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The influence of thermal activation, chemical initiation, chain fragmentation, and chain stiffness on
basic thermodynamic properties of equilibrium polymerization solutions is systematically
investigated using a Flory—Huggins type lattice model. The properties treated include the average
chain lengthL, extent of polymerizatiorb, Helmholtz free energy, configurational entropys,
specific heaC,,, polymerization transition temperatufg, osmotic pressurl, and the second and
third virial coefficients,A, and Az. The dependence of the critical temperatlireand critical
compositiong,. (volume fraction of associating speciem the enthalpyAh, and entropyAs,, of
polymerization and on the strengiyy of the FH effective monomer—solvent van der Waals
interaction (y=epy/T) is also analyzed as an illustration of the strong coupling between phase
separation and polymerization. For a given polymerization model, Botind ¢., normalized by

their values in the absence of polymerization, are functions of the dimensionless “sticking energy”
hEE(|Ahp|/R)/(26FH) (where R is the gas constantand As,. © 2003 American Institute of
Physics. [DOI: 10.1063/1.1625642

I. INTRODUCTION stiffness on the general thermodynamic properties of equilib-
rium polymer solutions and, specifically, on the competition
Our recent series of papérs stresses that the general petween chain formation and phase separation. A subsequent
nature of the thermodynamic properties of reversibly associpaper will describe how constraints on chain topoldgg.,
ating particle and molecular systems can be inferred from thbranching affect the same thermodynamic and critical
behavior of the classic example of “living polymerization” propertiesﬁ.
in solution. This focus on living polymerization is dictated Dynamic clustering of atomic and particle systems at
by the availability of careful measurements for this type ofequilibrium is ubiquitous in natureand consequently nu-
complex fluid> and by the relative simplicity of the under- merous studies have emphasized various aspects of this phe-
lying mean field theory that restricts itself to chain growth nomenon since the pioneering work of Dolezdlelearly a
occurring exclusively at the chain ends due to the presence @entury ago. Fisher and Zuckernfareview the evolution,
a chemical “initiator.” Of perhaps more far reaching impli- impact, and difficulties in modeling this type of association
cations, we have argutd that this model is generally rep- phenomenon in the context of ionic solutions where the pres-
resentative of other associating particle systems because tefice of clustering has long been appreciated. °Geel
equilibrium condition should make the details of chain con-Topolsky and Eisenbel§** made pioneering contributions
nectivity and the mode of cluster growth and fragmentationyy modeling the equilibrium polymerization of linear poly-
of secondary significance in mean field theory. While muchmer chains, and the history of this topic is summarized by
physical evidence supports these arguments, it remains ietschelet al? and Greef:® Associating fluids are also ex-
establish the correctness of this “universal” view of the ther-tensijvely discussed in the chemical engineering literature.
modynamics of equilibrium particle clustering through the por example, Economou and Donofiidiscuss the use of
systematic treatment and comparison with other models foftegral equation theories for associating fluids and the inter-
equilibrium polymerization in which there are different con- ye|ations between chemical association models of these flu-
straints on the polymerization process. These different conyys_Highly informative simulations of equilibrium polymer-
straints are very relevant to descriptions of clustering in cOmyzation by Jacksoret al** and Milchev and co-worket&6
plex fluids that polymerize without the presence of chemicalyre aiso notable. The influence of fluctuations on the critical
initiators, which are essential components of the model angseghayior of activated and initiated equilibrium polymers has
lyzed in Papers I-lll. In particular, we focus in this paper onpaap investigated by Wheeler and co-workéré2and Cates
the influence of activation, chemical initiation, and chaingnq co-workerd 24 present scaling arguments indicating
how excluded volume interactions affect chain properties.
dElectronic mail: k-freed@uchicago.edu Our studies of equilibrium polymerization owe a particu-
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lar debt to Tobolsky and Eisenbé?d! and Scot® who in-  merization model“living polymerization”) that is the sub-
troduce a general classification scheme into their modelingect of our earlier papers.® This review also includes some
of equilibrium polymerization and the competition betweennew resultge.g., third virial coefficient, asymptotic analysis
phase separation and chain association in activated polymenf the critical temperature and critical composition, etc.
ization systems. These early investigations focus on modeBection V provides a critical comparison of these basic equi-
ing the polymerization process in particular physical sysdibrium polymerization models.
tems, such as sulfd, and many basic aspects of the Before developing the theory, we summarize some of the
coupling between polymerization and phase separation reassumptions invoked. The treatment is based on a mean field
main to be investigated analytically. Given the importance ofFH lattice model description for the thermodynamics of
this type of model as a paradigm for molecular self-these associating polymer solutions where the differences in
organization, there is a need for systematic investigation ofhe solvent and monomer structure are neglected and where
how the general classes of polymerizatithermally acti- the solutions are assumed to be incompressible. The equilib-
vated, chemically initiated, and freely associafifginflu-  rium polymerization models developed here employ the
ence the critical solution propertied {,¢.), the transition ~minimal number of parameters necessary to distinguish be-
lines governing the location of the polymerization transition,tween different classes of polymerization. Many possible ex-
and essential thermodynamic solution propertiesmotic ~ tensions simply follow from improvements of the FH
pressure, theta temperature, second and third osmotic virigneory>’ For example, structural differences between species
coefficients, etd. This kind of information is required for can be treated using the lattice cluster theory generalization
identifying the mechanism of polymerization occurring in of the FH modef® We neglect orientational interactions that
real systems and for determining the relevant interaction paa’€@ important for ~semiflexble chains at higher
rameters governing these transitions. We are particularly inconcentrations?
terested in dynamic clustering in connection with under-
standing the thermodynamics and the stability of
nanoparticle dispersions in polymeric materials, polyelectroi|. “EREE ASSOCIATION” MODEL
lyte solutions, and colloid dispersions. Many aspects of the
theory are developed here for future applications to these The simplest possible model of equilibrium polymeriza-
complex fluids, although these applications are not explicitlytion postulates that each molecule or particle can associate
discussed in the present paper. For example, a separatéth another monomer or polymer chain. This polymeriza-
papef® considers phase separation in associating dipolar fltion model corresponds to case lll in the general classifica-
ids, and the free energy expression derived here is an impotion scheme of Tobolsky and EisenbErand is popular as
tant component of that work. Our comparative study of thes@n approximate model of worm-like micell& Recently,
associating fluids confirms the presence of certain generdfis model has also been used to describe dynamic clustering
patterns in the thermodynamic properties, but also emphdﬂ ionic fluids comprised of ions and counterions of highly
sizes the regulatory effect of the activation and chemical inidisparate size$.
tiation processes on the average mass distribution of the The system studied is composednfsolvent molecules
polymers that are formed and on the breadth of the polymer@nd ny monomers of specied! that can “freely associate”
ization transition. We systematically investigate the impactnto polymers once the free energy of this association pro-
of these “constraints” on the polymerization transition to €SS becomes negative. The resulting polymers form and dis-
resolve further which solution properties are “universal” or integrate in dynamic equilibrium, and attention is confined to
specific to a particular type of polymerization process. the time-averaged properties of these complex fluids.
Section Il describes the simplest model of an associating The free association model places no restrictions on the
fluid in which all monomers can associate with each othefMechanism of chain formation and disintegration, so that
without either activation or chemical initiation. Section Il ¢hain growth may proceed by addition of a single monomer
summarizes the essential results for the thermodynamigl by the linkage of two chains. Similarly, chains may break
properties of polymer solutions undergoing equlibrium poly-in the middle, or segments may dissociate from the chain
merization controlled by an activation process. Notably,€nds. The two modes of polymerization can be characterized
within the Flory—HuggingFH) model?’ the thermodynamic  PY the single kinetic equation,
properties in both models of Secs. Il and Ill are found to be Mj+M =M., j.k=1.2,..». (1)
completely insensitive to the mode of linear associatian, o .
to whether the chains grow by adherence of monomers to th-sghe numbers of mqlgcule{mi} of the individual specied;
chain ends or by linking two chains at their ends and to?® relategl to thelr_1|_t|al number of monomerg by the mass
whether the chains may break in the middle or lose terminafonservation condition,
segments The theoretical expressions for a wide range of *
thermodynamic properties are derived for the two extremes n‘{=2 in;. 3]
of chain semiflexibility, i.e., for fully flexible and stiff chains. =1
The free association model of Sec. Il is shown to emerge as The thermodynamic properties of the system are de-
a special case of the activated association model. For conscribed using a minimal incompressible Flory—Huggins lat-
pleteness, Sec. IV briefly reviews some basic thermodynamitice model, where a single site occupancy constraint applies
characteristics of the chemically initiated equilibrium poly- to solvent molecules and to all monoméusireacted as well
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as those in the polymexsThus, the total numbe\, of lattice _ JF
sites is written in terms of the numbers of moleculag of Mi— =20 ; 9
the individual specie®; as PTGy
w where the exchange chemical potenfigl'= u;—ius (With
N, = ng+ Z ni =ns+n?, (3) s being the solvent chemical poten)i;ﬂmerges fr_or.n. Eq.
i=1 (4) as a consequence of the assumed incompressibility of the

system. After simple algebra, the equilibrium condition in

and the total Helmholtz free energyfor the system is given Eq. (7) takes a form in which the. terms cancel identically,

by leading to the simple result
L=¢> In¢ +§ ﬁ|n¢-+¢ i ¢‘+§ éifi I i =i—1-if;, i=23,..,» 10
NkgT 757 7% & i PNy Py P ”E{" s =85 %, (10
(4)

It is possible within FH theor/ to describe polymer
where ¢s=ng/N,=1— ¢$ and{¢p;=n;i/N,} denote the vol- chains as semiflexible moleculé¢as in Paper?), but for
ume fractions of the solvent and ofmers, respectivelyy notational compactness, we present the derivation for the two
=epy/T is the dimensionless monomer—solvent interactionextreme limits of chain semiflexibility, i.e., for fully flexible
parameterf; is the dimensionless specific free energy of anchains and stiff rods. This specialization is chosen because
i-mer, andkg is Boltzmann’'s constant. For simplicity, all the description of these two limits does not require introduc-
monomers are assumed to interact identically with the soling an additional parameter, i.e., the energy difference be-
vent molecules, regardless of whether they are unpolymetweengaucheandtrans conformations. The specific free en-
ized or belong to polymerized species. Hence, the effectivergy f; (i=2,3,...,) is obtained from the Flory theory for
interaction parametey .y between unreacted monomers linear, fully flexible polymer chains as
and the monomers in polymers is taken to vanish identically. 1 1Af
The specific free energf is quoted in the following, while f,==1In +1—Z—4=-_P
the quantitiesf; and f, are taken as vanishing identically 2 2 2kgT
since both solvent and monomer species are treated as enfinq
ties occupying single lattice sites. The latter assumption im-
plies, in turn, that the internal entropies of both solvent and _1| " CIn(z—
. = ——1In(z 1) +— 0,

monomer molecules define our zero of entropy, so that the [ i i kgT
entropies computed from E¢4) arenot absolute quantities. .
The mass conservation constraints from &j.can be reex- 1=3, (12
pressed conveniently in terms of volume fractions as wherez is the lattice coordination number anxf, desig-
nates the free energy change due to the polymerization reac-
tion in Eg. (1), a modification appended to the Flory specific
free energy in order to describe the free association system.
The necessity of distinguishing betwebnandf;, (i=3) is
whereg?=n3/N; is the volume fraction of monomers before opyious since dimers are not flexible objects. Consequently,
polymerization. the f, in Eq. (11) does not contain factors of 1) that

The condition of chemical equilibrium imposes the rela-reflect the flexibility of higher order polymer$%3). In the
tion between the chemical potentiglg, wy, anduj.« of  |imit where all polymers are modeled as stiff rods, Ep) is

