APPROXIMATING 3D RADIATIVE TRANSFER IN CLOUDS WITH DIFFUSION THEORYAnthony B. DavisLos Alamos National Laboratory, Space & Remote Sensing Sciences Group (NIS-2)Los Alamos, NM 87545, USA.Zheng QuUniversity of Colorado, Cooperative Institute for Research in Environmental Studies (CIRES)Boulder, Co 80309, USA.Abstract: We overview diffusion theory as applied to shortwave radiation transport in clouds forthe benefit of the Intercomparison of 3D Radiation Codes (I3RC) community. Partial results forthe square-wave cloud model are offered in illustration and we argue that, for applications such ascloud modeling, the price in accuracy is offset by the inherent efficiency of diffusion methods.1. Introduction and OutlineThere is no easy and general solution to 3D radiative transfer problems in dense clouds.Straightforward Monte Carlo (MC) methods are quick to implement but have well-documentedlimitations. More advanced MC approaches like �local estimation� have more flexibility butrequire more care. All MC methods are slow to converge and can never give a complete solution inphoton phase-space. Explicit solutions can provide the comprehensive information sometimesrequired about the radiance field and they converge faster but their implementation is even moretime-consuming. If this situation was not frustrating enough, computational radiative transferhardly ever offers any real insight into the �dynamics� of cloud-radiation interaction. Under thesecircumstances, it is no surprise that practitioners have sought relief in photon diffusion theory sincethe most early forays into 3D radiative transfer [e.g., Giovanelli, 1959]. It is indeed relatively easyto encode, has extremely fast convergence, analytical solutions are possible in some cases, evensome general results, a vast �culture� is inherited from statistical physics, hydrology andengineering applications, it incorporates the intuitive appeal of random-walk theory, and so on.In the next section, we set up the general albedo problem of interest to the I3RC studygroup, we define the quantities of interest in I3RC that are primarily based on radiance fieldssampled at the boundaries, and we describe the independent-pixel approximation or �IPA� which isas far as plane-parallel theory will go to help 3D radiative transfer and is therefore the main point ofreference for I3RC. In section 3, we survey photon diffusion theory starting from the basicequations, their derivation from first principles and their interpretation in terms of random walks,standard techniques to overcome their limitations, their numerical implementation, specific resultsfor the I3RC square-wave cloud model (Case #1), analytical solutions and insights into 3Dradiation transport in clouds. Finally, we summarize and look at applications in section 4.2. Elements of Three-Dimensional Radiative Transfer Theory2.1 Setting up the General 3D Albedo ProblemWe are given an open three-dimensional domain M = (0,Lx)~(0,Ly)~(0,Lz) representingan optical medium with spatially variable extinction s(r) where we denote r = (x,y,z)T, superscript�T� meaning transpose. We assume here that the single-scattering albedo v0 is spatially uniformand similarly for the phase function p(W¥W�) where W(�) is the unit-vector indicating propagationdirection after (before) a scattering event. We wish to solve the monochromatic integro-differentialradiative transfer equation (RTE) [Chandrasekhar, 1950]W¥�I = —s(r)I(r,W) + v0s(r)�p(W�¥W)I(r,W)dW� + S(r,W)(1)for I(r,W) where ||W|| = �‘‘‘W2 = �‘‘‘‘W¥W = 1 and r ˛

M which designates the �closure� of the openset M (for the present purposes, this means �M and its boundary set ¶M�). The last term in Eq.(1), S(r,W), represents internal sources. In the neutron transport community, Eq. (1) is known asthe one-group linear transport equation.

We will represent the unit vector W = (Wx,Wy,Wz)T in polar coordinates q = cos—1m and j;so Wx = cosj�‘‘‘‘1—m2, Wy = sinj�‘‘‘‘1—m2, and Wz = m. The phase function is assumed azimuthallysymmetric and normalized so that �p(W�¥W)dW = 1 where W�¥W = ms is the cosine of the scatteringangle, thus dW = 2pdms. Physically, this means the scatterers are either spherical (like clouddroplets) or randomly oriented. Extinction s(r), also assumed independent of direction ofpropagation, is related to the photon mean free path (MFP) l(r) = 1/s(r) which, importantly, is alocal quantity in 3D radiative transfer. These optical properties are dependent on the density ofscatterers and their cross-sections for scattering and absorption, appropriately averaged over thedroplet population. Similarly, v0 and p(ms) are related to the population-averaged differentialcross-section for scattering; an important parameter of the phase function is the mean value of msor asymmetry factor g = 2p�msp(ms)dms, of considerable importance further on.The solution we seek is uniquely determined as soon as we specify S(r,W) and theboundary conditions (BCs) for I(r,W) on ¶M =

