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CLASSICAL EIGHTH- AND LOWER-ORDER
RUNGE-KUTTA-NYSTROM FORMULAS WITH STEPSIZE CONTROL
FOR SPECIAL SECOND-ORDER DIFFERENTIAL EQUATIONS

INTRODUCTION

In earlier reports [1], [2], [3] the author derived and listed Runge-Kutta
formulas with stepsize control for first-order differential equations.
Although second-order differential equations can be converted to first-
order differential equations by introducing the first derivatives as new
variables, this amounts to an increased computational effort, since we
then have to deal with twice as many differential equations as in the origi-
nal second-order problem. Therefore, the direct Runge-Kutta integration
of second-order differential equations without conversion to first-order
equations might be preferable. Direct Runge-Kutta formulas for second-
order differential equations were first published by E. J. NYSTROM [4].
We therefore refer in this report to such direct Runge-Kutta formulas for
second-order differential equations as Runge-Kutta-Nystrom (RKN)
formulas.

In this report we restrict ourselves to a special class of second-order
{(vector) differential equations,

x = 1(t,x) (1)

which do not contain the first derivative % on the right-hand side. Such
special second-order differential equations are frequently encountered in
mechanics and physics.

The derivation of the equations of condition for the Runge ~Kutta -Nystrom
coefficients is much simpler and easier for the special equations (1) than
for the general equations which would also contain the first derivatives

x on the right-hand side.

Similar to the Runge-Kutta formulas of our earlier reports [1], [2], [3],
the Runge-Kutta-Nystrom formulas of this report include an automatic
stepsize control based on a complete coverage of the leading term of the
local truncation error in x. This coverage is achieved by one additional
evaluation of the differential equations. Each of our Runge-Kutta-Nystrom
formulas represents in fact a pair of integration formulas for x which differ



from one another by the one additional evaluation of the differential equa-
tions. The orders of these two formulas differ by 1. Therefore, the
difference of the formulas represents an approximation for the leading
term of the truncation error in x for the lower-order formula. By
requiring that this difference remain between preset limits, an auto-
matic stepsize control for the lower-order formula can be established.

SECTION I. EIGHTH-ORDER FORMULA RKN 8(9)

For the sake of brevity in the derivation of the formulas, let us consider
in the following a system of two second-order differential equations:

= f(t,x,y)

ST)

(2)
= g(t,x,y)

<1

Our results, however, will hold, in a quite obvious way, for a system of
any number of second-order differential equations. We introduce

fo = f(tg, xp, yo)

k-1
; 2.0
f;( : f(t0+aKh’ x0+X0aKh+h L ’)K)\f)\’
A=0
(3)

k-1
4 AN r
Yo +y0aKh *h Z yf{)ﬁ”‘)
A=0
(K:w 192,---311)

and corresponding expressions for the second equation (2).

For any « the sum of the coefficients Yr (A=0,1, ..., k- 1) is re-

lated to ozK by:

2, (4)
K

g
§<
S
>
1]
NSRS
R

as can easily be seen by a Taylor expansion of the x- or y- argument of
fK in (3).



For an eighth-order Runge-Kutta-Nystrom formula with stepsize con-
trol we then require

10
_ . 2 ¥ 9
X =Xg+ %Xh + h LchK+0(h)
k=0
11
R=xg+ %h+ 1 - ) & f +o(ni") (5)
k=0
10
. x . \" - 9
= Xq + ) +
Xx=X+h" /) CKfK 0(h*)
k=0
with
A
¢c =¢ fork=0,1,2,...,9
K K
Co= 0 (8)
A
C11= Cq0

and corresponding formulas for the solution of the second differential
equation (2). In (3) and (5) the quantities ty, X,, Yo, Xq, ¥p are the
initial values for the integration step under consideration, while h
stands for the integration stepsize.

As in our earlier report [ 2], we require that the last evaluation of the
differential equation can be taken over as first evaluation for the next
step, thereby reducing the number of evaluations per step by one. By

this requirement, the coefficients Yi1n and @y are determined:

Y110 = Co» Y111 = C1» Y12 =C2 » .-+ 5 Y1110 = Cq0o ¥gy = 1. (7)

Our problem then consists in finding the Runge-Kutta-Nystrom coef-
ficients aK, Y ? cK, c'K so that the right-hand sides of (5) are really

eighth- or ninth- order approximations of x or X. By expanding in Taylor
series the solution of (2) as well as the right-hand sides of (5) and



equating the corresponding terms in both series, equations of condition
for these coefficients can be obtained.

We first expand the solution x, y of (2) in a (truncated) Taylor series:

(1)

10 XO
l}
x:x0+21 " h
e (8)
10 yo(u) )
y :yo-* E V! h L]
v=1

using equations (2) and their derivatives for the computation of the total

derivatives xo(u), y(,(u) in (8).

For the computation of the derivatives of (2) we introduce the differential
operator:

Obviously, the following rules hold for this operator:

D(e+y) = D(¢) 4+ D(y)
D(e- ) = ¢D(y) + D () (10)
pID™(¢)] = D" () 4 n[D“'iwxm- D“‘lwy) g]

The operators D*(¢), etc., are defined as symbolic powers of D:

ng) ;< 4 - X + .')2: / . X .
(@) PP X tﬂy y ('Dtt+2(ptx x+2<ﬂty y
+ @ .3(2+2g) c Xyt .572,

XX Xy yy

etc.

Observing the above rules, the total derivatives of x are obtainable
from (2). The resulting lengthy expressions for these derivatives are
somewhat shortened by the introduction of the following abbreviations:



{go(fx) y(f)} = go(fx) $(f) + ¢(fy) $(g) (11)

<olE ) Ul (D> =9 (L ) Uy(0) By () + (L ) [y, () Uy (g)
(12)

+Yy(g) P ()] + qo(fyy) ¥1(g) ¥, (g)

Extending (11) to the case that ¢ (f) is a product of two operators,
¥ (f) ={w,(fx) U, (£)}, we define,

{o(£) @(1) (D)) = @ EI WL ) iy (D) + 4,5 YalE)]
+ (p(fy) L1 (g,) ¥2(D) +¥4(g ) Y (g)]

and similarly for the case that $(f) in (11) is a product of more than two
operators.

In an obvious way, (12) can also be extended to the case of third- and

higher-order partial derivatives f , f , etc. In the case of a third-
XXX’ XXXX

order partial derivative we define:

<¢(fxxx) Dy (£) Yo (£) Y(£)D

= (p(fxxx) Py (£) Yo (f) ¢g(f)

+ w(fxxy) [9,(£) do(£) U5(g) + ¥y (£) %p(g) U (f) +¥1(g) Uy (£) Y5 (f)]
+ cp(fxyy) [,(£) ¥y (g) B3(g) + ¥1(g) () Y5(g) + ¥1(g) Y2 (g) Y3(f)]
+ (p(fyyy) ¥1(g) ¥ (g) ¥3(g)

and similarly for higher-order partial derivatives.

Using the abbreviations (11), (12), we obtain from (2) for the total
derivatives of x (always taken for t = ty):



1
X

v
X

vil

VHI
X

=f \

= D(f)

= ) + {f 1)
X

iy + 3{n )} + {t p(n)}
X X

) +6{DHE Y+ 3t 2> +4{D) D))}
X XX X

+

{[X D?(f)} +{fx{fxf}}

-_ . = 2
= DP([) 4 10{[)3(fx)f} + 15 <D(fxx)f >+ 10 {Dz(fx) D(f)}

+

0L D> +5 {D(fx) DA(f)} + 5 {D(fx) {1‘Xf}}
+{f DO} +3{f {D£)f}} +{t {t D(O))}}
X X X X X
= DS(f) + 15 {D(f )} + 45 < D2t ) 2>+ 20 {DP(f ) D(f)}
X XX X
+15<E o B>+ 60 <piE ) D)> + 15 {DA(E) DP(D)
~ 2 . = " 132
+ 15 {Dz(fx){fxf}} 10 <E D] >+ 1.)<rxxi D2(E)>
15 <t f{E 0> + 6 {D(E ) DP(f)} + 18 {D(f ) {p(t )1}}
- ?
se{p(t ) {t @)} +{r o0} +e{t {074 )1}

