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Figure 1. The Shavitt graph for a three-electron, three-orbital, doublet full-CI expansion.  The node 

index is denoted by the circled values, the arc weight ydj is indicated by the square boxes, and the arc 

factor dj is written next to its corresponding arc. 

 

Statistics for Singlet Full-CI Wave Function Expansions 

n=N Ncsf Nrow N  Npair
a Nvalue

b t(HMN)c t(E′)d t(E′;FD)e 

2  3  5  2 10 26 0.0 0  0.0 0  0.0 0  

4  2 0  1 4  13 43 278 0.0 0  0.0 0  0.0 0  

6  175  3 0  39 120 1058 0.0 0  0.0 0  0.0 2  

8  1,764  5 5  86 261 2682 0.0 0  0.0 1  0.1 0  

1 0  19,40 4  9 1  160 486 5466 0.0 0  0.0 5  0.6 4  

1 2  226,512  140  267 815 9726 0.0 0  0.1 6  3.2 0  

1 4  2,760,615  204  413 1268 15778 0.0 1  0.4 4  12.39  

1 6  34,763,30 0  285  604 1865 23938 0.0 4  1.2 4  36.24  

1 8  449,141,836  385  846 2626 34522 0.0 7  3.4 8  118.4 4  

2 0  5,924,217,936  506  1145 3571 47846 0.1 3  9.2 9  297.7 0  

2 2  79,483,257,30 8  650  1507 4720 64226 0.2 1  25.67  632.9 4  

2 4  1,081,724,803,600  819  1938 6093 83978 0.3 4  65.49  1.32E 3  

2 6  14,901,311,070,00 0  101 5  2444 7710 107418 0.5 4  140.6 1  2.64E 3  

2 8  207,426,250,094,400  124 0  3031 9591 134862 0.8 2  250.4 5  4.97E 3  

3 0  2,913,690,606,794,775 149 6  3705 11756 166626 1.2 1  423.8 7  8.97E 3  

32 41,255,439,318,353,700 178 5  447 2  14225  203026 1.7 5  676.7 6  1.57E 4  

34 588,272,005,095,043,500 210 9  533 8  17018  244378 2.4 9  1.07E 3  2.66E 4  

36 8,441,132,926,294,530,000 247 0  630 9  20115  290998 3.4 6  1.62E 3  4.37E 4  

38 121,805,548,126,430,067,900 287 0  739 1  23656  343202 4.6 6  2.38E 3  6.89E 4  

4 0  1,766,594,752,418,700,032,400  331 1  859 0  27541  401306 6.2 7  3.48E 3  1.08E 5  

42 25,739,723,541,439,406,257,200 3795 9912 31830 465626 8.2 5  4.93E 3  1.64E 5  

44 376,607,675,256,599,252,232,000 4324 11363 36543 536478 11.19  6.88E 3  2.54E 5  

46 5,531,425,230,331,301,517,157,500 490 0  12949  41700 614178 14.43  9.47E 3  3.74E 5  

a) The number of node pairs that contribute to nonzero Shavitt loop values.  This is also the number of 

vertices in the auxiliary pair graph data structure. 

b) The total number of nonzero segment values in the Shavitt graph. 

c) Times are in seconds on a 2.5GHz PowerMac G5 to construct a single M Ĥ N  matrix element. 

d) Times in seconds to construct the analytic gradient vector ′E ϕ0( ) ≡ ∂E ϕ( ) ∂ϕ(mM ) ϕ0
for N =1 using 

the G[u] and S[u] arrays. 

e) Times in seconds to construct the gradient with a finite-difference approximation, 

t(E′;FD)=2N ⋅t(HMN). 

 

The graphical representation is shown for two walks 
 
m  and 

 
n  and the associated coupling 

coefficient
 
m Êpq n .  The representation on the left is the Shavitt graph, and the representation on the 

right is the auxiliary pair graph.  In the Shavitt graph, the bra walk 
 
m is represented with the dotted 

lines, and the ket 
 
n  is represented with the solid lines.  The two walks coincide in the lower walk 

region between the graph tail and the loop tail t, and they coincide in the upper walk region between the 
loop head h and the graph head.  The coupling coefficient depends only on the middle section where the 
walks differ, which constitutes the Shavitt loop, and its value is the product of the segment values within 
the loop range.   In the pair graph, each vertex corresponds to a pair of nodes at the same level in the 
Shavitt graph, and the bra and ket walk pair in the Shavitt graph is represented as a single path in the 
node pair graph.  Each edge in the node pair graph corresponds to a segment of the Shavitt graph, which 
in turn consists of the bra arc and ket arc pair that connects the bra and ket nodes at one level to the bra 
and ket nodes at the next higher level.  The vertices of the pair graph are grouped according to the 
occupation difference ∆N=Nbra–Nket. 

