

and t angen t i a l  d i rec t ions .  0 has coordinates x and y, while 0 '  has coordin- 

ates xf and yf. 

Figure 3 shows t h a t  ro and rl a r e  o r -  

The work term is  

w = I  p . w . d A  

AREA 
(23 

where 

dA = 2nr e rlfdQ: Of 

Now 

= ro + w cos Q: - u sin Q: (24 1 Of 
r 

Calculat ion of rlf i s  somewhat more complicated s ince it requi res  f i r s t  the  
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Fig. 5. T i r e  geometry before and after i n f l a t i o n .  
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ca lcu la t ion  of the  Cartesian coordinates of po in ts  0 and 0 ' .  For 0, 

a 
x = r l c o s a d a  

I 

Y = r10 - r l  s i n  a d c11 

For O ' ,  

xf = I"r1 cos QI d CI: + w s i n  a + u cos a 
I (25b 1 

Yf = r10 - r1 s i n  a! d QI + w cos CII - u s i n  Q! 

Reference 18, pp. 320-322, der ives  the  expression for rad ius  of curva- 

tu re  as  

Since xf and yf a re  l inked by the parameter a,  one must wri te  

Working out  these various terms gives 

dxf - 
d a  

5 = r l  s i n  a + ri  cos a - w s i n  a - u cos a + 2w' cos 

= rl cos a + w cos a - u s i n  a + w' s i n  a + u '  cos a 

2 

- 2u' s i n  a + w" s i n  a + u" cos a 

from which 

d a  1 - 
-rl s i n  a - w s i n  a - u cos a + w '  cos Q - u '  s i n  CY dyf 

24 



R 
I 
I 
I 
I 
I 

where primes now denote differentiation with respect to 0. In addition 

2 2  
Solving for d a/dyf, one gets 

d2a 
d G  A3 
- -  - - ~ [ r ,  cos a + ri sin a + w cos a + 2w ' s in  a 

- wl'cos Q - u sin cy: + 2u'cos a + ul'sin a 1 
where 

A = rl sin (r + w sin a! + u cos CT - w' cos (r + u' sin a 

Now the radius of curvature can be formed to give 

after considerable algebraic simplification. 

In this expression, we need retain only first powers of w and u, since 

one w already exists in the work term. Factoring rl 2 from both numerator and 

denominator and assuming small displacements and small derivatives of dis- 

placements, one may expand quantities in brackets as power series and f i n a l l y  

25 
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obtain 

Thus the f i n a l  radius of curvature rlf i s  given by 

Equations (24)  and ( 2 9 )  may now be used i n  Eq. ( 2 3 )  t o  compute the  work term 

i n  the form 

This represents  the work done by an in t e rna l  pressure p ac t ing  inside the  

to ro ida l  s h e l l  of revolut ion whose boundaries are a t  the normal angles + ar 

and - CC, as measured from the crown. 

fur ther  u n t i l  some decis ion i s  reached concerning the form which the d i s -  

placements u and w must take.  

sect ion.  

This expression cannot be s implif ied 

This w i l l  be considered i n  a subsequent 
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VI. THE RITZ METHOD A S  AN APPROXIMATION TO 

THE PRINCIPLE: OF POTENTIAL ENERGY 

Before proceeding t o  the  algebraic  formulation of the Rayleigh-Ritz method, 

it might be w e l l  t o  point  ou t  a re la t ionship  between the real t i r e  and the as- 

sumed t o r o i d a l  s h e l l .  The real t i re  has f i n i t e  thickness  made up of the carcass  

and t r e a d  regions.  P r a c t i c a l l y  a l l  the  membrane s t i f f n e s s  of the t i r e  comes 

about due t o  the s t i f f n e s s  of the  carcass ,  because the presence of i n t e r n a l  pres-  

sure genera l ly  tends t o  load a l l  cords i n t o  a s t a t e  of tens ion  where t h e i r  mod- 

u lus  i s  high and the surrounding rubber i s  s o f t  by comparison, Further ,  t h i s  

means t h a t  e s s e n t i a l l y  a l l  membrane loads a re  ca r r i ed  by the carcass  i t s e l f ,  

One might very l o g i c a l l y ,  then, assume t h a t  i n so fa r  as membrane forces  a r e  con- 

cerned, the t r e a d  i s  not important t o  the process of i n f l a t i o n  of the t i r e ,  

Bending c h a r a c t e r i s t i c s  of the carcass  of the t i r e  are reasonably well 

known from previous work on bending by t h i s  group, but  it i s  not possible  t o  

make any blanket statements concerning the influence of the t r ead  rubber on 

bending s t i f f n e s s  s ince many geometries of design a r e  poss ib le ,  However, with 

pure i n f l a t i o n  of the t i r e  there  w i l l  be l i t t l e  c i rcumferent ia l  bending, This 

means t h a t  any s t i f f n e s s  of the t r ead  i n  the circumferent ia l ,  o r  t r ead ,  d i r ec -  

t i o n s  will not  be important t o  the  problem, However, there  w i l l  be bending i n  

the meridianal  d i r ec t ion ,  and t h i s  should be taken in to  account i n  determin- 

i n g  the s t i f f n e s s  of the s t ruc tu re  i n  t h a t  d i r ec t ion .  It appears t h a t  almost 

a l l  a i r c r a f t  t i res  now i n  manufacture u t i l i z e  t r e a d  cu t s  i n  the circumferen- 

t i a l  d i r ec t ion .  This means t h a t  the meridianal s t i f f n e s s  due t o  the  t r ead  i s  

e s s e n t i a l l y  destroyed since the  number of these cu t s  i s  genera l ly  qui te  la rge .  