+3{r <t £>1}+aff {Dt) DO} +{t {f P(DO})

8

{1 {1 {10} _}

(13



X D (F) + 21 {1)"(1‘)()1‘} + 105 <n3(fxx)f2> + 35{1)“(fx) D(f)}
105 DU D>+ 200 KDHE )E DU + 35 fra ) vt}
+35 {1)3(fx) {rxﬂ}+ 105<fxxx 2 D(f)> + W <D(fxx) [D) 12>
+ 105 <D JE DA + 105 KDIE ) p{E >+ 21 {Dz(fx) D (f)}
o3 (DAL ) (D) 1+ 20 {0P(E) {1, DD} + 350 () P (1>
+ 358 DN > 21 £ DO> + 63<E {pU >
v21e £ D>+ 7 {p) DD} + 42 {DUL) (P )1}
et )<L 2> ) + 28 {D(fx){D(fX)D(f)}} +7{D(0) {t (DO}
+7 {I)(fx) {fx{fxf}}}+ {fx D*(f)} + 10 {fX {D’(fx)f}}
v 15 {t <o >} + 10{f {DHE) DO} + 10{f <t fD>)
eafe toa) PN s {r Aot (e {t_{t_v*m)}

+ :«){fx {fx{n(fx)f}}} 4 {fx {fx {fx D(f)}}}

LA (E) + 28 {D“(fx)f} + 210 <D‘(fxx)f2> + 56 {DS(fX) D(f)}
F 420 LOHE P> + 560 <D D> + 70 {Dh(e ) D?(f)}
- 7<){D4(fx> {£ 0} + 105 <fxxxxt4> + 840 <D(fxxx)f2 D(f)>
+ 280 <D2(fxx) [D(f))2> + 420 <D2(fxx)f D*(f)> + 420 <D2(fxx)f{fxf}>

v 56 {D3(f ) DP(f)) + 168 {D3(f ){D (£ )f}} + 56 { D*(f_ ) {f D(f)}}
X X X X X

(13)
(con.)



+

+

+8{D(t ) {t D0} +24{D( ) {£ {DE)1}})

+

- 168 <D(fxx)f{fx D(f)} > + 28{[)2(fx) DA (f)}

2 2 2
280 <f £ ID(D)] > + 210 <t D?(£)> + 210 <f s {fxf}>\
2
280 <D(fxx) D(f) D2(f)> + 280<D(fxx) D(f) {fxf}>

. 3 - .
168 <D )T D (f)> + 504 <D(fxx)f{[)(tx)t}>

168 {D2(f ) {2t )O})} + sa {D*(f ) <& 2>}
X X X XX

112 {2 (£ ) {D(f ) D(D)}} + 28 {DI_)H{f D*(D)}}
X X X X

28 {Dz(fx) {fX {fxf}}} +56 <f_ D(D D (£)>

X , - 2
168 <1 D) {D(f )> +35 L (A0

70 <f DA (f) {fxf}> +56 <L D) {fx D(f)}> >

35 <fxx{ fxf}2> + 28 <fxxf DAH(E)> + 168 <fxxf {Dz(fx)f}>

84 LI _f <fxxt’2>> + 112<fxxf { D(f ) D(f)}>

28 <t _f{1 DD}> +28 <t r{f {f 0> +s{D(r) DD}
80 {D(fx) {D3(fx)f}} + 12(){D(fx) <D(fxx)f2>}

80 {D(fx) {Dz(fx) D(f)}} + 80{D (f )< _1D() >

40 {D(fx) {D(fx) DA (£)}} + 40 {D(fx) {D(fx) {fxf}}}

8 {D(fx) {fx{fx D(f)}}} + {fXDG(f)} + 15 {fx{ n‘(fx)f}} /

()
(con .)



+ 45 {1f_ <P D> ¥+ 20 {1 {D%¢£) D(f)}}

3
+15{t <t _ > } + 60 {fx <p(f_)f D> }

+

15 {fX{Dz(fX) DA(E)}} + 15{fx{D2(fx) {fxf}}}

+

2 ~
10 {1 <t _ [D(D)] >+t <t f D2 () }

(13)
15 {fx <fxxf{fxf}> Y+ 6 {fx{D(fX) D (f)}} (con.)

+

+

18 {fx{D(fx) {D(fx)f}}} + 6 {fx{D(fX) {t, D(f)}}}
w{r £ D)} + 6 {1 {f, {Dz(fx)f}}} + 3{f_ {t, <t > 13}
+a {1 {t {p(f) p(}}} + {1 {f {f, D*(f)}}}

w{t {1 {t {f,6}})

Corresponding expressions hold for the total derivatives of y.

6. Next, we have to expand (3) in a Taylor series. Let us list the result

for « = 1:
fy - £4D() agh+ 2 D20 o} nt+ 3 (19} o}l + ¢ DP (D) o} W

1 3.3, 1 44, 12 44
+5 {D(fx)f} o3 h +24D4(f) o4 b +4{D (f )1} o b

1 RV 515, 1 515
v 5 <E 2>t + oo Df (f) @ hd + 12{Dr’(fx)f} a3 h

(14)
1 2N o B + —— Db 6 16 4 L 6 16
s <D(fxx) f“> ajh + 755 D (f) ajh +48{D4(fx)f} af h

1 2 616, 1 3 6 1.6 1 7.7
* o <Dz(fxx)f> of bf + <t P> ait’+ 0D (f) @i h

1 7.1, 1 2N o7 pl 4 L 3 71T
+ 24O{D5(fx)f} ol h +48<D3(fxx)f >afh’+ 72 <D(fxxx)f >alh j



1

1
+ _—
40320

8 1.8 2 8 1,8
{Ds(fx)f}alh +Top <o P> afh

8 8 1.8
DHE) ey b+ s

1 1
4o <D2(fxxx)tﬁ> af hd IRl <fxxxxf4> ol nd

96
e 1
Because of (4), we replaced in (14) the coefficient Y40 by 3 o?

(4), we similarly eliminated Yo

L
(v=2, 3, ...) in the following expan-

(14)
(con.)

Using

sions for f f3 ... . We now list the expansion for f,. It consists of
similar terms as (14) which are obtained from (14) replacing o, by a,

and of additional terms. We list only these additional terms:

fo = ...+ {fxD(f)} (yqq cy) b3 + {D(fx) D(N)} @y (yyy ay) bt \

1 1
ty {fx DA(f)} (yy, &) bt 5 {fx {fxf}} (yqq @}) bt

{D“°(fx) D(f)} of (yy; @y) h5+—;{D(fX) D ()} ay (v2 @) b®

(SRS

1 1
+ E{D(fx) {fxf}} oy (yy; ad) h® +5 <fxxf D> af (yyy ay) h®

1 1
+e {fX DP(£)} (yy; @) h®+ > {fX{D(fX)f}} (yq; @%) h?

(15)
+€1'{D3(fx) D(f)} a3 (yyy ay) BE +ZI{D2(fx) D2(f)} of (yyy a?) hf >

1 1

t3 {Dz(fx) {fxf}} af (yyy %) b8 + > <D(fxx)-fD(f)> @3 (yy; ay) h®
1 1

*s {D(fx) DP(£)} ap (yqq @) h8+ E{D(fx) {D(fx)f}} ay (yy; od) he

1 1
+g <fXXf D) > of (yy a}) hé + L <t {fxf}> a3 (yqq a§) h®

#2 <L 1D (vyy )2 18 + 2 {£ DD gy o) 1S

24 "'x j

10




+—{t <f f’l>}<y21n1 ) b »-{f {? (£ M) (yqy of) RO

. 2 1 . .
»E{D‘fo) D)} af (yyy ryl)h‘+1—2{[)3 (1) P26} ol (y“aﬁ) h?
+ﬁ {D"’(fx){fxf}} o3 (ygy a%)hui(Dz(fxx)f D> af (ypy o)) b
+‘11_2{D'2 f) D)} o} (v 0/1)h7+—{D2 f ){D f}} @} (yyy a}) b

1 1 .
3 <D(fxx)f D2(£)> ad (y,, od)h"+ 7 <P )t {fxf} >a3 (yyy ad)h’
+ < <D ) LD 12> aplygy a)*h’ +— < 2 D> af (v, @b
1 , 1
1 1 3 :
13 {oe) {Dz(fx)f}} g (ygy P’ + St DP(6)> ad (vyy @d)h
! ‘1<fxx t{na )t}> o} (yyy Q)N +"‘<f ME) DAY Crpy @1 (ypy @) BT
+ é <f D(f) {t 1}> Yoq @p) (g @D +E—O'{f D (f)} (yyy @)W
1 1
vl <ol IE ) (v D + S e D)} (g @) K’

+m{nﬁ £) DD} a3 (yyy ag)h? +—~ {D‘(f ) D2(£)} ab (yy @) b

s LA ) o gy B0+ 5 KPUEIE D> of by ap?

