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SUMMARY 

This  r e p o r t  d e s c r i b e s  some s t a t i s t i c a l  methods f o r  e s t i m a t i n g  t h e  

s i z e  of monk sea l  p o p u l a t i o n s  u s i n g  o b s e r v a t i o n s  of hauled  o u t  seals  

du r ing  t h e  mol t ing  season .  Two t echn iques  are examined: (1) a change- 

i n  r a t i o  (CIR) t echn tque  and ( 2 )  a leas t  s q u a r e s  (LS) method. The f i r s t  

approach r e q u i r e s  coun t s  of  t h e  number of seals mol t ing  on each  of a 

series o f  beach su rveys  and coun t s  of  pre-molt and post-molt  seals on  

t h e  f i r s t  and l a s t  su rveys  o f  t h e  series. The paper  c r i t i c a l l y  e v a l u a t e s  

p a s t  e f f o r t s  a t  app ly ing  t h e  C I R  method t o  monk seal  p o p u l a t i o n s  and 

deve lops  new e s t i m a t o r s  grounded i n  a s t o c h a s t i c  model of  mol t ing  

dynamics . 
The g e n e r a l  t h e o r e t i c a l  model a l s o  g i v e s  rise t o  a se t  of  LS 

e s t i m a t o r s .  They are  based on a sequence of  c o u n t s  of  mol t ing  seals.  

Both t h e  C I R  and LS methods r e l y  on a u x i l i a r y  in fo rma t ion ,  namely h a u l  

o u t  p r o b a b i l i t i e s  f o r  d i f f e r e n t  classes of seals and t h e  p r o b a b i l i t y  

d i s t r i b u t i o n s  f o r  t i m e  s p e n t  i n  t h e  pre-molt s t a t e  and i n  t h e  mol t  s ta te .  
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NOTATION 

The fo l lowing  symbols and d e f i n i t i o n s  w i l l  b e  adopted i n  d e s c r i b i n g  

t h e  C I R  and LS e s t i m a t o r s  and t h e i r  v a r i a n c e s .  Throughout t h e  p a p e r ,  

a h a t  ("1 over  a symbol s i g n i f i e s  t h a t  t h e  q u a n t i t y  i s  e s t i m a t e d .  Some 

symbols of lesser importance are  no t  l i s t e d  h e r e  b u t  are d e f i n e d  

s u f f i c i e n t l y  i n  t h e  t e x t .  

N = T o t a l  number of seals i n  t h e  popu la t ion ,  assumed c o n s t a n t  d u r i n g  

t h e  mol t ing  season .  

n = Number of beach su rveys  conducted.  On each survey  a l l  hauled  o u t  

seals are enumerated and c l a s s i f i e d  as  pre-molt ,  mo l t ing ,  o r  pos t -  

mol t .  

= The i n s t a n t  i n  t i m e  a t  which t h e  ith survey  i s  assumed t o  b e  ti 

conducted,  measured from t h e  beginning  of t h e  mol t ing  season ,  

i = 1, 2 ,  ..., n. 

m = Number of mol t ing  seals counted on ith survey ,  i = 1, 2 ,  ..., n.  i 
t h  ri = Number of  pre-molt seals  counted on t h e  i su rvey ,  i = 1, 2, ..., n. 

hi = T o t a l  number of seals  hauled  o u t  on t h e  ith survey ,  i = 1, 2 ,  ..., n. 

si = Number of mol t ing  seals i n  t h e  p o p u l a t i o n  a t  t i m e  ti. 

pi = P r o p o r t i o n  of  non-molting seals a t  time ti which are i n  t h e  pre-molt  

s t a t e ,  i = 1, 2 ,  ..., n. 

pi = P r o b a b i l i t y  t h a t  a mol t ing  seal  is hauled  o u t  a t  t i m e  t i ,  

i = l ,  2 ,  ..., n.. 

bi = Number of seals beginning  mol t  i n  t h e  t i m e  i n t e r v a l  ( t i  - 1, t i ) ,  

i = 2 ,  3 ,  ..., n.  
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Number of seals  comple t ing  mol t  i n  t h e  i n t e r v a l  (t  t i )  Y i-1 , 
i = 2 ,  3,  ..-, n. 