Simple experiments with cross  sect ions of t i r e s  seem t o  confirm t h i s  l i n e  of 

reasoning. Thus it will be presumed i n  t h i s  s tudy t h a t  the carcass  of the 
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t i r e  i s  the element which c a r r i e s  membrane loads and a l s o  provides a l l  the 

bending s t i f f n e s s .  Furthermore, it i s  necessary t o  choose some geometric 

l i n e  as represent ing the shape of the  t i r e  so  t h a t  the  var ious r a d i i  of 

curvature may be computed from t h i s  l i n e ;  t h i n  s h e l l  theory  i s  based on the  

assumption t h a t  the thickness  of the  s h e l l  i s  ve ry  s m a l l  compared t o  the 

dimensions i n  any o ther  d i r ec t ion ,  and that t h i s  thickness  i s  neglected i n  

determining r a d i i  of curvature and o the r  dimensional c h a r a c t e r i s t i c s  

e f f e c t ,  the  s h e l l  i s  t r e a t e d  as a surface with f i n i t e  membrane and bending 

r i g i d i t y .  For the ca lcu la t ions  which follow, the midline of the t i r e  car -  

cass  w i l l  be considered as the geometric l i n e  def in ing  the shape of the t i r e ,  

On t h i s  geometric l i n e  w i l l  be based a l l  the r a d i i  of  curvature and a l l  the  

measurements of the var ious t i r e s  t r e a t e d  as s h e l l s  which fol low,  

I n  

To r e t u r n  t o  the  problem of adapting E q s ,  ( 2 2 )  and ( 3 0 )  f o r  so lu t ion  by 

the Rayleigh-Ritz method, it i s  necessary t o  assume displacement funct ions u 

and w which form a complete s e t  and which a t  t h e  same t i m e  automatical ly  sat- 

i s f y  the boundary condi t ions of the problem. The boundary condi t ions f o r  a 

t i r e  under i n f l a t i o n  may be l i s t e d  below. 

u = u ( a )  w = w ( a )  

a d o )  = 0 

u(ar) = 0 w ( a r )  = 0 

&a,) = 0 w( -ar) = 0 

aa 
u ( 0 )  = 0 

If one assumes t h a t  u and v may be represented by Fourier  s e r i e s ,  and i f  

one app l i e s  the boundary condi t ions of (31) t o  the  general  Fourier  series rep- 

r e sen ta t ion  of both of the funct ions u and w, it may be shown t h a t  these func- 

~~ 
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t i o n s  reduce t o  the following form: 

- * MCY 
anUn u = C an s i n  - = 

n=l  CY- 

Equations (32) may be subs t i t u t ed  in to  the various expressions f o r  s t r a i n  and 

f o r  changes i n  curvature such as given by Eqs.  (7 ) ,  (8) and (13). These give 

One must now form the following products and squares: 

*A repeated subscr ipt  w i l l  be used as the summation convention. 

**A prime denotes - a a  = - . 
a* & 
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Working these out i s  a r a the r  lengthy algebraic  job. It w i l l  not be repeated 

here s ince it i s  not necessary f o r  t he  argument being put fo r th .  Now it w i l l  

be possible t o  form the s t ra in-energy funct ion as given by Eq. (22) i n  terms 

of the displacements u and w. The i n t e g r a l  of t h i s  func t ion  over the surface 

of the axisymmetric t o ro ida l  s h e l l  w i l l  be designated as U, 

(34 1 
\J 
-ar 

where the coordinates and angles a re  defined by Fig.  2.  Turning now t o  Eq. 

(3O), the  work done during i n f l a t i o n  of the  t i r e  by the  i n t e r n a l  pressure may 

a l s o  be expressed i n  terms of u and w, and hence i n  terms of the unknown co- 

e f f i c i e n t s  an and b,. Upon subs t i t u t ion  of Eqs. (32)  i n t o  Eqs.  (3O), the  work 

done be come s 

-Ur 

( 3 5 )  

7 

Forming the po ten t i a l  energy 

u - w  
it may be seen t h a t  t h i s  func t ion  depends now on the unknown coe f f i c i en t s  a, 

and bn. A s e t  of simultaneous l i n e a r  equations i s  obtained by minimizing the 

value of t h i s  function with respect  t o  an and bn. For t h i s  purpose, the follow- 

ing equations are needed. 

