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1.0 Examples of UWB Pulses

Perhaps the simplest UWB communication waveform is the monopulse, an example of which is
plotted in Figure 1.1. Although it is described as an idealized waveform, it does serve to illus-
trate the important distinction that must be made between transmitted and received carrierless
UWB waveforms, a distinction that is necessary because the effect of the transmitting and
receiving antennas on the shape of the waveform as a function of time is very noticeable, unlike
the case of longer duration waveforms using carriers. Without getting into the details of the
physical generation of UWB waveforms, it is sufficient to note in this regard that the
transmitting antenna has the general effect of differentiating the time waveform presented to it.
As a consequence the transmitted pulse does not have a DC (direct current) value-the integral of
the waveform over its duration must equal zero. The waveform in Fig. 1.1 satisfies this
condition and therefore is a plausible model for a UWB waveform; it is ideal in the sense that, in
addition to having no DC value, it has even symmetry about the peak value. In general, such
symmetry is not achieved in practice, which we will illustrate in what follows with examples of
actual waveforms taken from the literature.

A clear example of how the antennas affect the UWB waveform is given in Figure 1.2, in
which an impulse-like pulse is differentiated a number of times before being received. Also
shown in the figure is the reception of multipath components, a characteristic feature of received
UWRB signals. Another example of an UWB signal measurement is shown in Figure 1.3, which
also indicates the bandwidth occupied by the waveform when the basic pulse is used to generate
a communications signal with a baud rate of 850 Kbps. A simplified "doublet" model of a
differentiated monopulse is shown in Figure 1.4.
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Figure 1.1 Monopulse UWB waveform (from [1]).
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Figure 1.2 Example of the effect of antennas on the UWB pulse shape (from [2])
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Figure 1.3 Time capture and modulated spectrum of a working UWB communication system
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Figure 1.4 Doublet model of an UWB pulse shape (from [4]).

2.0 Mathematical Models of UWB Pulses

For analysis purposes, various idealized models and generalizations of the elemental UWB pulse
waveforms have been developed. Here we consider several models: /N-cycle sinusoids with
various envelopes, a sinusoid with a Gaussian envelope, and a family of pulse shapes based on
Hermite polynomials.

2.1 N-cycle Sinusoid Models

2.1.1 N-cycle Sinusoid with Rectangular Envelope

One analytical model is a "polycycle" waveform consisting of NV cycles of a sinusoid:

_ [ sin(wt), 0<t<NT
s(t) = { 0, otherwise 2.1
where w, = 27 /7. The Fourier transform of this waveform is
111 = —jlwtw,)NT 1— —jlw—w,)NT
Sw) = - [ © ¢
2 W+ wy W — Wy
NT . ; ) NT N - —w,)NT
2 2m 2m

where sinc(z) = sin(nz) /7x. For N an integer or an integer plus 1/2 (yielding a piecewise con-
tinuous waveform),

S(w) = [1 — (_1)2Ne<7‘wNT] 1/w,

1 — (w/w,)?

This gated waveform and its power spectral density (the squared magnitude of S(w)) are shown
in Figure 2.1 for integer values of N. Note that the spectrum is centered at the frequency of the

(2.2b)
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Figure 2.1 Polycycle waveform and power spectral density.

sinusoidal burst and that the bandwidth of the signal is inversely proportional to the number of
cycles in the burst, V. The signal transitions from UWB to a conventional signal in terms of
bandwidth when N is greater than four [S]. These characteristics give some freedom to position
the waveform in the spectrum and could be the basis for the generation of multiple UWB
frequency-division multiplex (FDM) channels as in conventional communication systems [6].
The equivalent rectangular (noise) bandwidth of the bandpass signal, denoted B (in Hz), equals
that of the envelope (modulation), which in this case is a rectangular function, which has a
sinc?(wNT'/27) spectrum. Using formula 3.821.9 of [7], B is found to be

[ . oW 2 ™ sinfr 2w,
2rB —/ dw sinc <%NT) = W/ dx? “NT N (2.2¢)