Number of  seals which began mol t ing  on t h e  ith day of  t h e  

mol t ing  season ,  i n  a sample of  w. seals. 

P r o b a b i l i t y  t h a t  a seal i s  mol t ing  a t  t i m e  t i ,  i = 1, 2,  ..., n .  

P r o b a b i l i t y  t h a t  a seal  beg ins  mol t ing  i n  (t i- l ,  t i ) ,  i = 2 ,  3, 

..., n.  

Index  of t h e  l a s t  survey  i n  a series of su rveys  c o n t r i b u t i n g  t o  

a C I R  estimate. 

Amount of time a seal  spends i n  t h e  pre-molt s t a t e ,  measured 

from t h e  beginning  of t h e  mol t ing  season  ( a  random v a r i a b l e ) .  

Amount of t i m e  a seal  spends  i n  t h e  mol t ing  s t a t e  ( a  random 

v a r i a b l e ) .  

Maximum v a l u e  of y ;  i . e . ,  maximum pre-molt  t i m e .  

Maximum v a l u e  o f  x ;  i . e . ,  maximum mol t  d u r a t i o n .  

Length of mol t ing  season .  

P r o b a b i l i t y  d e n s i t y  f u n c t i o n  for x. 

P r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  y .  

Cumulative d i s t r i b u t i o n  f u n c t i o n  for x. 

P r o b a b i l i t y  t h a t  a sea l  completes  i t s  mol t  e x a c t l y  i days a f t e r  

beginning  i t ,  i = 1, 2 ,  ..., 'c. 

P r o b a b i l i t y  t h a t  a seal  beg ins  mol t ing  on t h e  ith day of  t h e  

mol t ing  season  ( a t  t h e  beg inn ing  of t h e  day ) .  i = 1, 2,  ..., A .  

Var iance  of  a random v a r i a b l e  or s t a t i s t i c .  

Es t ima to r  of a 2 ( * ) .  
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w = S t a t i s t i c a l  weight .  i 

‘i 

e = Base of n a t u r a l  l oga r i thm 

= Random e r r o r  t e r m  ( r e s i d u a l )  f o r  t h e  ith d a t a  p o i n t  i n  LS model. 
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CHANGE-IN-RATIO ESTIMATES 

E b e r h a r d t ' s  Model 

Basic CIR methodology i s  d i s c u s s e d  thoroughly  i n  Seber  (1973).  The 

approach a l l o w s  one t o  estimate t h e  s i z e  of  a p o p u l a t i o n  by knowing t h e  

p r o p o r t i o n  of t h e  p o p u l a t i o n  i n  a s p e c i f i e d  class a t  t h e  beg inn ing  and 

end of  a t i m e  i n t e r v a l  and t h e  number of members added o r  removed from 

t h a t  c lass  and t h e  o t h e r  classes d u r i n g  t h e  i n t e r v a l .  

The a p p l i c a t i o n  of CIR e s t i m a t o r s  t o  monk seals w a s  sugges ted  by 

1 Footnote  1 Eberha rd t .  Assuming seals  hauled  o u t  and observed d u r i n g  a su rvey  were 

i d e n t i f i a b l e  as pre-molt ,  mo l t ing  o r  post-molt ,  h e  developed a n  e s t i m a t o r  

based  on t h e  p r o p o r t i o n s  of non-molting seals i n  t h e  post-molt  c lass  

d u r i n g  two beach su rveys  and t h e  number of seals observed  i n  t h e  mol t ing  

c lass  on a l l  v i s i t s  made i n  t h e  i n t e r v e n i n g  p e r i o d .  H i s  approach assumes 

t h a t  v i s i t s  are timed i n  such  a way t h a t  a l l  seals mol t ing  d u r i n g  t h e  

i n t e r v a l  are observed and t h a t  none are  counted more than  once,  o r  

a l t e r n a t i v e l y ,  t h a t  d u r i n g  t h e  i n t e r v a l  t h e  m u l t i p l e  coun t s  are e x a c t l y  

ba lanced  by t h e  number of  mol t ing  seals n o t  s een .  H e  f u r t h e r  assumes 

t h a t  a l l  mo l t ing  seals are hauled  o u t  a t  t h e  t i m e  of su rveys  and t h a t  a l l  

non-molting seals h a u l  o u t  w i t h  e q u a l  p r o b a b i l i t y  when t h e  f i r s t  and l a s t  

su rveys  are  conducted.  Under t h e s e  c o n d i t i o n s  h i s  e s t i m a t o r  i s  