1
+§1§ {p? () D ()} of (yyy ad) 1P * 0 {D’(fx) {D(fx)f}} 0 (yyy @}) b? )

(15)

(con.)

11



12

LR )T DD D> (g I + 5 PP T {E > 0f (9 @D
1

L L0() DDY 0] gy o) g (P (D)D) o gy 01

+ L) < 2>) o gy N 5 <D DT DD of (g

+Zl <D(fxx)f{1)(fx)f}> ad (yy; of)n?

+2 DU ) DU DHED> @y (g @) (g @) B°

+—; <D ) DU {E 11> o (yg @) (g o) b

+é <fxxx 2 D*(£)> af (v, a?) B

+ é <t .t {1 1> af (g af) 1 +§ <t o [DI) 12> a} (vyy ay)?h®

*Flo {D<fx) D°(f)} ay (ygy ai)hhiiz {D(f) (D1 )1} o (v €D

+-§ {D(fx) <D(fxx)f2>} g (ypq @b’ + i <t DAE)> of (v af)nd

¥ é <t f{DAE > af (yy ad)n® + Tlé <L £ <E D af (ry )

1
+5 <f, D) DD (rgg ) (yy @]E’

1
+5 <t D(D) {D(fx)f}> (yag @4) (yaq @) b8

1
ta <D2(fxx) [D(6))2 > o (yy; @;)%h8 *3 <D(fxxx)f2 D(f)> af (yy; ay)h®

(15)
con.)



1 1 .
e E RO o 0 4§ <G BO(,0> Oy D

1 1
+ §<fxx {fxf}2> (vg; )0’ + 720 {fx DE(£)} (yqy @)D

(15)
(con.)

+74'1—8{fx {D“(fx)f}} (yqq a$)H +1i6{fX <D2(fxx)f2> } (yyy a$)h®

1 6118
+ 48{fx <fxxxf"> } (yyy a$)h

Next, we list the expansion of f;. This expansion consists of terms simi-
lar to those of (14); these terms are obtained replacing a4 by o in (14).
Furthermore, f; contains terms similar to those of (15); these terms are

obtained replacing in (15) Q/ZV by a; and (yy a;/) by (vsq a;} + Y33 a:).
Finally, f; contains additional terms which do not appear in (14) or (15).
We now list these additional terms of f3:

\

fy oA dr DY) vap (ypg oI + {n(fx){rx DY) g - yar (yor @y hE
1 {fx{l)(fx) DY) s p (yaq b +§{fx {r D2(E))} vap (vgy @)n
+% fr {rx{rxt".-}} v (vay a0+ -;—{I)z(fx) fr_ D)} ad « yay (vay e
D) foU) DOt ag -3 @ (g o

&(16)

4

0o |

{D(fx) “x DR @+ vap (yzy @

a2y {t oY ag - vee (v ad) n
X X X

1
2

4 %<1' i {t D> of v (v @b’
XX X

“

+

o

N 14, . 9. 9
(f 4D (1) DO ya ad Cyora p b7+ 5 {E DY DIDH Gy (yze D) b
X X Z

13



14

+ % {fx {D(fx) {fxf}}} vsz @ (vgy @f)n' +é {fx <fxxf D(f)> } (v @}) (ypq @B
e 1007 (D)) v gy T+ (AL D)D) v (g o

+—;{fx{03(fx) DD} (yg o) (g @)n® + 3 {E {DF (1) D? (D)) gy o) (g 008
+§{fx {2 (fx){fxf}}} (ygp 03) (vy, B)H® +%{fx <ot )t DU D } (v o) (ygq aq)hd
+§{fx{n(fx) D (£)}) (vay @) (vgq IR +é{fx {D( ) {DE I} gy @) (g 2’
+ i {t <t fDP0>) (g af) (g b’ + i {1, <t L 0>Y (g o) Gy 0N
v {1 <L (DO Yyg Grag o) + o {1 {f, MDY} vy (g @’

+ 71 {t, {fx{Dz(fx)f}}} vag (ygq o)b® + é {t {r, <E > 1) vae by o)’

+ i DU {£,_ D> vy (rsg @1+ 752 @2) v ay)h?

+é i F{DIE) DINY> o} (v ay) (g ah®

+i <fxxf {fx DT> of - vy (g az,)h8+'i<fxxf{fx{fxf}}> of - vg (vaq @)B°

1
+E{D(fx) {Dz(fx) D(E)}} g (v 03) (vyy @Rt

+51{D(fx){D(fx) D2(6)}} ap Cyg ag) (rgy 0d)1?
1

+§{D(fx){D(fx) {fxf}}} oy (yge @) (yy @3B
1

+E{ D(f ) <fxfo(f)> Y ay (v ad) (yg a)h®

1 1
* E{D(fx) {fx DAE)}} o3 * vae (v an’ +E{D(fx) {fx {D(fx)f}}} ay + e (v of)nt

-

1 1
+E {Dz(fx) {D(fx) D(f)}} Q% (732 az) (721 11’1)h8+ Z {Dz(fx){fx Dz(f)}} CY§ Y32 (721 azl)hs )

(16)
(con.)



1
+ Z{Dz(fx) {fx {fxf}}} ab - v (e af)n’

(16)

1 3. 8
s <D IE {fx D(D}> of - v (o )M (con.)

1
+ E{Da(fx) {fx D(f)}} o3 - va2 (2 al)hg

Finally, we list the additional terms for f;:

fp =, F {fx {fx {fx DI} ves * vs2 (var @)W
+ {fx {D(fx){fX D(E)}}} (vas @3) vaz (Va4 a b’

+ {fX {fx {D(fx) DE)YYY vas (vaz @) (vgq )b’
(17

1

2 {e {n DO v+ e (g oD
1

*3 {fx {fx {fx {fxf}}}}m < gy (g )D?

+{D(f) {fx {fx D))} o vas vae (var @ 1) b

When proceeding to f;, ... , no more additional new terms for h® or
lower powers of h are obtained.

Formulas corresponding to (14), (15), (16), and (17) hold for gj, &,
g3, g&. In all these formulas, all functions on the right-hand side are
to be taken for t = tg.

7. Introducing the expressions for f;, fy, ... into (5) and comparing the
resulting expansion (5) term by term with the expansion (8), using the
values (13) for the total derivatives in (8), we obtain the equations of
condition for the Runge-Kutta-Nystrom coefficients as listed in Table 1.1

1. All tables are at the end of this report.

15
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The left-hand part of Table 1 represents the cquations of condition for
X, y as obtained from the expansions of (3) and the first (or first two)
equations (5); the right-hand part of Table 1 states the equations of
condition for X, y, as obtained from the expansion of (3) and the last
equation (5). TFor the right-hand part of Table 1, the weight factors
¢ of the table are to be replaced by the weight factors éK of the first

derivatives X, y. In thc marginal columns of Table 1, one finds listed
the h-power of the corresponding term in the Taylor expansions for X, y
(left-hand side) or X, y (right-hand side). These terms are listed in
the same order as in cquations (13). Somec of the cquations of condition
of Table 1 are duplicates or multiples of other ones and are marked by an
asterisk (*). When we consider the leading term of the local truncation
error, thesc duplicates must also be taken into account.

Later in this paper, we will refer to the equations of Table 1 by a Roman
numeral (I through X), indicating the h-power (left or right marginal
column in Table 1) to which the equation belongs and by an Arabic
numeral indicating its position in the block of the equations of the h-power
under consideration. For example, the last equation in Table 1 should be
referred to as (X, 72) or, if considered as an cquation with the weight
factors éK, as (IX, 72)°.