> (11

2(z—1)?
iz

i—1 i—1 Af,

¢2=i§1 bi, (5)

the M;, My, andM; . species, respectively, replaced by
mit =ik,  J.k=1,2,... 0. (6) 1 ]2 1 i—1Af
. “ Jrk f,=.—|n—+1—.—+.—k—_|'3, i=2. (13
Equation(6) can be rearranged into the simpler relation : z : N
. i—23 - Combining Eqs(10)—(13) leads to the compact expres-
M=ty 1=24,5, %, () sion for the volume fractionéd; !,
that formally corresponds to the following sequential poly- 4. —jcaAl, =2, (14)

merization scheme: ) ) )
with the quantityA given by

MitMi=Miiq, 1=12,. . ® A=¢(z—1)K, (fully flexible chaing, (15)
The equivalence of Eq$6) and(7) explicitly demonstrates
that the equilibrium properties predicted by the free associa-
tion model arecompletely insensitiveo whether the chains where K,=exp(—Af,/kgT) is the equilibrium constant for
grow by addition of single monomers to the chain ends or bythe polymerization reactiofisee Eq.(1)] in the stiff chain
linking two chains and whether they break at their ends or irsystem. A factor of £—1) in Eq. (15 can be absorbed into
the middle. In fact, this insensitivity is implicit in Eq1).  the definition ofAs, for the fully flexible chain model, but
The chemical potentialsu;} can be calculated directly from we retain Eq.(15) unchanged for clarity of comparison be-
the free energy of Eq4) as tween systems of flexible and rigid chains. Thus, the equilib-

A=¢,K, (stiff chaing, (16)
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rium constant of reactiofil) in the fully flexible chain sys- Cy 1 U
tem is defined as the product Kf, a_nd_ z-1). o Nks  Nikg T |

The prefactorC for these two limits of chain stiffness [
has the corresponding definitions, B ﬂ 2 5cA2 " ) 1-A

7 kgT) (1-A)3 o, 2CA? 2
C= 2z- 17K, (fully flexible chaing, (17 1T (1=A)3
(23)
z
C=-r tiff chaing. 18
2K, (stiff chaing (18) Following conventional usage, the enthalpy of polymeriza-

S o - tion Ah, is called the “sticking energy.” Equatior{22)

As shown above, the distribution éfmers is insensitive to yields the entropy relative to that of unpolymerized mono-
the monomer—solvent interaction parameteand is solely mers in solution rather than the absolute entropy, and, thus,
governed by the temperature, inital monomer concentratiofhis relative entropy may be negative. The polymerization
¢7, energyAh,, and entropyAs, of polymerization Af,  transition temperaturg,, is defined by the maximum in the
=Ah,—TAsy). The insensitivity off ¢} to the presence of gpecific heatCy(T), and the variation off, with ] is
weak van der Waals interactions no longer appfiegien we  termed a “polymerization transition line.” For systems that
distinguish between polymer—solvent and monomer—solver50|ymerize upon cooling, the monomers, generally, remain
interactions or assume a non-vanishing monomer—polymegrgely unpolymerized abovg,, while significant polymer-
interaction parameteymp= Xmn # 0. ization occurs forT<T,. The reverse situation ensues for

Substituting Eq(14) into Eq. (5) and performing all the  systems that polymerize upon heating. The interpretation of
summationgwith the constraint 8CA<1) yield the impor-  the polymerization line as a boundary between the monomer

tant relation betweew] and ¢, rich and polymer rich “phases” becomes less adequate when
) the polymerization transition is very broad, as occurs in the
%= ¢y CA (2_'20‘). (19) free association model. The polymerization temperaiye
(1-A) determined from the maximum of,(T) departs signifi-

_ _ _ _ cantly from the ideal polymerization temperatuf§” pre-
This nonlinear equation must be solved numerically to detergicteq by the Dainton—Ivin equatici

mine ¢, as a function ofT and ¢9.

After inserting Eq.(14) and performing the summations Ah

in Eq. (4), the Helmholtz free energl for the system re- T(O):—”O, (24)
duces to the following form: P Asytkgn #7
(1— ¢0)In(1— )+ 42 1n & which is often assumed to describe associating systems
NkgT 1 1 1 1 generally** Large deviations off, from TS’) for other poly-
CA merization models are discussed in Sec. V.
+(1— ¢9) oy + ,, (20) Other basic propertles.of _assomatlng polymer solutl.ons
(1-A) are the extent of polymerizatio®® and the average chain

_ - _ . lengthL=(i). The former quantityb is defined as the frac-
which specified= for a given set of parametell§ ¢, €4, tion of monomers converted into polymers,

Ah,, andAs,. (Note thatA is proportional to¢,.) The

basic thermodynamic properties, such as internal energy °— ¢ 1 CA2(2-A)

(=enthalpyH within an incompressible FH modekpecific b= 1—01 =— 5" (25)
heatC, (=Cp), and entropyS of the system follow from ¢1 ¢1 (1-A)

Eq. (20) as standard derivatives of the free enekgy
The variation of® with T at a giveng is always monotonic

U 1 J[F/(kgT)] because the sign of the derivative,
NikeT ~ NikgT d[1/(ksT)] |
2' Id 1 2CA%p, Ah,
CA= Ah T T 4o A3 40 2 ,
:(1‘¢?)¢?X+WKTP’ 21) aT s PIT (1—A)°p+2CA% | kgT
0<A<1, C>0,
S —(1=¢DIn(1-¢7)—p7In ¢
Nkg N, dT N ! v is dictated by a sign of the “sticking energyAh,. The
extent of polymerization increases withwhenAh,>0 (po-
CA? Ah, lymerization upon heatingand decreases monotonically
+m[k8_'r_l}’ (22 with T when Ah,<0 (polymerization upon cooling The
average chain length is determined from an average over
and all monomer containing species in the system
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S 48 g o
T 26 G=K, (stiff chains.

iy (1—A)? The productsC(T)G(T) in Egs.(30)—(31) represent the ef-

fective contributions to the virial coefficients which arise

from association. The theta temperature is defined as the

temperature at whict\, vanishes identically and may be

L=

Equations(25) and (26) imply that the average chain length
L and the extent of polymerizatio® are related to each

other as, obtained numerically from Ed30).
2—A Equationg19) and(20) indicate that the free association
L= A" (27) " model formally contains only one independent composition

variable (#9), which implies that the stability condition for

The variation ofL(T) for a given¢? is likewise monotonic  the existence of a stable homogeneous phase is simply
since the sign of the derivativél /T is also controlled by P2FI(NikgT)
Ks

the sign ofAh, . For polymerization upon cooling, the aver- _—
I$3 N, T

age chain lengti. in the low temperature regimer T )

exhibits the  well-known scalifd~® L~(<{>‘l’)f’2 _ o . .

x exg —Ah,/(2ksT)] (see the Appendix so thatL only di- Calculatlng th_e second derivative &f with respect t0¢l_
verges in this model a—0". While many properties that and equating I:E)IO zero produpe the constant volume spinodal
characterize the polymerization transition of associating so€UvesT=T(#;) as the solution of

lutions, such as those defined by E{&1)—(23) and (25— 1

(26), are independent of the Flory—Huggins interaction pa- 2CAZ + 1— 2 —2x=0, (32
rameter y, other thermodynamic quantities, such as the ¢‘I+(1_—A)3

osmotic pressure, second virial coefficient, theta temperature,

and critical temperature and critical compositiar phase  Where the quantitA=A(4?,T) or, equivalently, the com-
separatiop are strongly influenced by both and the free ~ POSiton¢;=A/G of unreacted monomers is determined nu-
energy parameterdh, and As,. We now summarize the merically from the mass conservation condition in EZf).
essential thermodynamic relations for some of these proper- A maximum(or minimum of the spinodal curve defines

ties. the critical temperatureT, and critical compositiong,
The osmotic pressurdl can be evaluated from the =(¢7)c. Knowledge of the critical parametefs and . in
Helmholtz free energf as conjunction with Eq(28) enables calculating the critical os-

motic compressibility factoiZ,=11.a%/(kgT.¢.), another
important thermodynamic quantity for associating systems.
The spinodal condition in Eq32) can be transformed to

ES a® oF

keT kg 0V

T,n° )
' the following form:
__tF 1 L .
kBT &ns Tno 2(1_1/L) + 1_¢O —ex=Y, ( )
1 ¢o 1+ 1
A2 1 1_A
=—In(1— ¢ —(¢9)*x— (1——A)2 (29 which evidently resembles the spinodal condition for poly-

mer solutions. In the absence of polymerizatidn=(1, A
with a®=V/N, being the volume associated with a single =0), Eq.(33) coincides with the spinodal equation for the
lattice site. Expanding the logarithmic term of the right-handmonomer—solvent system. Since-A) is positive for all
side of Eq.(28) around ¢{—0 and rearranging the ratio compositions¢; and temperature3, the coefficient that
CA?/(1—A)? into a series expansion ip] yield the osmotic  multiplies ¢ in Eq. (33) is also positive, and, consequently,

virial expansion, both T, and ¢ of the free association system are well de-
a3 fined as long as the exchange eneegy (reflecting the net
ﬁ=¢$+(¢‘1’)2A2+(¢2)3A3+'~, (29 short' range, |sotrqp|c mtgracﬂon betwee.n the associating
B species and solvenis positive. A more precise analy<isee
where the secondA,) and third (A5) virial coefficients are the Appendix demonstrates that the critical compositigp
identified as scales witheg in the low temperature regime{<T) as
1 1/5
A,=(1/2)— x(T)—C(T)G(T)?, 30 ~
N 2=(1/2) = x(T) = C(T)G(T) (30 O~ | =T T 2kaer]
Ahp,<0, Aspy<0, T<T,.
Az=(1/3)+2C(T)G(T)3[2C(T)G(T)— 1], (3D

The above scaling, when reexpressed in terms of the average
with the notationC(T) used forC of Egs.(17) and(18) to  degree of polymerizatioh,
emphasize its temperature dependence. The faGlfr3 are bo~L 25, Ah,<0, As,<0, T.<T,, (34)

fi . -
defined as exhibits a departure from well-known prediction of FH

G=(z-1)K, (fully flexible chaing, theony’ for monodisperse polymer solutiongi,~N~%?,
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with N denoting the polymerization index. The scaling in Eqg.tion, respectively, and by taking, for simplicity, both the en-
(34), however, is close to the observed scaling betwggn thalpiesAh, and entropied s, associated with dimer forma-
and chain length in real polymer solutions, where an expotion [Eq. (37)] and with the propagation procd$sg. (38)] as
nent near—0.4 is found®™ The critical temperaturd. is  identical. The Helmholtz free energy of the equilibrium
positive for any positivesg; and smoothly approaches zero system (consisting of nonactivated monomers, activated
asery—0, monomers, and polymerss given by

Te=2ery, Ah,<0, As,<0, T.<T,, (35) F

* * d)i *
WBT=¢S|“ st 7 In ¢1+i T'” it dshix

coinciding, of course, with the the critical temperature of
polymer solutions in the limit of infinite molecular weight

=1

7 o0 o0
polymers? +ox 2, ditifi+ 2 oifs. (42)
1. ACTIVATED EQUILIBRIUM POLYMERIZATION Equation (42) differs from Eq.(4) for the free association

Many physical systems undergo secondary kinetic Ioro_rnodel by the appearance of the terms associated with Fhe
cesses that serve to regulate the dynamic clustering procegd€sence of the activated monomers whose volume fraction
For example, the polymerization of sulfur begins with the@nd dimensionless specific free energy are denoted py
activation step involving the opening of tiS ring, a nec- and f1, respectively. For simplicity, short range van der
essary kinetic event that “activates” the monomer species fo)Vaals interactions are represented in &) [as in Eq.(4)]

subsequent polymerizatiGAThe propagation of monomeric PY @ single interaction parametetthat describes the average
G-actin to F-actin filaments is believed to require conforma-8fféctive interactions between the solvent and monortiers

tional transitions in the G-actin monomer to activate the¢luding activated ongf the associating speciés.