9] —00

The noise bandwidth is illustrated in Figure 2.2 for N = 2, 4, and 6. It is interesting that the 3-
dB bandwidth, denoted Bj3, is found to be

BsNT 27 W
sinc ( 5 ) 0.5 = 27w Bs = 0.886 T 0.886 (2.2d)

Bj is smaller than the noise bandwidth, which in this case equals the 3.9-dB bandwidth.
The autocorrelation function for the polycycle model, plotted in Figure 2.3, is given by

Ry — L VT =17 %cos(wﬁ) + 2; cos(2nN) sinle, (NT = [7])}, |r| < NT 3

0, otherwise
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2.1.2 N-cycle Sinusoid with Triangular Envelope

Instead of a simple gated-on, gated-off sinusoidal model, one involving a linear-increase and a
linear-decrease can be used. Because the tapered envelope guarantees that the waveform is
continuous, it is possible to consider both a coherent model, for which the envelope timing is
exactly related to that of the sinusoid, and a noncoherent model, for which the phase and
frequency of the sinusoid are not necessarily related to the envelope.

2.1.2.1 Coherent Model

A coherent model for a sinusoidal burst with N cycles and a triangular envelope may be
formulated as follows:

s(t) = sin(w,t) {% u(t) — w u(t — NT/2) + w wt— NT)|  (2.4)

as shown for N =5 and N = 4.5 in Figure 2.4. Note that the waveform has a central peak
when N = M + %, where M is an integer. For IV taking integer values, the Fourier transform
of this waveform is given by

S(w) = 2j 1 — e Jw—w)NT/2 ? 1 — e Jwtw,)NT/2 2
wi= NT w— Wy w + wy
NT _. p ) —w,)NT . ) P )NT
27 4 4

When N is an integer (giving a whole number of cycles under the envelope), the Fourier
transform becomes
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Figure 2.4 Example N-cycle sinusoidal bursts with triangular pulse shaping.



8jw/NTw?
[1— (w/w;)’]

T2 32jw/NTw? y —sin?(NwT'/4), N an even integer
B [1- (w/wr)2]2 cos’(NwT'/4), N an odd integer

, 2
S(w) = [1 — (—1)Ne_J“’NT/2} 5, IV an integer

(2.5b)

For an odd number of half-cycles (N = M + 1/2), giving a waveform peak at its center point,
the Fourier transform of the waveform is given by

8e N2 (—1)M[1 + (w/w,)?] — 2(w/w,) sin(NwT'/2)
S(w) = : Sc
) NT w? [1— (w/w7-)2]2 (229

Plots of the power spectra based on (2.5b) and (2.5¢) are shown in Figure 2.5.
A general expression for the autocorrelation function of the waveform is given in Section
A.1 of the Appendix. For reference, the autocorrelation function for /V taking integer values is

NT 4 2 s 1— NT 12NT
R(r) = ML costwr) |3 - o0y ST LS BV G )
2 3 (NT)*  (NT) (27N) (27 N)
0<|r| <NT/2 (2.6a)
NTcos( ) 8 8|T|+ 872 8|77 1—|7|/NT ANT sin(w, )
= — weT) | = — — wr|T
2 3 NT (NT)® 3(NT)* = (27N)? (27N)?

NT/2< |r| < NT (2.6b)

This function is plotted in Figure 2.6 for N =1 to 3. The autocorrelation function of the
triangular-envelope polycycle for N = M + %, where M is an integer, is given by

NT (4 8 8|7’ 1—|7|/NT ANT
Rs(1) = —— cos(w,7) | = — . 5 + 7 5 T4 71/ 5 5 sin(w;|7])
2 3 (NT)’ T (NT) (27N (27N
0<|7| < NT/2 (2.7a)
NT s )—8 8lr| , 87 87|  1—|7|/NT| 4NT sin(eo, 7))
= — rT)| = — - r|T
2 3 NT (NT)* 3(NT)’ (2mN)? (27N)?

