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Abstract

The talk presents a theory of uncertainties in the reconstructions of the
plasma current density and pressure profiles in the Grad-Shafranov equation.
The associated technique was incorporated into the ESC code.

Potential variances in g- and p- profiles have been calculated for different sets
of external and internal measurements envisioned for equilibrium reconstruction
in ITER.

It was shown that complementing the external magnetic measurements with ei-
ther Stark line polarization signals (MSE-LP) or with recently proposed for ITER
by Nova Photonics line shift signals (MSE-LS) can significantly improve the re-
liability of the reconstructed plasma profiles and the magnetic configuration.

Capalbilities of calculating variances, incorporated into the numerical code ESC,
have completed the theory of reconstruction, which for a long time had a signifi-
cant gap in ability to evaluate the quality of the presently widely used equilibrium
reconstruction technique.
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1 Set of signals for equilibrium reconstruction

ITER B=5.3 T, I;=15 MA 8 = 2.8% equilibrium configuration

-6

Center line of 1 MeV NBI in ITER \I!-Io:)ps, B6-C0i|S,8piCku1E) poinrts of MSE

One of unique features of ITER is its 1 MeV neutral beam inject  ion
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1 Set of signals for equilibrium reconstruction (cont.)

Measurements of the Line Shift due to MSE was proposed by

Nova Photonics as a diagnostics of ITER configuration

Reference signal errors € used here for calculating vari-
4 ances in equilibrium reconstruction in ITER:
I Signal name | emetattve | ¢absolute | oonmant
2 B-coils | 0.01 0.01T local probes
W-loops | 0.01 0.001 Vsec
. $-loop  0.01 0.001 Vsec | diamagnetic loop
MSE-LP | 0.01 0.1° B./B, from MSE
line polarization
2 m MSE-LS | 0.01 0.05T VIB]2 — (B - v)2
from MSE line shift
y MSE-LP and MSE-LS signals were assumed to be point-

wise. This requires more realistic model from Nova Pho-
tonics.

4 6 8 10 r




2 Variances in tokamak equilibrium reconstruction

The practice typically neglects making analysis of varianc es

In reconstructed equilibiria

In tokamaks the Grad-Shafranov (GSh) equation describes the configuration
dF dp

A = T (W) - P(W)r?, T=F -, P=py~, 2.1
(%) - P()r - o (2:1)
Its solution can be perturbed by
1. perturbation of the plasma shape
&(ap,l), and (2.2)
2. perturbation of two 1-D functions
0T (¥), O6P(P). (2.3)

The question, neglected by present practice, is what level of perturbations can-
not be distinguished given the finite accuracy of measurements.

The level of variances &, 6T, 6 P determines the very value of reconstruction

and of the entire diagnostics system
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2 Variances in tokamak equilibrium reconstruction (cont.)

The theory of variances has been created in 2006 by

L.Zakharov, J.Levandowski, V.Drozdov and D.McDonald

The problem is reduced to solving the linearized equilibrium problem
U =W, +1, A*Y+Tip + Pip = —6T(a) — 6P (a)r? (2.4)
for N possible perturbations

n<N§ n<Njy n<Np n
E= ¥ AK"(l), 6T = x T,f*, 6P= ¥ P,f",
n=0 n=0 n=0 (25)

N = N¢+ Nj+ Np, f?" = cos 2mna’, >t = sin27wna?,

where [ is the poloidal coordinate at the plasma boundary, and 0 < a < 1is
the square root from the normalized toroidal flux.

The response of the diagnostics to each of N solutions ™ can be calculated in
a straightforward way.

ESC is based on linearization of the GSh equation. It was comp lemented

with a routine for analysis of variances
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2 Variances in tokamak equilibrium reconstruction (cont.)

8 functions f™(a?) has been used to perturb  P(¥), T(¥)

1 _f mi0=0i1=21 0<=m <8 Basic functions 1.5 _i_s [MA/m] current density 1 _p [MPa] plasma pressure

N —

| N\ \\

T T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 2 4 .6 .8 a

Trigonometric expansion background current den- background pressure pro-
functions f*(a?) sity profiles js(a) file p(a)

ESC can use an extended set of basis functions
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3 “Rigorous” theory for “non-rigorous” reality

After solving the perturbed GSh equation, the problem is re-

duced to a matrix problem

Let vector X contains the amplitudes of perturbations

X = AO, Al, ey ANb—la T(), ey TNT—17 P(), c ooy PNp—l? (3.1)
N¢ of &€ N of 6T Np of 6P

and vector §S represents the signals

68 ={0Wy,...,0%nr, 1,0Boy. .., 0B, 1,080, .., 08ne 1!,
My of 6% Mp of 6Byl Mg of sothers
M = My + Mg + Mg, M > N.