- a (u-w) = 0 s = 1 ,2 , .  . .n 
- a (u-w) = 0 s = 1 ,2 ,  ... n 
aaS 

ab, 

The ac tua l  a lgebraic  manipulations of these equations i s  a lengthy process 
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which, f o r  conciseness, w i l l  not be repeated here. However, a f t e r  doing it, 

it becomes c l e a r  t h a t  the general type of equation obtained from the system 

given i n  Eqs. (43) takes  the following form: 

1 an 1 (Fl),dA + bn [ (F2), dA = 0 
I I 

Area Are a ( 3 7 )  

Are a Area Are a 
where the  functions F1, F2, F4, and F5 are  reasonably lengthy algebraic  ex- 

pressions which w i l l  be given short ly .  The meaning of Eqs, (37) i s  simply t h a t ,  

having decided upon the number of coef f ic ien ts  n t o  be re ta ined  i n  expressing 

u and w, t he  simultaneous set  of Eqs. (37) may be generated by using t h a t  num- 

ber t o  t runca te  the s e r i e s  forming the various quadrants of the  matrix of s i m -  

ultaneous algebraic  equations.  The upper ha l f  of the  right-hand s ide of t h i s  

matr ix  is  always zero while the  lower half  takes  on the  value J(F5)dA. 

purposes of various s tud ies  made on the influence of these F funct ions on the 

For 

so lu t ions ,  they were o r i g i n a l l y  decomposed in to  port ions a r i s i n g  from various 

sources. For convenience, they are l i s t e d  here i n  t h a t  fashion. The mem- 

brane contr ibut ion t o  the various F functions a r i s e s  due t o  s t r a i n  energy 

s tored  i n  the membrane i t s e l f  due t o  change i n  area. The bending contribu- 

t i o n  t o  s t r a i n  energy comes about due t o  bending i n  both the rneridianal and 

circumferent ia l  d i r ec t ions  during i n f l a t i o n  of the  t i r e  e The various por- 

t i o n s  of these F funct ions a re  given i n  Table I so t h a t  they may be iden t i -  

f i e d  as t o  source. The contr ibut ions labeled "non-linear" arise due t o  the  

inc lus ion  i n  t h i s  ana lys i s  of second-order terms i n  the work expression given 

by Eq. (35), where the f i n a l  geometry i s  used as described i n  Eq. (29). F i -  

na l ly ,  F5 represents  the lower hal f  of the right-hand s ide  of the matrix of 

simultaneous equations. 
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T A B U  I 

'F '  FUNCTIONS FOR SIMULTANEOUS EQUATIONS I N  C O E F F I C I E N T S  an AND b, 

1 



VII. SUMMARY 
NATURE OF 

OF STUDIXS ON THE ELASTIC 
CORD-RUBBER LAMINATES 

Equations (17) and (18) indicate  t h a t  the  s t r a i n  energy at  any poin t  on 

the  surface of the  t i r e  can be wr i t t en  only i f  the or thotropic  e l a s t i c  con- 

s t a n t s  4, This means t h a t  some mechanism 

must be found f o r  determining these e l a s t i c  constants  a t  any pos i t i on  on the 

meridian of the t i re ,  s ince they are ,  due t o  the method of manufacturing, axi-  

symmetric. U s i n g  the angle a as a var iab le ,  one might say  t h a t  each of these 

t h r e e  e l a s t i c  constants are functions of the angle a, as shown i n  Fig.  2. 

and F are known a t  t h a t  po in t .  

The author has shown t h a t  the e l a s t i c  constants of a shee t  made up of 

laminated p l i e s  could be calculated qui te  e a s i l y  i n  the  d i r ec t ions  of the 

b i sec to r s  of the angles of the  cords, these d i r ec t ions  being the  p r inc ipa l  

d i r ec t ions  of e l a s t i c i t y .  The methods presented i n  these references required 

a knowledge of the basic  constants  of a s ingle  sheet  of the laminate, these 

l a t te r  Constants being denoted by E,, Ey, F v q  and GxyO Using these r e f e r -  

ences,  it i s  seen t h a t  a l l  necessary e l a s t i c  constants  may be determined pro- 

vided t h a t  the basic  constants a r e  known and provided t h a t  the cord angle i s  

known. 

imate expressions may be developed f o r  ca lcu la t ing  Ex, Ey, Fq, and Gxy i f  

the materials and geometry making up each ind iv idua l  p l y  a re  known, 

t h i s  information i s  given, then a l l  e l a s t i c  constants  may be ca lcu la ted  i f  the 

l o c a l  cord angle i s  known. 

