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ABSTRACT 

The s t r u c t u r e  of t h e  c o r r e l a t i o n  func t ions  appearing i n  

S inanoz lu ' s  many-electron theory i s  analyzed. 

t h e s e  func t ions  lead n a t u r a l l y  t o  the  d e f i n t t f o n s  of c o r r e l a t i o n  

amplitudes s a t i s f y i n g  a s e t  of coupled in t eg ro -d i f  f e r e n t i a l  

equa t ions .  Approximate s o l u t i o n s  t o  a subse t  of t h e s e  equat ions  - 

t h e  two-pa r t i c l e  equat ions  - correspond wi th  s c l u t i o n s  of  t h e  

11 exac t  p a i r "  equa t ions  proposed by SinanoElu. 

of t h e s e  c o r r e l a t i o n  amplitudes wi th  those  employed by Clark 

and Westhaus i n  c l u s t e r  expansion techniques i s  a l s o  explored, 

and t h e  equiva lence  of Sinano%lu's "exact p a i r "  theory  wi th  

I t  i s  shown how 

The r e l a t i o n s h i p  

t h e i r  t runca ted  f a c t o r - c l u s t e r  formalism i s  demonstrated, 

- - - - -  
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I n  h i s  formulat ion of the problem of determining the  e l e c t r o n i c  

e i ge ns t a te  s 

- 
be k/ra s inanoElu l J 2 j 3  has proposed t h a t  f o r  a p a r t i c u l a r  s t a t e  

w 
.m 

w r i t  t e n  

wi th  t h e  ant isymmetr izer  defined a s  

. , , pm(;) a r e  a p a r t i c u l a r  s e t  of N 

s i n g l e  p a r t i c l e  func t ions  ( o r b i t a l s )  chosen from among the  elements 

of an  orthonormal b a s i s  1 9; 3 which we s h a l l  assume s a t i s f y  

c 

) I  *" .*', 
The e l e c t r o n i c  Hamiltonian +can  bl$& be reso lved  i n t o  a n  "unperturbed" 

and a "perturbed" p a r t  i n  t he  usual  f a sh ion :  
i 

= H , f V  
3 

1 



where 

The o r b i t a l s  4 and ~ ( I I  mays f o r  example, be 

chosen s e l f - c o n s i s t e n t l y  a s  i n  the  Hartree-Fock Scheme wi th  the  

remaining elements of { y i f  determined i n  accordance wi th  ( 4 )  

I n  any event,  we may choose (fYj) y,,, 
fash ion ,  s o  t h a t  t h i s  conf igu ra t ion  has  t h e  l a r g e s t  amplitude i n  a 

de te rminenta l  expansion of 72 i n  terms of 5 ( f i f  and normalize 

Y f' 

p m M i n  some opt imal  
a 

t h a t  t h i s  amplitude i s  un i ty .  The c o r r e l a t i o n  functions 
(X, - *  R v )  

can be expressed i n  terms of t h e  conf igu ra t ion  

i n t e r a c t i o n  (CI) amplitudes 

The sum i s  over a l l  combinations of o r b i t a l s  omitted from the  

i s  t h e  
s e t  p$,y2 ,  -**r,f > and c w ; * % p y q  i m ,** Wyi,". "s." qJ 

(Pya,, * * a  %I$% i n  d*[qqp&pp+pY o r b i t a l s V ) (  > - -  
0 

c o e f f i c i e n t  of the  conf igu ra t ion  obtained by r e p l a c i n g  o r b i t a l s  

r e s p e c t i v e l y .  (Here, [$:*,a - (yq;Xp )]denotes a '  p ;p matr ix  

whose ',I t h  element i s  vq.c'';) . )  I n  p r a c t i c e  these  
4 

c o e f f i c i e n t s  a r e  t o  be determined v i a  some p e r t u r b a t i v e  or  v a r i a t i o n a l  

c a l c u l a t i o n  bu t  formal ly  a r e  given i n  terms of t h e  sought - for  

e i g e n s t a t e  Ym by - 



. .  
3 

We hope t o  po in t  ou t  some i n t e r e s t i n g  p r o p e r t i e s  of  t hese  

co r r  e l a t  i o n  func t ions  and t h e  "c o r r  e l a  t ion  amplitudes t o  which 

they  n a t u r a l l y  lead .  Although the d e r i v a t i o n s  given here  a r e  o r i g i n a l  

and t h e  imp l i ca t ions  regard ing  Sinanoglu ' s  formalism have no t  been 

f u l l y  explored p rev ious ly  , much of t he  following l eans  h e a v i l y  upon 

t h e  work of Primas and, although no t  contained i n  h i s  work, i s  

i n s p i r e d  by i t .  