(3.2)

32 ¥ —, 1 Pgiamagnetic-lOOps, 64 B-probes, 21 MSE-LP (line polarization) and
21 MSE-LS (line shift) signals (both pointwise) were used in the analysis.

ESC calculates the response matrix A relating 8.5 and perturbations 8X

85 =AX, A=Auxn. (3.3)
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3 “Rigorous” theory for “non-rigorous” reality (cont.)

The working matrix A weights 46S5,, based on their accuracy

_ ]_ — ]_ - =2
(A" = (A", 08, =0Sm AX =685, (3.4)
€Em €m

where e, is the error in the signal S,,,. SVD expresses the matrix A as a product

A=U-W-VT,
U=Upmxn, U -U=I I" =¢",
W = Wnxn, W]?:wnéga
V =Vnxn, VI.V=I.
Here, w™ are the eigenvalues of the matrix problem.

(3.5)

The resulting vector of variances can be represented as a linear combination of
“eigenvectors”, which are the columns of matrix V

Xk =vk AXk=w*U*, &* EJ mi_o ( k)fn = J3F (3.6)

Eq.(3.6) gives variances and normalized RMS &% in an explicit form. The

perturbations Xk with gk > 1 are “invisible” for diagnostics
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3 “Rigorous” theory for “non-rigorous” reality (cont.)

SVD of matrix A

(V) (V)
w1 (N)
A U e oo
X Wy, \Y% (3.7)
wn)  \(N)
(M) (M)
Vector X in terms of eigen-vectors
X1 (N) Cl
X|=| V C (3.8)
Xn (N) CnN
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4 Capabilities of diagnostics for equilibrium reconstruction

ITER configuration is used for illustrating the technigue

Reference signal errors € used here for calculating vari-

4 ances in equilibrium reconstruction in ITER:
I Signal name | eretative | cabsolute | oonment
» B-coils | 0.01 0.01T local probes
W-loops | 0.01 0.001 Vsec
. $-loop  0.01 0.001 Vsec | diamagnetic loop
MSE-LP | 0.01 0.1° B./B, from MSE
line polarization
2 m MSE-LS | 0.01 0.05T VIB]2 — (B - v)2
from MSE line shift
3 MSE-LP and MSE-LS signals were assumed to be point-

wise. This requires more realistic model from Nova Pho-
tonics.

4 6 8 10 r

Different combinations of signal lead to different residua | variances




4 Capabilities of diagnostics for equilibrium reconstruction (cont.)

Plasma boundary is well specified, ®-loop, B-colls are used

6 _log10 of Errors in j,0,p Variance= 1.000e+02 . . ) . . )
‘ ‘ ‘ ‘ ‘ ‘ 1.0djs i0=0i1=41 k0=0 k1=10 1.9djp i0=0i1=41 k0=0 k1=10
|

Ipl=15.000 [MA] Bt=5.3000 [T]
err  Bp=0.010 0.0100 [T]
4 _lerr gF=0.0100.0010 [Vsec] % /-\
5 5 / /\
N

(AP ; ;o Of
Ve
A7 | '

iy
/
- | 3 5, n 5 5 & o 5 n 5 5 .
0 5 10 15 k . . . . . .
log 5%, logy &%, log,a. Elgen-variances gj%(a). Elgen—varlances 33k (a),
(NJIS,NPIS) ]pEP/RO

o, and &’; [IMPa] on the left plot are RMS for g- and p-profiles

-k>8
9Jp>

k>8

Perturbations  j¢ are invisible and cannot be reconstructed




4.1 Good looking magnetic only reconstruction

Plasma boundary is well specified, ®-loop, B-colils are used

5_4 i0=0i1=21 k0=0k1=5 15 _p[MPa] i0=0i1=21 k0=0 k1=5 gd Signal k0=0 k1=5

T T T T T T T T T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 20 40 60 m

q— profile and variances variances in p—profile as Signals 4.S,,/€e,, gener-
fork; < 3, kp < 2 functions of a ated by perturbations

For k y+k p=5, typically used, the reconstruction looks very good

KiloGb’s of reconstructions “data” can be easily generated
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4.1 Good looking magnetic only reconstruction (cont.)