NT/2 < |r| < NT (2.7b)
This function is plotted in Figure 2.7 for N = 1.5 to 3.5.
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Figure 2.5 Power spectra for sinusoidal bursts with triangular pulse shaping.
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2.1.2.2 Noncoherent Model

A noncoherent model for a sinusoidal burst with N cycles and a triangular envelope may be
formulated as follows:

A —wu(t—NT/z)Jr

A(t—NT)
v NT

o uE=NT)| (@28)

s(t) = sin(w,t + @)

where ¢ is a random phase, uniformly distributed between 0 and 27. For this case, we may
calculate the autocorrelation function for the signal as an expected value/average:

R, (1) = E{s(t)s(t — 1)} = § cos(w,7) x V(t)V(t — 7) (2.92)

where V(t) denotes the envelope. The envelope autocorrelation function is

4 872 8||*
] . 1 i 7| < NT/2
— 3 (NT)” (NT)
VOV —71) = ) ) (2.9b)
1
svr| Lo 17l | Nr2 << NT

3 NT ' (NT)® 3(NT)

As shown in Figure 2.8, the autocorrelation function for the noncoherent model of the sinusoid
with a triangular envelope is very similar to that for the coherent model as shown previously.
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Figure 2.8 Autocorrelation function for noncoherent sinusoid with triangular envelope
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The spectrum corresponding to the autocorrelation function in (2.9a) is given by its Fourier
transform:

2
1S(W)]* = F{Ry(1)} = (N4T) {sinc4 (w ;er NT) + sinc* (%NT)] (2.10a)

Examples of this spectrum are shown in Figure 2.9. The equivalent rectangular (noise) band-
width of the bandpass signal, denoted B (in Hz), equals that of the envelope (modulation), which
in this case is a triangular function, which has a sinc*(wNT /47) spectrum. Using formula
3.827.7 of [7], B is found to be

o0 s 4

o0 4 sin“x 8 4
9B = | dwsi 4(£NT):—/ d - 2 2.10b
m / wSIe Uy NT) " "4t T 3NT _ 3N” (2.100)

oo —00

It is interesting to note that the 3-dB signal bandwidth, denoted B3 (in Hz), is given by

NB;T 8 S
0.5 = sinc (TB) = 27B; =0.319 N—”T = 1.276 % (2.10c)

B3 in this case is slightly smaller than the noise bandwidth, which equals the 3.3-dB bandwidth.
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Figure 2.9 Spectra of noncoherent sinusoid with triangular envelope
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2.1.3 N-cycle Sinusoid with Rectified Cosine Envelope

Another sinusoidal model, one involving "rectified cosine" envelope, has been proposed for
UWRB signals ([8], [9], [10]). Because the envelope guarantees that the waveform is continuous,
it is possible to consider both a coherent model, for which the envelope timing is exactly related
to that of the sinusoid, and a noncoherent model, for which the phase and frequency of the
sinusoid are not necessarily related to the envelope.

2.1.3.1 Coherent Model

As illustrated in Figure 2.10, a coherent model for a sinusoidal burst with N cycles and a recti-
fied cosine envelope may be formulated as follows:

s(t) = cos(wet) cos(wyt), |t| < 7/2we, w, =2Nw, (2.11)

where T, = 27/w, is the period of the envelope cosine (twice the pulse duration) and
T =27 /w, = 7w/ Nw, is the period of the sinusoid. The Fourier transform of this signal model
is given by

S(w) = 27r {smc<” — (2N + 1)%) N sinc(w — (2N — 1)wc>

We 2w, 2w,

2N + 1w, ) 2N — 1w,
+ sinc wt N+ D + sinc W ( Jw (2.12a)
2&)@ 2(4)@
-1

(D7 w 1 w \’| 1 w O\’
=N cos Nﬁw—r N? w_T—H IiN? w—r—l (2.12b)

Examples of the spectrum related to S(w) are shown in Figure 2.11.
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Figure 2.11 Spectra of coherent sinusoid with rectified cosine envelope

The autocorrelation function for the waveform in (2.11) is found to be
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Examples of this autocorrelation function are shown in Figure 2.12.
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Figure 2.12 Autocorrelation function of sinusoid with rectified cosine envelope.
2.1.3.2 Noncoherent Model