M\M. In the I3RC study, we are interested in so-called �albedo� problems where S(r,W) ” 0 in Eq. (1) and q0 = cos—1m0 is the solar zenith angle(j0 = p in I3RC conventions): for (x,y)T ˛ (0,Lx)~(0,Ly), we setI(x,y,Lz,W) = F0d(W+W0), Wz < 0, (2a)where F0 is the solar constant, andI(x,y,0,W) = 0, Wz > 0,(2b)in absence of surface reflection. Horizontally, we use cyclical BCs: for (y,z)T ˛ (0,Ly)~(0,Lz),I(Lx,y,z,W) = I(0,y,z,W), "W,(2c)and similarly in (0,Lx)~(0,Lz). Figure 1 illustrates the geometry and notations. �

�

�(0,0,0)(Lx

x, L y ,0) ( L x , L z ) z y x qj—W

—W0 for zenith sun W ( q , j ) = (sin j ,sin q sin j ,cos q ) j 0

where the latter term is the �direct� (or �non-scattered� or �un-collided�) component withr0(r,W0) = r + W0s0, s0 = (Lz—z)/W0z(4)being the piercing point at the upper (illuminated) boundary, z = Lz, for the solar beam reaching r.As it appears in Eq. (3), we also need to define the non-dimensional quantity t(r;r�) = �0||r�—r||s(r+s[(r�—r)/||r�—r||])ds(5)as the optical distance between two points in

M. In this re-formulation, we set I(x,y,Lz,W) = 0 inthe upper BC in (2a) and, in the RTE (1), we use the following internal source term:S(r,W) = s(r)F0exp[—t(r;r0(r,W0))]v0p(—W¥W0)(6)which describes solar-beam penetration to point r followed by a single scattering from —W0 to W.TWO REMARKS:a. Formal Solution of RTE. In absence on scattering (v0 = 0), the 3D RTE in (1) is integrable inclosed form:I(r,W) = �0s¶M(r,W)S(r—sW,W)exp[—t(r—sW;r)]ds(7)where s¶M(r,W) defines the boundary piercing point for the beam arriving at r in direction Wwhich can be computed as in Eq. (4) for the solar beam. Note that W in (7) is clearly more like aparameter, indice, or label for the radiance field than an independent variable. This no-scatteringassumption is often justifiable in thermal IR and microwave spectral regions where, furthermore,S(r,W) is simply (1—v0)s(r) times Planck�s function. In this example, S(r,W) is isotropic, i.e.,does not depend explicitly on W.As an example of a non-isotropic source term, using (6) in (7) leads to the 1st-orderscattering approximation of the solution of the RTE which is often used for optically thin media,i.e., optical distances in (5) are generally small. Equation (7) thus acquires meaning for the I3RCcases where 0 < v0˚£ 1 too, but the optical distances are generally large so the 1st-order scatteringapproximation fails and the diffusion approximation described in ⁄3 becomes more accurate.Finally, one can interpret S(r,W) in (7) as the (W-integral) multiple scattering source term in theRTE (1). Equation (7) is then called the �formal solution� of the RTE.b. Expansion in Spherical Harmonics. As soon as v0˚> 0, the integro-differential RTE in (1) is,mathematically speaking, equivalent to an infinite system of coupled 1st-order partial differentialequations (PDEs). Form this standpoint, the spatial variable r is independent while the angularvariable W determines the label of dependent variable I, the coefficients of the PDEs, and theirrespective BCs. The complexity of this situation can be greatly reduced by noting that the angularcoupling in (1) is actually a convolution product of p(W �¥W ) and I(r,W ) in the sphericalcoordinates of W, so the angular coupling is simply tri-diagonal for the spherical-harmonicdecompositions of p(W�¥W) and I(r,W), respectively, pl and Ilm(r) with l ‡ 0 (|m| £ l).The first two spherical harmonics have a special significance: at l = 0, we find a scalarmeasure of radiant energy (or photon) densityJ(r) = �I(r,W)dW;(8)at l = 1 (m = —1,0,1), we find the radiant energy flux vectorF(r) = �WI(r,W)dW.(9)Radiant energy conservation is expressed by�¥F + (1—v0)s(r)J(r) = 0,(10)obtained simply by integrating over all angles the RTE in (1) when S(r,W) ” 0; if this is not thecase, a source term appears on the r.h. side of (10).