Plasma boundary is well specified, ®-loop, B-colils are used

5.4 i0=0i1=21 k0=0 k1=7 15 _p [MPa] i0=0 i1=21 k0=0 k1=7 gd Signal k0=0 k1=7

T T T T T T T 7 = T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 20 40 60 m

q— profile and variances p— profile and its vari- Signals 65S,,/€, gener-
fork; <4, kp < 3. ances as functions of a  ated by perturbations




4.1 Good looking magnetic only reconstruction (cont.)

Plasma boundary is well specified, ®-loop, B-colils are used

5.4 i0=0i1=21 k0=0 k1=8 15 _p [MPa] i0=0 i1=21 k0=0 k1=8 gd Signal k0=0 k1=8

T T T T T T T 7 = T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 20 40 60 m

q— profile and variances p— profile and its vari- Signals 4S,,/€e, gener-
forky; <4, kp <4 ances as functions of a  ated by perturbations
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4.1 Good looking magnetic only reconstruction (cont.)

Plasma boundary is well specified, ®-loop, B-colils are used

5. i0=0 i1=21 k0=0 k1=16 1.5 _p [MPa] i0=0 i1=21 k0=0 k1=16 gd Signal k0=0 k1=16
4 |
/N
/ \ 24
1 [
/ \
\
— \
= \
\
\ |
/ \ |
R \ |
5 ' ‘\\ ‘J
L .
/ N |
/ N -4
\“‘\\ \ \\
X
O T T T \“ T T T
0 2 4 6 8 a 0 20 40 60 m

q— profile and variances p— profile and its vari- Signals 4S,,/€e, gener-
for ky <8, kp <8 ances as functions of a  ated by perturbations

Test of k j+kp=16 shows that with no constrains the reconstruction has

no scientific value and is a sort of “beliefs”
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4.2 Magnetic signals & MSE-LP

Fixed plasma boundary with ( ® & B & MSE-LP) signals

6 qu‘lO o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lO o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02
IpI=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T]
err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T]

4 terr gF=0.010 0.0010 [Vsec] 4 terr gF=0.010 0.0010 [Vsec]
err MSE-LP=0.010 0.10 ["0] /

: : /1
v 1 ,/VQ/
— 7 ( 26

—
2 Ry

e

-4

T
5 10 k 15

log10 a*, log,, O'q loglo 0"; 10810 U'ka 10g10 O'q log; 0'];

in case of ® & B & MSE-LP  In case of ® & B only

Use of MSE-LP drops largest RMS &, makes 12 perturbations
visible, and dramatically improves reconstruction of q,p

18




4.2 Magnetic signals & MSE-LP (cont.)

leed plasma boundary with ( ® & B & MSE-LP) signals

5 i0=0i1=21 k0=0k1=12 ;5 p[MPa] i0=0i1=21 k0=0 k1=12 gd Signal k0=0 k1=12

T T T T T T T T T T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 20 40 60 80 m

— profile and variances p— profile and its vari- Signals 4S,,/€, generated
for ky <6, kp <6 ances as functions of @ by perturbations
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4.2 Magnetic signals & MSE-LP (cont.)

leed plasma boundary with ( ® & B & MSE-LP) signals

5 i0=0i1=21 k0=0k1=16 1 5 _p[MPa] i0=0i1=21 k0=0 k1=16 gd Signal k0=0 k1=16

— profile and variances p— profile and its vari- Signals 4.5,,/€e,, gener-
for all k ances as functions of @  ated by perturbations

Only perturbations with k& > 14 might be potentially troublesome




4.3 Magnetic signals & line shift MSE-LS

Fixed plasma boundary with ( ® & B & MSE-LS) signals

6 qu‘lO o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lo o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lo o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02

IpI=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T]

err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T]
4 terr gF=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec]

err MSE-LS=0.010 0.0050 [T] err MSE-LP=0.010 0.10 [*0] /
: : : /4
0 - 04 0

~ 7~
— V% / d

2] 2 v&h?‘% : 2 é
4 | -4 ; -4 T

0 5 10 15 k 0 5 10 15 k 0 5 10 15 k

log,o{G", &%, 7L} in case of log,({G", &%, &L} in case of log,o{G", &5, 5L} in case of

(® & B & MSE-LS)

(® & B & MSE-LP)

(® & B) only

Use of MSE-LS can compete with MSE-LP in its value for reconst

ruction




4.3 Magnetic signals & line shift MSE-LS (cont.)

leed plasma boundary with ( ® & B & MSE-LS) signals

5 i0=0i1=21 k0=0k1=12 ;5 p[MPa] i0=0i1=21 k0=0 k1=12 gd Signal k0=0 k1=12

— profile and variances p— profile and its vari- Signals 4.5,,/€e,, gener-
for all k ances as functions of @  ated by perturbations
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4.3 Magnetic signals & line shift MSE-LS (cont.)