L 

where t h e  symbols are d e f i n e d  i n  t h e  p rev ious  s e c t i o n .  
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DeMaster's Model 

Because such assumptions are l i k e l y  t o  b e  v i o l a t e d  i n  p r a c t i c e ,  

Footnote  2 DeMaster2 sugges ted  a procedure t o  a d j u s t  t h e  coun t s  of mol t ing  seals 

by d i v i d i n g  each count  v a l u e  by t h e  expected number of t i m e s  a mol t ing  

sea l  w i l l  be  seen  du r ing  t h e  su rveys  and by p, t h e  ave rage  h a u l  o u t  

p r o b a b i l i t y  f o r  mol t ing  seals.  DeI4aster ca l l s  t h e  f i r s t  of t h e s e  

c o n s t a n t  d i v i s o r s  t h e  "b ia s . "  I n  e s sence ,  h i s  a d j u s t e d  C I R  e s t i m a t o r  

is  

A 

- \ V I  
p1  - PL 

DeMaster computed t h e  b i a s  under t h e  fo l lowing  r e s t r i c t i v e  set of 

assumptions:  

(1) molt d u r a t i o n ,  x ,  r anges  from 1 t o  2 1  days ,  where I i s  a 

f i x e d  i n t e r v a l  between s u c c e s s i v e  su rveys ,  

(2) x is "normally d i s t r i b u t e d , "  

(3 )  pre-molt t i m e ,  y ,  i s  uniformly d i s t r i b u t e d  [DeMaster made t h i s  

assumption t a c i t l y ,  b u t  claims t h e  r e s u l t s  are n o t  dependent 

on t h e  d i s t r i b u t i o n  of y ] .  

Under t h e s e  c o n d i t i o n s  i t  is  easy  t o  show t h a t  h i s  r e s u l t s  reduce  t o  b i a s  = 

E ( x ) / I  where E ( * )  is t h e  e x p e c t a t i o n  o p e r a t o r .  

y uniform and,  i n  h i s  case, t h a t  surveys  are conducted a t  a c o n s t a n t  

i n t e r v a l ,  I. The d i s t r i b u t i o n  and range  of  x do n o t  matter. DeMaster 

s e e m s  unaware of t h e s e  c o n d i t i o n s ,  and n e g l e c t s  o t h e r  d i f f i c u l t i e s  as w e l l .  

For example, t h e  b i a s  f a c t o r  i s  c o r r e c t  on ly  f o r  coun t s  made a t  t i m e s  ti 

such t h a t  'I 5 ti < A, where X is  t h e  maximum t i m e  i n  t h e  pre-molt s t a t e  

This  r e s u l t  r e q u i r e s  t h a t  
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and r i s  t h e  maximum molt  d u r a t i o n  ( i n  DeMaster’s c a s e  T = 21) .  Hence, 

i f  t h e  f i r s t  (benchmark) survey  i s  made a t  t i m e  t l ,  and t h e  kth su rvey  

..., should  be  i s  t h e  f i r s t  survey  such t h a t  tk > T, then  m 

excluded from t h e  summation and t h e  b i a s  f a c t o r  f o r  would be  

E ( x ) / ( t k  - t l ) .  

u sua l  b i a s  f a c t o r ,  E ( x ) / I ,  s u b j e c t  t o  ti < A. 

b i a s  term does no t  reduce  t o  such s i m p l e  expres s ions .  