3 

4 

5 

S u b s t i t u t i o n  of ( 8 )  i n t o  (7)  followed by t h e  in te rchange  of t he  

sums over o r b i t a l  i n d i c e s  w i t h  t h e  i n t e g r a t i o n s  over p a r t i c l e  

coord ina te s  allows us  t o  w r i t e  



. .  
4 

d e t  
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A p a r t i c u l a r  determinant  appearing i n  the  sum i n  t h e  h t e g r a n d  

be ing  given by 

That  is ,  t o  c o n s t r u c t  

and r e p l a c e  t h e  ’ 
we take  [(&.+$?’?‘;; (p -..%#] 

% k 

column by P, p A t x ” i  2: 4“ 8.f P 
row of the 

. Moreover, the sum s f  a l l  s u c h  

de te rminants  may be expressed as a s i n g l e  de te rminant :  
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(1-1) c o n t r d  I 

I n  the  l a s t  l i n e  of (11) each of  t h e  sums runs  independently 

over d 1 1  o r b i t a l  l a b e l s  exc luding  

whenever tp 5 ff 

van i shes  due t o  t h e  p r o p o r t i o n a l i t y  of two columns of t h e  de te rminant ,  

Expanding d e t  wq )(.;*q*mrJ a s  the  sum of de te rminants  i s  a 

consequence of r e p e a t e d l y  apply ing  t h e  i d e n t i t y  

b u t  
t o % '  * * e  mr( F.1 

, t h e  p a r t i c u l a r  c o n t r i b u t i o n  
, p # 

i '' 
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Now us ing  t h i s  i d e n t i t y  i n  the  sense of going f rom r ~ g h t  t o  l e f t ,  w e  

can c o n t r a c t  t he  second expansion appearing i n  ( 1 1 ~ ~ 9  t c  owe 

determinant  : 

0 
4 

a 

The s i n g l e  determinant  which resul ts  from these  opera t ions  i s  m a s t  

s imply descr ibed  as the  determinant of t h a t  mat r ix  cons t rxc ted  by 

d ;  th 
and r ep lac ing  the  rh row of tne  7 t ak ing  [y!!*dphJ, **e Fp **-p.] 

' &  "Ir tl 
column b y a  (p?.., (pt(x;) where the  index t 
l a b e l s  except  w) 

assumes a l l  o r b i t a l  

. s i n c e  { ~ ; 3  form a complete 
t t ' l  

1 )  2 , * *"WN 
orthonormal s e t  of o r b i t a l s ,  w e  f ind,  according t o  the  c l o s u r e  

proper ty ,  t h a t  

However, when (14) i s  i n s e r t e d  i n t o  (13), of t he  N teres . ~ C ~ " u r i i n g  

.- 

* e w d q  need be kept ,  s i n c e  only  they would give r i s e  

t o  non-vanishing c o n t r i b u t i o n s  i f  t h e  r e s u l t i n g  determinant  were 

expanded i n  the  fash ion  of (12) .  Therefore ,  d e f i n i n g  



d 
w e  a r r i v e  a t  a compact formula fo r  S i n a n o g h ' s  c o r r e i a t r o n  t i c n s :  

The c o l l a p s e  of t h e  de te rminant  t o  a simple p r o d h c t  Ls  a ccnsequence 

of t h e  r equ i r ed  antisymmetry of yT+ x;j 
Although i t  appears t h a t  t h i s  r e s u l t  has  ,-r?Py 2 f.=rr:al rignif::ance 

s i n c e  t h e  e igenfunct ion  tFl,'~:---~i 
t h e  d e r i v a t i o n  of (16) and a l t e r n a t i v e l y  view this forrr.u2a as a 

s t a r t i n g  poin t  f o r  t h e  a n a l y s i s  of a given trial wave fi lcztson 

i n t o  i t s  c o r r e l a t i o n  f u n c t i o n  components 

seen  i n  t h i s  s p i r i t  Eq. (16) simply provides  a amev5a. t  more e l egan t  

formula t ion  of t h e  technique proposed by Sinan$ilil I r  might prove 

i s  not LeFawn, we m y  bypzss  
CI 

d 

%? rb 
WheE urnjt=.. w)jh 

3 

i n t e r e s t i n g  t o  apply  t h i s  a n a l y s i s  t o  va r ious  p r o p c s e d  t r i a l  wave 



. .  

- 

3 

6 7,,3 func t ions ,  e .g .  sp in-pro jec ted  Hartree-Fock or  ;'astrow c o r r e l a t e d  

wave func t ions .  