2.2 Definitions of 2D Radiance-Related Quantities Relevant to I3RC In I3RC — Phase 1, we are interested primarily in the �escaping� radiance fields, namely,pI(x,y,Lz,W) / m0F0 with Wz ‡ 0, (11a)pI(x,y,0,W) / m0F0 with Wz £ 0, (11b)for (x,y)T ˛ (0,Lx)~(0,Ly), respectively for reflected and transmitted radiation. The quantities areexpressed here in non-dimensional �bi-directional reflection distribution function� (BRDF) units asa ratio of radiance I to m0F0/p, i.e., the radiance from a perfect Lambertian reflector.In radiant energy budget applications, one is interested in normalized hemi-spherical fluxesat boundaries:R(x,y) = �Wz‡0˚WzI(x,y,Lz,W)dW / m0F0,(12a)T(x,y) = �Wz£0˚|Wz|I(x,y,0,W)dW˚/˚m0F0,(12b)which are respectively the reflectance (or albedo) and transmittance fields. Note that, if the direct-diffuse separation in (3) is invoked, then directly transmitted contributions are required in Eqs.(11b), (12b), and (10).Another local quantity of interest is (true) column absorption,A(x,y) = (1—v0)�0Lz˚s(r)J(r)dz / m0F0 = —�0Lz�¥F(r)dz˚/˚m0F0,(13)where —�¥F(r) is proportional to the local solar heating rate. �Apparent� column absorption,Aapp(x,y) = 1 — R(x,y) — T(x,y) = [—Fz(x,y,Lz)+Fz(x,y,0)] / m0F0,(14)is also worth looking at. The quantity in Eq. (14) can characteristically be inferred from theradiation sampled as it escapes from the upper and lower cloud boundaries whereas its counterpartin Eq. (13) calls for internal radiation fields that are not as easy to measure or to compute. It istherefore important to investigate the difference between the apparent and true column absorptionswhich is equal to the vertically-integrated horizontal flux divergence (normalized by m0F0):H(x,y) = 1 — [R(x,y) + T(x,y)] — A(x,y) = �0Lz˚[¶xFx+¶yFy]dz / m0F0,(15)using the divergence theorem to cancel the z-integral of ¶zFz. Note that in typical 3D geometries Hcan be quite small, especially when averaged over some horizontal area, because of cancellationeffects in the vertical and horizontal integrations. In general, none of its non-negative components(A, R, T) or its signed ones (Aapp, Fx, Fy) are small by any standard of comparison such as m0F0.Because of the cyclic horizontal BCs in Eq. (2c), the integral of (15) over (0,Lx)~(0,Ly)vanishes identically. This is expected, simply to conserve total incoming radiant energy over theentire computational domain:A + R + T (absorbed or escaped) = 1 (incoming from above),(16a)whereF = �F(x,y)dxdy/LxLy (16b)for F = A,R,T. It is reasonable to assume there exists such an averaging scale in real cloud/surfacesystems as well and this is the basic premise in ARESE-type experiments; see an account of theobservations by Valero et al. [1997] and simulations by Marshak et al. [1997].2.3 The Independent Pixel Approximation (IPA) to 3D Radiative TransferAlthough it is insufficient to describe the 3D structure of a real cloud, often all that isavailable from remote sensing data (cf. I3RC �Landsat� case) or in simple stochastic models (such as bounded cascades [Cahalan et al., 1994a]) is the optical depth as a function of position in thehorizontal plane, i.e.,t*(x,y) = t(x,y,0;x,y,Lz)(17)from Eq. (5) for (x,y)T ˛ (0,Lx)~(0,Ly). In the IPA, all horizontal derivatives are explicitlyignored in Eq. (1), so the standard change of variables dt(z) = s(z)dz can be made, holding (x,y)constant. Therefore t*(x,y) is all that is needed to obtain I(r,W) = I(t*(x,y);z,W) and all therequired quantities in (11—13) using any plane-parallel computational model. Notice that the whole(x,y) dependence in I is now collapsed into the single parameter t*. In contrast, the I3RC study isfocused entirely on deviations from the IPA, locally and over the entire (x,y)-domain whichCahalan et al. [1994b] call the �IPA bias.�Since horizontal derivatives are set to zero in the IPA, Eq. (15) for H(x,y) vanishesidentically. There is no difference between A and Aapp: true column absorption can be reliablyinferred from boundary quantities alone. Looking back at Eqs. (16a—b), this does not implyhowever that a single IPA (plane-parallel) computation works at scales large enough for (16a—b) toapply, only that lateral boundary effects can be neglected in the domain-average energy balanceequation. However, the IPA has a good chance of working when many plane-parallelcomputations are averaged over the (x,y)-variability [Cahalan et al., 1994a]. This in turn does notimply that IPA predictions for radiative processes on smaller scales (e.g., local heating ratesrequired in numerical simulations of cloud dynamics) are adequate because of the above-mentionedcancellation effects.3. The Diffusion or �P1� Approximation3.1 Diffusion BasicsThe most direct route to diffusion theory is to complement the exact law of radiant energy(or photon number) conservation in Eq. (10) with a so-called constitutive equation that links theflux F back to the density J. This is precisely the role of Fick�s law of diffusion:F(r) = —D(r)�J(18)where D(r) is local radiative diffusivity, adopting units where the velocity of light c = 1. Moregenerally, F = —D�U where U = J/c is radiant energy density and the units of D are length2/time.Fick�s law was actually formulated for particles with mass and associated with the expression ofmass conservation (in the so-called continuity equation). Equation (18) is also an analog ofFourier�s famous law of heat conduction (complementing the energy conservation equation) orOhm�s law (and charge conservation) or Darcy�s law of incompressible flow in porous media (andagain conservation of fluid mass), and so on. There are many situations were diffusion laws arise.By substitution of (18) into Eq. (10), we now have a steady-state 3D diffusion problem(2nd-order elliptical PDE) to solve for J(r):[—�¥D(r)� + (1—v0)s(r)]J = 0,(19)a considerable simplification over the 3D RTE. This scheme was first proposed by Eddington[1916] as a closure of the hierarchy of equations corresponding to the successive W-moments ofthe RTE. The 0th-order moment of (1) yields Eq. (10); along with Eddington�s closurehypothesis, the 1st-order equation leads to an important expression for diffusivity in terms ofknown quantities:D(r) = 1/[3(1—v0g)s(r)].(20)At least three other routes have been charted from radiative transfer theory to diffusion:¥1st-order truncation in a spherical harmonic expansion, hence the name �P1� approximationused by some authors [e.g., Case and Zweifel, 1967];¥through asymptotic radiative transfer theory [van de Hulst, 1980] leading to (18) and (20), thelatter with higher-order correction terms if necessary;¥through discrete-angle radiative transfer, where a formal choice of a phase-function parameteris used [Lovejoy at al., 1990].