Same case with the improved relative accuracy of MSE-LS

5_4 i0=0i1=21 k0=0k1=12 ;5 p[MPa] i0=0i1=21 k0=0 k1=12 gd Signal k0=0 k1=12

5 |
2| \‘
\
\\ -4 |

0 T T T T 0 T T T T T T T T
0 2 . 4 .6 . .8 a 0 2 . 4 .6 . .8 _a 0 20 40 60 80 m
q— profile and variances p— profile and its vari- Signals 65S,,/e, gener-

for all k ances as functions of @  ated by perturbations

A realistic reduction of relative error e"ﬁlg%’iel; g — 0.1% improves




4.3 Magnetic signals & line shift MSE-LS (cont.)

Same case with eﬁlggﬁ%s — 0.1% and non-monotonic  js

5_0 i0=0i1=21 k0=0k1=13 1 5 _p[MPa] i0=0i1=21 k0=0 k1=13 gd Signal k0=0 k1=13

\
\\\ 4
0 T T T T 0 T T T T T T T T
0 2 . 4 .6 . .8 a 0 .2 . 4 .6 . .8 L@ O 20 40 60 80 m
q— profile and variances p— profile and its vari- Signals 6S,,/€e,, gener-
for all k ances as functions of @  ated by perturbations

MSE-LS can pick up the details of the current drive
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4.3 Magnetic signals & line shift MSE-LS (cont.)

Back to reference fixed boundaryand ( & & B & MSE-LS)

5_4 i0=0i1=21 k0=0k1=16 1 5 _p[MPa] i0=0i1=21 k0=0 k1=16 gd Signal k0=0 k1=16

q— profile and variances p— profile and its vari- Signals 4.S,,/€e, gener-
for all k ances as functions of @  ated by perturbations

With MSE-LS only perturbations with & >13 might be potentially

troublesome
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4.4 Magnetic signals & both MSE-LP & MSE-LS

Fixed plasma boundary with ( ® & B & MSE-LP & -LS) signals

6 _log10 of Errors in j,0,p Variance= 1.000e+02 6 _log10 of Errors in j,q,p Variance= 1.000e+02 6 _log10 of Errors in j,q,p Variance= 1.000e+02
HERERRERR [ [T T[] [ [T T[]
Ipl=15.000 [MA] Bt=5.3000 [T] Ipl=15.000 [MA] Bt=5.3000 [T] Ipl=15.000 [MA] Bt=5.3000 [T]
err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T]
4 terr gF=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec]
err MSE-LP=0.010 0.10 ["0] err MSE-LP=0.010 0.10 ["0]
err MSE-LS=0.010 0.0050 [T] /

zf zf zf | ; z
pivg piegr Rl
$¢A«7< éﬁxxf éﬁ

-4 -4 -4 |
0 5 10 15 k 0 5 10 15 k 0 5 10 15 k

log,o{G", &%, 7L} in case of log,({G", &%, &L} in case of log,o{G", &5, 5L} in case of
(® & B & MSE-LP & MSE-LS) (® & B & MSE-LP) (® & B) only

Both MSE-LP & LS allows for a reliable reconstruction of q- and p-profiles




4.4 Magnetic signals & both MSE-LP & MSE-LS (cont.)

leed plasma boundary with ( ® & B & MSE-LP&LS) signals

5 i0=0i1=21 k0=0k1=16 15 [MPa] i0=0i1=21 k0=0 k1=16 gd Signal k0=0 k1=16
4 |
1
3]
—
\ N
2 | \\; ¥
.5 SO
1 —
AN
0 T T T T 0 T T T T b = T T T T T
0 2 4 .6 .8 a 0 2 4 .6 .8 a 0 20 40 60 80 100 m
— profile and variances p-profile and its variances Signals 6.S5,,/€,, gener-
for all k as functions of a ated by perturbations

k
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4.5 Free boundary, magnetic signals & both MSE-LP & MSE-LS

Free boundary plasma with ( ® & B & MSE-LP & -LS) signals

6 Io‘q‘lo o‘f Erro‘rs i‘n rqr\) ‘ ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lo o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lo o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02

