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Long-Period Contributions to the Disturbing Functions of the 
Earth from the Seventh, Ninth, and Eleventh Zonal Harmonics 

T.L. Felsentreger and W.J. Wickless 

Introduction 

It is the purpose of 

period terms due to the 

9% 
this paper to present explicit formulas for the long- 

seventh, ninth, and eleventh zonal harmonics in the 

2 . Y  

disturbing function of the earth in the case of an artificial earth satellite. The 

formulas are given for terms of the satellite's orbital elements and theDelaunay 

variables. G. Giacaglia (1) has given general expressions for the long-period 

terms due to any of the zonal harmonics, which can be expressed in terms of 

the orbital elements. The apparent differences between the results of this paper 

and those in Giacaglia's have been verified as due to the e r rors  in the latter as 

it appears in the A.J. 

The contributions of the long-period terms to the mean motion of the argu- 

ment of perigee are also given. 

The Disturbing Function 

The earth's gravitational potential at a distance r from the center of the 

earth is 
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where 

p = GM 

G = gravitational constant 

M = mass of the earth 

R = radius of the earth 

J, = zonal harmonic coefficients (n = 2, 3, . . . ) 
Pn = Legendre polynomials (n = 2, 3, . . ) 

4 = geocentric latitude. 

Here, the earth's radius is adopted as the unit of length. The seventh, ninth, 

and eleventh Legendre polynomials a r e  

Let 

a = semi-major axis of satellite's orbit 

e = eccentricity of orbit 

i = inclination of orbital plane to equatorial plane 

4 = mean anomaly 

f = true anomaly 

g = argument of perigee. 
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The Delaunay variable6 L, G, and H are 

H = G c o s  i .  

Use  is also made of the relations 

s in+= sini s i n ( f t g )  

The long-period terms in the expansion of U as a Fourier series in 4 and 

g are given by &r Ud4, (see reference 2) 

making use of the relation 

n L r2 d 4 = -  - d f .  
G a2 

Denoting the long-period parts of U,, U, , and UI1 by A,  F2P, A, F2p , and 

respectively, we have 
Al 1 F2P * 

F 

2iP9j,e sini 1 H2 H4 
A,Flp = - 10 5-135- t 495 - - 

16384 L3G13 GZ G4 

1 

G4 t$-) s i n 5 4  
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G 4  G 6  

L4 L6 
x 

H 4  H 6  

c4 G6 
+ 54- - 52- + 

x (1-3-+3---) G 2  c4 c6 s i n 7 g  ] 
L2 L4 L6 

1iP13 J~~ e sin i [ 1 2 6  ( 2 1  - 1365--+13650--4641O-t H 4  H 2  H 6  

67108864L3 G2' G2 G 4  G 6  
A F = -  

11 2p 

.. 
G2 G4 G6 

L2 L4 16 
- 77292 - + 45738- - 8652 - t 63 H 8  

G8 
-+ 62985- - 29393- 
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t 570--1802- H4 H6 t2261- HE 
G4 G6 G8 

L6 LE 
s i n 3 g  

L2 L4 

t2130--5746-+6137--2261- H4 H6 H8 
G4 G6 G8 

G4 G 8  

G4 

L4 
s i n  7g 

x (l-4-+6--4-+-) C2 G4 G6 G 8  s insg  ] 
L2 L4 L6 L8 

Contributions to dg/dt 

Since the Delaunay set of variables i s  canonical with respect to the 

Hamiltonian F, which includes A,F2p, A9F2p, and AllFZp, we have 

dg - - - - - 
dt  aG 

(see reference 2). 
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Therefore, a computation of a(AiF2p)/ag(i 

terms in dg/dt due to the seventh, ninth, and eleventh zonal harmonics. 

7,9,11) provides the long-period 

The results are  

( 3 3 - 3 0 E + S z )  + e 2 s i n 2 i  65 -2025- t8415-  H 2  H 4  
C6 L2 L4 C2 G4 

G2 33 - 30 - t 5c) + 2 0  e2 s i n 2  i -ME) G6 ( \ L 2  L4 c4 

-429;) H6 Lz C2 (3 -:)I s i n  g 

G .  

t 4 5 9 - - 2 4 7 g )  H 4  (1 -2 -  C2 te) 
G4 G6 L 2  L4 

+ 4 e 2  sin2 i (1 -15- H 2  +27- H 4  -13-) H6 - G2 (L -5)] s i n  Sg} 

C 2  G4 C6 L 2  
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-. 
.. 

210 (s in2  i -e2) 7 -308- H2 +2002- H4 
31L11J9 { [ ( G2 G4 

a ( A J 2 p )  - - 
524288 L3"' e s i n  i 

715 
G2 

H2 H4 
L4 G4 "F L6 ( G2 G4 

-1001- t385--35- 14e2  sin2 i 7 -308- t2002- G2 

L2 

- 4004- H6 t 2431-) H8 - G2 (l43 - 110- G2 t l S C ) ]  sin g 

G6 C8 L2 L2 L4 

H2 H4 H6 

G4 G6) ( G2 G4 G6 

G2 

L2 L4 L6 
- 65-t29--3- t e 2 s i n 2 i  17-760-+4914--9568-+ 

- 4 1 6 - + 2 2 1 3  H6 H - G2 (65-58- t9c) ]  G2 s in3g  
G6 G8 L2 L2 L4 

H2 H4 H6 t e2 sin2 i 17 -608- t 3066- -4600- + 
L4 L6 ( G2 G4 G6 
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H2 H4 
L2 L4 L6 G2 G4 

+ 2125-) H8 (5 - 
-200- H6 185%) (11 

t 2 e2 sin2 i (1 - 32- t 146- 
G8 

L2 L4 c6 G 8  L2 
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H4 H6 
t 1134- - 1196- 

G4 G6 G 8  

( 1-2-+- G Z  G4] s i n 7 g  } 
L2 L4 
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H2 H4 H6 

G2 G4 G6 
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H8 

G8 
+ 62985- - 

-. 
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H 2  H 4  H 6  H a  H'O t 2 4 e 2  sin2 i ( 5  -265-+2130--5746-+6137--2261-\x 

x 
G 4  

+ e 2  s h 2 i  
G4 G 6  G8 

c2 G 4  G6 GB\ 
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G4 G8 

H6 Ha H'") x 
H 2  H4 

+ 8  e2 sin2 i 1-25- t90-- 130- t 85--21- ( G2 G4 G6 G8 G'O 
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