These c o r r e l a t i o n  func t ions  a r e  i n t e r r e l a t e d  wirh  the elements 

of o t h e r  methods f o r  a t t a c k i n g  the many-body problem, I n  p a r t i c u l a r ,  

w e  s h a l l  s e e  t h a t  the  exac t  c o r r e l a t i o n  func t ions  serve  t o  de f ine  the  

s o l u t i o n s  of a h i e ra rchy  of coupled equat ions  considered by  B r e n i g  

Brout , Nesbet , and Kumar . We s h a l l  c a l l  t hese  s o l u t i o n s  

" c o r r e l a t i o n  amp l i t u d e s  ". 

9 

10 11 12 

I n  add i t ion ,  a s e t  of t r i a l  c o r r e l a t i o n  

func t ions  may be used t o  de f ine  a s e t  of t r i a l  c o r r e l a t i o n  amplitudes 

which p l ay  a key r o l e  i n  t h e  c l u s t e r  expansion developmenrs of  

Iwamoto and Yamada and Clark and Westhaus. 14 8,15 

We d e f i n e  t h e  c o r r e l a t i o n  amplitude by analogy 

r) wi th  S inanoglu ' s  decomposition ( 2 )  i n  func t ions  

v i a  (16).  (Here w e  understand 
rc. 

derived from 

PK u w##.., )q 
t o  be  e i t h e r  t he  exac t  o r  a t r i a l  wave f u n c t i o n . )  Thus w e  w r i t e  

h 

with (%,)2= Q(h) 

Then upon e x p l i c i t l y  i n s e r t i n g  (16)  and c o l l e c t i n g  terms, we o b t a i n  

a ve ry  simple express ion  f o r  t he  c o r r e l a t i o n  ampli tude:  
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~ 

P l  

(Here w e  have used t h e  f a c t  t h a t  t h e  product of an a p p r o p r i a t e l y  s igned 

p a r t i c l e  permutat ion opera tor  with t h e  ant isymmetr izer  aga in  genera tes  4th). ) 
Thus, when t h e  opera tor  J W a l , )  i s  appl ied  t o  t h e s e  bracke ts  

t h e  f i n a l  l i n e  i n  (18) fol lows immediately. Aside from a normaliza- 

t i o n  f a c t o r  t h e  c o r r e l a t i o n  amplitudes - q C f ,  * -  - - wJ: def ined  i n  

terms of S inanoz lu ' s  c o r r e l a t i o n  func t ions  a r e  equ iva len t  t o  those  

found, fo r  ins tance ,  i n  t h e  work 0 5  Primas 5 and Kumar, 1 2  

I f  vk i s  t h e  s o l u t i o n  of (l), a h i e r a r c h y  of coupled 
ew 

i n t e g r o - d i f f e r e n t i a l  equat ions  i s  s a t i s f i e d  by t h e  c o r r e l a t i o n  

ampli tudes obtained wi th  Sinanoglu 's  c o r r e l a t i o n  func t ions .  A 
W 

somewhat d i f f e r e n t  form of t h e s e  equat ions  than  t h a t  developed by 

Kumar i s  found by observing 



12 

Here w e  have appealed t o  the  Hermi t i c i ty  of  i n  order  t o  w r i t e  

Henceforth we s h a l l  assume t h a t  t he  p e r t u r b a t i o n  may be w r i t t e n  

as t h e  symmetric sum of ve loc i ty- independent ,  two-body ope ra to r s  

Vc;j 1 so  t h a t  i n  gene ra l  



1 3  

w i t h  AE 
o r b i t a l  e n e r g i e s  

t h e  d i f f e r e n c e  between t h e  exac t  e igenvalue  and t h e  

(Obvious modi f ica t ions  i n  t h e  form of (21) a r e  obtained fo r  those  

s p e c i f i c  c a s e s  wi th  h. = 1 , Xul= N-1 , = hd ( c f .  Eq. ( 2 3 ) ) . )  

E q .  

ampli tude v$x!:: e;: save  fo r  t h e  coupl ing  through the  p e r t u r b a t i o n  

t o  a l l  (9 -j- I 1- and (yj. 2)- p a r t i c l e  c o r r e l a t i o n  ampli tudes 

w i t h  sets of i n d i c e s  con ta in ing  {wj ,  e 
a r e  aN - 1 

(21)  resembles  a Schrgdinger equat ion  for  t h e  n - p a r t i c l e  

It 

mjc;% as  a s u b s e t  There 

such coupled equat ions ,  t h e  N - p a r t i c l e  equa t ion  

- being  t h e  SchrGdinger equat ion  for  

An expres s ion  f o r  t h e  exac t  energy E fo l lows  d i r e c t l y  upon 

c o n s i d e r a t i o n  of t h e  equa t ion  f o r  
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(23) 