monomer for further associatiofi. Simulations of ionic Th? specific free energie§f;} emerge from the FH
fluids®® suggest that ion-pairing occurs as a prelude to subtheory” as

sequent clustering of dipolar and quadrupolar species into Af,

linear and branched polymer species. The activated equilib- f;=0, f7 “kaT’ (43

rium polymerization corresponds to case Il in the classifica-

tion schem& of Tobolsky and Eisenberg. We generalize this 1 1

former treatment by introducing chain stiffness and solvent f2:§|” 7 2 +1- > §Afp

quality effects into a systematic description of all thermody-

namic properties, including the coupling between phase l Af, . .

separation and clustering. - 2 kgT (fully flexible chains, 49
The simplest model of activated polymerization emerges o1 )

from considering the minimal reaction scheffle, f:l 2(z-1) + -1 In(z—1)+ I—1Af,

b zi i i kgT
M,=M7, (36) °
1Af, . :
M7 +M;=M,, (37 +i_ﬁ' i=3 (fully flexible chaing, (45
B

Mi+Ml:\Mi+lv i:2,3,...,°o, (38) and

in which the activated speciéd; reacts only with nonacti- 1 i—1Af. 1Af

vated monomer$/, to form dimers. Alternatively, only ac- fi=—In|—|+1— -+ — k—_l'f + - K _?

tivated monomers and polymers can participate in the chain z 1 : I Ks | Ks

propagation processes, i=2 (stiff chaing, (46)
M;=M7, (39 while the chemical potentialsu;} of the individual species
M* £ M* —M (40) can be evaluated from the free energy in Ef). Applying

! 1= the equilibrium conditiongsee Eq.(7)] appropriate for the
M+M*=M;,,, i=23,...%. (41)  reactions in Eqs36)—(38) yields the distribution of volume
fractions{ ¢;},

The description of equilibrium polymerization in E¢89)—

(41) is mathematically isomorphic to that corresponding to @I =¢1Ka, Ky=exp(—Af,/kgT)

Egs. (36)—(38) because both models become identical upon, 4

introducing an appropriate redefinition of the corresponding _

free energy parameters as discussed in the following. More- ¢;=iCA', i=2. (47)

over, the free association model is evidently a limit of Eqs

(39-(41) where the activation process in E9) is as-

sumed to proceed to completion. A=¢,(z— 1)K, (fully flexible chaing, (48
The reaction scheme in Eq&6)—(38) is further speci- . . .

fied by designating Af,—Ah,—TAs, and Af,=Ah, A=¢:Kp  (stiff chaing, (49)

—TAs, as the free energies of activation and polymeriza-and

‘The quantitiesA andC are given by
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z Ka . .
C=37T1 K, (fully flexible chaing, (50
C= Z Ka itf chai 51
=§K_p (stiff chaing. (51

whereK ,=exp(—Af,/kgT) denotes the equilibrium constant
for monomer activation[see Eq. (36)] and K,=exp
(—Af,/kgT) designates the equilibrium constant for polymer-
ization [see Eqgs.(37) and (38)] in the stiff chain system.
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s U F
Nks NkgT NkgT
—(1-¢DIN(1—¢)— ¢7In ¢y

CA? [Ah, Ah,

TIA?keT KeT

Ah,
+(¢2_¢1)kB—T, (59

[The earlier assumption of identical free energy parameters

for dimerization—Eq. (37)—and chain propagation—Eq.
(38)—implies an identicaK, for these two processésihe
equilibrium constant of reaction87) and (38) in the fully
flexible chain system is defined as the productkgf and
(z—1).

The existence of equilibrium conditions analogous to
those characterizing the free association model implies the

validity of an alternative polymerization mechanism in
which chains can also forrfor break through chain cou-
pling (or scission. Hence, Eq(38) may be generalized to the
reaction scheme,

(o/e)

Mj+Mk\:\Mj+k1 j:2,3,..., y k:1,2,...,00.

Notice that Eq(47) has the identical form as E¢l4). More-
over, Egs.(48)—(51) reduce to the free association model
Egs. (15-(18) when Af,=0 (i.e., K,=1), as they must.
This formal identity does not imply, however, that and

{¢i} have the same values for these two models since the
mass conservation constraint for the activated association

model,

CA%2(2—A)
(1-A)*

contains the extra termpy = ¢,K, that is absent in Eq19).

$7= 1 1+Kq]+ (52

and

Cy 1 U
Nks Nkg dT

|
“

X

N

Ah, A2

kT keT

)2 1
(0]

2CA?
1+

o
1

,. 2CA?
J’_—
1 (1_A)3

2CA?
(1-A)3

2

Ah,
kg T

(1-A)°

2CA?

Ah, Ah,
s o 2

keT  kgT

Ah,
keT

=

2CA?

X 1=A7

¢
ERFRY

SettingAh,=0 in Egs.(54)—(56) recovers the free associa-
tion model Eqs(21)—(23), as it must.
The definitions of the extent of polymerizatidnand the

Additional differences arise, of course, from the various defi-average degree of polymerizatianmust explicitly include

nitions of the prefacto€ [compare Eqs(50) and(51) with
Eqgs.(17) and(18)]. Surprisingly, the Helmholtz free energy
of Eqg. (42 reduceqafter inserting Eq(47) and performing
the summationjsto the simple form

Nk = (L 6DIn(1- )+ 6 in 6,

2
_ 40\ 40
+ (1= 1) Pix+ 1=A2 (53
which does not explicitly contain the volume fractiati .
Equation(53) is formally identicalto Eq. (20).
The internal energy), specific heaC,,, and entropyS

the presence of activated monomers,

$—d1—¢f 1 CAY(2-A)

YTTa TR A ®7
and
T+ b3
L= 1¢. _ (lZAZ (58
1T Ay

Since the right-hand sides of Ed57) and(58) are the same

of the system are represented, however, by more lengthys those in Eqg25) and(26), Eq. (27),

formulas than the corresponding E4a1)—(23),

U 1 JFi(kgT)]
NkeT  NkgT d[1KkgT] |
|
CA* [Ah, Ah,

i

=(1—¢g)¢gx+m§ KeT  kgT

Ah,

(71— ¢1)

L 2—A
T 2-A-®’

still applies. In contrast to the free association model, Egs.
(57) and(58) indicate that both the extent polymerizatidn
and the average chain length are no longer generally
monotonic functions of temperature when an activated pro-
cess is present. For instance, the temperature derivatide of
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ET0) 1 Ah, 2CA%¢, iting case emerges whekh,=0. Then, we obtaiA—1, L
aT| 2CA2 I<B_T(1——A)3 >1, ¢.—0, and “WEFH—>OT0226FH_’Oa in analogy to the
1 PIT| I+ m) free association systertand polymer solutions Another
limiting case arises whef\h,|=|Ah,|, which, in turn, im-
Ah, CA%2(2—A) ¢, pliesA—0, L—1, ¢.—1/2 and lim_, .oTc=(1/2)epy—0,
ksT  (1—A)2 resembling a monomer—solvent system. Other choices of
) Ah, (i.e., 0<|Ah,|<|Ah,|) yield the critical composition
+(ﬂ_ Aha) 2CA° Y ¢ between 1/2 and 0 and the critical temperatligebe-
keT kgT) (1-A)3) tween (1/2kry and 2eqy.>’
For completeness, expressions AoandC are quoted in
0<A<1, C>0, (59) the following for the activated association model in which

may vanish whem\h, and Ah, have different or the same only thg activated monomers and polymers can participate in
signs. In the latter case,d®/dT)|,0=0 only if [Ah,|  the chain propagatiofsee Eqs(39)—(41)],
>|Ahg[. A'=¢i(z—1)K)K, (fully flexible chains,
The identical form of the free enerdy for the free as- L . _
sociation and activated association models implies a com- A'=¢;KK; (stiff chaing,

mon expression for the osmotic press[see Eq.(28)], and
Ila® CA? 1
—=—In(1— ¢ — ($)*x— —, P z = : :
kT (1-¢7)—(¢1)x (1=A)2 C'= 22=1)° < (fully flexible chaing,
and for the spinodal stability conditiojsee Eqs(32) and
(33], C'=3 ra (stiff chaing.
1 1 P o _
SCAZ + 1= 40 —2x=0, The superscript prime is used to distinguish variables from
o+ - b1 the corresponding quantities of the alternative activated as-
(1-A) sociation model described by Eq&6)—(38). Both models
or predict identical properties upon redefinition of the free en-
ergy parameters,
1 1
2(1=110) + 1—¢§_2X:0' Af=Af,, Kl=exd—(Afl/kgT)]=Kj,, (62
$7 1+ 1-A and
As already mentioned, this commonality does not lead to the Afp=Af,—Af,,  Ki=exgd —Af/kgT]=K,/K,.
same values ofl, T;, ¢., etc., in these two models due to (63
the different mass conservation equations determirng While the analysis in this section is performed assuming

The second and the third virial coefficients are given by dif-equal volumes for solvent molecules and for monomers of
ferent expressions than those in E¢®0) and (31) for the  the associating species, our recent treateffeftactin po-

free association model, lymerization shows that all equations for the basic thermo-
2 dynamic properties are unchaged when the volume ratio
1 CG X .
A,==—x— —pz (60) =vn/vg differs from unity, because the parametecan be
2 (1+Ka) absorbed into the definition dfs,. This formal insensitivity
and of the basic equations to is also maintained for the other
3 association models.
A 1 N 2CG, [2CG, 1 61
373 (1+ Ka)§ 1+K, ' (62) IV. LIVING POLYMERIZATION
whereG,=aK, ande equals to (z 1) and 1 for fully flex- In contrast to the free and activated association models,

ible and stiff chains, respectively. The validity of Eq82)  chain growth in the living polymerization system is induced
and(33) also suggests that the critical point for the activatedby a chemical “initiator”l. This type of polymerization cor-
association solutions always existsef, is positive. On the responds to case | in the classification scheme of Tobolsky
other hand, the asymptotic analysis of the critical propertiesind Eisenber§ and has been discussed extensively in our
(see the Appendixs no longer analytically tractable because previous papers.® The equilibrium polymerization of

of the presence of an additional paramdtas., the free en- poly(a-methylstyreng in methylcyclohexane with sodium
ergy of activationAf,). We can distinguish, however, two naphthalide as an initiator provides a specific example of a
limiting behaviors of¢. and T, for activated association system exhibiting this type of dynamic clustering
systems. Consider polymerization upon coolifig., Ah, transition®® Here we briefly review some essential charac-
<0, As,<0) in the low temperature regimel(<Tp) and teristics of this model and include a description of new prop-
assume, for simplicity, that the entropies of activation anderties for completeness and comparison with the other two
polymerization are identicai.e., As,=As;). The first lim-  models of association.
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One possible mechanism for the initiation process in-  Combining Eqs(67)—(68) and(70) leads to the equilib-
volves a bifunctional dimel I, as the smallest propagating rium distribution of volume fraction§g;},
species and postulates that it is formed by an irreversible

reaction, $i=(i+2)CA~2 =2, (7D
2M+ 21 —Myl,. (64)  where the quantitied andC are defined as
Polymerization proceeds by the successive addition of mono- A=¢,(z—1)K, (fully flexible chaing, (72

mersM, to dimersM,l ,, trimersM3l,, etc., which, accord- ) )
ing to the chemical equlibrium, can sequentially disintegrate A= ¢1Kp,  Kp=exd —Af,/kgT] (stiff chaing,

as well, (73)
Mil,+Mi=M;.ql,, =23, ... (65 and
The Helmholtz free energl of the system is given by C=(1/4) p,=(1/12) (1 =A). (74
E The initiator compositionp, and the intial monomer compo-
NkgT = ¢sIn pst ¢1In ¢1+E In b+ dsb1x sition ¢9 are related through the mass conservation condi-
tion,
+¢in:22 ¢i+i:22 #ifi, (66) $2= b+ ¢' (2=A) (75)

2 (1-A)
where ¢1, ¢s=1—¢{—¢,, and{¢;} denote the volume
fractions for the residuali.e., unpolymerized monomers,
the solv'e'nt, and' pqumers, respe(.:t'ivgly, abdis the initial B— \/52_4(¢2_ #)G
composition of initiator. The equilibrium system does not ¢1= ;