Equations (X, 1) through (X, 72) of Table 1 are required only as equa-
tions (IX, 1)  through (IX, 72)° for the local truncation error in X, .

We reduce the equations of condition of Table 1 by omitting the duplicate
or multiple equations (*) and by introducing, in addition to (6) and (7),
the following assumptions:

A . A . .
C;=C =06,=0, Cp=0Cy=0Cy=0,05=0C=03=0, ajp=agy =1 (18)
o 1.3
/ = —
Ya1 ¥y g 2
1 3
73101+732052:gﬁ3
1 3
Ya1 X1t Ve Qp T Vg3 X3= L 0y

(19)

o

|

Vi ¥t Vi Qpt Yy O3t o T Y490 Xg0 T



1
P 9 1
Ya1 a% v @2t Ve 5T T, af &

(20)

2 2 2, + wl oot ot
Yir @1 F vie @2t Yz @3t oo F Yoo 1075 T 1

1 \
3 3 1 5
Va1 @3 + vgp @3 + g3 05 = 20 Y4

3 3, R B S
Y51 01t Vs2 Qg V53 @3 T V54 Xy T 55 ¥5

1
3 3 3 .1 5
Vi @3+ i @3 F Vi3 O3 F o0t Vi o 20 0‘1y

Y101
C4')/41+CS'}/51+...+Cs‘)/91+C10 =0
Y11 .
(22)
Cq Vg + G5 Vset +++F Covgr T Cyo Vi1 =0
71011
c4a4y41+c5a5y51+...+c9019791+cm =0
’)/111[ (23)
- . - _
Gy @y Vag + C5 5 Y5y + =+ + Cg @9 Y1 T CpoY101= 0
2 2y Heeet Cq 08 Ygy + Cog Yigg =0
Cq Q4 Y41+ C5 @5 V51 9 g Y91 10 Y111 (24)

. . . 2 . _
¢y f vg, * G5 Q ygy ¥ ...t Cgagyer+ Crove01= 0

17



CyVaa P Cy¥sat .. FCyYaat Cpp Y =0 ]

(25)
Cq Va2 Cs¥set ...+ Cygyvga +t CypoYipe =0 [
Cy Va3 ¥ Cs¥s3t ... tFCoYayt Cppyyg =0
(26)
Cy Va3 ¥ Cs¥s3 + - .. T CyVazt CygYye3 = O
C5 Voa Yart Co (Ve Va1 Yes Vi) f ...t Cq (veg var to .. F Yos Va1) M
+ i (i e+ - F Y0 Y= 0
> (27)
C5 Ve Va1 T C (Yea Yart Yes Vs1) t oo+ Co (Vag Yar t oo F Yeg Yag)
+Cro (Vi Yar + - F Y09 Yaq) = 0_J

18

In the first equations (22) and (23), the upper line (o) holds for the
cighth-order formula and the lower line (yy;y) for the ninth-order formula.
Introducing these assumptions, we convert the necessary and sufficient equa-
tions of condition of Table 1 into a system of sufficient equations of condition
that can be solved in a relatively easy manner. In fact, these assumptions
transform the equations of Table 1 into several separate systems of linear
cquations for the cocfficients Yor
Let us now consider the reductions of the equations of Table 1 cffected by
the above assumptions. Assumptions (19) — together with the first
cquation (18) — lead to the following identities in Table 1:

\

I

(v, 3)=(v, 1), (VI, 4)= (VI, 1), (VII, 4)= (VII, 1)

(VIII, 4)=(VII, 1), (VIII, 9) = (VIII, 1), (IX, 4) = (IX, 1)

(X, 10) = (IX, 1), (X,4) = (X, 1), (X,11) = (X, 1) (28)

(X, 35) = (X,16), (X,61) (X,56) . )
Because of the identities (28) the equations (V, 3), (VI, 4), (VII, 4),
(VIII, 4), (VII, 9), (IX, 4), (IX, 10), (X, 4), (X, 11), (X,35), (X, 61),
and the corresponding equations in c'K can be omitted from Table 1.



Assumptions (20) — together with (19) and the first equation (18) — yield
the following identities in Table 1:

(VL 5)= (VI, 1), (VIL, 6)= (VIL, 1), (VIL, 7) = (VI 1), )
(VIIL, 19) = (VI 1), (X, 7) = (XX, 1), (IX, 16) = (IX, 1)
(IX, 25) = (IX, 24), (IX,32) = (IX, 30), (X, 7) = (X, 1), L (29)

(X, 20) = (X, 1), (X. 20 = (X, 28), (X, 33) = (X, 1)

(X, 48) = (X, 47), (X, 59) = (X, 58), (X, 71) = (X, 70) , )

eliminating equations (VI, 5), (VI, 6), (VIII, 7), (VII, 19), (IX, 7),
(IX, 16), (IX, 25), (IX, 32), (X, 7), (X, 20), (X, 29), (X, 33),
(X, 48), (X, 59), and (X, 71) from Table 1.

Assumptions (21), together with (19) and the first equation (18), lead to
the following identities:

(VII, 8) = (VII, 1), (VII, 12) = (VII, 1), (IX, 13) = (IX, 1),[

(30)
(X, 14) = (X, 1), (X, 31) = (X, 1), [

thereby eliminating equations (VII, 8), (VII, 12), (IX, 13), (X, 14)
and (X, 31) from Table 1.

Because of (7) and the first equations (18) and (22):

Y111 = Y101 = 0 (31)

Similarly because of (7) and (18):

'}/112 = 0, '}/“3 =0, (32)

19
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Therefore, we can omit the last term on the left-hand side of (22), (23),
and (24) and of the first equations (25) and (26). We can also omit the
last term on the left-hand side of the first equation (27) since (7) and the
first equation (22) hold.

From (22) and the previous assumptions, the following identities result:
(VII, 10) = (VII, 8), (VII, 18) = (VIII, 16),
(33)
(IX, 30) = (IX, 27), (X, 56) = (X, 53) ,

eliminating equations (VII, 10), (VIO, 18), (IX, 30), and (X, 56), from
Table 1.

Assumption (23) and previous assumptions lead to:

(VII, 14) = (VIII, 12), (IX, 24) = (IX, 21), (X, 46) = (X, 43), (34)
eliminating equations (VIII, 14), (IX, 24), and (X, 46) from Table 1.
By (24) and previous assumptions equations (IX, 15) and (X, 28) are
eliminated from Table 1 since they then become identical with (IX, 1)

and (X, 25), respectively.

Finally, assumptions (25) and (26), together with previous assumptions,
lead to the identity:

(IX, 34) = (IX, 27), (X, 64) = (X, 53), (

[}
(¥}
—

and assumption (27), together with previous assumptions, to:
(IX, 36) = (IX, 27), (X, 66) = (X, 53), (X, 70) = (X, 67), (36)

thus eliminating equations (IX, 34) (IX, 36), (X, 64), (X, 66), and
(X, 70) from Table 1.

Omitting in Table 1 all equations which are duplicates or multiples of other
ones or which can be eliminated by using the above assumptions, the table
reduces to the following equations:(II, 1), (IIf, 1), IV, 1), (V, 1), (VI, 1),
(VII, 1), (vi, 1), (IX, 1), (vOi, 15), (IX, 21), (IX, 27), which are
listed in this order in Table 2. To write the last three equations in a more
concise form, we introduced in Table 2 the abbreviation:



v v v

+ + ...t =P .
yp.lal YVuo @, yu,u—iau-i " (37)
The remaining equations in Table 1 which belong to ninth-order terms for
% will be considered later when dealing with the local truncation errors in

x and X.

In the ninth equation of Table 2, the upper line (Pyy) holds for the eighth-

1
order formula and the lower line (-:—3—6) for the ninth-order formula. From

the two lines of this equation, it follows that

1

Py = 30

must hold.

The equations of Table 2 have to be solved together with the assumptions
(19) through (27).

The first eight equations of Table 2 do not contain the coefficients Yer:
They represent linear equations for the weight factors c.or éK. By

solving these equations, we can express the weight factors by the aK's.