A noncoherent model for a sinusoidal burst with N cycles and a rectified cosine envelope may
be formulated as follows:

s(t) = cos(wet) cos(wyt + ), |t| < 7/2we, w, =2Nw, (2.14)

where ¢ is a random phase, uniformly distributed between 0 and 27. For this case, we may
calculate the autocorrelation function for the signal as an expected value/average:

15



Ry(r) = E{s(t)s(t — 1)} = & cos(w,) x VE)V(t — 7) (2.152)

where V(t) denotes the envelope. The envelope autocorrelation function is

V(t)V(t—7)=Ry(1) = l(% — |7'|)cos(we7') + w, || < wl (2.15b)

2 \we
and the corresponding spectrum is
sin((w — We) 7r/2we> sin((w + we) 7r/2we)

S 2 — 2.15
1Sy (w)] — + DT (2.15¢)

2

Examples of the autocorrelation function in (2.15a) are shown in Figure 2.13. For N > 1, there
is very little difference between the autocorrelation functions for the coherent and noncoherent
sinusoids with a rectified cosine envelope.

The spectrum corresponding to (2.15a) and (2.15b) is found to be

W We — Wy Wt We — wy
1 SIH(TTF) SIH(TW)
S =3 =/ C

2

W — We — Wy W+ We — Wy
2
W —we Fw, D wHwe +wy
SIH(TW) SIH(TT()
+ c - (2.16a)
W — We + Wy w4+ we + w,

T? o w
— WCOS (W_7N7T)

w S - w S| -
() o) +(5) e | e

An example of this spectrum is shown in Figure 2.14. The equivalent rectangular (noise) band-
width of the bandpass signal, denoted B (in Hz), equals that of the envelope (modulation), which
in this case is a cosine function with the spectrum in (2.15¢). B is found from

2 > 2 ? s Wy
2B - |Sy(0)]” = dw|Sy(w)|” =27Ry(0) = 27B = TYe=9g N (2.16¢)
The 3-dB signal bandwidth, denoted B3 (in Hz), is given by
0.5 = |Sy(7B3)[ /ISy (0)7 = 2aB; = 2.378w, = 1.189 % (2.16d)

Bj3 in this case is slightly smaller than the noise bandwidth, which equals the 3.25-dB bandwidth.
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Figure 2.14 Spectrum for noncoherent sinusoid with rectified cosine envelope.
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2.2 Sinusoid with Gaussian Envelope

Another sinusoidal model, one involving a Gaussian envelope, has been proposed for UWB
signals ([11], [12], [13]). Because the envelope guarantees that the waveform is continuous, it is
possible to consider both a coherent model, for which the envelope timing is exactly related to
that of the sinusoid, and a noncoherent model, for which the phase and frequency of the sinusoid
are not necessarily related to the envelope.

2.2.1 Coherent Model

A coherent model for a sinusoidal burst with a Gaussian envelope, illustrated in Figure 2.15,
may be formulated as follows:

s(t) = e " cos(w,t) (2.17)

The autocorrelation function and corresponding spectrum for this signal model are

1
Ry(7) = 3 21 e 0 /2 [Cos(wﬂ) + ef‘“z/za} (2.18)
a
2 2 2
|S<W>|2 _ % [e—(w—wr) /4a + e—(bd-‘rwr) /4a:| (219)

Plots of the autocorrelation function and spectrum are shown in Figures 2.16 and 2.17,
respectively.
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Figure 2.15 Sinusoid with Gaussian envelope.
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Perhaps the most significant feature of the sinusoid with a Gaussian pulse shape is that the
spectrum has no sidelobes at all.