A t echnica l  r epor t  recent ly  issued by t h i s  group*' shows t h a t  approx- 

When 

Consider any point  on the  carcass center l ine  of the  meridianal cross  

sec t ion  of the t i r e  as defined by the angle which the  normal makes with a ver-  

t i c a l ,  ca l l ed  i n  t h i s  repor t  a, A t  t h i s  angle CI there  ex is t s  some l o c a l  cord 

angle which, i f  the materials and geometry of each p ly  a re  known as well as 

the  number of p l i e s ,  determines completely the e l a s t i c  constants  a t  t h a t  point .  
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A st raightforward method of determining the l o c a l  cord angle a t  t h i s  point  was 

given earlier i n  t h i s  report  as Eq. (1) under condi t ions of i n e x t e n s i b i l i t y  o f  

the cords. During forming of the t i r e ,  extension of the cords i s  known t o  take 

place and f o r  t h a t  reason d i f f e r e n t  types of co r rec t ion  expressions have o f t en  

been appl ied t o  Eq. (1). An a l t e r n a t e  approach t o  t h i s  process i s  t o  use Eq. 

(1) i n  a s l i g h t l y  d i f fe ren t  form i n  which e x t e n s i b i l i t y  of the cords i s  much 

l e s s  important. Evidence on t h i s  point  has been furnished and w i l l  be used 

here t o  j u s t i f y  the process. Figure 2 i l l u s t r a t e s  the nota t ion  t h a t  the  maxi- 

mum radius  t o  the crown of the t i r e  may be denoted by roc, and c a l l i n g  the cord 

angle a t  the  crown of the formed t i r e  Be, an expression may be derived s i m i l a r  

t o  Eq. (1) but  now involving the crown as a base poin t  r a t h e r  than the r i m .  

This gives 

cos p = 32- cos (38) 
r oc 

where p represents ,  as before,  the l o c a l  cord angle.  Table I1 represents  data 

taken from measurements on X-ray photographs of an a c t u a l  t i r e  a t  various 

r a d i i  ro. Calculated values of the angle p using Eq.  (38) a re  a l s o  presented, 

Over most of the t i re  the  agreement i s  qui te  good, although Eq. (38) uses no 

co r rec t ion  f ac to r s  f o r  cord extension,  By use of Eq.  (38) it should be pos- 

s i b l e  t o  ca lcu la te  accura te ly  the cord angle a t  most places on the meridian of 

the cross  sec t ion  of the t i r e ,  once the crown cord angle and crown rad ius ,  

measured t o  the midline of the carcass ,  a r e  given. The complete nature of the 

d i s t r i b u t i o n  of e l a s t i c  constants  around the meridian of the t i r e  may then 

be determined i f  the proper t ies  of the mater ia l s  and geometry of cons t ruc t ion  

i n  a s ingle  p l y  are given. 

The concepts ou t l ined  here a l low complete spec i f i ca t ion  of  the  e l a s t i c  

constants  and do so i n  a fashion capable of being programed d i g i t a l l y  as pa r t  

of the l a rge r ,  over -a l l  t i r e  program. 
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TABLE I1 

COMPARISON BETWEEN MEASURED AND CALCULATED CORD ANGLES 

Cord angle measured Cord angle calculated 
from X-ray photographs from Eq. (38) 

Radius ro 

roc = 23.57 Crown cord angle = 38.5 --- 

4 1  41 0 75 

19.43 50 49.65 

16.93 ( r i m )  52 55 65 

22.43 
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VIII. IITERNAL STRESS ANALYSIS OF THE TOROIDAL SHELL 
UNIZER INTERNAL PRESSURE 

The t i r e  under i n t e r n a l  pressure poses a p a r t i c u l a r l y  appropriate problem 

with which t o  begin t h i s  s e r i e s  of e f f o r t s  t o  analyze t i r e s  under various load- 

ing conditions using d i g i t a l  computation techniques This i s  because, as men- 

t ioned previously,  the  primary considerat ion i n  t h i s  problem i s  t h a t  of mem- 

brane e f f ec t s ,  and fur ther ,  t h a t  these r e s u l t  i n  t e n s i l e  cord loads throughout 

the s t ruc tu re .  This means t h a t  it w i l l  not be necessary t o  account f o r  t he  

sudden change i n  modulus as the cord load goes from t ens ion  t o  compression. 

Discussions with research sponsors ind ica te  -that present  prac t ice  i s  t o  

design t i r e s  so t h a t ,  upon in f l a t ion ,  bending e f f e c t s  are e i t h e r  s m a l l  o r  

negl ig ib le .  For t h i s  reason, it i s  an t ic ipa ted  t h a t  i n  most problems of i n -  

t e r e s t  cord loads contr ibuted by bending e f f e c t s  during t h e  i n f l a t i o n  process 

alone will be negl ig ib le  compared t o  cord loads generated by membrane forces .  

Using t h i s  s impl i f ica t ion ,  it it possible t o  ca l cu la t e  the deformation s t a t e  

of the  t i r e  using both membrane and bending e f f e c t s ,  and t o  use those e f f e c t s  

i n  a very simple and s t ra ightforward way t o  ob ta in  the two quan t i t i e s  of s t ruc -  

t u r a l  i n t e r e s t  here,  the cord loads and i n t e r p l y  s t r e s s e s .  