2 ’  m3’ 

Counts on subsequent  su rveys  would b e  c o r r e c t e d  by t h e  

For X - < ti < X + T t h e  

DeMaster sugges ted  t h a t  a n  op t ima l  survey  des ign  would r e s u l t  from 

choosing I = E(x) ,  b u t  i t  i s  n o t  c l e a r  why t h i s  would be  so  s ince,  except  

f o r  t h e  d i f f i c u l t i e s  mentioned h e r e ,  i t  i s  a s imple  matter t o  compute and 

app ly  t h e  b i a s  f a c t o r .  

t r i b u t i o n  of  x a c t u a l l y  r e s u l t  i n  b i a s  = 1 r e g a r d l e s s  of I ,  s o  h i s  

p a r t i c u l a r  model i s  i n a p p l i c a b l e  except  i n  t h e  moot c a s e  when I = E(x). 

I n  any e v e n t ,  DeMaster’s assumptions on t h e  d i s -  

A General  Model 

I n  most s i t u a t i o n s  DeMaster’s s imple  approach w i l l  n o t  b e  s a t i s f a c t o r y  

because y w i l l  n o t  be uniformly d i s t r i b u t e d  and i t  may n o t  b e  p o s s i b l e  o r  

convenient  t o  survey  a t  r e g u l a r  i n t e r v a l s .  What i s  needed i s  a more 

g e n e r a l  p rocedure  t h a t  will permi t  g r e a t e r  realism and more f l e x i b i l i t y  

i n  survey  des ign  and a n a l y s i s .  

A g e n e r a l  model can be c o n s t r u c t e d  t o  accommodate any assumed d i s t r i b u -  

t i o n s  f o r  x and y and any p a t t e r n  of  sampling.  L e t  f (x)  be  t h e  p r o b a b i l i t y  

d e n s i t y  f u n c t i o n  f o r  x and g (y )  be  t h e  d e n s i t y  f u n c t i o n  f o r  y .  The 

mol t ing  season  beg ins  a t  t i m e  zero  wi th  a l l  N seals i n  a pre-molt s tate 

and p rogres ses  u n t i l  all seals have completed mol t ing  and e n t e r e d  t h e  
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post-molt  s t a t e .  

a seal  is  mol t ing  a t  t i m e  t i s  

Assuming x and y are independent ,  t h e  p r o b a b i l i t y  t h a t  

i 

ti- 

where F ( t i  - u) = / f ( x ) d x .  
0 

t h  The expec ted  number of seals  observed  mol t ing  a t  t h e  t i m e  of t h e  i 

survey  is  j u s t  

where p 

t h e  expec ted  number of seals beg inn ing  t h e  mol t  between t h e  p r e v i o u s  

survey  a t  t and t h e  p r e s e n t  v i s i t  i s  

i s  t h e  p r o b a b i l i t y  a mol t ing  seal  i s  hauled  o u t  a t  ti. F u r t h e r ,  i 

i- 1 

and t h e  expec ted  number of seals comple t ing  t h e  mol t  i n  ( t  i-1' ti) i s  

Given t h e  sequence of coun t s  o f  mol t ing  seals ,  ml ,  m 2 ,  m3, ..., 
and t h e  a u x i l i a r y  in fo rma t ion  on g ( * ) ,  f ( * ) ,  and p(*), t h e  number of 

seals beg inn ing  t h e  mol t  and t h e  number comple t ing  t h e  mol t  in any 

survey  i n t e r v a l  can  e a s i l y  b e  e s t i m a t e d :  
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and m m 
A i- 1 c = - - -  A 

i L'i-1 V i  

A p a i r  of C I R  e s t i m a t o r s  can now be  d e r i v e d :  

p1  - PL 
and 

l'1 

where pi i s  t h e  p r o p o r t i o n  of non-molting seals a t  t i m e  t which a re  i 
A A1 

pre-molts .  Note t h a t  N = N . I n  t h e  s p e c i a l  case where y i s  uni formly  

d i s t r i b u t e d ,  

This removes t h e  equa l  i n t e r v a l  r e s t r i c t i o n  of t h e  DeMaster model, b u t  

n o t  i t s  o t h e r  shor tcomings .  