Next, we have to solve for the coeificients 'yK Obviously, equations

\
(22), (23), (24), and (27) are satisfied by

Va1 = Y51 = Yet = Y11= Ye1 = Ya1 = Y101 = Y111 = 0. (38)

The first equation (19) together with the first equation (20) leads to a
restrictive condition for ay:

1
a1:§ az. (39)

Similarly, the third equation (19), together with the third equation (20)
and the first equation (21), yields because of v,y = 0, the following re-
strictive condition for ay:

1 -3
oy == 0y 5ay - 3ay . (40)
5 2ag - Oy

21



The remaining cv{r‘s may be chosen arbitrarily. We tried to select these

o -values in such a way that the leading term of the truncation error be-

K

comes small for our Runge-Kutta-Nystrom formula.

The remaining coefficients Y n can easily be determined as follows: The

first cquation (19) yields yyq; the second cquation (19) and the second
equation (20) determine yg; and ys3. Since 44 = 0, from the third equation
(19) and the third equation (20) the coefficients v,, and Y43 can be obtained.
Because of y5y = 0 we can obtain the coefficients vgy, v53, and ygq from the
fourth equation (19}, the fourth equation (20), and the sccond equation
(21).

From the ninth and the tenth equations of Table 2, we can determine Pg,
Py, Py, and Py, since thesc equations are four linear equations for
these quantities (Pyy, Pgy being known already).

The fifth equation (19), the fifth equation (20), the third equation (21),
and Pgy, together with vy, = 0, yield the coefficients Ye2, Ve3» Yea» and ygs.

Since we have more coefficients v N than equations of condition, we may
K

set some of these coefficients equal to zero:

Y12 = Ye2 = Ve3 = Yim = 0. (41)
The coefficients yq3, v14, Y75, Y16 Can then be obtained from the sixth
cquation (19), the sixth equation (20), the fourth cquation (21), and Py,
Similarly, vg4, vgs, vsg,» and yg; are determined by the seventh equation
(19), the seventh equation (20), the fifth equation (21), and Pg,.

Next, we use the first equation (25) and the first equation (26) to find yy
and yg3. The first line of the last equation in Table 2 yields P,;. This
value Pyg, together with Py, the eighth equation (19), the eighth cquation
(20), and the sixth equation (21), determines the coefficients Yy, Vo5, Yogo
Yo7, and yg. Similarly, we use the second equations (25) and (26) to
compute vy and v;g. From the second line of the last equation in Table

2 we find Pyp5. Since y;y = 0, we can determine the remaining coefficients

1 . .
Y105+ Y106» Y107, Y108, and yiee from Pyg, Py (= ——), the ninth equation (19),
the ninth equation (20), and the seventh equation (21),



This concludes the computation of the coefficients Y since Y1

(A= 0, 1, 2, ..., 10) is given by (7), andyK0 (¢k =1, 2, ..., 11) can

be determined from (4).

Table 3 lists the coefficients of an eighth-order Runge-Kutta-Nystrom
formula RKN 8(9). The expression ’I‘Ex in Table 3 represents the

leading term of the local truncation error in x for our eighth-order
formula and is obtained as difference between the first and the second

formula (5).

In Table 4, the error coefficients for the leading truncation error term
and x and x are listed. If the error coefficients differ by a constant
numerical factor only, the coefficient with the largest factor is listed.
The product of the error coefficient and the corresponding expression
in the partial derivatives, as listed in (13), times h? is the actual con-
tribution to the leading truncation error term.

Because of Pyy = 3_16’ the tenth equation of Table 2 holds also for the

eighth-order formula RKN 8, so that this equation does not contribute to
the leading truncation error term in x. The only contributing equation
of Table 2 is the last one [equation (IX, 27) of Table 1]. Replacing
equation (IX, 27) by equation (IX, 29), because of the larger factor of
the latter one, the error coefficient that determines the contribution to
the leading truncation error term in x reads:

15
(04 P45 + 05 P55 + ...+ Cq Pgﬁ + Cyp plﬂﬁ) - . (42)

Tag = 362 880

L |-

In the case of X, therc are seven essentially different error coefficients
that contribute to the leading truncation error term: Ty, Ty, Ty5. Tsy,
T52, T58’ and TGB'

It is essential that the error coefficients in X are of about the same¢ order
of magnitude as the error coefficients in x. If the error coefficients in

X are large compared with the error coefficients in x, large truncation
errors in X might be generated since in our method the integration step -
size is determined by the local truncation error in x (by TEX) .

23
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SECTION 11. SEVENTH-ORDER FORMULA RKN 7(8)

The derivation of a seventh-order Runge -Kutta-Nystrom formula RKN 7(3)
closely follows the same pattern as in the case of our eighth-order formula
RKN 8(9) of Section 1. Naturally, a seventh-order formula requires fewer
cevaluations of the differential equations per step than an eighth-order for-

mula. We shall present in the following a seventh-order formula based on

nine cvaluations per step, a tenth evaluation being taken over as first eval-
uation for the next step.

In the case of a seventh-order formula, equations (3), (5), and (6) must
then be replaced by:

fO = f(to, X0 yO)

k-1
f =fty+a h + %, h + he,
K 0T @M XoT X, b z y/(?\fh'
A=0
(43)
K-1
Yo+ Yo aKthhz’ 2 Vi 8
A=0
g (k=1,2, ..., 9
= : 2, 8
X =Xy + Xph + h E chK+0(h)
K=0
(44)
9
R = xo+ Xph + h? - 2 e f + o(n)
K K
k=0
8
.- - . 8
k=% +h- ) ¢ 1+ 0
k=0
A
¢c =c¢ forx=20,1,2, ...,7
K K
A
cg =0 (45)
N
Cs'—_Cg



In Table 1 the last 72 equations of condition now have to be omitted,
since they correspond to tenth-order terms in the Taylor expansion for
x or to ninth-order terms in the expansion for x.

Instead of equations (18) through (27), we now make the following
assumptionst

A . A .
cy=C;=¢,=0,c=Cy=C =0, oy =y =1 (46)

™

1 3
Yot @y :‘é‘az

1 3
Y31 @1t Va2 ¥ =% A3
> (47)
, _1 s
Yo1r @1t Yo @pt ...t Yes X3 T ¥ .
_
2 ™\
V310’1+7320‘%=‘1_205
2 2 2 _ 1 4
Yar @1t Va2 gt Va3 @3 TS M
- > (48)
1 4

2 2 2 _ 1
Yor @1+ vez @t ... F Ve QF g ).
12 )
o+ -t
Y31 @1t vae Qg T 50 G

3 3 _ 1
Ya1 @1t Yo @2 T Vg3 O3 = 55 4

>_ (49)

3 3 _ —
Y91 O3+ Yoo Q3 + ... + Ygg g = (a4 .
91 ~1 92 2 98 “*8 20 9/
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v
03731+C4741+---+C7V71+Ce{y:i} =0 (50)

C3 V31 CqVay* .o T Cry¥ryH Cgvgr =0

Cy (¥g Y34+ Cp g Yagt oo T C7ay vyt Cyygy =0
(51)
Cy a3 Y3y + Cgq Vg +-o0 + Cqayyyy+ Cgyg =0
Cy¥3a+CeYget o0 T Crypt Cgvgp =0
(52)
Cavaa* Cyygpt .o ¥ Crypp+ Gy =0
Because of vy = ¢4 = 0, we obtain from the first equation (50):
Y8 = 0 . (53)

The assumptions (46) through (52) reduce the equations of conditions
of Table 1 to those of Table 5.

We now have to solve the equations of Table 5 together with the assump-
tions (47) through (52): The first seven equations of Table 5 allow us
to express the weight factors by the a's. From the first equation (47)
we obtain y,y. The second equation (47), the first cquation (48), and
the first equation (49) lead to a restrictive condition for the a's:

1 bay, - 3¢
oy == ay 2% (54)
5 2009 - g

and to sy, ¥sa. The third equation (47), the second equation (48), and
the second equation (49) yield v4q, Va2, Va3-

On the other hand, equations (50) and (51) allow us to express v4q, Ys51»
Ye¢1,» and yqq by vz, the a's and the weight factors. Therefore, we have
two different expressions for v,y. Equating them leads to another
restrictive condition for the a's:

1
a2 = '5— Ya1 a3a 3 (55)
ag - AL _ (24} (90, -« )
3 Y31 k] 3 4
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Since vys; is already known, the coefficients ysy, V53, V54 are obtained
from the fourth equation (47), the third equation (48), and the third
equation (49).