Using t h e  f a c t  t h a t  fo r  any s e t  of 

which con ta ins  t h e  given index , 
939 I i n d i c e s ,  W 

% Jow4 
'z 

mul t ip ly ing  (23)  from t h e  l e f t - b y  *- ( g d j  and  i n t e g r a t i n g  v-0 

625) 
P Note t h a t  we have F i t t e n - ,  bf/. r % I t  tr,+f, 5v;B.hbO) 

Thus, a s  i s  well-known, onl? t h e  one and two p a r t i c l e  c o r r e l a t i o n  

amplitudes are. e x p l i c i t l y  r equ i r ed  t o  e v a l u a t e  t h e  energy;  of 

course ,  they i n  t u r n  depend v i a  E q s .  (21)  upon the  many-body 

c o r r e l a t i o n  amplitudes.  ~ 

-4 The poin t  t o  be emphasized h e r e  i s  t h a t  w i th  S inaaog lu ' s  

c o r r e l a t i o n  amplitudes a s  def ined  i n  (17)  s a t i s f y i n g  ( 2 1 ) ,  c e r t a i n  

approximations upon t h i s  h i e r a r c h y  of  equat ions  immediately gene ra t e  

t h e  corresponding two p a r t i c l e  func t ions  examined by S inanog l~ i .  Thus,  

I 

c4 

c 



:5 

t h e  o r i g i n  of h i s  "exact p a i r "  equation and "bethe-GQldst:Ee- I r k ' ' "  

equa t ion  becomes c l e a r e r .  L A l s o  important IS t h e  r ea lnza t ion  t k a t  

t h e  YmJ,wj= 
which s a t i s f y  (21) and the  e n t i r e  Many-Electron theo ry  car,,  i n  f a c t ,  

be e q u i v a l e n t l y  formulated i n  terms o f  t hese  amplitudes as  opposed 

a r e  simply a s u b s e t  of the c o r z e l a r l o n  anaplltuaes 

t o  the  c o r r e l a t i o n  func t ions  We s h a l l  r e t u r n  t o  

t h e s e  cons ide ra t ions  l a t e r .  

Let us now po in t  out  t h a t ,  i n  c o n t r a s t  t o  ( X ) ,  even were w e  

t o  have a l l  t he  exac t  c o r r e l a t i o n  amplitudes,  t h e  f a c t o r - c l u s t e r -  

15 
decomposition proposed by Clark  and Westhaus 

expec ta t ion  va lue  of ).I 

f o r  expanding the  

9 

s t i  11 con ta ins  exp l i c i t  ly many-par t i c  l e  c c r r  e l a t  i ons The not at: I Q ~  

< ,.-. lip (4 ,-.. 4% > p 47 , denotes a par t icLl lar  a c & i n a t l o r L  

chosen from t h e  s e t  Tt, e o-"f e 
O f  P indices 

When 14 .. . ll{z TI ,p ,aea  N!, the  nota t ior ,  assclmes t h e  a b b r e v i a t e d  

form . B r i e f l y  we r e c a l l  t h a t  



. .  
16 

and 

with and given r e s p e c t i v e l y  by the  

quo t i e n t  s 

and 

I f  t h e  occupied o r b i t a l s  a r e  ehosen s e l f - c o n s i s t e n t  i n  t h e  

t i )  = 0 s o  t h a t  
' v i  

Brueckner sense,  i . e .  

then  w e  have 
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and thus every one-indexed vanishes .  On the  o the r  handp 

i f  (29)  does not  hold -- e.g.  i f  the  

on ly  i n  t h e  Hartree-Fock sense - then a s  a consequence of (27), (28),, and 

(23 )  we ob ta in  the  formal expression 

y ? ;  a r e  s e l f - c o n s i s t e n t  

which e x p l i c i t l y  con ta ins  the  sought-for energy v i a  (22) .  Whether 

or n o t  (29)  ho lds ,  however, s i n c e  the  exac t  )b-body c o r r e l a t i o n  
# 

a l s o  2 *J: ***)\/., 
ampli tudes are assumed t o  be known, the  remaining 

may be expressed i n  terms of and q u a n t i t i e s  which eontarn  

n e i t h e r  t h e  s i n g l e - p a r t i c  le energ ies  

e x p l i c i t l y .  To see t h i s ,  aga in  d i r e c t l y  from (28)  and 

nor the  opera tor  h (,) 



. .  
18 

When t h i s  r e s u l t  i s  i n s e r t e d  i n t o  the  second equat ion  of (27),  t h e  

sum of t he  s i n g l e  p a r t i c l e  ene rg ie s  vanishes  and, i n  gener81, 1 5  

one ob ta ins  



Clea r ly ,  t h e r e  i s  no reason  t o  suspect t h e  vanish ing  of such e 
h 

19 

These manipulat ions,  i n  which knowledge of  t h e  exac t  c c r r e l a t i o n  

ampli tudes has  been assumed, a r e  purely formal and have only served. 