However, none of these alternatives conveys the physical meaning of the photon diffusionassumption in Eqs. (18) and (20), namely, that the photon�s �transport� MFPlt(r) = 3D(r) = [(1—v0g)s(r)]—1 = l(r)/(1—v0g)(21a)is small with respect to the outer dimensions of the system (i.e., cloud thickness Lz), and possiblyeven all the scales of s/D-variability down to the grid constants li (i = x,y,z) [Davis et al., 1998].Indeed, the conceptual model here is that the optical medium is so dense that photons aretransported via convoluted random (drunkards�) walks with each �step,� on the order of lt, smallwith respect to Lz. This contrasts strongly with the idea of photons in quasi-ballistic streamingmotion through a semi-transparent medium. Note that the stated limitation on the s-variability canbe overcome by allowing for �anomalous� photon diffusion [Davis and Marshak, 1997], whichdoes not at present have a complete mathematical description.If we adopt Eq. (19) to describe photon transport, then the simple physical random-walkpicture applies exactly only to situations where v0 = 1, i.e., the second term in (19) vanishesidentically. In presence of absorption (v0 < 1), there is another important length scale in diffusiontheory, the (local) �diffusion� length defined as the square-root of the ratio of the two coefficientsin (19), namely,Ld(r) = �‘‘‘‘‘‘‘‘‘‘‘‘‘D(r)/(1—v0)s(r) = l(r)/[3(1—v0)(1—v0g)]1/2.(21b)In radiative transfer terminology, this random-walk picture we have conjured up meansthat, collectively, the angular distribution of photons I(r,W) is almost everywhere amenable torepresentation by a scalar term J(r) and a vector term F(r); more specifically, we have:I(r,W) » [J(r)+3W¥F(r)]/4p.(22)The �almost� qualifier is important here because this approximation will certainly to break down at(even just near) the open boundaries of the medium, z = 0 and Lz in the slab geometry consideredin I3RC, and possibly at internal �boundaries� too where the local extinction value becomes toosmall (lt increases beyond, say, Lz). As absorption increases with (1—v0), we can anticipate moredifficulties for diffusion/random-walk theory when Ld(r) in (21b) becomes comparable to andeventually smaller than lt(r) in (21a), even in absence of boundaries. In other words, the non-dimensional quantity 3(1—v0)/(1—v0g) reaches and exceeds O(1) values which occurs when v0 <2/(3—g) » 0.93 for g » 0.85 (the canonical value for dense boundary-layer clouds).3.2 BCs in Diffusion Theory and Escaping FluxesBoundaries and BCs are a mathematical as well as a physical complication in radiativediffusion theory, unlike in its aforementioned thermal, electrical and hydrological analogs. Indeed,neither �potential� (J) nor �current� (n¥F where n is the normal unit-vector at the boundary point)are imposed. These would lead respectively to Dirichlet or von Neumann BCs. Instead, the z-axisBCs in Eqs. (2a) and (2b) can only be approximated by mixed or Robin BCs [e.g., Case andZweifel, 1967]: 12