Putting v = 0,we obtain, since gy is already known, ygs, Yes» Yes from
the fifth equation (47), the fourth equation (48), and the fourth equation
(49).

Since vqy = €y = 0, the first equation (52) yields yyy. Since yyy is known,
we can obtain yq3, Y14, Y15, Y7 fromthe sixth equation (47), the fifth
equation (48), the fifth equation (49), and the last equation of Table 5
(written as equation with weight factors cu) .

Similarly, the second equation (52) yields vg. Setting yg3 =0, we obtain
Yas, Vss» Ysg» Yer from the seventh equation (47), the sixth equation (48),
the sixth equation (49), and the last equation of Table 5 (written as
equation with weight factors éV).

This concludes the computation of the coefficients Y, }\since Yo

39
(A=0, 1, ..., 8) are equal to the weight factors c, (A=0,1, ..., 8)
and Y0 (k =1, 2, ..., 9) can be determined from (4).
Table 6 lists the coefficients of a seventh-order Runge-Kutta-Nystrom
formula RKN 7 (8), The restrictive condition (55) makes it somewhat
harder than in the case of the formula RKN 8 (9) to find reasonably

simple a-values. This explains the somewhat unwieldy coefficients
Y ex of Table 6.

We notice in Table 6 that oy and é; are negative. It is possible to obtain
positive values for all a's and all weight factors by a different choice

1
of ag (e. g., 3= T2_> . However, the coefficients y“ then turn out to
be even more formidable.
In Table 7 the error coefficients of the formula of Table 6 are listed in

the same way as we have listed in Table 4 the error coefficients of the
formula of Table 3.
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SECTION I11. SIXTH-ORDER FORMULA RKN 6(7)

For the derivation of a sixth-order Runge-Kutta-Nystrom formula

RKN 6(7), we proceed in a quite similar way as in Sections I and II,

In the case of a sixth-order formula RKN 6(7) we have to consider only
the first 43 equations of Table 1. We base our sixth-order formulas on
seven evaluations of the differential equations per step and allow for an
eighth evaluation that will be taken over as first cvaluation for the next
step. We then have:

£, = £ (tg, X0, ¥o)

- . 2
fK_f<t0+aKh, Xo+%gh+ht. ¥ Vr £

A=0 A
0
1 (56)
. .y
Yo+ Yoh+h'-2, v 8
A=0
(k =1, 2,
6
X=xo+¥ h+ht- c [ +0 (h)
k=0
N 7
_ . 2. 8
X=Xy+X,h+h S%)CerO(h (57)
and "=
6
X=%Xg+h- ) ¢ £ +0(n)
k=0
and
A
¢ =c¢ for «=0, 1, 2, , D
A
cg =0 (58)
A
C7—CB



In the case of a sixth-order formula RKN 6(7), we make the following
assumptions:

A .
cy=¢y=6;=0, qg=a7=1. (59)
1
Y21 @1 =g &

o}

D |

Y31 @1t Y3 Qg =

& (60)

1 3
Yre @yt yep Gp .o Y Yre Xe T AT ;

S
i
2
Yoy &1 = 12 a’%
1
731021"732 Q%ZTEQ% (61)

&% + yog 0 + PV T ey
Y71 @1t vre gt ... T e O T Qq )

Cy Yo+ C3 Y31+ CoeYar+ C5¥sg® Cg vy =0
(62)

0

il

Cy Yoy + C3v31 1t CqYart Cs V51t Cg Vel

Obviously, these assumptions reduce the equations of Table 1 to those of
Table 8.

15. We now solve the equations of Table 8 together with the assumptions
(60), (61), and (62). The first six equations of Table 8 yield the weight
factors as functions of the a's. From the first equations (60) and (61),
we obtain the restrictive condition:

1
=5 g (63)
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and the coefficient yyy. The second equations (60) and (61) yield y3; and
Ya2. Setting v = 0, we obtain 9, vs3 from the third cquations (60) and
(61). Since y;y = ¢y = 0, the first equation (62) yield ysy. The coef-
ficients vep, Vs3, Y54 are then obtained from the fourth equations (60),
{G1) and the last equation of Tuble 8, written as cquation with weight

factors ¢ .
ll

The coefficient ygq is determined by the second equation (62). Setting
vep = 0, the cocfficients yeg. Ve, Ygs AN be computed from the fifth
cquations (60) and (61) and from the last equation of Table 8, written as
cquation with weight factors (’rl}.

This concludes the computation of the coeflicients y N since Y7a
K

s

(A=0, 1, ..., 6) arc equal to the weight factors N (A=0,1, ..., 6)

/

and Y 0 (k =1, 2, ... 7) can be determined from (4).

In Table 9 the coefficients of a sixth-order Runge-Kutta-Nystrom formula
RKN 6(7) are presented. In Table 10 the error cocfficients for the
leading truncation crror term in x and < are listed. Again, if the error
coefficients differ by a constant numerical factor only, the coefficient
with the largest factor is listed. As Table 10 shows, the error coef-
ficients in % are of about the same order of magnitude as the error
coefficient in x.

SECTION IV. FIFTH-ORDER FORMULA RKN 5(6)

To derive a fifth-order Runge-Kutta-Nystrom {ormula RKN 5(6), we pro-
ceed in a quite similar way as in Sections I to III. We base our fifth-
order formula on six evaluations of the differential equations per step

and allow for a scventh evaluation that will be taken over as first evalua-
tion for the next step. We then have.

fo = f(to,Xo ,yO)

K-1
¢ tfigran xor o ante Y vt
K ( K K };/0 KA A (64)

k-1
- + 2. Bl
Yo+ yoo h +h }\ZO Y5 By >

(k =1,2, ... , 6)



5
- ; 2. +om®
x = xp+Xoh +h KZO ¢t +0(°)

6
xg + Xoh +h®- Z /éKfK + 0(h’)
k=0

w>
It

5
X = Xog+h-) &:wa+0(h6)

k=0

A

e =¢ forxk=0,1,2,3,4
K K

A

Cs: 0

A

06: C5

1 3
Y31 %1t Yeete T o o3
1 3
Yar @1t Y@ T Y33z T T vy
1 3
VY51 @yt Vsa@a t Yss X3t Vsaa T 5 95
1 3
Yei1 @1t Yoz @2t Yes¥at Yea ¥yt YVes X5 = (_)-ae ,
731:0! Y41 =0, Ys1 =0, 761:0 s

which reduce the equations of condition of Table 1 to the equations of
Table 11.

(65)

(66)

(67)

(69)
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The first five equations of Table 11 yield the weight factors c,or c p as
functions of the o 's.

K

From the first two equations (68) we obtain v,y and ysy. From the third
equation (68) and from the last equation of Table 11, this equation
written with weight factors <o the coefficients v, and y453 can be deter-

mined. Using the fourth equation (68) and the last equation of Table 11,
written as equation with weight factors c'K, the coefficients ys3 and vgy can

be expressed by the (vK's and by vs. By still having ygy available, we

could select ygy in such a way that some of the error coefficients of our
fifth-order Runge-Kutta-Nystrom formula become small. By doing so,
we obtained error coefficients, some of which were considerably smaller
than those obtained from setting y5y = 0. The coefficients VG)\ of the

last equation (68) are naturally equal to the weight factors CA’ since it
was intended to take over the seventh evaluation as first evaluation for
the next step.

In Table 12 arc listed the coefficients of a fifth-order Runge-Kutta-
Nystrom formula RKN 5(6), and in Table 13 the error coefficients in x
as well as in X for the formula of Table 12. Table 13 shows that the error
coefficients in x are of the same order of magnitude or smaller than
the error coefficient in x.