L G  i n d i c a t e  t h e  e x p l i c i t  presence of many-body terms i n  the  cluster .  

expansion of CH) even i n  t h i s  i d e a l  s i t u a t i o n .  We now poin t  ou t ,  

however, an  approxfmation t o  ( "> based upon sr.mning a l l  t he  terms 

i n  (26) with y or  l e s s  ind ices .  For the moment w e  aga in  assame 

t h a t  t he  exac t  c o r r e l a t i o n  a m p l i t u d e s  a r e  known. We see from ( 2 2 )  

and (26) t h a t  r \ C  2 % %,..a and hence €or a 

" v  t h  order  approximation" we w r i t e  

rs 

w'' dJ(**Jh> i. 

(34) 

Regrouping t h e  he terms which occur e x p l i c f t l y  i n  every  2, -"w.~, 
31 3 

w e  see t h a t  

s o  t h a t  u s ing  t h e  combanator ia l  ana lys i s  r e s u l t ,  . 

w e  a r r i v e  a t  an  approximate expression f o r  A6 



Here: s o l e l y  i n  terms of t h e  o r b i t a l s ,  c o r r e l a t i o n  smFl i t l J . des ,  aad 

of course ,  i t  i s  r equ i r ed  t h a t  o<<N - ,t < s  p r c p s s e 2  :Par 

s u b s t f t u t i n g  t h o u g h t f u l l y  chosen t r i a l  forr-s  fc r  t h e  r c s r e l a t  :mi 

amplitudes i n  (38)  may provide p r a c t i c a l  n e a w  ,-f ~ ~ r 1 y f 2 g  3-t thls 

approximation t o  a f r u i t f u l  conclus ion .  

The c o r r e l a t i o n  amplitude ~ ~ K o , ~ , ]  m y  t e  i s sked  ~ p 3 1  -3 

n%*-d% 
more a c c u r a t e l y  d e p i c t i n g  t h e  d i s t r i b u t i o n  of fwa ;a.rt;:ies w?iL:hj 

i n  t h e  independent p a r t i c l e  approximation, occupy o r b i t a l s  and 

. L e t  u s  cons ider  an e f f e c t i v e  Hs~r;tnor~n kiiic;., a t  

l e a s t  i n t u i t i v e l y ,  governs t h e  motion ef  t h e s e  ~ W ~ S  p a r t i c ; e s  a d  

consequently genera tes  approximate s o l u t i o n s  f o r  y ~ we shall 
$4 1% 

f ind  t h a t  with t h e  most s t r a igh t fo rward  form f o r  t h i s  e f f e c t f v e  

Hamiltonian a v a r i a t i o n  performed upon the  terms t h r o u g h  sere .4 order  



2 1  

15 w i n  t h e  f ac to r  c lus te r -expans ion  ( 2 6 )  leads ?o S5ndnag lu ' s  "extict- 

p a i r "  equat ions . Thus we w i l l  see the  eqqJfvalence o f  t5e  Piagy-Eiectron- 

Theory and the  f a c t o r  c l u s t e r  expansrow Enplaying the v a r f a t i o n s l  

p r i n c i p l e  wi th  o ther  t runca ted  ciusrrer expansions gener 5 t e s  f w t h e r  

approximations t o  t h e  "exact pa i r "  theory.  l a  par t ; cu la r ,  we s h a l l  

d i scover  the  connect ion between the Iwanoto-Yamada c l u s t e r  forna l i sm 

and Sinanoglu ' s  Bethe-Goldstone-like p a i r s .  I n  d l i  rhese c l u s t e r  

expansion formalisms, however, it i s  the c o r r e l a t i o n  srrq9iitssdes 

2 

I L  

J 

which p l ay  the  

t o  a s s i g n  some 

perhaps t o  say 

%J -J; - * WJ aa a s  opposed t o  t h e  e o r r e  l a  t i,ar, f unc  t E@ns 

c e n t r a l  r o l e .  It appears  t o  be r n t s r t i v e i y  simrller 

phys i ca l  s t a t u s  t o  t h e  f o r g e r  c v a - : t t t - ~ e s ,  ax6 thus  

something s i g n i f i c a n t  concern ing  t h e i r  t ~ n s f e r  fronB 

one molecular spec ie s  t o  another .  