Turning f irst  t o  cord loads,  it may be seen from work done by the author23 

t h a t  cord loads may be determined completely i f  the thickness  of each ply, the 

end count, and the  stress d i s t r ibu t ions  a l l  are known, from the  equation 

r 1 

P = h ( L )  ae + (M) 0 
n 1 

where 

h = thickness  of a single p ly  

n = end count 
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L, M = coe f f i c i en t s  given from R e f ,  23 

de, d@ = membrane stresses as given from s h e l l  ana lys i s  

Equation (39) i s  adapted t o  the axisymmetric case of loading by i n t e r n a l  pres-  

sure where no shearing s t r e s s e s  are present  i n  the  s t ruc tu re .  

The ca lcu la t ion  of i n t e r p l y  s t r e s s e s  i s  a r e l a t i v e l y  s t ra ightforward pro- 

cess  throughout the  t i r e  i f  one considers only the e f f e c t  of membrane fo rces .  

The previous discussion ind ica ted  t h a t  these would be predominant and, f o r  pur- 

poses of t h i s  program, w i l l  be the  only  ones considered here ,  From Refs, 24 

and 25,  it may be seen t h a t  the i n t e r p l y  s t r e s s e s  f o r  cases  of  membrane forces  

induced i n  the  carcass  a re  given by 

where the funct ions 813 (+a)/a33 (+a) and 823 (+a)/a33 (+a) are given i n  R e f .  

24 as funct ions of t he  e l a s t i c  c h a r a c t e r i s t i c s  of the system and of the  cord 

angle a. 

y s i s  of the  t i r e .  

i s t i c s  around the meridian, i n t e r p l y  s t r e s s e s  as given by Eqs. (40 )  may be 

obtained a t  once 

The s t r e s s e s  de and IY@ may be determined from the deformation ana l -  

With these ,  and with a knowledge of the e l a s t i c  charac te r -  

The d i g i t a l  computer program presented i n  t h i s  r epor t  u t i l i z e s  cord loads 

and i n t e r p l y  s t r e s s e s  determined only from membrane e f f e c t s ,  as discussed i n  

t h i s  s ec t ion  of the r epor t ,  More complete analyses ,  including the e f f e c t  of 

bending on cord loads and i n t e r p l y  stresses, can be included by r ev i s ion  of 

on ly  a small port ion of t he  t o t a l  d i g i t a l  computer program. 

attempted here since it i s  r a t h e r  lengthy and would not be of wide i n t e r e s t ,  

This w i l l  not  be 
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I X .  DIGITAL COMPUTER PROGW FOR CORD LOADS, INTERPLY STFGSSES, 
AND DEFORMATIONS D'JE TO INFLATION 

The computer program w a s  wr i t ten  t o  perform the  task  of producicg the  

Sys tem of Eqs .  (37), solving them, and consequently obtaining t h e  des i red  re -  

sults as output .  

problem, but  a few words about its broad s t ruc tu re  w i l l  allow a po ten t i a l  user  

The d e t a i l s  of the  program w i l l  not he lp  t o  understand the  

a view of t h e  procedure and w i l l  show how it can be adapted t o  h i s  pa r t i cL la r  

needs a 

The program cons is t s  of a "main'! o r  cont ro l l ing  program,9 which i s  very 

short ,  and c a l l s  upon a number of subprograms o r  subroutines,  SimL a proce- 

dure has been followed throughout t h i s  pro jec t  inasmuch as it permits check- 

ing d i s c r e t e  p a r t s  e a s i l y  o r  even a l t e r i n g  them as s i t u a t i o n s  d ic ta t .e ,  The 

program required reading i n  da ta  of basic material proper t ies  and c e r t a i n  con- 

trol parameters, such as the  number of  terms of the  Fourier  expansion which 

are t o  be used i n  t h e  R i t z  procedure. The r a d i i  of curvatrue may be imbedded, 

as a t ab le ,  i n  t h e  program, or a l t e r n a t e l y  t h i s  informatior: may a l s o  be read 

i n  as da ta  a t  the  d i sc re t ion  of the programmer< 

"he list of subroutines which are used w i l l  give an approximate ousl ine 

of t he  computing sequence. These a r e  i n  t u r n  control led by the  main programc 

Sub rout ines  

1. Data reading. 

2. Raw material proper t ies  preparat ion.  

3 .  Preparat ion of a t ab le  of mater ia l  p roper t ies  as a funct ion of 

pos i t ion  on the  t i r e .  

A u t i l i t y  rout ine which prepares c e r t a i n  parameters appearing 

frequent ly  i n  the  subsequent computation, 

4. 