SECTION V. FOURTH-ORDER FORMULA RKN 4(5)

A fourth-order Runge-Kutta-Nystrom formula RKN 4(5) can be based on
four evaluations per step if we allow for a fifth evaluation that will be
taken over as first evaluation for the next step:

fo = f(ty, x¢, yo)

K-1
f = + o+ 2,0\
K f <t0 OZKh, XO+X0aKh +h L ‘)/K}\fl{’
A=0
ot (70)
+y,a h+h?.)
Yot ¥oa, 7\;/) vhxgh,>

(v« -1,2,3,4)
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3

_ : 2, \ 5
X = Xgt Xoh+h ZchK+O(h)
k=0
A 4 .
x = xo+Xh+h%- ) ¢ f +0(hf)
w=0 * K (71)
3
.o R 5
X = Xgth KZOchK+O(h)

A
¢c =c¢ fork=0,1,2
K K

(72)
6\3 =0
A
Cqy < Ca
ag = a4 = 1 . (73)

Table 14 shows the reduced equations of condition for a fourth-order
formula RKN 4(5).

The first four equations of Table 14 determine the weight factors c. and
éK as functions of the O/K'S.

Since we require that the fifth evaluation should be taken over as first
evaluation for the next step, the coefficients Y g must be equal to the

weight factors N (A=0, 1, 2, 3). Setting v3; = 0, the coefficients vy,

and v3, can then be determined from the two equations in the last line of
Table 14.

In Table 15 are listed the coefficients of a fourth-order Runge-Kutta-
Nystrom formula RKN 4(5) and in Table 16, the error coefficients in x
as well as in x for the formula of Table 15. There is only one error
coefficient in x which is different from zero. The six error coefficients
in % which are all different from zero are equal in magnitude or smaller
than the error coefficient in x. Again, if the error coefficients differ
by a constant factor only, those with the largest factor are listed in
Table 16.
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SECTION VI. SOME RUNGE-KUTTA-NYSTROM
FORMULAS OF OTHER AUTHORS

In Section VII we shall apply the Runge-Kutta-Nystrom formulas of
Sections I through V to a numerical example. We shall compare their
performance with that of our earlier Runge-Kutta formulas for first-
order differential equations [1], [2] and also with the performance of
some Runge-Kutta-Nystrom formulas by other authors.

For the convenience of the reader we list in Tables 17 through 22 the
Runge-Kutta-Nystrom coefficients and also the error coefficients for a
fourth-, a fifth-, and a sixth-order Runge-Kutta-Nystrom formula, which
we have used for comparison in Section VII. As before, if the error
coefficients differ only by a constant factor, we list those with the largest
factor. The fourth- and the fifth-order Runge-Kutta-Nystrom formulas
were published by E. J. NYSTROM ([4], p. 24) and the sixth-order
formula by J, ALBRECHT ([5], p. 103).

A comparison of Table 18 with Table 16 shows that NYSTROM's error
coefficients are two to nine times as large as ours. Therefore,
NYSTROM's formula of Table 17 can be expected to have a larger lead-
ing truncation error term than our formula RKN 4(5) .

A comparison of Table 20 with Table 13 shows again that our formula
RKN 5(6) has considerably smaller error coetficients than NYSTROM's
formula RKN 5. For instance, our error coctlicient Ty is only about
one¢-seventeentbh of NYSTROM's coefficient Tyg.

Again, the error coefficients of our Runge-Kutta-Nystrom formula

RKN 6(7), as listed in Table 10, are smaller than those of ALBRECHT's
formula, listed in Table 22. For instance, our largest error coefficient
in x, Ty, is only about one-fifth of ALBRECHT's coefficient T,.

The formulas of NYSTROM and ALBRECHT of this section do not include
an automatic stepsize control as our formulas of Sections I through V do.
Therefore, we have to apply to the formulas of NYSTROM and ALBRECHT
the standard stepsize control procedure that consists of recomputing two
consecutive steps of stepsize h by one step of double stepsize 2h. It can
casily be shown that the truncation error after onc step of stepsize h

is approximately

E=—"—" Ax , (74)



25,

26.

with n being the order of the formula under consideration and A x; the
difference of our two results after two steps of stepsize h or one step of
stepsize 2h, respectively. If the formula under consideration requires
m evaluations per step, this stepsize control procedure would increase
the number of evaluations per step to2m - 1. So NYSTROM's formulas
RKN 4 and RKN 5 and ALBRECHT's formula RKN 6 would require five,
seven, and nine evaluations per step, respectively. For NYSTROM's
formulas, this is one evaluation more per step than our formulas

RKN 4 (5), RKN 5(6) require, and for ALBRECHT's formula RKN 6,
this is two evaluations more than our formula RKN 6(7) requires, since
for our formulas we can take over the last evaluation as first evaluation
for the next step. Only for the very first integration step our formulas
would require five, seven, and eight evaluations, respectively. Com-
pared with NYSTROM's or ALBRECHT's formulas, our formulas have
the further advantage that they have considerably smaller leading trunca-
tion error terms and therefore permit the use of a larger integration
stepsize without loss of accuracy. The numerical example of Section VII
will demonstrate this advantage.

SECTION V11: APPLICATION TO A NUMERICAL PROBLEM

In this section we apply the Runge-Kutta-Nystrom formulas of this report
and some of the Runge-Kutta formulas of our earlier reports [1], [2] to

a numerical problem. For comparison, we also apply the Runge-Kutta-

Nystrom formulas of Section VI to the same problem.

In Table 23 the problem is stated, and the results of the numerical inte-
gration are presented for the various formulas.

All calculations were executed on an IBM-7094 computer in double preci-
sion (16 decimal places). The computer was equipped with an electronic
clock to measure the running time for the various formulas.

The stepsize control for our Runge-Kutta-Nystrom formulas RKN 4(5),
..., RKN 8(9) was set up in the following way. For a preset tolerance
TOL (in Table 23 we used TOL = 0.1 - 10"%)  we computed for each
step the products TOLX=TOL - Ixgl, TOLY=TOL - |yo| which we con-
sider as the tolerable errors in x and y for the step under considera-
tion. Having computed the approximate truncation errors TEx’ TEy

35



217.

according to Tables 3, 6, 9, 12, or 15, respectively, we then deter-
mined the maximum of the ratios ITEX?/TOLX, lTEyl/TOLY and then

required that for this maximum (max) the following inequalities hold:

1 n+ 1
(_) Smax<1 (75)

n being the order of our formula.

If necessary, we halved or doubled the stepsize until (75) held. However,
since the values TEx’ TE are only approximations of the true trunca-

tion error, it can happen that (75) never holds: If a certain stepsize h
1\n+1
is too small max < <§> , the stepsize 2h might be too large:

max > 1. In such a case, we accepted the smaller stepsize h as final.
The stepsize control for our Runge-Kutta formulas RK 4(5) , ...,

RK 8(9) was set up quite similarly, but here we also tested the trunca-
tion errors in x and y, since for these formulas we had to rewrite the
differential equations of Table 23 as a system of four first-order dif-
ferential equations inx, y, X, y.

In the case of the Runge-Kutta-Nystrom formulas of Section VI we used
equation (74) as approximation for the truncation error.

Table 23 shows the result of the various formulas for t = 10. Since our
problem has a solution in closed form, the total errors Ax, Ay, Ax,

Ay are easily available and are listed in Table 23 for t = 10. In each of
the five groups of formulas, these errors do not differ much from one
another. This means that all fourth-order formulas, etc., are of about

the same accuracy.

However, the formulas of each group differ considerably from one
another with respect to the number of steps required to cover the interval
from ti =~m/2to t = 10 and with respect to the execution time on the

computer. Our new Runge-Kutta-Nystrom formulas RKN 4(5), ...,
RKN 8(9) require half or less than half the execution time of our earlier
Runge-Kutta formulas RK 4(5),..., RK 8(9) or of the formulas of
Section VI,

Computation Laboratory
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TABLE 1. COMPLETE EQUATIONS OF CONDITION FOR
EIGHTH-ORDER FORMULA RKN 8(9) (Continued)
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TABLE 1. COMPLETE EQUATIONS OF CONDITION FOR

EIGHTH-ORDER FORMULA RKN 8(9) ( Concluded)
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TABLE 2. REDUCED EQUATIONS OF CONDITION FOR
EIGHTH-ORDER FORMULA RKN 8( 9)
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TABLE 5. REDUCED EQUATIONS OF CONDITION FOR
SEVENTH-ORDER FORMULA RKN 7(8)
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TABLE 8. REDUCED EQUATIONS OF CONDITION FOR

SIXTH-ORDER FORMULA RKN 6(7)
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TABLE 10.