We now s p e c i a l i z e  t o  t h e  ease i n  which t h e  Independent -par t ic le  

model i s  cons t ruc t ed  according t o  t h e  Hartree-Fock scheme s o  t h a t  t he  

o r b i t a l s  s a t i s f y  

10,17 
Here, fo l lowing  t h e  remarks of Gel le r ,  Taylor ,  azld -hvFne, we 

. d e f i n e  t h e  non-local  p o t e n t i a l  

( S O )  
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where i n  terms of t he  usua l  Coulonb and en::ha-ige c p e r d t - x a  of r i a r t r e e -  

Fock theory  

and 

" 1 Q I  
Now focusing on o r b i t a l s  

Fock model w e  ask  what e f f e c t i v e  Hamiltonian may be cc?nstr . icted t c  

apprcdximate more r e a l i s t i c a l l y  the  motion of  the " e l o ~ t r o ; a s ' ~  

occupying these  o r b i t a l s .  We propose t h e  f0%lmfi71ng H a x i  Itori;an 

which, i n  add i t ion  t o  t h e  mutual Coulomb r e p u l s i o n  o f  the e l e c t r o n s  

i n  t h e  chosen o r b i t a l s ,  inc ludes  t h e  e f f e c t t v e  i n t e r a c t s o n  of each 

of t hese  two e l e c t r o n s  wi th  t h e  "background" p a r t i c l e s :  

The one-body ope ra to r s  appearing i n  the  second g rcup  of ternas 

approximate t h e  e f f e c t i v e  i n t e r a c t i o n  of each chesen e l e c t r a c  w i t h  

t he  background a s  t h e  d i f f e r e n c e  between t h e  t o t d l  Hartree-Fock 

p o t e n t i a l  and t h a t  p a r t  con t r ibu ted  b y  quasiparticles occupying 

o r b i t a l s  9 and m. . (Notice t h a t  t h i s  l a t t e r  term i s  
dl 3% 

def ined  t o  be  i n  accord wi th  the  Hartree-Fock p o t e n t i a l  of (Teller 



d3 Jb s a t i s f i e s  

( S 3 )  

i n  (17). More t o  t h e  p o i n t  of  t h e  p r e s e r - t  C' - : ; : '~S:~G,  hcdever,  iJe 

e xpans ion ,  

Har t r ee  Fock opera to r .  This  is, cf  c m r s e ,  no t  neiessarq ( . . I  ( 3 0 ) !  



. .  
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bu t  it may prove convenient as explained i n  the  €cilot,-t¶g paragraph, 

Thus, i n  general ,  t o  use t h e  f a c t o r  c l u s t e r  expars ien  thracgh second 

order  w e  need 

(45 8 

and 

We s h a l l  assume i n  t h e  forthcoming discussion. ,  however, t h a t  t h e  

one-body c o r r e l a t i o n  func t ions  are n e g l i g i b l y  s m a l l  t h r o z g h o u t  a l l  
A- 

1 I * 
spacz , s o  t h a t  

i n  accordance wi th  (27)  the  one-index c l u s t e r  SntegraLs 2, 

= - (9*y and thus ,  b e c a u ~ e ~ d g , ~ ? ~ ~ ~ ,  54, ~ C J  =8 
bl JI Wf 4, $ 8  Q b  

v~i-iish,  
Q J  

L e t  us  b r i e f l y  take  t i m e  t o  note  t h a t  a l though t h e  oae- and 

two-body e f f e c t i v e  Hamiltonians depend e x p l i c i t l y  upon the 

corresponding Hartree-Fock o r b i t a l s  under c o n s i d e r a t i  7:~ and thtis ~ K E  

very  much unl ike  t h e  ope ra to r s  proposed p rev ious ly  the f t x t o r -  
15 

c lus t e r - fo rma l i sm proceeds i n  the  same fash ion  a s  be fo re .  This i s  

because t h e  f a c t o r  - c l u s t e r  decomposition - l i k e  a l l  c l u s t e r  

decompositions - l eads  t o  an  expansion f o r  t h e  expec ta t ion  va lue  D€ 

an opera tor  5 
i n ' s ) .  

e f f e c t i v e  Hamiltonians i n  the  manner of (42) w e  would o b t a i n  

which, i f  completely summed, r e s u l t s  i d e n t i c a l l y  

Thus, were w e  t o  cont inue  t o  d e f i n e  s ta te -dependent  
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: H ( l , - . .  N 1 
i n  which t h e  N-pa r t i c l e  e f f e c t i v e  Hamiltonian i s  i d e n t i c a l l y  t h e  

given Hamiltonian, t h e  e 'xpectat ion value of  which with r e s p e c t  t o  
N N vz,---xN) i s  the s o l e  su rv iv ing  term i n  the  

ry 

completely summed c l u s t e r  expans ion 
N 

I n s e r t i n g  # ( I  2 )  and vdkxz) a s  defin.ed above i n t o  (44)  389, J k  J% 
and a f t e r  regrouping t h e  terms i n  t h e  e f f e c t i v e  Hamiltonian t ak ing  

advantage of t h e  f a c t  t h a t  
- 

We f i n d  t h a t  
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(43 ) 