2.2.2 Noncoherent Model

A noncoherent model for a sinusoidal burst with a Gaussian envelope may be formulated as
follows:

s(t) = e ™" cos(wyt + ) (2.20)

where ¢ is a random phase, uniformly distributed between 0 and 27. For this case, we may
calculate the autocorrelation function for the signal as an expected value/average:

Rq(r) = E{s(t)s(t — 1)} = & cos(w,) x VE)V(t — 7) (2.21a)

where V(t) denotes the envelope, whose autocorrelation function is given by

VOV(i — 1) = Ry(r) = / dte e = gty [T (2.21b)
oo a
The spectrum corresponding to this autocorrelation function is
1S (w)]* = 41 [e*(“*“"f/ 20 4 g=(whwn)’/ 2”] (2.22a)
a

To the degree of precision reflected in the plots, Figures 2.16 and 2.17, respectively, represent
the autocorrelation function and spectrum in (2.21) and (2.22). The equivalent rectangular
(noise) bandwidth of the bandpass signal, denoted B (in Hz), equals that of the envelope
(modulation), which in this case is a Gaussian pulse. B is found from

21B - |Sy (0)]> = / dw|Sy(w)]* = 2Ry (0) = 27B = +/27a (2.22b)

— 00

or a = 2w B?. The 3-dB signal bandwidth, denoted Bs (in Hz), is given by
0.5 =|Sy(7Bs)[?/|Sv(0)]> = 27B;=2/(2In2)a (2.22¢)

Bs in this case is slightly smaller than the noise bandwidth, which equals the 3.41-dB bandwidth.
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2.3 Hermite Polynomial Model

Another mathematical model for UWB pulses is based on the resemblance of the so-called
Gaussian pulse shape to a monopulse and the fact that its nth derivative has n zero crossings
[14]. The derivatives can be expressed in terms of the original monopulse using Hermite poly-
nomials, as shown in the following equations:

‘ dr ‘

Hermite polynomials [15]:  He,(t) = ¢*/? (—1)" T (e_IZ/Q) (2.23a)
xn

where

Heg(x) =1, Hey(z) =z, Hepyq(x) =x Hey(x) —nHe, () (2.23b)

A model UWB pulse shape based on these concepts is [14]

‘ A A" ‘
sult) = "4 Hey (1) = &/ (<1)" = (e—“ﬂ) (2.24a)

or its parameterized version [4]
pu(t) = su(t/T) (2.24b)

where 7' is a convenient measure of pulse width. The recurrence relation in (2.23b) can be
applied directly to s, (t), and it is straightforward to show that the Fourier transform of s, () is
given by

Sp(w) = F{sn(t)} = 2¢/me ™ (—j)"He,(2w) (2.25a)

with the recurrence relations
Spi1(W) = —2j S (w) + 1 Sy () (2.25b)
So(w) = 2¢/me™, Si(w) = —4jw\/me™ (2.25¢)

Examples of s, (¢) and of power spectra based on S, (w) are shown in Figures 2.18 and 2.19,
respectively. Note in Figure 2.18 that increasing n not only increases the number of zero-cross-
ings (half-cycles by analogy with the polycycle waveforms discussed previously) but also the
duration of the overall waveform. The apparent periods of the oscillations in Figure 2.18 are
approximately 7;, = (6.0, 5.6, 4.6, 3.8, 3.2, 2.8) for n = (0, 1, 2, 3, 4, 5), respectively. The
angular frequency in Figure 2.19 is shown without normalization in part (a) of the figure, and in
part (b) it is normalized (scaled) by the apparent angular frequency w,, = 27 /T, in Figure 2.19
for each value of n. Similar to the spectra for polycycle waveforms in Figure 2.1, the normaliza-
tion in part (b) of Figure 2.19 shows Hermite polynomial-based waveforms' spectra becoming
narrower about the center frequency of w = w,,; however, it is clear from this figure that these
waveforms are far from ideal because in addition to the central peaks in the spectra there are
large sidelobes.
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Figure 2.18 Example UWB waveforms based on Hermite polynomials.