) L ; 2G
contain free initiator molecules because of the assumed irre-
versibility of the initiation reaction in Eq(64). Again, for  \where the notation
simplicity, we assume that different types of monomeses,
unpolymerized or belonging to polymermteract with sol- B=1+[¢]—(1/24]G, G=aK,, (77
vent with the same van der Waals energies and display no
preference in the mutual interactions, i.g,=0. Conse- S €émployed with the coefficient equal to ¢—1) or 1 for
quently, there is only a single interaction paramefer fully flexible or st_|ff chains, respe_ctwe_ly After inserting Eq.
= ery/T in Eq. (66). The dimensionless specific free ener- (71 and performing the summations in E§6), the Helm-

gies{f;} of i-mers are obtained within FH theory as holtz free energyr for the equilibrium system reduces to the
! following form:

Equation(75) can be solved analytically fap,, producing

(76)

. 1 [2(z—1)?] i+1 nz—1) .
| =x n— ———In(z—
S22l Ai+2) | i+2 Nt~ (1 60 d0In(1= 69— 6) +(42- $)In 6
i—1Af , . .
+mﬁ, i=2 (fully flexible chaing, (67) + Oy (+ b)) (1— °— b)) x
2
and ﬁ ¢I(1_A)a ﬂ
- + 5 |n(—Z + kT +1/, (79)
1 2 | +1 i i—1Af,
fi= i+ 2 2(i+2) T2 it KeT' which is equivalent to the more complicated E8). of Paper
_ _ _ Il. The extent of polymerizationb and the average chain
i=2 (stiff chains. (68 lengthL can be expressed in terms of the quantitand the
. . L ) 5
The condition of chemical equilibrium imposes the relationdIrnenSIonless initiator concentration- ¢,/ ¢; as
between the chemical potentidig;}, w,, andu, of i-mers $0—d T (2—A)
M;l, (i=3), dimersM,l,, and monomerdM,, respec- =1 - 1o , (79
tively, 41 2(1-A)
wi=pot(i—2) )y, 1=34, .., (699 and
which, in turn, can be converted to mass action form, Ly [
" = b1 i= 2¢| i+2 ¢2(1—A) (80)
In{m}zi—Z—(HZ)fﬁMz, i=34,. ... B L i (1—A)¢§—(1/2)¢|’
2Pm b1t 25

(70

The relation in Eq(69) cannotbe rearranged to a form ad- while other thermodynamic quanties of the syst@uch as
mitting of alternative mechanisms of chain propagation thathe internal energy, entropyS, or specific heaCy) follow
involve chain coupling and scission. directly from Eq.(78),
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U 1 J[F/(kgT)] rithmic term characteristically predominates at e\, and
NkgT = NkgT d[ 1kgT] therefqreC}(‘, ?f a;sociating so!utions tends to incrgase with
their dilution:” This concentration dependence @, is ap-
¢ | Ah parently a singular feature of equilibrium polymerization and
_ _ 40__ (o} o__ L P
=(1=d1= ) (1t d)x+| 1= 1 2 |kgT’ can be used to discriminate this kind of particle association

from phase separatiof.

(8D The living polymerization solution is formally a three
S U-F o o component system characterized by two independent compo-
Nikg  NikgT —(1=¢1—d)IN(1— 1~ ¢)) sition variables$$ and ¢, . Consequently, the constant vol-
ume spinodal conditioff
¢ 2 2 2 2
—($5— N1+ | $3— 1~ oo F oF _|_OF 0
2 _OZ i 0 ’
5 ﬁ(ﬁl Nl ,T,¢|(?¢I NI 1Tr¢2 (9¢1(?¢| NI ,T
X[ﬂ_l}_ﬁ |n(w) (85)
keT 2 z involves three types of second-order composition derivatives
Af, of the Helmholtz free energly. After some algebra, E¢85)
+ keT +2], (82)  can be converted to the compact form
and ! + ! 2x=0
. L-#=¢ b 2drdi-¢)” N
Cv _ 1 ﬂ‘ :(ﬂ) (¢1O_¢1_¢|)¢1. 83 Iy b
N|kB N|kB (7T N kBT ¢1_ ¢1A_ ¢| a(ﬁg Nl T
Equation(83) can be transformed even to a more compact (86)
form involving the temperature derivative of the extent of where the derivativel¢,/d¢] in Eq. (85) can be obtained
polymerization®, from Eq. (76). Equation(86) resembles the spinodal condi-

tion for the free and activation association systems which
' (84) both undergo phase separatignith well-defined critical
¢ composition and critical temperature for any positisxg,).

This apparent resemblance of the spinodal conditions is not,

which clearly demonstrates that the temperafiy@t which  however, sufficient to prove that the critical point also al-
Cy(T) has a maximum coincides with the temperafligeat  ays exists for the living polymerization solution whep,
which the extent of polymerizatio® exhibits an inflection ~ Generally, the spinoddl=T(#2,¢,) obtained from Eq

. . 22 1 i) .
point (as a function off) . The temperaturd, andTy, N0 (gg) is a surface, but often it is convenient to consider its
longer are identical for thg _free and activated associatiopyojection onto a lineT=T($%) for r= ¢, /¢S fixed. (Ex-
systems because the specific h€gt for these models de- periments are indeed often performed for systems with a
pends on the derivative®/JT in a more complicated fash- constant initiator fractiom.*%34 Under this assumption, the

ion. For instance, the specific heat in the free associatiogyitical point for the living polymerization system is deter-

Cy  ,Ah, g
Nks ~Ykg oT

model is given by mined by the vanishing of the derivative/d¢S)|y, .4,
Cy JAhy[od Ah, CA? whereD is defined in Eq(85). The constraint,
Nike “1 kg | 0T | o _q’)_kBT2¢‘;(1—A)2 ' D 0
1 ) =V,
doy Ny T,

Not only areT, and T4, equal for the living polymeriza-
tion system, but both these temperatures approach the ideislequivalent to the vanishing of the combination of the third
polymerization temperaturﬁg’) of the Dainton—Ivin equa- derivatives off,

tion in ther — O limit. As noted previously by Kennedy and 43g 93E dy,) 2
Wheeler? the magnitude of the peaRy¥ (r—07") in Cy(r 745 +W (d—)
—0%) depends only oh, and ¢, 1N, T, 9Py, 7122
*(r—0* 2 PF d
NKg kT dp1°0¢h, N 7! 022
The specific heat maximui@ (r —07) is actually insensi-  with
tive toAhg, sinceTé°)~Ahp. Specifically, Eq(24) implies, . 92F 92F
* + 2 12= -0, ) 22= -2 .
V(r_>0 ) _ ﬁ + |n ¢0 a¢1a¢| NI ,T (?(b' NI ,T,ng
NiKg kg e

An asymptotic analysis of Eq&37) and(86) is specialized to
indicating that only the sum of the entropies of mixing andthe case of polymerization upon coolingf,<0, As,<0)
polymerization determines the magnitude@j . The loga- and to the low temperature regim@{<T,) where G>1.
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The critical compositionp, is found to be determined exclu- polymerization transition temperatufg . In this section, we
sively by the ratior = ¢, / ¢ of the initatior composition, compare and contrast several basic thermodynamic proper-

and the initial monomer concentratieff, , ties to clarify the extent of their similarity. While the theory
: - ; of Secs. II-1V applies for quite general cases of equilibrium
be= \/: 1— \ﬁJro _> Cor<i, polymerization, the present illustrative analysis is specialized
2 2 2 to systems that polymerize upon coolingh(,<0,As,<0)
Ah <0, As,<0, T.<T,, (88) and to stiff chai_ns fo_r comparison and consistency with the
results summarized in Papers I-1ll. The more general treat-
whereas the critical temperatufe depends on botery and  ment of systems containing semi-flexible polymer chains
r, leads to much more complicated theoretical expressions, but
rP\1Y2 37y r\ 32 to the same qualitative trends in thermodynamic behavior.
Tc=26FH[ 1- (5 +5|3/t0 (§> ] (89) The free association, chemical initiation, and thermal ac-

tivation models involve different numbers of essential pa-
For smallr, Eq. (89 simplifies to T.=2€r(1—¢¢), and  rameters governing polymerization and phase separation.
this relation contrasts with Eq35) for the free association The simplest free associati@®) model only requires speci-
system whereT.=2eg,. The independence abp. on tem- fication of the enthalpyAh, and entropyAs,, of polymeriza-
perature and the emergence of a nonzp¢o even at a very tion. The initiation(I) model is described by an additional
low T, accentuates another relevant difference betweeariable, the relative initiator concentration= ¢, 143,
chemically initiated and free association polymerization prowhich is assumed to be constant and independent of the ini-
cesses. Equation88) can be alternatively reexpressed in tia] monomer concentratio$. The thermal activatioriA)

terms of the low temperature average chain lerigth2/r,  model is determined by the specification of the enthajy,
yielding and entropyAs, for the monomer activation process, in ad-
=L P L-1rO(L"%?), r<1 dition to the polymerization reaction parametex, and
As,. Obviously, the specific thermodynamic properties pre-
Ah,<0, As,<0, T<T,, (90)  dicted by each of these three models generally deperi, on

which is the(mean field asymptotic resuff for the critical  the initial monomer concentatiafy , and the strength of the
composition of a high molecular weight polymer solution of effective interactionegy (which within FH theory describes

polymerization index. . the variation of the effective monomer—solvent interaction
The osmotic pressure is evaluated as parametery with temperatureT).
3 Unless otherwise noted, the representative vallibg
lla = —In(1— %= ) + by — B°— (112 =—35 kJ/mol andAs,=—105 J/(molK) are chosen for
kgT v vt ' calculations illustrating and contrasting equilibrium polymer-

(04 )2 91) ization in these three modelgThese parameters are those
XLPLT P determined from extensive experimental investigations of the
which is equivalent to Eq:6) of Paper Ill. The second virial poly(a-methylstyreng living polymerization by Greer
coefficientA,, et al*®] To minimize the number of variables, the entropy of
_ 2 2 _ activation As, in the A model is taken as identical to the
A=~ X1+ +(L)(L+1)"=(1r(1-n)G, (92 entropy of polymerizationAs, [As,=As,=—105 kJ/
is obtained by expanding the first two terms of E81)  (molK)] because these two quantities are anticipated to have
around$?—0 and keeping = ¢, /¢ constant. An alterna- comparable orders of magnitude in many systems. The ini-
tive definition ofA,, that arises from expanding the terms of tiator concentrationr for the | model is chosen as
Eq. (91) around the¢=¢7+ ¢ —0 limit and keeping¢;  =0.0044, which is the value utilized in former studies of
constant, is reported in Paper Ill. The third virial coefficient poly(a-methylstyreng solutions*® Finally, the enthalpy of
Az, which is not considered in our previous papé,given  activationAh, is varied between the extreme limits ah,
by =0 and Ah,=Ah, corresponding to a relatively low and
As=(1/3)(1+1)3—(U2r(1-n)[1—(32r]G?, (93 high equilibrium cor_lstant for activation, respecti_vely. Conse-
) ) ) quently, the following text employs the notation ofi,/
whereG is defined in Eq(77). =A(Ah,=0) and A,g=A(Ah,=Ah,) to describe these
relatively “low activation” and “high activation” limits. In
the former A, case, the majority of monomers remains as
the nonactivated speciéd, and the polymer propagation
reaction between th&1, and M; (i=2) species[see Eq.
Although many characteristics of the equilibrium poly- (38)] is favorable(for the above choices akh, andAsy),
merization models described in the previous sections exhibitvhereas in the latter 4y, case, almost all monomers are
broad similarities, the presence of thermal activation orconverted into activated specibt; , which inhibits polymer
chemical initiation processes greatly affects the breadth ofrowth because the propagation steps in E§%) and (38)
the polymerization transition, the ratd (T)/dT at which  involve unactivated monomefd ;. Note that this physical
polymers grow as the temperatufeis varied, and the ulti- interpretation of the activated polymerization refers only to
mate average length(T<Ty) of polymers far below the the polymerization reaction scheme defined by HGS)—

V. CRITICAL COMPARISON OF EQUILIBRIUM
POLYMERIZATION MODELS
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TABLE I. Values of parameters used in comparative analysis of equilibrium polymerization models.