[1—clt(r)¶z]J(r)|z=Lz = 1,(23a)adopting radiance units where m0F0 = 1, and 12

[1+clt(r)¶z]J(r)|z=0 = 0.(23b)In the above, c is an O(1) numerical factor that determines the local extrapolation length clt(x,y)that is generally determined by matching in some respect exact calculations. For instance, theMilne problem (which pertains to very opaque media), suggests c = 0.7104 whereas Eq. (22)predicts 2/3 and asymptotic arguments for tenuous media lead to 4/3.The reflected and transmitted flux fields of interest in I3RC, Eqs. (16a—b), are given by:R(x,y) = 12

[1+clt(r)¶z]J(r)|z=0 = J(x,y,Lz)—1,(24a)T(x,y) = 12

[1—clt(r)¶z]J(r)|z=0 = J(x,y,0),(24b)

using (23a—b) while (13) can be applied directly to obtain A(x,y) from the local rate of absorption:—�¥F = (1—v0)s(r)J(r)(24c)from (10). Note that m0 has vanished entirely from the problem, meaning that this formulation isequivalent to modeling a diffuse source at the upper boundary, a limitation to be lifted shortly.3.3 Enhancements to Diffusion TheoryBecause we are trying to represent with Eq. (22) a radiance field that is not everywhere thatsmooth in W-space, the separation of direct and diffuse components in Eq. (3) leads not to anequivalent formulation as for the RTE but to an actual improvement in diffusion theory. So J(r)now models only the diffuse component of the radiation field. Using Eq. (6) for S(r,W) to re-derive (10) from (1) by W-integration of each term, we find the PDE to be solved is now[—�¥D(r)� + (1—v0)s(r)]J = v0s(r)F0exp[—t(r;r0(r,W0))].(25)As for BCs, the r.h. side of (23a) is now set to 0, and the �—1� is dropped from (24a) for localreflectance. Finally, a direct component exp[—t(x,y,0;r0(x,y,0,W0))] is added to the transmittancefield in (24b). In particular, this improved formulation restores the important dependence on m0.By the same token, it is advantageous to add a d-component to the phase function toemulate the quasi-forward streaming of light due to the diffraction peak in Mie-type scattering.Following Joseph et al. [1976], we takep(ms) = fd(1—ms) + (1—f)[1+3g�ms],(26) henceg� = (g—f)/(1—f).(27)Single-scattering albedo is rescaled asv0� = v0(1—f)/(1—v0f),(28)and the extinction field ass�(r) = (1—v0f)s(r).(29)This is the basis of the d-Eddington approximation where it is customary to set f = g2. We thussolve the PDE in (25) with homogeneous BCs using the new coefficients. We note however thatneither absorptivity (1—v0)s(r) nor diffusivity D(r) on the l.h. side of (25) change under themappings in Eqs. (27—29), nor does lt(x,y) in the BCs expressed in (23a—b). The only changesare in v0s(r) and t(r;r0(r,W0)) that appear in the internal source term on the r.h. side of (25): theyare respectively rescaled by (1—f) and (1—v0f), and we recall that t(r;r0(r,W0)) also appears in thedirect transmission term that is now required in addition to (24b) for local transmittance. Becauseof the exponential function in (25), this rescaling has non-trivial consequences on J(r).Being entirely based on the scalar- and vector-flux quantities in Eqs. (8—9), diffusiontheoretical methods do not naturally yield radiance fields I(r,W). However, one can use thediffusion solution to approximate the W-integral (multiple-scattering source) term in the RTE fromEq. (22) with the phase function in (26) or a more realistic one, then use the formal solution of theRTE in Eq. (7) to obtain radiances anywhere. This procedure is known in the neutron transportliterature as �long-characteristics.� From there, hemi-spherical boundary fluxes in Eqs. (12a—b),already estimated using Eqs. (24a—b), can then be re-evaluated by standard angular quadraturerules to obtain improved agreement with detailed RTE solutions.3.4 Numerical ImplementationNumerical solution of a scalar PDE such as (19) or (25) poses no particular problem or,rather, it has been extensively studied due to the many applications in statistical physics partiallylisted above and the numerous engineering problems associated with these. Many efficient androbust methods have this been developed for regular grids (including MC-like methods using�particles� with quite different propagation rules than photons) as well as unstructured meshes (forfinite element approaches). Qu [1999] has developed a full-multigrid solver for Eq. (25) with avariety of lateral BCs, including cyclical, and he has implemented the long-characteristics procedure in his Eddington Delta-approximation in 3 Dimensions model (ED3D). Figure 2 showsED3D output for the local reflectance and transmittance fields for the square-wave cloud model.