L e t  us now add and s u b t r a c t  the d i f f e r e n c e  Setwee: t.lQe C ~ ~ ~ . , ~ r r w  j n c :  

. 



where i n  t h e  terminology of Gel le r ,  Tay lo r ,  and Levine 

Then, s i n c e  

w e  have s imply  
7 7  

- -  
e - 

c l u s t e r  expansion w e  o b t a i n  

(53) 
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where, i n  t he  f i n a l  express ion ,  we recognize t h a t  the  sum of tercr.5 

i n  square bracke ts  i n  the  in te rmedia te  equat ion  i s  the Hartree-Pock 

energy. To correspond wi th  S inanozlu ' s  n o t a t i o n  we have def ined  

The form of (54) i s  s i m i l a r  t o  t h a t  of t he  corresponding 

express ion  i n  S inanoglu ' s  "exact p a i r "  theory.  However an importazlt 

d i s t i n c t i o n  e x i s t s .  I n  a r r i v i n g  a t  (53) we have nowhere invoked t h e  

so -ca l l ed  s t rong  o r thogona l i ty  condi t ions. ,  

To avoid the "Nightmare of inner  she l l s " ,  t hese  eondi t ions  rrrist be 

imposed upon t r i a l  c o r r e l a t i o n  func t ions  ; they  a r e  un fo r tuna te ly ,  

a source  of g r e a t  complexity i n  p r a c t i c a l  c a l c u l a t i o n s  as a t t e s t e d  

by Ge l l e r ,  Taylor ,  and Levine i n  t h e i r  a p p l i c a t i o n  of Many-Electren- 

Theory t o  Be. When t h e s e  condi t ions  a r e  imposed, we f ind  t h a t  the 

denominator i n  (54) becomes 

1 

17 

and then  the two approaches are s t r i c t l y  i d e n t i c a l :  The c o r r e l a t i o n  

func t ions ,  or equ iva len t ly ,  t he  c o r r e l a t i o n  amp l i t  udes bahich r e s u  it 

upon minimizing t h e  above t runca ted  f a c t o r  c l u s t e r  expansion + e m  by 

. 



4 ,  
term a r e  the  same a s  those which emerge v i a  S icanog lu ' s  p c s e d u r e .  

On t h e  o the r  hand the  f a c t  t h a t  the former nzethod T e a I t s  i n  t n e  

U same form as  Sinanoglu 's  without  t he  i n p o s i t i o n  of  ( 5 5 )  szggest !t)&t 

ane should not  c a r r y  out  an  u n r e s t r i c t e d  v a r i a t i o n a l  i a l z c l a t i o n  upon 

t h e  t runca ted  f a c t o r  c l u s t e r  expansion i n  t h e  rnaq e l e c t r c ?  proSlerr, 

A s i m i l a r  conclus ion  would appear t o  be v a l i d  i n  3sir.g t h i s  ~ e r h o d  

t o  c o n s t r u c t  a theory  of f i n i t e  n u c l e i ,  18 

Thus we s e e  t h a t  t h e  r e s u l t s  of  Sinanozlcn's Many-Electron- 

Theory can be equ iva len t ly  obtained wi th in  the frarr-ework cf t h e  

c o r r e l a t i o n  amplitudes and the  f a c t o r  c l u s t e r  expansisn,  The l a t t e r  

approach i s  e a s i l y  ( i n  p r i n c i p l e )  extended t o  REgher order  throdgh 
w 

15 
.-a ValJh" t he  i n t r o d u c t i o n  of h - p a r t i c l e  c o r r e l a t i o n  amplitudes 

d 

The few-body c o r r e l a t i o n  amplitudes,  say 4 3 :, p l a y  an -es sen t i a l  

r o l e  i n  t h i s  formulat ion and thus  supplant  the  c o r r e l a t i o n  func t i cns  

P 

h, ... "m i n  cons ide r ing  such ques t ions  a s  the  t r e n s f e r a i i l i t y  of 
Gwgi Jlr 

e n t i r e  r eg ions  of e l e c t r o n s  from one molecule t o  another .  

To examine t h e  s i g n i f i c a n c e  of  t he  norrnal izat icn f a c t o r s  

<$:.+cii/#ij +g9>let us cons ider  t he  Iwamoto-Yamads, (IY) c l u s t e r  
J 

f o r  ma 1 i s m .  8' 14' 15' Once aga in  assuming t h a t  the o ~ e - b c 3 y  

c o r r e l a t i o n  func t ions  can  be neglected and r e t e i n i n g  explicitly cnly  

those  second order  terms which a r e  l i n e a r  i n  the  I Y  clvJrter i n t e g r a l s ,  
b 

we can approximate t h e  expec ta t ion  va lue  $of t he  HaniLltonFan by 
c 

. 