Model
Parameter F Ajow Aint Ahigh '
Ahp (kJ/mo) —-35 -35 -35 -35 -35
As, [J(mol K)] ~105 -105 ~105 ~105 ~105
Ah, (kJ/mo) NA 0 ~175 -35 NA
As, [J(mol K)] NA -105 ~105 ~105 NA
r=d 142 NA NA NA NA 0.0044

(38), which is considered exclusively in our comparative
analysis.[The alternative activated polymerization mecha-
nism see Eqs.39)—(41), which assumes the participation of
activated monomers in the propagation steps, is mathemati- 2
cally isomorphic upon a redefinition of the free energy pa-

rameterd. In addition to the A, and A, models, an “in-

termediate activation model,” 4=A(Ah,=Ah,/2), is also

included in some figures to illustrate how a moderate equi- 150 200 250 300
librium constant for activation affects the polymerization
process. Table | summarizes the parameters used in illustra-
tive calculations for the basic models of equilibrium poly-
merization. The lattice coordination number is takenzas
=6 (appropriate to a cubic lattice in three dimensigrand

the effective interaction igry=302 K, following the con-
vention of Paper II.

A. The average chain length L and extent of
polymerization @

The average degree of polymerizatidn of polymer 0 02 05 075 1
chains is one of the most essential properties of equilibrium (b) 0,
polymer solutions. Figuresd) and Ib) display the variation
of L with T (for a fixed ¢) and with ¢ (for a fixed T), 4
respectively, for the A, Aint, Anign, F, and | models. In- ’ F
spection of Figs. () and Xb) reveals a substantial model
dependence ok for a given choice of the polymerization ' T=T,
free energy parameters. The chain lengtliverges at low 2 - A -
temperatures in the low activation mode} 4 but saturates I
to a finite value[L(T<Tp)=2/r] in the initiation model | VT
for fixed nonzerar. (L in the | model evidently diverges at
low T as r—O0%.) Neither a saturation effect L( 0

. . . . 0 025 05 075 1
—constant), nor a diverging behavior bf occurs in the F, © 07
Aint, and A,gn models at low temperature3 0"), how- :
ever. For the /ﬁ'gh model, chain growth at lowl is very FIG. 1. (a) Average degree of polymerizatidnas a function of temperature
limited, and we findL(T—>0+):1_2, a magnitude that is T for the free associatio(FF), thermal activatiofA), and chemical initiation

indistinguishable from unity on the scale employed in Fig.(_l) modgls 'of equilibrium polymerizati'on..The initial monomer concentra-
tion ¢] is fixed as 0.1. The three activation modelg,A Anigh, and Ay

1@. The. hlgh aCtlvatl(.)n.mOdelPﬁgh resembles Erhe Initiation correspond to a low, high, and intermediate value of the equilibrium con-
model | in the formal limitr — 1" whereL(T—07)=2. The  stantk = exp(~Af,/ksT), respectively, wherd f,= Ah,— TAs, is the free
free association model F, in which all particlesn associate energy of activation(Values of Ah, and As, for the three A models are
without restriction, corresponds approximately to the activagiven in Table I} The same enthalpjh,=—35 kJ/mol and entropys,,

. . _ _ . =—105 J/(mol K) of polymerization are used for the F, I, and A models.
tion model with Aha—ASa—O (denoted aSA‘O)’ Le., to a The initiator concentration for the | model is chosen as=0.0044. Unless

system with an equal probability for each monomer to beétherwise noted, the same parametekdi(, As,, Ah,, As,, andr) are
activated or unactivated. THe(T) curves for the F and A  employed in all subsequent figures, and all figures refer to polymerization
models are indistinguishable in Fig(al, while other com-  upon cooling.(b) Average degree of polymerizatidn-1 atT=275 K as a
puted properties(e.g., the extent of polymerizatibrare I‘:nctlon of initial monomer concentratiog; for thg F. 1, Aow Anigh, and

. . . . . . int Models.(c) The averaged degree of polymerizatiop at the polymer-
close, but not identical. As discussed in SecLIfiverges in ization temperaturd, as a function of¢] for the same models as in Figs.

the F model only a§— 0", and the polymerization occurs 1(a) and ¥b).
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gradually over a very wide range df, as found in the 1
A model with a rather high equlibrium constarf,
=exp(—Af,a/kgT).

The concentration dependenceloét a fixedT [see Fig. 05
1(b)] is likewise sensitive to the mode of association. The
commonly note®?~2°(49)*2 scaling ofL emerges from Fig.
1(b) as a representative feature of the F, Aand Ay, mod- .
els. On the other hand, is nearlylinear in ¢ (over an ‘ ‘
appreciable range ap}) for both the | and 4, models* 150 250 350 450
The “critical polymerization concentration{cpo (¢3)*,
defined as the value aop] at which L—1 extrapolates to 0.4
zero! does not appear at any fini for either the F and —35 kJ/mol A model
Anigh models. In contrast, this critical concentration exists for
both the | and 4, models, where we find¢#])* =0.06 at
T=275 K. The absence of a well-defined cpc in the F and S 02 L~
Anigh models arises from the extremely broad nature of the -38 kJ/mol

- ~

polymerization transition in these two models. Figuréa) 1 =740 kd/mol
and Xb) clearly indicate that the presence of activation and T =
initiation processes can dramatically influence not only the 01 5;)' 250 350
rate dL(T)/dT at which chains grow withl, but also the (b) T K]
magnitude of the variation df with ¢9 (see also Papey |
and the sharpness of the polymerization transition. Ve
The average chain length is not large at the polymer- F -
ization transition temperatur€, (defined by the maximum A
in the specific heaty, as a function ofl’) and is sensitive to
the details of the equilibrium polymerization model. Figure
1(c) displaysL atT,[L,=L(T,)] as a function of the initial
monomer concentratios! for the models compared in Figs.
1(a) and Xb). L, is remarkably insensitive t¢{ and remains ow_ ‘ ‘
close to unity in all the models considered, except for the F 0 025 05 075 1
model wherel ,=3. We expect this near constancy lofat © ¢,
Tp to be.a g_eneral feat_ure of systems u.ndergomg eqUIIIbrIurTI.'EIG. 2. (a) Extent of polymerization as a function of temperatufe for
polymerization. Thus, it should be possible to locate the trange r |, 4, Avign» and Ay, models. The initial monomer monomer con-
sition by comparind.- to these characteristic, values. The  centrations? is fixed at 0.1(b) Extent of polymerizationb as a function of
use of this procedure requires knowledge of which polymertemperature for the activated association model A. Different curves cor-
ization model applies to a given physical system, but it iSrespond to different values of the enthalgh, of monomer activation. The

. A initial monomer concentration is fixed as 0.1®(T) exhibits a maximum
sometimes unclear whether or not activation processes a\%enlAhablAhpl- (c) Extent of polymerizationb at a fixed temperature

involved. o T=275 K as a function of initial monomer concentratigh=0.1 for the F,
The extent of polymerizatio® plays the role of an “or- 1, A, Aygr, and A, models of equilibrium polymerization.

der parameter” describing the degree to which the polymer-

ization transition is complete@in general, these transitions

are “rounded transitions” as described in Papey.IFigure N this model, L(T<T;)=1.2 [see Fig. 1a)]. The ®(T)
2(a) presentsb for fixed $9=0.1, showing thatb changes curves in Fig. 2a) exhibit inflection points qu)/fﬂ'z)wg
sharply withT for the I, Ay, and A, models, but varies in =0 at nearly the same for the | and A,,, models, and the

a more gradual manner for the F angfAmodels. Interest- inflection points shift gradually to higher temperatures for
ingly, ® in the Ay, model does not approach unity at IGw  the Ay, F, and A,g, models(in this sequenge The shift
because of the presence of a large concentration of activatetbes not scale uniformly with the magnitude ®f,, how-
monomersM7 . For low T, the large negative value of ever. The free association model yields a very broad poly-
Af,=Ah,—TAs, in the Ay, model implies that the activa- merization transition in which polymerization occurs even at
tion reaction in Eq(36) proceeds almost to completion, leav- T>T,, and, hencep for the F model exceedb in the | and
ing only a very small concentration of nonactivated specie#\,, models over a wide range df and ¢{ [see Fig. 2a)].
M;. Consequently, this large concentration of activated Decreasing the magnitude ah, introduces a nontrivial
monomers cannot be significantly diminished through thecompetitionbetween the polymerization and activation pro-
dimerization and polymer propagation processes, despite @sses that may lead to unique behaviors. Figung shows
favorable free energy of polymerizatioAf, (Af,=Ah,  that this competition produces a maximumd{T) for fixed
—TAs,<0) since the unactivated monomevk, are reac- 7 as a function ofT that is more pronounced as the mag-
tants in both these processeee Eqs(37) and (38)]. The  nitude of (Ah,—Ah,) becomes more negative. Additional
small®(T<T,)=0.3 for the Az, model is consistent with calculations indicate that the height of a maximunmdigT)

the minimal degree of polymerizatidn occurring at lowT  also grows wherAs,| exceedsAs,|. Equation(59) pro-

0,’=0.1

—— ——
-
-

P

-
-

(]
o
o

o

T=275K
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FIG. 3. Temperature dependence of the specific Bgaih various models
of equilibrium polymerization for the fixed initial monomer concentration
¢7=0.1. The curves folC\(T) corresponding to activation models other
than A, and A,q, are labeled by the enthalpy of activatidr, .

vides general conditions for the vanishing of the temperature

derivative of®d, i.e., for the maximum imb (T). A maximum

for ®(T) has been observed recently for the polymerization

of G-actin® A nonmonotonic variation ofb with T is a

good indicator of the presence of activation processes in the

polymerization.

Figure Zc) depicts®(T=275 K) as a function of the
initial monomer concentratiog], exhibiting® from a dif-
ferent perspective than in Fig(&). The sameT is chosen in
Figs. 1b) and Zc) for consistency. The extent of polymer-
ization ®(T=275 K) increases sharply witgp] when ¢
exceeds ¢9)* in the | and A,, models, but grows from a
vanishing concentrationg({=0) for the F, A, and Aigh
models. The changes df(¢9) are more gradual in the high
activation A,g, model, while the rise o is sharp for the F
model. As discussed earligtransition rounding is respon-
sible for the absence of a cpc in the F/Aand Ay, models.

B. Specific heat C, and polymerization
temperature T,

The specific hea€,, provides another characteristic sig-

Dudowicz, Freed, and Douglas

400

500

T K]

100
0
(b) 0,

FIG. 4. (a) Concentration dependence of the polymerization temperature
T, . Models are the same as in Fig.(B) The saturatiorfS), polymerization

(P), Dainton—Ivin equatior{DI), inflection point @2<D/0T2)|(,,<1):0 (1), and
crossover(C) lines for the free association F model.

In summary, Fig. 3 demonstrates that both the activation and
initiation processes can also substantially influence the
breadth of the polymerization transition and its location.