Another s p e c i a l  case o f  t h e  C I R  arises when t h e  n su rveys  span t h e  

e n t i r e  mol t ing  season ,  i . e . ,  t h e  f i r s t  su rvey  i s  a t  t i m e  ze ro  and t h e  

n (L ) survey  i s  a t  t i m e  t > A + T .  I n  t h i s  even t  t h  t h  
n -  

n n 
C E(bi)= 

i = 2  i = 2  
C E(ci) = N .  

F u r t h e r ,  p1 = 1, pL = 0 and t h e  C I R  e s t i m a t o r  a t  ( 4 )  r educes  t o  

L A  
$ =  C b i  

i=2 



1 0  

This  i s  a k i n  t o  t h e  Johnson 's  "molt estimate," where t h e  popu la t ion  s i z e  

i s  e s t ima ted  by summing t h e  unadjus ted  mi over  t h e  e n t i r e  season .  (This  

s i m p l e  procedure  h a s  a p p a r e n t l y  worked s a t i s f a c t o r i l y  w i t h  t h e  proper  

cho ice  of sampling i n t e r v a l ,  so  t h a t  unobserved mol t ing  seals  and m u l t i p l e  

counts  of mol t ing  seals ba lance  o u t  over  t h e  season . )  

For ease i n  computing t h e  estimates of bi ,  i t  is  convenient  t o  

approximate t h e  cont inuous  f u n c t i o n s  of E(bi) and E(mi) by d i s c r e t e  

p r o b a b i l i t y  f u n c t i o n s  and replace t h e  i n t e g r a l s  by summations. Thus 

wher 

g j  
m C  i j = t  i- 1 

ti ti-j+l 7 

t h  
= p r o b a b i l i t y  t h a t  a seal  beg ins  i t s  molt  on t h e  j day f t h e  

g j  
mol t ing  season  ( a t  t h e  beginning  of t h e  day ) ,  j =1, 2,  ..., A .  

f k  = p r o b a b i l i t y  t h a t  a seal completes  i t s  molt  e x a c t l y  k days 

a f t e r  beginning  i t ,  k = 1, 2, ..., T .  

Variance Estimates and Confidence I n t e r v a l s  

We t u r n  now t o  t h e  p r e c i s i o n  of t h e  C I R  estimates, as measured by 
A A 

O ? ,  t h e  v a r i a n c e  of  N. 

random v a r i a b l e s ,  each w i t h  i t s  own va r i ance .  The d e l t a  method and o t h e r  

r e s u l t s  may be used t o  combine t h e s e  i n  an  approximation of 0 : .  Ignor ing  

a l l  cova r i ances ,  and r e p l a c i n g  expected v a l u e s  by o b s e r v a t i o n s  o r  

estimates, an  approximation t o  cr: i s  

The e s t i m a t o r  N a t  ( 4 )  i s  a f u n c t i o n  of several 
N 

N 

N 
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where A1 = (GI - a)-' 

Here w e  u se  V ( * )  t o  deno te  a n  estimate of a sampling v a r i a n c e ,  G2(*). 

Of t h e  component v a r i a n c e  terms, V(bi) r e q u i r e s  f u r t h e r  e l a b o r a t i o n .  

Using t h e  same approximat ing  t echn iques  as  above, V("b) may b e  expressed  

as a f u n c t i o n  of V(&l,), V ( f i ) ,  V(mi) , and V(Ui) as f o l l o w s :  

h 

A h h 

n 



1 2  
t i 

j= t  

V(Oi> * = V("S) 

i-1 

where 

and 

To complete  t h e  e s t i m a t i o n  of  V(^N), some assumptions have  t o  b e  made 

about  t h e  d i s t r i b u t i o n s  of t h e  component random v a r i a b l e s .  A r e a s o n a b l e  

set  of assumpt ions  may b e  t h e  fo l lowing :  

i '  (1) V(mi) : The mi could  b e  cons ide red  Po i s son ,  hence V(mi) = m 

O r ,  g iven  t h e  t o t a l  count  o f  seals on the ith v i s i t ,  hi ,  mi could  b e  

t aken  as b inomia l  random v a r i a b l e  i n  which c a s e  V(m.1 = m .  
1 1 

h A 

(2 )  V(Gi) : Both pl and p are b inomia l  g iven  t h e  t o t a l  c o u n t s  of  non- L 

mol t ing  seals on t h e  f i r s t  and Lth su rveys .  Thus 

where r = number of pre-molt seals counted on ith survey .  i 

Here w e  assume pre-molt and post-molt haul o u t  p r o b a b i l i t i e s  are 

t h e  same on t h e  f i r s t  s u r v e y ,  and a l s o  on t h e  Lth su rvey .  