39 



5 .  R i t z  procedure, which i n  t u r n  requi res  

( a )  Simpson's ru l e  procedure, which f u r t h e r  needs 

(i) a procedure f o r  evaluat ing the  arguments of t he  

i n t e g r a l s  for t h e  evaluat ion of t he  augmented co- 

e f f i c i e n t  matr ix  of Eqs. (37); 

t a b l e s  f o r  r a d i i  of curvature and mater ia l  prop- 

e r t i e s ;  

Subroutine f o r  displacements and t h e i r  de r iva t ives  

(ii) 

(iii) 

( b )  Simultaneous equation so lver .  

F ina l  r e s u l t s  a r e  produced a f t e r  t h e  computation of t h e  coe f f i -  

c i en t s  of t he  Fourier expansion f o r  t he  displacements. 

6 .  

Depending on t h e  nature of t h e  input parameters, it i s  possible ,  for a 

given s e t  of material proper t ies ,  t o  compute the  r e s u l t s  repeatedly using an 

increasing number of terms i n  t he  Fourier  expansion. This i s  accomplished 

by cycling over subroutines 5 and 6 repeatedly.  

The computations i n  subroutine 5 are very extensive,  and e f f o r t s  have 

been made t o  make t h i s  p a r t  of the  computation as economical as poss ib le .  

i s  an t i c ipa t ed  t h a t  i n  fu tu re  programs even g r e a t e r  e f f o r t s  w i l l  have t o  be 

exerted i n  t h i s  d i rec t ion ;  however, much of what can be done here  depends on 

the  s i z e  of t he  machine memory ava i l ab le .  

It 
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x, m L ! E  ANALYSIS 

The p r i n c i p a l  ob jec t ive  of t h i s  repor t  i s  t o  i l l u s t r a t e  a t y p i c a l  

Strength ana lys i s  of an a i r c r a f t  t i r e  under i n t e r n a l  pressureo  

Considerably more important i n  a i r c r a f t  t i res  than i n  o ther  t ires due t o  

t h e  f a c t  t h a t  t h e i r  pressure loadings are genera l ly  much g rea t e r .  For pur- 

poses of t h i s  ana lys i s ,  a 32 x 8-8, Type lEI> a i r c r a f t  t i r e  w a s  obtained on 

loan from one of t h e  major a i r c r a f t  t i r e  manufacturers, along with a stand- 

a rd  wheel f o r  t h i s  t i r e .  

twelve p l y  r a t i n g  t i r e  manufactured f o r  a spec ia l  use and hence w a s  S l i g h t l y  

l i g h t e r  than t h e  usua l  32 x 8,8 design. 

carcass  material. A s  an  an t i - sk id  device, i t s  t r e a d  stock w a s  loaded with 

w i r e  i n  a random dispers ion  but t h a t  f a c t o r  d id  not influence the  subsequent 

i n f l a t i o n  ca lcu la t ions .  

This i s  

Here the  p a r t i c u l a r  t i r e  obtained w a s  a nominal 

It a c t u a l l y  contained s i x  p l i e s  of 

P l a s t e r  c a s t s  w e r e  made of both t h e  inne r  and outer  surfaces of t h e  t i r e  

and from these  c a s t s ,  along with complete information on t h e  carcass th i ck -  

ness furnished by t h e  manufacturer, it w a s  poss ib le  t o  produce a drawing of  

t h e  carcass midline of t he  t i r e .  It w a s  then necessary t o  use t h i s  carcass  

midline t o  determine t h e  r a d i i  of curvature a t  various poin ts  around t h e  me- 

r i d i a n ,  o r  crosssection, of the  t i r e .  

I n  connection with t i r e  ana lys i s  work during t he  pas t  two years,  a prob- 

lem has  a r i s e n  seve ra l  times i n  determining r a d i i  of curvature of a n  i r r e g u l a r  

shape which i s  drawn out on a piece of paper,  A t  various times d i f f e r e n t  

schemes have been used f o r  a c t u a l l y  ca l cu la t ing  these  r a d i i  of curvature, and 

such schemes have embraced ideas  involving- 

( a )  the  use of mechanical sys';ems alich as d i a l  gal-iges t o  produce nuner- 

i c a l  da t a  which i n  t u r n  could be d i f f e r e n t i a t e d  and t r e a t e d  numerically by  a 
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d i g i t a l  computer program. 

(b )  drawing out t h e  cross-sect ion on a piece of graph paper from which 

hand ca lcu la t ions  on a desk computer can give r a d i i  of curvature .  

( e )  f i t t i n g  a polynomial t o  the  shape of t h e  t i r e  and from t h i s  poly- 

nominal determining r a d i i  of curvature,  curve f i t t i n g  being done by  a least  

squares approach on a d i g i t a l  computer. 

(d )  an o p t i c a l  method which determines t h e  normal t o  t h e  curve a t  any 

point ,  and from which r a d i i  of curvature may be obtained by one graphica l  

d i f f e r e n t i a t i o n .  