 

 

The Shavitt loop contributions represented on the auxiliary pair graph for all 
contributions to node h at level q.  The ∆N=0 pair graph vertex denoted (h,h) corresponds 
to the Shavitt graph node h.  For this Shavitt loop shape, there are four edges, 
corresponding to ∆∆N=–1 in Table 3, that connect the (h,h) vertex to four ∆N=+1 vertices 
at level (q-1).  Each vertex at level (q-1) is connected to up to six vertices at level (q-2) 
corresponding to the ∆∆N=0 segments in Table 3.  The vertices at level (q-1) connect to 
other ∆N=0 head nodes which are not shown explicitly.  Each vertex  in the pair graph 
corresponds to a V  value.  The V u values at level u in the pair graph are computed 
recursively from the V u-1 values at level (u-1) and the Fν , ′ν

MN Qu−1( )  values associated with 
the connecting edges. 

Recursive Computation of SMN

Linear Combination Expansion

H c = S c E

Redundancy, Normalization, and Uniqueness

Timings Summary
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6
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N) = b 3ac + a + c( ) ( ac + a + c( ) + 1

2
' +1( ) ' 2' + 3( ) + a ( c 3' + 2( )*+ ,-  

with =min(a,c) 

10
-6

10
-4

10
-2

10
0

10
2

10
4

10
6

10
8

10
10

10
12

10
14

10
16

10
18

10
20

10
22

10
24

10 20 30 40

n

hour

day

month

universe

year

second

minute

Full-CI (w=Hx est.)

H
MN

 = <M|H|N>

H
MN
=!M|H|N" and Gradient Construction Time

(n=N,Singlet,Full-CI)

C
P

U
 

S
e

c
o

n
d

s

Analytic Gradient

Finite Difference Gradient

Auxiliary Pair Graph

 

Recursive Computation of HMN

Quantity Effort 

SMN O(Nrow) = O( n ) 

DMN O( n2)  

dMN O( n4)  

HMN O( n4) 

H′MN O( n5) 

Full-CI HMN O(n4Ncsf) ≈ O(n24n) 

 

Node Pair Counts for Full-CI Auxiliary Pair Graphs*) 

∆ N  (∆a,∆b,∆ c ) Npair(a,b,c;∆a,∆b,∆ c ) 

 

+2 

-2 

 

(0,+2,-2) 

(0,-2,+2) 

b + 1+ min(a − ′a − 2,c − ′c − 2)( )
′c =0

c−2

∑
′a =0

a−β2

∑
= (a + 1)(b −1)(c − 1) + Z(a,c) − a + δ0b c − 1( )
+δ0c 1−δ0b( ) ab + b − 1( )

 

+2 

-2 

(+1,0,-1) 

(-1,0,+1) 
b +1+ min(a − ′a − 1,c − ′c −1)( )
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= abc + Z(a,c)
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0 (0,0,0) Nrow (a,b,c) = (a +1)(b +1)(c + 1) + Z(a,c)  

0 

0 

(+1,-2,+1) 

(-1,+2,-1) 
b +1+ min(a − ′a − 2,c − ′c − 2)( )

′c =0

c−1− β1

∑
′a =0

a−1−β1

∑
= a(b −1)c + Z(a,c)

 

 Npair
full (a,b,c)  13 abc + Z(a,c)( ) − 5ac + (a + c − 2)(3b − 1+ 2δ0b ) + 3b + 3

+2 1−δ0b( ) δ0c ab + b −1( ) + δ0a cb + b − 1( )( )  

 Npair
unique (a,b,c)  10 abc + Z(a,c)( ) − 3ac + (a + c − 2)(3b + δ0b ) + 5b + 3

+ 1−δ0b( ) δ0c ab + b − 1( ) + δ0a cb + b −1( )( )  

*) Z(a,c) = Z(c,a) = 1
6η(η +1) 2η + 3 a − c +1( ) ; =min(a,c); k=max(0,k–b).  Node 

pairs must satisfy |∆N|≤2, |∆b|≤2, and ∆a+∆b+∆c=0. 