( 3 )  V(Gi) : 

are  es t ima ted  from sampling b inomia l  d i s t r i b u t i o n s  a l s o .  Thus 

Presumably t h e  h a u l  o u t  p r o b a b i l i t i e s  f o r  mol t ing  seals 

m .  m 
V(Q =($p - 5) 

i i S 

where s = t o t a l  p o p u l a t i o n  of mol t ing  seals a t  t i m e  ti i 
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( 4 )  V(^gi) and V(?,) : Elements of t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  

pre-molt t i m e  and d u r a t i o n  of molt  a re  presumably e s t ima ted  by 

sampling mul t inomia l  popu la t ions .  Thus t h e  ith element  of t h e  

pre-molt t i m e  d i s t r i b u t i o n  i s  e s t ima ted  as 

i w w i A 
= - = -  

g i  x w. c wi 
i= 1 

, i = l , 2  , . . . ,  1 
A 

w i t h  e s t ima ted  v a r i a n c e  V(gi)= . 
where w 

t h e  season .  

i = l ,  2 ,  ..., T .  

= number of seals  beginning  t h e i r  molt  on t h e  ith day of i 
* 

S i m i l a r  equa t ions  would apply  t o  f i  and V(^fi), 

Approximate 95% conf idence  l i m i t s  on N may be  computed i n  t h e  
h 

u s u a l  manner, assuming no rma l i ty  of N ,  as 

1 i? - + 2V($ l2 . 

LEAST SQUARES ESTIMATES 

The g e n e r a l  model of mo l t ing  dynamics l e a d s  t o  o t h e r  e s t i m a t o r s  

b e s i d e s  t h e  CIR. I n  p a r t i c u l a r ,  Equat ion (1) immediately s u g g e s t s  a 

s e t  of moment e s t i m a t o r s  f o r  N ,  namely 



1 4  

However, s i n c e  each survey  produces a s e p a r a t e  estimate t h e  q u e s t i o n  now 

i s  how b e s t  t o  combine t h e  n estimates. An i n t u i t i v e l y  obvious 

procedure  would be  t o  s imply t a k e  t h e  a r i t h m e t i c  mean of t h e  N i . e . ,  i’ 

A n A  

N =  C N i / n .  
i=l 

Another approach l e a d i n g  t o  t h e  same r e s u l t  i s  t o  c o n s i d e r  a s imple  

l ea s t  s q u a r e s  c r i t e r i o n ,  i . e . ,  choose fi as t h e  v a l u e  of N which minimizes 

n 

i=l 
s = c w i i  (m - E(mi))’ (5) 

where w i s  a s t a t i s t i c a l  weight  t o  be  s p e c i f i e d .  This model assumes 

a d d i t i v e  e r r o r ,  i . e . ,  m 

random e r r o r s  w i th  ze ro  mean and cova r i ance  matrix W G2 and W i s  a 

d i a g o n a l  matrix of t h e  weights .  The g e n e r a l  s o l u t i o n  t o  (5) i s  

i 

= 1-1 IT N + Ei where t h e  a re  independent  i i i  

-1 
E 

Some s p e c i a l  c a s e s  of i n t e re s t  may be ob ta ined  d i r e c t l y  using t h e  resu l t s  

i n  Draper  and Smith (1966,  p.  80-81) o r  o t h e r  s t a n d a r d  s t a t i s t i ca l  texts .  