None of these  systems appears t o  be completely sa t i s f ac to ry ,  and our  

Current impression i s  t h a t  a g rea t  d e a l  of t h e  d i f f i c u l t y  l i e s  i n  t h e  absence 

Of a good smoothing rout ine  which can be used with the  d i g i t a l  computer The 

Problem i s  one which i s  annoying but not se r ious ,  and, f o r  t h i s  p a r t i c u l a r  

example ana lys i s ,  t h e  f i r s t  and las t  of these  methods were used separa te ly  

and reworked ca re fu l ly  u n t i l  t h e  r e s u l t s  seemed t o  agreeo  

Through t h e  kindness of t h e  B o  F. Goodrich Research ikbora tor ies ,  which 

furnished t h i s  p a r t i c u l a r  a i r c r a f t  t i r e ,  complete d a t a  w a s  obtained on the  

c h a r a c t e r i s t i c s  of t he  material used i n  t h e  t i r e ,  as w e l l  as information on 

t i r e  geometry and construct ion d e t a i l s .  

da t a  f o r  t h e  ana lys i s  t o  be obtained d i r e c t l y .  

This enabled a l l  necessary input  

Fig.  6 shows reproductions 

of t h e  d i g i t a l  p r in tout  pages; t h e  f i r s t  page i l l u s t r a t e s  t h e  input  da ta  and 

shows t h e  values of rubber modulus, t h e  var ious cord proper t ies ,  t h e  number 

Of p l i e s ,  cord count, and crown angle .  For t h i s  p a r t i c u l a r  12 p l y  r a t ed  t i r e  

t h e  recommended i n f l a t i o n  pressure i s  95 p s i  and t h i s  value i s  used as inpu t ,  

%e maximum number of Ri tz  terms i n  t h e  so lu t ion  i s  taken t o  be e igh t  and 

from t h i s  t he  d i g i t a l  computations may proceed. 

"he second page of F ig"  6 i l l u s t r a t e s  e l a s t i c  constants  whicn a r e  tal- 

Culated a t  various s t a t i o n s  I, where I = 1 refers t o  an angle a = 0 ,  t h i s  
l 
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being t h e  crown of t h e  t i r e ,  The loca t ion  associated with the  poinz 1. = 3 2  

is an  angle QI = 120.5 degrees, which i s  t h e  r i m  of the  t i r e ,  The intermediate 

Po in t s  a r e  obtained by using increments of 4.50 of t h e  normal angle a ,  I n  

genera l  t hese  w i l l  be s l i g h t l y  unequal a r c  lengths due t o  t h e  f a c t  %fiat tkie 

rad ius  of curvature r l  i s  continuously changing. 

The next t h r e e  columns on t h e  second page of Fig. 6 represent e l a s t i c  

cons tan ts  i n  t h e  8 ,  or c i rcumferent ia l  d i r e c t i o n  of t he  t i r e  and i n  the  9, 

or  meridianal d i r e c t i o n  of t h e  t i r e .  It i s  i n t e r e s t i n g  t o  note t h e  ex+,remely 

wide va r i a t ion  i n  e l a s t i c  constants demonstrated between +,he crown and t h e  

r i m  of t h e  t i r e  The column l a h e 9 d  i s  approximately constant,  Lowever, from 

Crown t o  r i m .  

I n  t h e  next two columns the  x and y coordinates of t h e  carcass midline 

a r e  ca lcu la ted  and l i s t e d .  F ina l ly ,  t h e  las t  th ree  co1umr.s give t h e  radi i  

ro, rl, and 2, which i s  labeled here RLP. These r a d i i  of curvature a r e  nec- 

essary  for t h e  construction of t h e  s t r a i n  energy functions described pre- 

viously. 

On t h e  t h i r d  page of Fig. 6 a por t ion  of t h e  output f r o m t h i s  program 

i s  given. 

which t h e  data pe r t a ins ,  t h e  second colunn gives t h e  angle of t h e  normal with 

respect t o  t h e  v e r t i c a l  cen ter  l i n e ,  t h e  t h i r d  column gives t h e  ca lcu la ted  

cord angle 8 a t  each of these  pos i t ions ;  t he  next two columns give t h e  x and 

Y coordinates of t h e  i n f l a t e d  t i r e ,  and t h e  columns labeled y displacement 

and x displacement give the  a c t u a l  displacements of these  po in t s ,  

t he  displacements normal and t a n g e n t i a l  t o  t h e  carcass midline a r e  denoted 

by the usual no ta t ion  w and u, and these  a r e  l i s t e d .  

s u f f i c i e n t  t o  draw out t he  f i n a l ,  or i n f l a t e d ,  shape of t h e  t i r e .  

f i n a l  page, one f inds  again a s t a t i o n  loca t ion  column followed by a c a l c d a -  

t i o n  of t h e  membrane s t r a i n s  labeled EPSPHI and EFSTH. 