N2 Arc and Node Density

R=2.2 R=3.2 R=10.0

Dynamical Electron Correlation

J. Paldus, J. Chem. Phys. 61, 5321 (1974)

I. Shavitt, Int. J. Quantum
Chem. S11, 131 (1977)

R. Shepard and M. Minkoff, Int. J.
Quantum Chem. 106, 3190 (2006)

Global  Recursive Contracted 
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Arc Factor Convergence

Convergence of the arc factor optimization procedure using various optimization methods for
the Nα=1 expansion with the 1218 Shavitt graph for the 1A1 ground state of O3 near its
equilibrium conformation.

Electron correlation energies in millihartree for H2O. 

   Re   1.5 Re   2.0 Re   100 Re  

Method  Ndim E  %cor r  E  %cor r  E  %cor r  E  %cor r  

SCFa,b,d 
 -76.009838   -75.803528   -75.595181   -75.369343   

Full-CIb,d 256473  148.028 100.00  210.992 100.00  310.067 100.00  495.517 100.00  

SR-CI(SD)b,d 3 6 1  140.177 94.70  188.611 89.39  249.637 80.51  417.720 84.30  

MP(4)c 
 147.038 99.33  204.866 97.10  293.687 94.72  –  –  

CC-SDc 
 146.238 98.79  205.402 97.35  300.733 96.99  –  –  

CC-SD(T)  147.454 99.61  209.528 99.31  317.766 102.48  –  –  

3
6
4

4 MCSC F  1 2  53.040  35.83  120.813 57.26  232.039 74.84  426.471 86.07  

(36
4

4)CI(SD) 4141  146.002 98.63  208.776 98.95  308.083 99.36  493.808 99.66  

                  

(36
4

4) p w  1  38.243  25.83  101.316 48.02  225.468 72.72  426.471 86.07  

 2  52.841  35.70  118.174 56.01  228.951 73.84  426.471 86.07  

 3  53.040  35.83  120.813 57.26  232.039 74.84  426.471 86.07  

                  

(1410) p w  1  73.384  49.57  130.259 61.74  243.986 78.69  459.107 92.65  

 2  110.754 74.82  168.155 79.70  266.456 85.93  477.655 96.40  

 3  127.629 86.22  180.203 85.41  285.131 91.96  488.959 98.68  

 4  140.889 95.18  190.536 90.30  293.723 94.73  494.413 99.78  

 5  142.928 96.55  202.925 96.18  299.838 96.70  495.001 99.90  

 6  144.568 97.66  204.477 96.91  304.530 98.21  495.257 99.95  

 7  145.052 97.99  206.434 97.84  305.306 98.46  495.325 99.96  

 8  146.104 98.70  207.627 98.41  306.498 98.85  495.404 99.98  

 9  146.430 98.92  208.094 98.63  307.213 99.08  495.424 99.98  

 1 0  146.713 99.11  208.375 98.76  307.577 99.20  495.448 99.99  

 1 1  146.874 99.22  208.785 98.95  307.908 99.30  495.464 99.99  

 1 2  147.064 99.35  209.144 99.12  308.292 99.43  495.473 99.99  

 1 3  147.234 99.46  209.555 99.32  308.639 99.54  495.479 99.99  

 1 4  147.299 99.51  209.821 99.45  308.886 99.62  495.486 99.99  

 1 5  147.389 99.57  209.953 99.51  309.039 99.67  495.493 100.00  

 1 6  147.453 99.61  210.126 99.59  309.176 99.71  495.500 100.00  

a) The SCF values are the RHF total energies in hartree. b) R. J. Harrison and N. C. Handy, Chem. Phys. Letts. 95, 386 (1983). c) R. J. 

Bartlett, H. Sekino, and G. D. Purvis III, Chem. Phys. Letts. 98, 66 (1983). d) F. B. Brown, I. Shavitt, and R. Shepard, Chem. Phys. Letts. 105, 

363 (1984). 
Energy errors (E-EFull-CI) in millihartree for H2O. 