Under t h e s e  assumptions, i t  t u r n s  out  t h a t  

him J 
s o  t h a t  performing the  same manipulat ions wi th  39;yad. K 
which led t o  (53), w e  o b t a i n  

wi th  

( 6 0 )  
The f i r s t  term i s  simply the  numerator of  the corresponding term 

i n  (53). The second i s  e s s e n t i a l l y  a normal iza t ion  c o r r e c t i o n  t o  

t h e  t runca ted  Iwamoto-Yamada expansion, Indeed, i t  fcl l .aws 

15 immediately from the  order  by order  equivalence of  t h e  factor and 

t h e  Iwamoto-Yamada c l u s t e r  expansionsand the  s t r u c t u r e  of 3.9, w; - 
J a s  seen  i n  (58) t h a t  t h e  r o l e  of the  remaining second order  terms 
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invo lv ing  higher  powers of the  I Y  c l u s t e r  'LntegraPs 2s s i m p i y  t o  

i nco rpora t e  a l l  t h e  second order  normal iza t ion  e f f e c t s  possessed 

by t h e  denominators i n  (54 ) .  

When t h e  s t r o n g  o r thogona l i ty  cond i t ions  a r e  in?pDsed t h e  second 

term i n  (60) i s  0 ((6 lGw,h,)). Neglect ing a l l  such terms 
-I-* 

' J *  ' J  
occur ing  i n  h i s  denominators,  Sinanoglu has  a r r ived  a t  an a p p r o x i -  

mation t o  h i s  "exact p a i r s "  which he terms "Bethe-Goldstone-like 

pa i r s " .  Clear ly ,  by Employing t h e  I Y  c l u s t e r  e x p a m i o r  t runca ted  a s  2 

i n  (57) and then  neg lec t ing  t e r m s o  (6 , , h e / G 9 i y j ) ~  we a r r ive  a t  an 

i d e n t i c a l  r e s u l t .  Thus, t he  v a r i a t i o n a l  pr i r rc ip le  appl led  t o  t h e  
.I 

t runca ted  energy express ion  

V 
a l s o  y i e l d s  S inanoglu ' s  Bethe-Goldstone-like equat ions  f o r  t h e  

approximate two-body c o r r e l a t i o n  ampli tudes,  Another theory  of 

c o r r e l a t e d  wave func t ions  which, through " t h i r d  order",  Leads t o  a 

r e s u l t  s i m i l a r  t o  (61) i n  t h a t  the  denominator i n  ( 5 4 )  is rep laced  

by u n i t y  has  r e c e n t l y  been given by S t e i n e r  20 It might  5e p;.inted 

out  t h a t  wi thout  imposing t h e  s t r o n g  Or thogonal i ty  conditio?-is an 

u n r e s t r i c t e d  v a r i a t i o n  upon each of t he  
rrd 

c 

i n  (61)  can lead [%mj 
r t o  i n f i n i t e l y  nega t ive  ene rg ie s .  This  c a t a s t r o p h i c  r e s u l t  was f i r s t  

21 poin ted  out  by Emery i n  connect ion wi th  t h e  nuc lear  mattes binding 

energy problem. A similar  d i f f i c u l t y  was a l s o  found by  S t e i n e r  i n  22 

c a l c u l a t i o n s  on Be.  The r e s o l u t i o n  of t h i s  d i f f i c u l t y  i n  the iuc l ea r  
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mat ter  problem was obta ined  by imposing r e s t r i c t i o n s  upon the t r i a l .  

c o r r e l a t i o n  func t ion;  one of t he  most common r e s t r i c t i o n s  imposed 

has  r e c e n t l y  been shown by Clark23 t o  inc lude  the  s t r o n g  o r thogona l i ty  

cond i t ions .  

These cons ide ra t ions  i n d i c a t e  t h e  c l o s e  connect ion between t h e  

v c l u s t e r  expansion formalisms and Sinanoglu ' s  Many-Electron Theory. 

It i s  hoped t h a t  t h e  emphasis placed upon the c o r r e l a t i m  ampli tudes 

a s  opposed t o  the  c o r r e l a t i o n  func t ions  w i l l  b r i n g  about a c l e a r e r  

phys i ca l  i n s i g h t  i n t o  atomic and molecular processes ,  Numerical 

work on t h e  c o r r e l a t i o n  problem w i t h i n  the  c l u s t e r  expansion 

formalisms should g e t  under way i n  the  near f u t u r e .  
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