0.00.20.40.60.81.000.10.20.30.40.5

T@0�

R@0�

T@60

R@60

T(x), R(x)x (km)Figure 2: Diffusion Solutions for the Square-Wave Cloud Model (I3RC case #1). T(x) andR(x) results for both zenith and 60� sun problems are plotted for the absorbing case (v0 = 0.99).3.5 Analytical ResultsWe are not aware of an analytical solution of the square-wave cloud problem in radiativediffusion theory. However, the plane-parallel �sine-wave� cloud problem has been worked out[Weinman and Swartztrauber, 1968] as well as several isolated cloud problems: finite cylinders[Barkstrom and Arduini, 1977]; cuboids [Davies, 1978] which are, in a sense, one half-oscillationin the train of square waves; and spheres [Davis, 1992], both full and hollow.The problem set-up in Eqs. (19) and (23a,b) is simple enough that at least one general 3Dresult can be derived, so far, only for slab geometry with v0 = 1. Indeed, Davis et al. [1998]relate the relative change in domain-average albedo, dR/R where R is obtained as in (16b), is to thegiven fluctuation in extinction ds(r) relative to the 3D domain-average extinction,Æsæ = �s(x,y,z)dxdydz/LxLyLz,(30)and the resulting perturbation in vertical flux normalized by its incoming counterpart, dFz(r)/m0F0.More precisely, the authors show that—dRR

= 1Æsæm0F0

�ds(r)dFz(r)dr/LxLyLz.(31)In other words, dR is proportional to the spatial cross-correlation function of s(r) and Fz(r).Furthermore, they prove that dR is always negative. The only requirement in the derivation is thatthe spatial integral of ds(r) vanishes which, recalling that s is proportional to scattering particledensity, is equivalent to a mass conservation constraint. This establishes that, at least underillumination conditions symmetric enough to be represented by (23a), albedo is decreased nomatter how the density of scatterers is redistributed in the 3D volume. For instance, if this 3Ddensity redistribution is such that it leaves column integrals (local optical depth) invariant, the IPApredicts no change in radiative quantities but 3D diffusion theory does and the IPA bias alwayslowers the domain-average albedo. The general result in Eq. (31) can be used as a numericalbenchmark for any radiative diffusion code that yields internal fields.4. Summary and OutlookWe have surveyed the mathematical and physical technicalities of photon diffusion theoryand its background in radiative transfer theory, emphasizing the nature of the approximation aswell as the benefits it offers over computational radiative transfer. In the context of I3RC which isinterested in dense clouds, the most notable advantage of diffusion is the extreme numericalefficiency of some common implementations which more than offsets the inherent loss of accuracywith respect to Monte Carlo or explicit methods of solving the radiative transfer equation.