ERROR COEFTFICIENTS FOR RKN 6{7) OF TABLE 9
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TABIL.E 11.

REDUCED EQUATIONS OF CONDITION
FOR FIFTH-ORDER FORMULA RKN 5(6)
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TABLE 12,

COEFFICIENTS FOR A FIFTH-ORDER FORMULA RKN 5(6)
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A

« \ 0 1 2 3 4 5
: S
- v 240 21
1 L !

12 288 0 v
, 1 1 1 108 27
- 6 216 108 175 95

1 1 8 1
: 2 0 = = =
' 2 v 8 15 3
. 4 16 0 4 4 125 125

5 125 125 25 2 736 4506
. . 247 o 12 7 1 375 1 1
? 1152 19 432 65 664 300 15
p { 11 0 1o8 8 125 1 "

240 475 15 2 736 300 IE = 5os (Is - i) b
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TABLE 13. ERROR COEFFICIENTS FOR RKN 5(6) OF TABLE 12

1 1
Ty =5 (C; Pt G Pt ¢ Pyy + c5 Pgp) = 755 ~ = 0.000 031 829
. 1. . . . 1
T, =g(cz ol + ¢ ad+ & af + G5 od) T 0.000 034 722
. 1 . . . . 1
Tg =3 (Gy arg Pyy + Gg i Py + G ag Pyp + G5 @5 Prpd = 750 ¥ = 0.000 028 935
. 1 . . . . 1 .
T9 — .5 (02 P23 + C3 P33 + 04 P43 + 05 P53) - m R - 0. 000 005 838
. 1 . . . 1 5 .
Ty == (C3 Pgg + ¢4 Py3 + Cs Pg3) — o5~ & - 0.000 002 200
6 720
TABLE 14. REDUCED EQUATIONS OF CONDITION FOR
FOURTH-ORDER FORMULA RKN 4(5)
X . éx X
h2 ';—:Co+01+02+C3 1 h
1
h3 El Cil¥y+ Cplg + C3 _12— h2
b ’112‘: crof+ cpad+ o % b?
h® % = c101:; + cza%+ Cy % h
1
h? 1—;6: Cy Y2+ C3 - ¥
Sy vy @yt C3lys 0 + Va2 %) )L4 ht
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TABLE 15. COEFFICIENTS FOR A FOURTH-ORDER FORMULA RKN 4(5)

;\ .
i, aK yrc)\ CK CK
N 0 1 2 3
K
0 13 1
0 120 8
1 1 3 3
! 18 10 8
2 2 3
2 = 0 = — 3
4 —
3 9 0 g
1 1 1 1
; ! 3 0 6 60 8
13 3 3 1 1 R
, — — = — TE =—(f,-f)h
* 1 120 10 40 60 X 60 (£ - Ly)

TABLE 16. ERROR COEFTICIENTS FOR RKN 4(5) OF TABLE 15

1
T3 = Cz 1’21 + CS P31 —170 ~ - 0,000 925 926

L1 : : 1
T2 :Z(Cl a§+cza%+c3 a%) _%—N0.000 925 926

: . . 1
1‘4 = Cy Wy * P21+C3 a3 P31—T3—6 ~ - 0.000 925 926

S B ) 1
T5 = 5 (6 Py + & Pyy) - 120 ~ 0-000 925 926




TABLE 17. COEFFICIENTS FOR NYSTROM'S
FOURTH-ORDER FORMULA RKN 4

OZK YKA cK C,
A
K 0 1
o B L
0 6 6
) Y g E 2
2 8 3 3
i 0 = 0 =
2 2 6

TABLE 18. ERROR COEFFICIENTS FOR NYSTRBM'S
FOURTH-ORDER FORMULA RKN 4 OF TABLE 17

1 s 1
T2=§c1a1_;ﬁz-o.oo4 166 667
T. = - —— ~ _ 0.008 333 333

3 120

. 1 . . 1
TZZZ(Ci Ol%‘l'cz a%) _-2—6' =~ (0,002 083 333

: 1
Ty = 65 @y Py - 55 ~ 0.008 333 333

L1, 1 ‘
Ty =5 & Py - 755 ~ 0002 083 333




TABLE 19.
FIFTH-ORDER FORMULA RKN 5

COEFFICIENTS FOR NYSTROM'S

«, Yia Cy éK
A i
K 0 1 2
0 0 _1 1—
24 24
—1- _1_ _22 125
5 50 84 336
) 3 1 _?__ i 27
3 To27 27 56 56
5 . 3 2 9 15}
10 "~ 35 35 0 48
TABLE 20. ERROR COEFFICIENTS FOR NYSTRE)M‘S
FIFTH-ORDER FORMULA RKN 5 OF TABLE 19
. 1 4 4 1 . 78
FZ ;;Z ((fl OZ]_"‘CZ (l’z) "m ~ - 0.000 277 7 8
I 1 L 5 5
Ty =5 2 Py = ™ = 0.000 555 556
Ty = (¢ ad+ ¢y ad + é3 ad) - = ~ 0.000 138 889
o] 48
o 1 . . 1 =~ 0 [egi= [~ 'l
I z (Cy oy Pgy + &5 vy P3y) - ——144 =~ 0,000 555 556
1. . 1 .
Ty - z (Cy Py3 + €3 P33) - 2—40‘ ~ (0,000 277 778
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TABLE 21,

SIXTH-ORDER FORMULA RKN 6

COEFFICIENTS FOR ALBRECHT'S

Co

[}
K yrc}\ K K
0 1 2
7 7
0 90 90
1 1 4 16
4 32 15 45
1 1 1 A 2
2 T 24 6 15 15
3 3 1 R 4 16
4 32 8 16 45 45
3 1 7
t 0 7 14 0 90
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TABLE 22. ERROR COEFTFICIENTS FOR ALBRECHT'S
SIXTH-ORDER FFORMULA RKN 6 OF TABLE 21

S N S 5 1 . N

]3 - < (C1 ().’1 -+ (2 (12 -+ 03 (1"3) - ﬁ ~ - (0.000 046 503
. ! 2 2 L

[q (e @) Pyy+cgaf Py - == & = 0.000 074 405
T 1 (Cqy ty Poy + Cg g Pgy) ~ - 0,000 037 202
1 1 o
13 ;(02 P23+C3 P33) -—1()—'80N - 0.000 074 405
Ty = C Py ~ ~ 0,000 032 873

10 3732 tau 5 040
Ty = L (¢yaf+éaf+dé5a8+ ¢ af) - L < 0.000 023 251

16 112

R T . 3 .3 1
16 5 (Lz Uy k 21 + C3y U3 P31 + C4 Qg P41) - 34 ~ 0.000 074 405
Ty ~ 2 (G, ad Pyy+ & af Py + & ad Pyy) - —— ~ 0.000 018 601

1 4 2 &2 2 3 *3 432 4 4 42 336 .
'I" l (¢ P2 + o P2 3 2 1_ ~ 49K

g 3 2 21 C3 33 + (,4 P41) - 504 =~ 0.000 066 138
1 . . . 1

[!3 = (CZ e2) P23 + C3 ag P33 + Cy vy P43) - ﬁ)‘ ~ (0,000 074 405
114 Cy ('3 Y39 P21 + C4 Qy ("}/42 P21 + Y43 P31) - % ~ - 0,000 033 069
1 . . | o
Iy - 1 (Cq Pyy + C3 Pgy + C4 Pyy) - —-—-840 =~ 0.000 946 503

‘. . . 1
118 = Cg * Y33 (g P21 + Cy (')/42 67} P21 +')/43 X} P31) - 1 260 ~ 0.000 074 405
) 5 . 1
I'tg =7 [C3 752 P+ Calyer Poa# g3 Pro) ] - 7575 ~ 0-000 018 601

i}
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