IpI=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T]

err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T]
4 Jerr gY=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec] 4 t4err gF=0.010 0.0010 [Vsec]

err  gF=0.010 0.0010 [Vsec] err MSE-LP=0.010 0.10 [*0] err MSE-LP=0.010 0.10 [*0]

err MSE-LP=0.010 0.10 ["0] err MSE-LS=0.010 0.0050 [T]

err MSE-LS=0.010 0.0050 [T]
2 4 2 2 |
0| — 0 — 0 - /

~
/ pm— —
—T"1 / /

11/ 7& il AT =<l
4 || ﬂ | : -4 ; -4 T

0 10 20 30 k 0 5 10 15 k 0 5 10 15 k

logo{G", &%, &L} in case of log,o{G", &5, &L} in case of
(P & B & MSE-LP & MSE-LS), (® & B & MSE-LP & MSE-LS),
£#0 £=0

log0{5", &%, 7L} |£1 case of
(P & B&MSE-LP), £ =0




4.5 Free boundary, magnetic signals & both MSE-LP & MSE-LS (cont.)

Free boundary plasma with ( ® & B & MSE-LP & -LS) signals

5 i0=0i1=21 k0=0k1=32 1 5 _p[MPa] i0=0i1=21 k0=0 k1=32 gd Signal k0=0 k1=32

— profile and variances p-profile and its variances Signals 46.S5,,/€e,, gener-
for all extended k as functions of a ated by perturbations




4.6 Curious case, NO B-signals, £ # 0, ® & both MSE-LP & MSE-LS

Free boundary, ( ® & MSE-LP & -LS) signals, NO B-signals

6 Io‘q‘lo o‘f Erro‘rs i‘n rqr\) ‘ ‘ ‘ ‘ Variance= 1.000e+02 6 Io‘q‘lo o‘f Errc‘)rs i‘n Tq;‘) ‘ ‘ ‘ ‘ Variance= 1.000e+02 6 qu‘lo o‘f Errors‘ inj,q,p ‘ ‘ ‘ Variance= 1.000e+02

IpI=15.000 [MA] Bt=5.3000 [T] 1pl=15.000 [MA] Bt=5.3000 [T] IpI=15.000 [MA] Bt=5.3000 [T]

err  gY=0.010 0.0010 [Vsec] err  Bp=0.010 0.0100 [T] err  Bp=0.010 0.0100 [T]
4 Jerr gF=0.010 0.0010 [Vsec] 4 terr gY=0.010 0.0010 [Vsec] 4 terr gF=0.010 0.0010 [Vsec]

err MSE-LP=0.010 0.10 ["0] err  gF=0.010 0.0010 [Vsec] err MSE-LP=0.010 0.10 [*0]

err MSE-LS=0.010 0.0050 [T] err MSE-LP=0.010 0.10 ["0]

err MSE-LS=0.010 0.0050 [T]
2 4 2 2
o /
0 y. o 0 — 0 v
gt "
_ e V4
// [

-2 4 _/ N _/ 7& i ﬁs\/ 24 v Q?‘%
4 ﬂ — T T 4 - ﬂ/ T T -4 T

0 10 20 30 k 0 10 20 30 k 0 5 10 15 k

log0{G", &%, 7L} in case of log,o{G*, &5, &L} in case of
(P & B & MSE-LP & MSE-LS), (® & B & MSE-LP & MSE-LS),
£#0 £#0

log0{G", &5, G5} in case of
(® & B & MSE-LP), and £ = 0

(MSE-LP & MSE-LS) together can do the job for external  B-coils




4.6 Curious case, NO B-signals, & # 0, ® & both MSE-LP & MSE-LS (cont.)

Free boundary, ( ® & MSE-LP & -LS) signals, NO B-signals

5 i0=0i1=21 k0=0k1=32 15 _p [MPa] i0=0 i1=21 k0=0 k1=32 gd Signal

k0=0 k1=32

0 T T T T 0

0 2 4 .6 .8 a 0 ‘2 ‘4 ‘6 . a 0 5b
q— profile and variances p-profile and its variances Signals 65S,,/e,, gener-

T
100

m

for all extended k as functions of a ated by perturbations




S5 Summary

The capability of calculating variances, now developed, ha

completed the theory of equilibrium reconstruction

1. The guantitative evaluation of the quality of diagnostics systems on existing
and future machines can be done based on spectrum of “visible” perturba-
tions

2. It was confirmed that the internal measurements of the magnetic field are
crucial for reconstruction.

3. Either MSE-LP (line polarization) or MSE-LS (line shift) signals from the
plasma in addition to external measurements allow for a complete recon-
struction (of both g- and p-profiles).

4. The presented technique can be used to optimize the diagnostic set on any
tokamaks. Contribution of any signal can be evaluated.

5. The proposal by Nova Photonics to utilize MSE-LS signals would significantly
enhance the equilibrium reconstruction capability in ITER.

The extension of the theory should be focused on realistic si mulation

of signals used in reconstructions
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