The sensitivity ofT,, to the mode of equilibrium poly-
merization has important ramifications on methods for deter-
mining the free energy parameters from the experimental de-
pendence ofl, on the initial monomer concentratiof? .
Figure 4a) displays the polymerization transition lines
Tp(q&‘{) for the F and | models and for a few activation
models, including those designated ag,Aand A,g,. The

nature of the polymerization transition. The polymerizationS@meAh, values are used in Figs. 3 anc while all the
transition in the | and A models, respectively, is known toOther energy parameters are fixed as in Figs. 1 and 2. The |

reduce to a second-order phase transition-a® " or as the
activation equilibrium constant approaches z€rd® Figure
3 depicts the specific he&, at a fixed initial monomer
concentrationp{=0.1 as a function of for the I, F, and for
several A modelqspecified by values ofAh,), including
those defined previously as.f and Agn. All the other free

and A,, model polymerization lines are almost indistin-
guishable on the scale of Fig(a}, lying close to the well-
known Dainton—Ivin(DI) equation line. On the other hand,
the F model transition curve is located, on average, at least
50 K belowthis “classical” estimate off ,. Decreasing\h,

from Ah,=0 strongly shifts the transition curve to higher

energy parameters are the same as in Figs. 1 and 2. The shaggperatures over the whole rangedeff, and thes? depen-

polymerization transition for the 4, and | model in Fig. 3
contrasts with a very broad maximum@y, for the Ay, and

F model. WhemAh, is less than—20 kJ/mol, a significant
broadening of the transition appedind increases with a
more negative\ h,). Moreover, the polymerization tempera-
ture T, [corresponding to the maximum @f,(T)] increases
substantially as\h, becomes more negatisee also Fig.
4(a)]. For instance, a change idh, from —20 to
—40 kJ/mol produces an increaseTgf by almost 100 K. On
the other handT, changes slightly wheAh, becomes less
negative than-20 kJ/mol, but these slight shifts iR, with
an increase im\h, beyond— 20 kJ/mol are accompanied by
significant sharpening of the transition and @©gmaximum.

dence ofT, becomes weaker for more negatité,, .

There is a common view that the DI equation provides a
good estimate off, for equlibrium polymerization systems
(subject to the assumption of ideal solution conditjgiig®
and indeed this classic estimateTg proves to be accurate
for the | and A,,, models. For example, Paper | demonstrates
that the DI estimate of , differs by only 10-15 K from the
actual T, for the I model systems withr as large asr
=0.1. On the other hand, E{24) can be grossly in error for
other equilibrium polymerization models. Figurédelin-
eates this failure for the F model by displaying the polymer-
ization line, the inflection point[12<I>/aT2)|d,c1>=0 line, and

the DI equation line for this model. As mentioned before, the
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first two curves become identical for both thg,Aand | 400 7
models[see also Eq(84)] and coincide with the third curve . I'model
provided thatr <1, while this correspondence is absent for
the F model or the activation model with a rather high acti-
vation equilibrium constari ;. As shown in Fig. 4b), large

differences(on the order of 60—-80 K over almost the full 200 -
range of¢]) emerge in the F model between the polymer- ]
ization temperaturécorresponding to the maximum &) i
and the temperature at which the derivati\&?Q/aTZ)ld,g

vanishes. The inflection point line, which is sometimes used
to estimaté® T,, lies relatively close to the DI curve for the 08
F model[see Fig. 4b)]. For completeness, Fig(ld depicts
two additional characteristic curves. The lowgsaturation
line”) corresponds to the loci of temperatures where the con- —
figuration entropyS(T) (fluid entropy apart from the vibra- 204 | ]
tional contribution of the free association system approaches
within 5% its low temperature limiting value, and the upper
(“crossover line”) denotes the loci where the extent of po-
lymerization is 5% greater than its high limiting value 0 !
®(T—).! For systems that polymerize upon cooling, these 0 400 800
I . . (b) £
transition lines roughly delineate where the polymerization TH
transition region effectively ends and begins, respectively. AxG. 5. (a) The critical temperaturd, (solid line) as a function of the
large difference between the crossover and saturation tenstrength of effective monomer—solvent interactign (x = eq/T) for the |
peratures reflects the broadness of the polymerization trangnodel. The dashed line den(.)Fes the ideal. painton—lvin polymerization tem-
tion for the F model. The elevated crossover temperatures f(;f.]rera“fre calculated at the critical compositigff]( = ¢, . The dot-dashed
. . . . ines indicate the asymptopic behavior ®f for infinite molecular mass

the F model are consistent with a long hightail for the polymer solutions T.=2ep) and for monomer—solvent systemd(
extent of polymerizatiorb(T) in Fig. 2(a). =epy/2). (b) The critical temperatureb, as a function of the strength of

The difficulties in determining the true free energy pa-effective monomer—solvent interactiafty (x=epy/T) for the | model.
rameters governing the polymerization process from experilwe critical points are present over the narrow range 6Xlek,
mental data foiT, are mitagated by our finding that the DI =
equation often can be forced to “fit” polymerization lines as
in Fig. 4(b), provided that the free energy parameters are
“rescaled” from their true values. This “renormalization” of are fixed, butegy is instead varied[See Fig. %a), which
parameters seems to exhibit regularities that we are currentlxtends the studies from Papet. [The critical temperature
studying and that should allow @rrect estimatiorof Ah, T, grows monotonically withegy, in a nontrivial fashion. In
and As, from data forT,. Our findings also explain the the low egy; regime[ 0< epy< i = (1/2)Ah, /As,], T lies
apparent phenomenological “success” of the DI equation inbelow T, and nearly coincides with thg; for high molecu-
situations where it actually fails to apply. Since the behaviolar weight polymer solutions, i.eT,.=2egy. For intermedi-
of these “shifts” in the polymerization model parameters ate egy [(1/2)Ah,/As,<epy<2Ah,/Asy], T, approaches
(between those representing the actual systems and those the DI estimate of the polymerization temperatu‘fg’).
ferred by application of the DI equation to data fof) are  When ez, exceeds another “critical” value sf:ZH)
rather involved, we defer discussion of this important prob-=2Ah,/As,, the critical temperatur& . surpassed, and
lem to a separate paper. becomes linear iregy with a proportionality coefficient of
1/2, thus following the critical temperaturd, for a
monomer—solvent system in which no polymerization is
present, i.e.T.=(1/2)er,. These two critical values &,
€)= (1/2)Ah,/As, and e4)=2Ah,/As,, correspond to

Papers Il and Il indicate the existence of a strong cou+the intersections of the absolute polymerization transition
pling between equilibrium polymerization and phase separatemperaturdi.e., Tp(¢(1°)= 1)] with T, and with the theta
tion for “living polymerization” systems(l model). These temperatureTl,, respectively, as described in Papers Il and
papers demonstrate that a decrease in the enthalpy of poliif and in the following. The variation ofp. (for constant
merizationAh, generally leads to an increased critical tem-Ah,, and As;) with egy is also instructive/see Fig. &)].
peratureT., a more asymmetric phase diagram, and a deThe critical composition is independent efy when egy
creasing critical compositio.. These general trends are <(1/2)Ah,/As, (and depends only om), but then ¢,
obtained for afixed strengtheg of the effective van der grows with epy and finally exceeds the monomer solution
Waals interactiory and for a fixed entropy of polymerization value of 1/2. After achieving a maximum=Q0.7 for r
Asy, and are illustrated in Fig. 1 of Paper Il. A different =0.0044), ¢, drops sharply to a limiting value departing
behavior forT. and ¢, emerges for the | model, however, slightly from 1/2 (due to a nonzeror) when egy
when the enthalpyAh;, and entropy of polymerizatiods, >2Ah,/As,. Moreover, a more careful examination of Fig.

T K]

400 800

| model

C. Competition between polymerization
and phase separation
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FIG. 6. (a) The reduced critical temperatulig g=T./T,(Ah,=0) as a function of the dimensionless interacﬂqras(\Ahp|/R)/(ZeFH) for the F, |, Agw,

and Ay, models.(b) The reduced critical temperatufe g==T./T(Ah,=0) as a function of the dimensionless interactine (| Ah,|/R)/(2€gy) for the |

model in ther —07 limit. The inset illustrates the variation of the reduced critical composi#pR= ¢,/ p.(A h,=0) with h.. (c) lllustrative example of

a phase diagrantspinodal curvgwith two critical points for the | model in the—0* limit for a fixed dimensionless interactidm.= (| Ahp|/R)/(2€g)

=2.5. The dashed curve indicates the polymerization line which coincides with the spinodal over certain rapyasdpasses through a second critical
point. (d) A representative spinodakolid curve with two critical points in the A, model K,=3.28x1075) for the dimensionless interactio,
z(|Ahp\/R)/(ZeFH)=2.5. The dashed curve represents the polymerization line which intersects the spinodal at the second critical point ocgdrring at
>1/2. The inset shows the reduced critical temperaliyg=T./T(Ah,=0) as a function oh, for the same model. The black dot is placed at the
termination of the second critical point.

5(b) reveals that there atevo critical points over the narrow former figures, andsh,<0 is chosen since we constrain the
range 611 K epy<634 K for r=0.0044. The two critical discussion to polymerization upon cooling.
points have similar values df., but quite differentp.. The Figure &a) presents the relative critical temperatiligs
occurrence of theecondritical point is just apparent in Fig. as a function oh, for the I, Agy, Anigh, and F models. Al
5(b), but in other instance&ee the following, the bifurca-  the curves forT. r(h,) in Fig. 6@ exhibit two plateau re-
tion into two distinct critical points is quite evident. gions in whichT, r(h,) is independent of,. While these
While Fig. 1 of Paper Il and Figs.(8 and 8b) of the  pjateaus represent a characteristic feature of equilibrium po-
present paper illustrate the coupling between polymerizatiofymerization, their magnitudes vary between the different
and phase separation from two different perspectives,  ,4els. The critical temperatufB,(h,) increases substan-

for flxted 6F|H gnq dfpr :lxe(tjhA?% res;t)ectwely, outr_ MOT€ ~ tially from its “bare” value T.(Ah,=0), or, in other words,
recent analysis indicates that these two perspectives can o.r departs from unity wheh_ exceeds a critical valule, ;

combined by considering the reduced critical parameterﬁ,]at depends rather weakly on the model. Wssurpasses
Ter=Tc/Tc(ANp=0) and ¢cp=dc/Pc(AN,=0) which another “critical” value h,,, the critical temperaturd@, is

do not depend separately &, and ey, but only on their
combination @Ah,/R)/eqy (where R is the gas constant found to sat%?te. Apparenth_,C cannot exceed the theta
temperatureT,’=T,4(Ah,=0) in the absence of polymer-

This finding is valid forall the models investigated in the =~ f _
present paper. The normalization ¢f by the corresponding !‘zatlon (the T at which A, vanishes Moreover, the second

value in the absence of polymerization is, however, redun-critical” reduced “sticking energy”h.  is strongly model
dant since¢, is itself (in contrast toT.) a function of depengent. Whil& . r approaches the relative theta tempera-
Ah,/epy (andAs,), but a reduced, is introduced for con-  ture TOk=T,(Ah,=0)/T¢(Ah,=0)=4 for the A, and F
sistency with the normalization df,. Figures §a)—8 com- ~ models(albeit in a much slower fashion in the latter case
pare the critical properties between the different models dethe limiting value ofT g differs from 4 by less than 10% for
scribed in Secs. II-1V as functions of this dimensionlessthe | model(due to nozera), but it is significantly lower
“sticking energy” h.=(]Ah,|/R)/(2€ry). All other adjust- (T g=1.35) for the A5, model. This different behavior for
able parameter§.e., As,, Ah,, As,, andr) are fixed asin  the A,g, model accords with the small average degree of
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FIG. 7. (8 The reduced critical temperatuig, g=T./T,(Ah,=0) as a
function of the dimensionless interactitn=(|Ah,|/R)/(2€gy) for the |
model with a nonvanishing=0.0044. Different curves correspond to dif-
ferent values of the polymerization entropys, . [The long-dashed, solid,
and short-dashed curves referAs,= —75, — 105, and—135 J/(mol K),
respectively} Also displayed is the reduced theta temperatfgg
=T,/T,(Ah,=0) to emphasize thal. never exceed3,. The thin solid
lines represent the absolute polymerization temperatmps:iivided by
T.(Ah,=0) for consistency with the other curve®) The reduced critical
temperaturd k=T /T (Ah,=0) as a function of the dimensionless inter-
actionh.=(|Ah,|/R)/(2egy) for the F model. Different curves correspond
to different values of the polymerization entrogys, . [The long-dashed,
solid, and short-dashed curves refer ths,=-75, —105, and
—135 J/(mol K), respectivelyAlso displayed is the reduced theta tempera-
ture Ty r=T4/T(Ah,=0) for the same values ais,. (c) The reduced
critical temperaturel; g=T./T,(Ah,=0) as a function oh./h ., where