Method Ndim Re 1.5 Re 2.0 Re 100 Re NPE(3)a NPE(4)a 

SCF
 

 148.028  210.992  310.067  495.517  162.039  347.489  

Full-CI
 

25647 3  0.000  0.000  0.000  0.000  0.000  0.000  

SR-CI(SD)
 

361  7.851  22.38 1  60.43 0  77.79 7  52.57 9  69.94 6  

MP(4)
 

 0.990  6.126  16.38 0  –  15.39 0  –  

CC-SD
 

 1.790  5.590  9.334  –  7.544  –  

CC-SD(T)   0.574  1.464  -7.69 9  –  9.163  –  

3
6
4

4 MCSC F  1 2  94.98 8  90.17 9  78.02 8  69.04 6  16.96 0  25.94 2  

(36
4

4)CI(SD )  414 1  2.026  2.216  1.984  1.709  0.233  0.507  

        

(36
4

4) p w  1  109.785  109.676  84.59 9  69.04 6  25.18 6  40.73 9  

 2  95.18 7  92.81 8  81.11 6  69.04 6  14.07 2  26.14 1  

 3  94.98 8  90.17 9  78.02 8  69.04 6  16.96 0  25.94 2  

        

(1410) p w  1  74.64 4  80.73 3  66.08 1  36.41 0  14.65 2  44.32 3  

 2  37.27 4  42.83 7  43.61 1  17.86 3  6.337  25.74 8  

 3  20.40 0  30.78 9  24.93 6  6.559  10.38 9  24.23 0  

 4  7.140  20.45 6  16.34 4  1.104  13.31 6  19.35 2  

 5  5.100  8.067  10.22 9  0.517  5.128  9.712  

 6  3.461  6.515  5.537  0.260  3.054  6.255  

 7  2.976  4.558  4.761  0.193  1.785  4.568  

 8  1.925  3.365  3.569  0.114  1.644  3.455  

 9  1.598  2.898  2.854  0.093  1.300  2.805  

 1 0  1.316  2.617  2.490  0.069  1.301  2.548  

 1 1  1.155  2.207  2.159  0.054  1.052  2.153  

 1 2  0.965  1.848  1.775  0.045  0.883  1.804  

 1 3  0.795  1.437  1.428  0.039  0.642  1.398  

 1 4  0.730  1.171  1.181  0.032  0.451  1.149  

 1 5  0.639  1.039  1.028  0.024  0.399  1.015  

 1 6  0.575  0.866  0.891  0.018  0.316  0.874  

a) Nonparallelity errors relative to the Full-CI in millihartree.  NPE(3) includes only the Re, 1.5 Re, and 2.0 

Re values; NPE(4) includes the deviations at all four conformations. 

H2O Arc and Node Density

 1 

Re 

 

2Re 

 
 

 
Arc and node density for the symmetric dissociation of the ground state H2O using the 1410 Shavitt Graph.  The top panels show the density, 

the bottom panel shows the density differences relative to Re.  Red corresponds to negative density difference, green corresponds to positive 

density difference. 

Spin-Orbit Interactions
Node Pair Counts for Full-CI Spin-Orbit Auxiliary Pair Graphs
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#
"a =0

a!1

#

= a(b !1)c + 2Z(a,c)

 

 Npair

full
(a,b,c)  ac 13b ! 19( ) + 3b ! 5( ) a + c !1( ) + $0b

2 a + c ! 2( )

+14Z a,c( ) + 6Z a +1,c( ) + 6Z a,c + 1( )

+2$0c
a +1( ) b ! 1( ) + $0b( ) + 2$0a

c +1( ) b !1( ) + $0b( )

 

 Npair

unique
(a,b,c)  ac 10b ! 12( ) + 3 b ! 1( ) a + c !1( ) + 2b + $0b

2 a + c ! 2( )

+12Z a,c( ) + 4Z a +1,c( ) + 4Z a,c + 1( )

+$0c
a +1( ) b ! 1( ) + $0b( ) + $0a

c + 1( ) b !1( ) + $0b( )

 

*) a, b, and c correspond to the head node with the minimum b value, all possible higher-

spin head nodes, up to bmax=2a+b, are included.  
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=> Substitution

Optimize E(θ)≡E(α(θ)) over all orbital levels
• Same recursive density matrix procedure, but entire blocks of HMN

elements are computed rather than single elements.

For b=4, 9x9
…
For b=20, 121x121

• No preselection of spin states necessary, just include everything.