It is shown in Appendix A.2 that the autocorrelation function for s,,(¢) has the following
recursion:

Rim;n+1)=2n+1—712/4)Ry(1; n) —n®Ry(t; n — 1) (2.11a)
with Ry(7;0) = V27 e /% and Ry(7; 1) =27 6772/8(1 - 72/4) (2.11b)

Plots of the autocorrelation function are shown in Figure 2.20 forn = 0 to n = 4.
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Figure 2.19 Power spectra for UWB pulses based on Hermite polynomials.
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APPENDIX
A.1 Autocorrelation Function for the N-cycle Sinusoid with Triangular Envelope

For 0 < 7 < NT/2, the autocorrelation function for the N-cycle sinusoidal waveform model
with a triangular envelope is given by

Ry(r) = (%)2{ / M gttt — ) sin(wnt) sinfu (¢ — 7]

T+NT/2
+ / dt (NT — £)(t — 7) sin(wr) sinfeo, (¢ — 7)]
NT/2

+NT/2

() g

+ /NT dt (NT — t)(NT + 7 — t) sin(w,t) sin[w,(t — T)]}

12 2 +2

(NT)3 B NT72 7'3]

NT —2 1
T 1 .
+ cos(w,NT) [40}% cos|w,(NT — 7)] + I sin[w, (NT — 7-)]] } (A.1.1)

For NT' /2 < 7 < NT, the autocorrelation function is found to be

R,(r) = (%) 2 / M NT — (¢ — ) sin(unt) sinlu, (¢ T)]}

() e

(NT)> (NT)’r  NTr* 7
6 2 2 %
+ cos(w,NT) {N Zw; T cosfwr (NT — 7)] — 4303 sinfw,(NT — T)]} } (A.12)

A.2 Autocorrelation Function for the Hermite Polynomial Model [17]

Using the notation 77 = 7/2 for convenience, the autocorrelation function for the Hermite poly-
nomial waveform model is given by

o0

Ry(7; n) = /00 dt s, (t) sp(t — 1) = / dt s, (t+n) sp(t —n)

.¢] —00
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= / dte (/4 He,(t+n) e*(t*")2/4Hen(t —n)

— 6772/2/ dt eftz/QHen(t + 77) Hen(t - 77)
2T e7772/2 Et{Hen(t-l- 77) Hen(t - 77)} (Azl)

where E; denotes expectation as if ¢ is a zero-mean, unit-variance Gaussian random variable.
For n = 0 to 4, we obtain by direct calculation

R,(7; 0) = Vore /2 E {1} = Vore /2 (A.2.3)
Ry(; 1) = V2re "PE{2 -} = V2re T2 (1 —1P) (A.2.4)
Ry(7; 2) = V2re "PE{t' — 202 (* + 1) + ' — 27 + 1} (A.2.52)
om e T2(2 — 4 + 1) (A.2.5b)

Ry(7; 3) = V2me "2E {15 — 3¢ (n? +2) + 382 (n* + 3)
— 1 + 61t — 9n?) (A.2.6a)
2me /2 (6 — 187 + 9n' — %) (A.2.6b)

Ry(7; 4) = V2re T2 E {8 — 4% (1 + 3) + 6t* (n* + 207 + 7)
— 42 (n® = 3n* + 9n* + 9) +® — 1205 + 420" — 367> + 9}  (A.2.7a)
= V21 e (24 — 9617 + 721 — 167° + 1Y) (A.2.7b)

By inspection, the general form for these correlation functions is

R,(7; n) = 27Te_”/22k'( ) Y2k (A.2.82)

ore /2 Z nk:— _ln =2 "2 nl | Fy (—n; 1; %) (A.2.8b)
n=0 /f

where 1F;(a; b; ) denotes the confluent hypergeometric function and (a), = I'(a + k)/T'(a) is
Pochhammer's symbol. We may use Kummer's transformation [16, §13.1.27] to write

1F1(—n; 1; 772) = ¢ 1Fi(n+1; 1; —772) (A.2.9a)
in order to apply a recursion formula for the hypergeometric function [16, §13.4.1] to obtain

(n+1) 1F1(”+ 2; 1 _772) =2n+1—-7%) Fi(n+1; 1; —1?)
—n1Fi(n; 1; —n?) (A.2.9b)
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Applying this recursion to the autocorrelation function in (A.2.8), we obtain the recursion

Ry(r; n+1) = 20+ 1 =) Ry(7; n) = n* Ry(75 n = 1) (A.2.10)
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