Lattice model of equilibrium polymerization. IV 12661

2

FIG. 8. The reduced critical compositiah, g= ¢/ $.(Ah,=0) as a func-
tion of the dimensionless “sticking energyt.=(|Ahy|/R)/(2egy) for the
F, 1, Agy, and Ayg, models.

two critical points coexist for the low activation model over
a small range oh, (2.31=<h.<3.29). As mentioned earlier,
two critical points also appear for the | model=0.0044),
but the range oh, is small (3.3%h,<3.44), so that the
presence of both critical temperatures is almost indistin-
guishable on the scale of Fig(a#. Indeed, we did not even
notice these multiple critical points in our previous Papers I
and 11144

This fascinating multiple critical point phenomenon be-
comes pronounced in the limit of a very low activation equi-
librium constant or of a low concentration of chemical ini-
tiatiors, where the polymerization transition approaches a
second-order phase transitibhFigure &b) displays T r
and ¢ g as a function oth, for the | model in ther—0~"
limit. Both T, r(h,) and ¢ r(h,) are double-valued foh,
<h¥, and these critical parameters become unique above
the bifurcation point. This behavior can be understood by
analyzing the coupling between polymerization and phase
separation in the “weak sticking energy” regimé & h?
=3.3195)%

Figure Gc) presents a representative spinodal curve for
h.=2.5andr=1x10 " (solid curvé and the corresponding
polymerization transition lin€l, x (dashed ling The T, g
curve is a line of second-order phase transitions in rthe
—0" limit.” The critical point above the polymerization
line (T, g=1) has its origin in the monomer—solvent phase
separation in the absence of polymerization. The polymeriza-
tion transition that occurs at,<T (Ah,=0) apparently
distorts the phase boundary and leads to the appearance of
the second critical point in the high concentration regime.
More specifically, the polymerization line intersects the
rightmost branch of the spinodal at a critical poifit?14®

h.1=(1/4)(|As,|/R). The long-dashed, solid, and short-dashed curves refelThe intersection of the polymerization line with the right-

to As,= —75, —105, and— 135 J/(mol K), respectively. The sensitivity of
T.r to As, diminshes significantly whefi; ¢ is plotted vsh, /h, ;.

polymerizationL at T, [see Fig. 18], precludingT r from

being close toT{} for largeh, . (These trends are compa-
rable with FH theory predictions for polymer solutions
where T, r ranges monotonically from 4 in the unpolymer-

most branch of the spinodal curve occurs at a temperature
lower that the critical temperatur@ (Ah,=0) for the
monomer—solvent mixture and at a composition larger than
the critical compositiong.=1/2 of this reference system,
explaining the trends in the variation @, and T with h,.

At the critical sticking energy’ , the second critical point
finally “absorbs” the remnants of the monomer—solvent
critical point and shifts to temperatures higher thagAh,,

ized monomer—solvent system to unity for an infinite mo-=0) and to compositions smaller that 1/2, as would be ex-

lecular weight polymer solutionFigure a) also shows that

pected for a polymer solution of increasing molecular weight
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[see Fig. @)]. Essentially, the same trends are found for theis small. In the F modelg. g slowly and monotonically
A model in the limit of a vanishing activation equilibrium aproaches zero &g increases, but it drops rapidly to a con-
constant, where the polymerization line is also a line ofstant=0.92 in the A;, model. As already noted, the limited
second-order phase transitiofis'° Figure 6d) provides an  polymerization in the Agh model is responsible for the satu-
illustrative spinodal curve in the &, model K,=3.28 ration of the reduced critical temperatufgg to a value of
% 10~ ®) for the same value di_=2.5 as in Fig. &), while ~ 1.35. The same feature leads to a minimal decreasg.of
the inset depictsT, r as a function ofh, for this model. from its symmetric mixture value of 1/2 in the absence of
Increasingr (or K,) leads to the “rounding” and finally to polymerization. A much more complicated dependence of
the disappearance of the second critical point. This second.r onh, emerges, however, from Fig. 8 for the | ang, A
critical point ceases to exisbelow a critical value ofh,  models. As discussed earlier and indicated in Fig)-6
(dependent om or K,), where the polymerization transition 6(d), these two models exhibit two critical points over a re-
becomes too “weak” to perturb the monomer—solvent phasetricted range oh., which effectively results for a nonvan-
separatiorfsee inset to Fig. @)]. ishing r (or for a small activation equilibrium constarin
The entropy of polymerizatiods, has been treated so the apparent “jump” of¢. g in Fig. 8. The main difference
far as afixed parameter. This quantity, however, exerts abetween the | and 4, models lies, however, in the behavior
large influence on the critical behavior of associating fluidsof ¢cr in the range of largeh,, where ¢ g of the A,
and we now briefly discuss some essential aspects of thigodel approaches zero, wherepsg for the | model satu-
dependence. The entropys, significantly affects the rate at rates to a constant 0.09, according well with the estimation
which T r(h,) varies between the two plateaus at large andf ¢ based on our asymptotic analysis fox 1. [Equation
small h,=(|Ah,|/R)/(2€cy). This phenomenon is illus- (88) for r =0.0044 yieldsp.=0.0447 which, in turn, implies
trated in Figs. 7a) and 7b) for the | and F models, respec- ®c,r=¢c/d:(Ahy;=0)=0.0894.]
tively, whereT. g and T g=T,/T;(Ah,=0) are presented _ S
for three different values of As, ranging from D. Osmotic pressure IT and the second osmotic virial
—75 J/(molK) to —135 J/(molK). A smaller(i.e., more Coefficient A,

negativg As, in Figs. 1a) and 7b) produces a weaker de- Substantial particle clustering is intrinsically reflected in
pendence of botfi.(h,) andT,(h,) onh,, and this appar- 3 slow variation of the osmotic pressurewith the concen-
ently general trend extends to all the models considered. Figration of the associating particle specig$. Notably, pecu-
ure 7@ also includes the absolute polymerization |iarly “flat” curves describing the concentration dependence
temperature T [reduced byT (Ah,=0) for consistency of II in the one phase region have been found for the |
with the other transition curvéss the thin solid lines in Fig. model?® Calculations for the other polymerization models ex-
7(a). The importance of this reference polymerization tem-hibit the same trend, except that the absence of a sharply
perature can be realized by noticing that the intersection ofiefined cpc in the F andfy, models induces a more gradual
the T} g(h)=T;/T(Ah,=0) line with the T r(h,) curve increase il with ¢2, rather than the abrupt “transition” to
coincides with the first “critical” interactiorh, ;. This inter-  a regime wherdl is slowly varying with¢$ . Apart from the
section point also corresponds to the end of the first plateagbruptness of the transition, the “flattening” bf is qualita-
in Fig. 7(a). Recall that the DI equation becomes exact in thetively similar in all the models. This crossover in the behav-
r—0" limit and remains a good approximation even for ior of II affects, however, the osmotic compressibffiffhe
=0.0044 in the | model, so thafy=Ah,/As, [see Eq. abrupt transition ofl to a plateau inp$ near the cpc in the
(24)]. Thus,h,, is determined exclusively by the polymer- | model translates into a peak in the osmotic compressibility
ization entropyAs, and equal$16,1=(1/4)(|Asp|/R) forthe  coefficient® but the rounded nature of the polymerization
| model in the limit of small initiator concentrationr ( transition in the F and 4y, models diminishes this effect.
—0%). More generally, this estimate dfi., provides a The particle clustering also exerts a particularly strong influ-
rough approximation for the other equilibrium polymeriza- ence on the second virial coefficieA, whose magnitude
tion models[see Fig. 63)]. Figure 7c) demonstrates that reflects a strong interplay between the short-range van der
rescalingh, by h. ; reduces tha@ r(h,) data of Fig. Ta) to ~ Waals interactior(characterized byg) and the association
nearly a “universal” curveT; g(h./h, ) that is even rela- interaction(specified byAh,, As,, Ah,, As,). As shown
tively insensitive toAs, . An accurate extension of the same in Paper lll, even the sign ok, cannot be determined from
type of analysis to estimatk,; for the F and A models knowledge ofery alone, so that substantial renormalization
requires a tedious calculation @f, to determine an appro- of the “solvent quality” (as measured b#,) may arise from
priate expression to replace the DI equatén. association. The present paper analyzes idw and the
Differences in the variation of ;(h,) between diferent details of polymerization model influence tfiedependence
equilibrium polymerization models in Figs. 6 and 7 areof A,.
supplemented with a description of the corresponding A decrease ofAh, is found to produce a successively
changes ing, to fully elucidate the physics of the competi- increased nonlinearity of,(T) as a function of I¥. This
tion between polymerization and phase separation. Figure Behavior is common to all the models considered and is il-
depicts the variation of the reduced critical compositionlustrated for the example of the F model in Figa9[In the
ber= P/ Pc(h.,=0) with the dimensionless interactidn ~ absence of polymerizatiory, is strictly linear in 1T—see
for the F, I, Aoy, and A,g, models. The variablg g does Eq. (30—and this case is included for reference in Fig.
not depart appreciably from unity for all the models whren  9(a).] The sensitivity of the T dependenceAf to the model
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FIG. 9. (a) The dimensionless second osmotic virial coefficidgtas a
function of the reciprocal of the reduced temperaflizéT (whereT, is the
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VI. DISCUSSION

While the thermodynamics of solutions undergoing equi-
librium polymerization exhibit broadly similar patterns, the
constraints of thermal activation and chemical initiation exert
an appreciable influence on the sharpness and location of the
polymerization transition. To gain insights into thffer-
ences between these basic models of molecular self-
organization, we consider many thermodynamic properties
of experimental interest, including the average chain length
L, extent polymerizationb, Helmhotz free energy, con-
figurational entropyS, specific heatC,,, polymerization
transition temperaturd,, osmotic pressurél, the second
and third osmotic virial coefficient8, andAz, and the criti-
cal temperaturd ; and critical compositionp.. . In addition,
activation and initiation significantly affect the competition
between the phase stability and polymerization and regulate
the mass distribution of the polymer clusters. The polymer-
ization transition becomes broad for the “free association”
model where all monomeisan associate without restriction,
but the transition is narrow at low initiator concentrations or
when the activation equilbrium constant is small near the
polymerization transition temperatufg . Chain stiffness al-

theta temperatujdor the F model. Different curves correspond to different ters the position of the transition. but the dominant influence

values of the polymerization enthalpyh, and are labeled by values of . . -
Ah,. The strengthe, of effective van der Waals monomer—solvent inter- of stiffness can generally be absorbed into the definition of

action is fixed aggy=302 K. (b) The temperature dependence’gffor the
F, I, Agy, and A,g, models. The same polymerization enthalpyh(=

the entropy of polymerization. While chemically initiated
living polymerization occurs exclusively by adding indi-

—70 kJ/mol) and the same strength of effective van der Waals monomervidual monomers, chains can also fofr break through

solvent interaction €-,=302 K) are used for these models.

of polymerization is displayed in Fig.(8), which presents
A, as a function of the ratid@ ,/T for the F, I, Ay, and
Apigh models.(The theta temperaturg, corresponds to the
temperature at whicl\,=0). The enthalpy of polymeriza-
tion Ahy, is chosen in Fig. @) asAh,=—70 kJ/mol in or-

der to enhance the differences between these four model

chain coupling(or scission in both the free association and
activated association systems, and the thermodynamic prop-
erties of these systems atempletely insensitiveo the de-
tails of the chain scission and fusion processes. The location
of the polymerization transition is found to be highly model
dependent and often greatly different from the commonly
used Dainton—lvin equation classical estimate of the poly-
merization transition temperature. Thus, the maximum in the
specific heatCy, and the inflection point in the extent of
gglymerizationd) can occur at quite different temperatures

while all other free energy parameters are the same as in tH{8" SOme of the models. In particular, we find that the devia-

prior figures. A strong and nonlinear variationf with 1/T
(both above and belowW,) for the F and Ay, models con-
trasts with the weaker and linearTlbehavior ofA, for the
Anigh and | models. As a matter of fach, in the | model
varies linearly with 1T only for T>T,, while noticeable
deviations from linearity appear far<T,. This finding ac-
cords with our prior results for the | modéNo deviations
from linearity are found for the 4, model for which theT

dependence of\, resembles that for a monomer—solvent

system. The explanation of this behavior/f for the A,

model follows simply from Eqs(51) and(60). Substituting
Ah,=0, As,=As,=—105 J/(molK), andAthz —70 kJ/
mol into Eq. (60) implies that the termCG/(1+K,)?,

which is the association contribution #, in Eq. (60), be-
comes negligible at high temperaturgay, within+=20% of
T,). The sensitivity ofA, and other solution propertigs.g.,

II, compressibility factor, etg.to the model type and

tions between these two characteristic temperatures provide a
direct measure of the extent of transition rounding in the
activated polymerization model, while these temperatures
coincide generally for the chemical initiation model.