Among t h e s e  is  t h e  case where wi is  assumed p r o p o r t i o n a l  t o  (viri) 

and t h i s  i s  

-2 , 

as  i n  t h e  i n t u i t i v e  estimate above. 
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* 

The v a r i a n c e  of N may bees t imated  by 

Another se t  of l eas t  s q u a r e s  e s t i m a t o r s  i s  a p p r o p r i a t e  when t h e  
E; 

e r r o r  i s  m u l t i p l i c a t i v e ,  i . e . ,  when t h e  model i s  mi = uiriNe . 
In t h i s  even t  

I 

l n m  = 1nN + ln(piTTi) E i  i 

1 

where E is  independent ly  d i s t r i b u t e d  w i t h  mean zero  and cova r i ance  matrix i 

w1 -1cr2 
E 

. Now t h e  l ea s t  s q u a r e s  estimate of 1nN i s  found by minimizing 

S = C w ' ( lnmi  - (1nN + l n (p in i ) ) ) '  . i i=l 

The g e n e r a l  r e s u l t  i s  

n 1  m 
c w i 1 n ( L )  p p i  - i=l h ( N )  = 

n 1  

i C W  

i= 1 

When t h e  v a r i a n c e  of mi i s  p r o p o r t i o n a l  t o  (p i r i )2  as i n  t h e  s p e c i a l  c a s e  

d i scussed  above, i t  i s  well-known t h a t  a l o g a r i t h m i c  t r a n s f o r m a t i o n  w i l l  

s t a b i l i z e  t h e  v a r i a n c e  s o  equa l  weight ing  w i l l  b e  a p p r o p r i a t e  in t h e  

l o g a r i t h m i c  model. Hence i n  t h i s  s p e c i a l  c a s e ,  

" A  

C lnNi  
i= 1 

n 
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wi th  e s t ima ted  v a r i a n c e  

c ( lnf i i  - 13)~ 
n(n  - 1 )  

i=1 A 
V(1nN) = 

The cor responding  estimate of  N i s  

A U n  
* I n  N N = e  

h 

i' i . e . ,  t h e  geometr ic  mean of t h e  i n d i v i d u a l  N 

When t h e  a d d i t i v e  model i s  employed, conf idence  l i m i t s  on N may b e  

e s t i m a t e d  assuming norma l i ty  o f  N.  Approximate 95% conf idence  l i m i t s  

t h e n  are  

l i m i t s  f o r  N may be c o n s t r u c t e d  by t r ans fo rming  l i m i t s  f o r  I n N .  

i f  1nN i s  normally d i s t r i b u t e d ,  approximate  95% conf idence  l i m i t s  on N 

A 

2 2V($1/2 . When t h e  m u l t i p l i c a t i v e  model is  used ,  conf idence  

Thus 
n - '/2 * fZV(1nN) are N e 
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NUMERICAL EXAMPLES 

To demonstrate the use of the estimation techniques, consider the 

following hypothetical set of survey observations: 

i 
- 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

ti 

0 

8 

1 6  

24 

32 

40 

4 8  

56 

64 

7 2  

80 

- hi 

56 

49 

47 

58 

6 1  

47 

5 1  

6 1  

7 0  

74  

77 

i 

56 

48 

46 

57 

57 

43 

40 

45 

49 

4 1  

3 0  

r 
- i 

0 

m - 

1 

1 

0 

3 

2 

7 

5 

11 

16 

1 8  

1 2  8 8  75  28 9 

1 3  96 8 1  25 11 

1 4  10 4 6 2  1 6  7 

15 1 1 2  69 15 1 2  

16  1 2 0  67 7 9 
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I n  a d d i t i o n  t o  t h i s  se t  of survey  o b s e r v a t i o n s  i t  i s  assumed from o t h e r  

’ 0.0005 

0.001 

0.0034 

0.0078 

s t u d i e s  t h a t  t h e  p r o b a b i l i t y  f u n c t i o n s f o r  pre-molt t i m e  and molt  

0.0074 

0.0083 

, o  

d u r a t i o n  are as follows: 

‘ 0  

0.0139 

0.0208 

f .  = ’ 
1 

0.903 

0.0972 

0.2222 

0.1875 

0.1806 

0.0972 

0.0764 

0.139 

, o  

i = 1, 2,  ..., 1 5  

i = 1 6 ,  1 7 ,  ..., 30 

i = 31, 3 2 ,  ..., 45 

i = 46, 47, ..., 60 

i = 61, 62, ..., 75 

i = 76, 77, ..., 90 

i = 91,  92,  ..., 105 

i = 106,  107,  ..., 120 

i = 1 2 1 ,  1 2 2 ,  ... 