Three-dimensional diffusion-based codes are likely to find applications in the short term inthe dynamical cloud modeling community. Indeed, computer time is more important than highaccuracy in the required solar heating rates when running Large-Eddy Simulation (LES) codes,given that their current shortwave radiation parameterizations totally neglect horizontal fluxes inspite of the effort to resolve intricate 3D cloud structure. This is a much rougher approximationthan 3D diffusion versus 3D radiative transfer that can lead to significant biases in the local energybudget estimations, on the order of the horizontal flux values. These fluxes are generally not smallwith respect to the incoming broadband flux.ReferencesBarkstrom, B. R., and R. F. Arduini, 1977: The Effect of Finite Size of Clouds upon the VisualAlbedo of the Earth, in Radiation in the Atmosphere, Ed. H.—J. Bolle, Science Press,Princeton (NJ), pp. 188—190.Cahalan, R.F., W. Ridgway, W.J. Wiscombe, T.L. Bell, and J.B. Snider, 1994a: The albedo offractal stratocumulus clouds, J. Atmos. Sci., 51, 2434—2455.Cahalan, R.F., W. Ridgway, W.J. Wiscombe, S. Gollmer, and Harshvardhan, 1994b:Independent pixel and Monte Carlo estimates of stratocumulus albedo, J. Atmos. Sci., 51,3776—3790.Case, K. M., and P. F. Zweifel, 1967: Linear Transport Theory, Addison—Wesley Publ. Co.,Reading (Mass).Chandrasekhar, S., 1950: Radiative Transfer, Oxford University Press, reprint by Dover, 1960,New York (NY).Davies, R., 1978: The effect of finite geometry on the three-dimensional transfer of solarirradiance in clouds, J. Atmos. Sci., 35, 1712—1725.Davis, A., 1992: Radiation Transport in Scale-Invariant Optical Media, Ph.D. Thesis, McGillUniversity, Physics Department, Montreal (Canada).Davis, A., and A. Marshak, 1997: L�vy Kinetics in Slab Geometry: Scaling of TransmissionProbability, in Fractal Frontiers, Eds. M. M. Novak and T. G. Dewey, World Scientific,Singapore, pp. 63—72.Davis, A., A. Marshak, R. F. Cahalan, and W. J. Wiscombe, 1998: Insight into three-dimensional radiation transport processes from diffusion theory, with applications to theatmosphere, in Proceedings of International Symposium on Radiative Transfer, 1997, Eds.P. Men�uc and F. Arinc, Begell House Publ., New York (NY), pp. 111-139.Eddington, A. S., 1916: On the Radiative Equilibrium of Stars, Mon. Not. Roy. Ast. Soc., 77,16—35.Giovanelli, R. G., 1959: Radiative Transfer in Non-Uniform Media, Aust. J. Phys., 12, 164—170.Joseph, J. H., W. J. Wiscombe, and J. A. Weinman, 1976: The delta-Eddington approximationfor radiative flux transfer, J. Atmos. Sci., 33, 2452—2459.Lovejoy, S., A. Davis, P. Gabriel, G. L. Austin, and D. Schertzer, 1990: Discrete angle radiativetransfer, Part 1 — Scaling, similarity, universality and diffusion, J. Geophys. Res., 95,11699—11715.Marshak, A., A. Davis, W. J. Wiscombe, and R. F. Cahalan, 1997: Inhomogeneity effects oncloud shortwave absorption measurements: Two-aircraft simulations, J. Geophys. Res.,102, 16619—16637.Qu, Z., 1999: On the transmission of ultraviolet radiation in horizontally inhomogeneousatmospheres: A three-dimensional approach based on the delta-Eddington�s approximation,Ph.D. Thesis, University of Chicago, Department of Geophysical Sciences, Chicago (Il).van de Hulst, H.C., 1980: Multiple Light Scattering: Tables, Formulas, and Applications,Academic Press, San Diego (Ca).Valero, F., A. Bucholtz, B. Bush, S. Pope, W. Collins, P. Flatau, A. Strawa, and W. Gore,1997: Atmospheric Radiation Measurements Enhanced Shortwave Experiment (ARESE):Experimental and Data Details, J. Geophys. Res., 102, 29929-29937.Weinman, J. A., and P. N. Swartztrauber, 1968: Albedo of a striated medium of isotropicallyscattering particles, J. Atmos. Sci., 25, 497—501.