The competition between phase separation and polymer-
ization is examined by analyzing the influence of the en-
thalpy Ah, and entropyAs, of polymerization and the
strength ey of the effective monomer—solvent van der
Waals interaction Y= egy/T) on the critical temperaturg,
and critical compositiong.. For a given polymerization
model, bothT. and ¢., normalized by their values in the
absence of polymerization, are functions of the dimension-
less “sticking energy”h.=(|Ahy|/R)/(2€r) and of As,.

In general, T.(h,)/T.(h,=0) increases monotonically and
sigmoidally withh, and the rate of this increase is controlled
by As,. The variation of the reduced critical temperature
with h_ is characterized by two critical values bf: at the

first (h.,) this ratio starts growing from unity, and it satu-

strength of the interactions can potentially be used to identifyates at the second(,) to a limiting value related to the
the mechanism of polymerization and the interaction paramtheta teperatur@, (A,=0) of the polymer fluid. When the

eters governing the polymerization process.

polymerization transition is “close” to being second order,
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two critical points are present over a certain rangehpf (#9)*2 scaling for the F, A, and Avigh models. The mag-

Transition rounding in the thermally activated and chemi-piy\ge ofL at the polymerization transition temperatdigis
cally initiated models, however, causes the disappearance gy insensitive tas® and remains close to unity in all the
these multiple C_f'“ca' po!nts. i . ._models considered, except for the F model whepe-3.
Our. analygs of various thermodynamic properties iNBoth L and the extent of polymerizatio may become
Sec. V is designed to compare and contrast the three basjg,monotonic functions of temperature and exhibit maxima
models of equilibrium polymerization: the free association,y ;e to the competition between polymerization and activa-
chemical initiation, and thermally activated association mods;q, processes. Substantial deviations ©f from the

els. While the first two models are completely characterizeqhzinton—1vin equation emerge for the F angAmodel and
by the enthalpyAh,, and entropyAs, of polymerization(@and  j5)y that this simple and widely used equation is generally

by r in the case of the | mod®), several variants of the \reliable for estimating the polymerization parameters
activated association model are possible, depending °(‘Ahp, As,) from experimental data fo,. The specific
whether activated or unactivated monomers participate in thgga¢ Cy(T) curves (see Fig. 3 and polymerization lines
chain propagation steps. Thus, two different activated p°|yTp(¢‘{) [see Fig. 4a)] confirm the similarity between the |
merization mechanisms are considered in Sec. llI. In the first,q Ao, models as evidenced by Figs. 1 and 2 and charac-
reaction scheme, the activated spedi$ reacts only with  erized by a sharp polymerization transition for these models.
unactivated monomerdt, (to form dimers, but does not  on the other hand, the polymerization is very broad in the F
react with other speciesMi>2) to form higher order poly- y0del.

mers [see Egs.(36)—(38)]. Alternatively, in the second All these particular characteristics of the polymerization
scheme, the activated monomeédd participate in both the  models are helpful in discriminating the type of polymeriza-
dimerization and chain propagation processe® Eqs(40)  tion process that occurs in any given physical system. For
and (41)]. As noted earlier, these two activation models areexample, it has been suggested that equilibrium polymeriza-
mathematically isomorphic, i.e., become identical upon intjon describes the formation of worm-like micelles in non-
troducing an appropriate redefinition of the correspondingonic surfactants, such as lecithin water—oil microemulsions
free energy parametefsee Eqs(62) and(63)]. Hence, our and hexaethylene glycoln-hexadecyl monoether in
comparison of basic models of equilibrium polymerization iswater?#5°5! |n both of these model nonionic systems, the
performed for the first activation model defined by Eqgs.average chain length scales in near proportion to the mono-
(36)—(38). Since the behavior of the activation model variesmer concentration rather than the “expected” 1/2 power.
strongly with the activation free energy, we distingush threevoreover, these systems exhibit evidence of a well-defined
activation models f,=A(K,=3.28<107°), Aygr=A(Ka  maximum in the inverse osmotic compressibiliand in the
=3.28x< 10 ° exp(4210T)), and  Ay=A(K,=3.28 static and dynamic correlation lengths at nearly the same
X 10" ° exp(2105T)) corresponding to a low, high, and in- “overlap” concentations®®! The near linear concentation
termediate values of the activation equilibrium constapt  dependence of (¢9) and the maximum in the “osmotic
respectively, aff =T,. Other mechanisms than those illus- modulus” are characteristic features of equilibrium polymer-
trated by Eqs(36)—(38) and(39)—(41) are also possiblgfor ization with thermal activation. Although the formation of
instance, a mechanism based on a combination of 8.  spherical micelles proceeds by a self-assembly process that
and (37) with Eq. (41)]. In addition, different equilibrium differs from those considered here because of geometric
constants may be assigned to the dimerization and the chajacking constraints, the aggregation of spherical micelles
propagation steps, as is necessary, for instance, to describgo worm-like polymers can perhaps be treated as an acti-
experimental data for the polymerization of G-acfirHow-  vated equilbrium polymerization process. At any rate, the
ever, to keep the number of free energy parameters to a minexperimental observatiorfs'® strongly suggest that the F
mum, these processes are assumed here to be governedrhgdel is inadequate to describe worm-like micelle forma-

the sameAh, andAs,. tion, while the A,,, model seems to be quite compatible. The
The comparison of the equilibrium polymerization mod- F model might be quite useful, however, for treatments of
els in Sec. V is carried out for the same enthalply,= surfactant systems in which the degree of thermal activation

—35 kJ/mol and entropgs,= — 105 J/(mol K) of polymer- is high. Our generalized thermodynamic models of equilib-
ization. The choice of negativéh, and As;, restricts atten-  rium polymerization thus point the way toward formulating
tion to systems that polymerize upon cooling. The theory, ophysically more accurate models of polymerization pro-
course, also applies to systems that polymerize upon heatirgesses that occur in real complex fluid systems.
(Ah,>0,As,>0) and their behavior is somewhat richer As already mentioned, the dependence of the critical pa-
due to the presence of multipléower and uppercritical ~ rameters T and¢) on the enthalpy of polymerizatiohh,,
points in the phase diagrams for some of these systéfhs. and on the strengtlary, of the effective monomer—solvent
Some of the thermodynamic characteristics of the polyvan der Waals interaction also differs between the various
merization models are quite specific for the model involved models[see Figs. @) and §. A limited extent of polymer-
For instance, the rate at which the average degree of polyzation in the Ay, model cause3 . and ¢ to become prac-
merizationL varies with temperature and even the limiting tically insensitive to the dimensionless interactidm
low temperature value of (T) are model dependent. The =(|Ah,|/R)/(2€ry). The gradual polymerization transition
concentration dependence lofis not universal either, rang- in the F model is responsible for a slower variationtgfand
ing from a linear dependence for the | ang,Amodels to a ¢ with h_ than in the | and f,, models. Remarkablyf . in
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all the models never exceeds the theta temperdtyfer the
unpolymerized monomer—solvent systems, thereby provid
ing a fundamental limit to the critical temperature for arbi-
trary h.. Another interesting aspect of critical phenomena in
equilibrium polymerization solutions lies in the presence of
two critical points in the phase diagram for the | angd,A
models [see Fig. @)]. The first critical point T,
=epy/2, p.=1/2) is evidently reminiscent of the critical

point for an unpolymerized monomer—solvent system,
whereas the second critical point emerges due to the pres-

ence of a sharp polymerization transition. Two critical points
do not occur in the F, A, or Ag, models where the tran-
sition is highly “rounded.”? A similar pattern of critical
behavior to those described here for the | angl,Anodels

has been found in theoretical studies of associating fluids that [1+(G¢]— 1)(2alz)]e’*+e—1=0,

form branched polymer¥ Specifically, the mean fieltCay-
ley trea calculations of Tanaka and Matsuyathindicate

the occurrence of a sharp polymerization transition and two

critical points for a limited range oAh,. Thus, it may be

concluded that the formation of branched structures leads to

a “sharpening”(decreased roundingf the clustering tran-
sition since the polymerization transition is very broad in the
F model (corresponding to bifunctional association in the
model of Tanaka and Matsuyaria We plan to investigate

equilibrium branched polymers using the lattice model ap-

proach of the present paper to understand this nonintuitiv
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where € is positive and small. Substituting Eq&\2) and
fA3) into Eq. (Al) yields

L(T<Tp)=%+0(5_2). (A4)

On the other hands can be determined from the mass con-

servation Eq(19),

CA%2(2—A) oz
(1-A)? ' 7 2aG"

Replacing ¢, in Eqg. (A5) by A/G and A by (1-¢€) and

ignoring cubic terms ire in the resulting equation lead to the

quadratic form,

$I= 1+ (A5)

(A6)
which can be solved fog,

—1+\1+4[1+(G¢S—1)(2al2)]
2[1+(Gp2—1)(2alz)]

[

N G¢3(2alz)
_J<
V¥

€=

(A7)
e

phenomenon. An extension of the F model to branched polyThus, the asymptotic average polymerization index is

mer systems might also be relevant to descriptions of ther-

moreversible gelatiorf
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APPENDIX: LOW TEMPERATURE SCALING OF L
AND ¢, IN THE FREE ASSOCIATION MODEL

The relationship betweeh and ® is specified by Eq.
(27) as

2—A
L= m, o<d<l, O0<A<K], (Al)
where® andA are defined as
O=1-¢1/¢7, A=¢G, (A2)

G=a exp(—Afy/kgT), Af, is the free energy of polymeriza-
tion, and the coefficienr equals ¢—1) and 1 for fully
flexible chains and for stiff chains, respectively.

Consider polymerization upon cooling, i.e., limit our dis-
cussion toAh,<0, As,<0. In the low temperature regime
(T<T,) whereG>1, the concentration of unreacted mono-
mers ¢;— 0, the fraction of polymerized monomeds— 1,
and the average chain lendthbecomes largel(>>1). Con-
sequently,A approaches unitysee Eq.(Al)] and may be
formally expressed as

A(T<Tp)=1-¢, (A3)

e—0T,

0o

1 ¢
L(T<Tp)=-=\G43(2a/2)= \ -
The critical compositionp,. for the free association sys-
tem is defined through the condition,

#FI(NkgT)
a($1)°
N, T=T

(A8)

=0. (A9)

c

Reexpressing the third derivative Bfwith respect tog] in
terms ofe=(C/$3)*? [see Eq.(A7)] transforms the condi-
tion in Eq. (A9) into a simple polynomial,

bp2?— p2+2¢h.—1=0, (A10)

whereb=4/(3/C,) andC_=2/(2a exf —Af/kT,]). Since
¢.<1 andb>1, the linear and quadratic terms¢n can be
neglected in Eq(A10), leading to the solution,

3 2/5 z 1/5
‘i’cz(Z) 2a ex] — Af/(2Kgerr) ]
Ah,<0, As,<0, T.<T,. (A11)
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