The f i rs t  column again ind ica t e s  t h e  number of the s t a t i o n  t o  

F ina l ly ,  

"his information i s  

I n  t h e  

Using these  values 
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of membrane s t r a i n  one may ca l cu la t e  membrane stresses? and these are l i s t e d  

as SIGPHI and SIGTH, standing f o r  GQ and “8 respec t ive lyo  

labeled INTPLY, gives  the  i n t e r p l y  stresses between p l i e s  ca lcu la ted  on a 

membrane bas i s .  The las t  column l i s t s  the  cord loads induced by membrane 

stresses; from t h i s  column it may be seen t h a t  t h e  maximum cord load occurs 

a t  t he  crown of  t he  t i r e .  A t  t h i s  point  t h e  load i s  approximately 4 pounds 

p e r  cord, which appears not unreasonable i n  l i g h t  of  t h e  known s t rengths  of 

t h e  t y p i c a l  t e x t i l e  cords used i n  such t i r e  manufacture. 

The nex5 column, 

A s  a f i n a l  i t e m ,  t h e  bead of t h e  t i r e  may be t r e a t e d  as a r ing  subjected 

t o  outwardly d i rec ted  t e n s i l e  forces .  If t h i s  i s  done? then the  t o t a l  bead 

force generated by these  t e n s i l e  forces  may e a s i l y  be ca lcu la ted  

p a r t i c u l a r  case, t h e  t e n s i l e  forces  arise due to t h e  presence of t h e  s t r e s s  

aQ i n  t he  t i r e  and 

t h i s  program. 

pounds, which i s  w e l l  wi th in  t h e i r  s t rength  c a p a b i l i t i e s .  

I n  t h i s  

t he  bead forces  a r e  worked out as an i n t e g r a l  p a r t  of 

I n  t h i s  p a r t i c u l a r  case they t u r n  out t o  b e  approximately 1250 

I n  viewing the  o v e r a l l  r e s u l t s  of t h i s  computer program, one sees t h a t  

t h e  maximum cord loads apparent ly  occur i n  the  crown of  t he  t i r e ,  

Seems t o  agree with what i s  general ly  known about t h e  f a i l u r e  of  t i r e s  under 

pure i n t e r n a l  pressure,  such as a high pressure hydrossat ic  t e s t i n g .  In 

those cases it appears, from what evidence i s  ava i l ab le ,  t h a t  f a i l u r e s  i n i t i -  

a t e  a t  t he  crown o f  t he  t i r e  due t o  i n t e r n a l  pressure a ione-  

T h i s  

To check the  v a l i d i t y  of these  ca lcu la t ions ,  t h e  p a r t i c u l a r  a i r c r a f t  

t i r e  used here w a s  i n f l a t e d  t o  93 pounds of i n t e rna l  pressure and a complete 

cas t ing  made o f t h e o u t e r  sur face ,  

viously made of the  uninf la ted  t i r e ,  one could immediately obta in  information 

on t h e  growth of t he  t i r e  due t o  i n f l a t i o n  a t  d i f f e r e n t  pos i t ions  a 

information can be compared with the  f i n a l  configuration of  the t i r e  a6 given 

from t h e  ca lcu la t ions ,  and i s  done eo i n  F igs .  7a and 7 b ,  From th? comparison 

By comparing t h i s  cas t ing  w i t h  one pre-  

T h i s  
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of ca lcu la ted  and measured de f l ec t ions  it can be seen that  the ca l cu la t ions  

seem t o  agree qu i t e  w e l l  i n  t h e  crown and sidewall  areas of t h e  t i r e .  Some 

discrepancy e x i s t s  between measurement and ca l cu la t ions  i n  the  shoulder a rea  

for which there i s  no reasonable explanation, a t  t h e  moment. 

should be noted t h a t  pas t  experience w i t h  such ca l cu la t ions  ind ica t e s  t ha t  

t h e  r e s u l t i n g  def lec t ions  a r e  qui te  s ens i t i ve  t o  the  q u a l i t y  of the radii of 

Curvature which are measured i n  any p a r t i c u l a r  she l l .  I n  v i e w  of the  f a c t  

t h a t  t h e  r a d i i  of curvature obtained here were compromises, i n  c e r t a i n  re- 

spec ts ,  between two d i f f e r e n t  methods of obtaining such da ta ,  it might be 

expected that  t h e  use of  radii of curvature which were completely co r rec t  

would perhaps improve the de f l ec t ion  da ta  obtained. It w i l l  be necessary t o  

examine t h i s  po in t  i n  some d e t a i l  a t  a later t i m e .  

However, it 

A photograph of t h e  t i re  mounted on t h e  wheel i s  shown i n  Figs.  8a and 

8b. 
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Estimated of Carcass before Inflation 

after I nflation 

Fig. 7. 
for a 32~8.8 aircraft tire. 

Comparison of calculated and measured inflated shapes 
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Outside Contour before Inflation (from Casting 1 

Outside Contour after Inflation - 
Estimated from Calculations of the 
Deformation of the C of the Carcass- 7 

/ 

/ I II 
Outside Contour 
after I nf lat ion 
(from Casting) 

Fig. 7 (Concluded). 
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Fig. 8. Photographs of a t i r e .  
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