i = 1, 2 ,  3 

i = 4  

1 1 . 5  

i = 6  

i = 7  

i = 8  

i = 9  

i = 10 

i = 11 

i = 1 2  

i = 1 3  

i = 1 4 ,  1 5 ,  ... 
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It is  f u r t h e r  assumed t h a t  a t  times t 

seals are hauled  o u t  w i t h  e q u a l  p r o b a b i l i t y .  This g i v e s  

and tll t h e  pre-molt and post-molt  1 

56 = 1.0 A -  - 
p1 56 - 0 

and 

A - A -  - 30 = 0.5085 . PL - P 1 1  77 - i a  

I n  a d d i t i o n ,  i t  is  known t h a t  vi = 0.91  for a l l  i. 

t h e  f o l l o w i n g  b a s i c  s t a t i s t i c s  are computed: 

Under t h e s e  c o n d i t i o n s  

2 0.00358 0.0040 30 7 1 . 2  0 . 1  

3 

4 

5 

6 

7 

8 

9 

10 

11 

0.00441 

0.00767 

0.01262 

0.02634 

0.03979 

0.06093 

0.08451 

0.10713 

0.10218 

0.0045 

0 .  ooao 

0.0128 

0.0272 

0.0404 

0.0624 

0.0860 

0.1096 

0.1046 

249 

261 

83 

19  3 

90 

143 

164 

19 4 

1.1 

{ 5.4  

2 .3  

7 . 8  

5.6 

1 2 . 3  

1 8 . 0  

20.2 

1.1 

3.2 

3.4 

2 . 3  

7.8 

5.7 

12 .5  

18.0 

1 2  0.09931 0.1016 100 10.1 20.0 

1 3  0.06843 0.0698 17 7 1 2 . 3  10 .1  

14 0.05787 0.0592 133 7.9 1 2 . 3  

15 0.06381 0.0655 207 13.5 8.0 

16  0.06490 0.0664 152 10.1 13.4  
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Change-in-Ratio E s t i m a t e s  

To compute t h e  C I R  estimates w e  u se  s t a t i s t i c s  f o r  i = 2 ,  3 ,  ..., 11. 

On t h e  f o u r t h  survey  m = 0 ,  sowe der ive  a combined estimate of t h e  

q u a n t i t y  (b4 + b5) which is  (3) (0.0080 +0.0128)/(0.01262)  (0.91) = 5.4. 

Also w e  estimate ( c  

i 

+ c5) by (1/0.91)  - (3/0.91) +5 .4  = 3.2.  4 

The C I R  estimate of N based on t h e  bi i s  

h 73.9 - (0.5085)(&)+ 
N =  1.0 - 0.5085 

- 73.9 - 10.0582 - 
0.4915 

= 129.9 . 

The cor responding  estimate based on t h e  c i s  i 

54 .1  + (0.4915)(&) + 
=: 

0.4915 

- 5 4 . 1  + 9.722 
- 0.4915 

= 129.8 

which shows t h a t  2 and i' are  i d e n t i c a l .  

An updated v e r s i o n  of t h i s  paper  w i l l  

i n c l u d e  v a r i a n c e  estimates and 

conf idence  l i m i t s  based on t h e  C I R  

methodology. 
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Least Square Estimates 

Based on  t h e  1 4  i n d i v i d u a l  estimates of  N ,  t h e  a d d i t i v e  e r r o r  model 

y i e l d s  

175.2 i=l N = - =  
14 

w i t h  v a r i a n c e  estimate 

V(G) = 311.87 . 

So 95% conf idence  l i m i t s  on N are 139.9 and 210.5. 

The m u l t i p l i c a t i v e  model g i v e s  a n  estimate of  

1 

N* =( Ni)’I4 A = 163.4 
i= 1 

w i t h  95% conf idence  l i m i t s  on N of 132.3 and 201.9. 
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