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Cross section of ILRS satellites

by

David Arnold - 94 Pierce Road, Watertown, MA 02472, 617-924-6812

1. Introduction

The cross section of the satellites tracked by ILRS has been computed using whatever
information is available on the design of the arrays and the specifications of the cube
corners. The cross section is not constant for any array. It is a function of incidence angle,
velocity aberration, wavelength, and polarization if the cube corners are uncoated. The cross
section is given by the intensity of the diffraction pattern of the array at the position of the
receiver in the far field as determined by the velocity aberration. This report uses diffraction
theory to calculate cross section matrices for the arrays at various incidence angles for
wavelength 532 nanometers. The velocity aberration limits depend on the altitude of the
satellite. The average cross section within the velocity aberration limits is computed at each
incidence angle on the array. The average over all incidence angles is also computed and
tabulated.

2. Cross section table.

Table 1 lists the current cross section for each satellite on the ILRS webpage and the revised
cross section computed using diffraction theory. The minimum and maximum cross section
as a function of velocity aberration and incidence angle are also listed for the satellites where
there is enough information to do a diffraction calculation.

               THEORETICAL CROSS SECTION
                     (Million sq m)

SATELLITE  ALTITUDE  CURRENT             REVISED
                                Minimum  Average Maximum
Starlette      950     0.65      1.00      1.80     2.5
Lageos        6000     7.00      9.00     15.00    23.0
Etalon       19000    60.00       -       55.00      -
Topex         1300     2.00      6.00     33.00    83.0
BeaconC        940     3.60      0.00     13.00    35.0
Ajisai        1400    12.00       -       23.00      -
Gfo-1          800     2.00       .07       .50     1.1
Stella         950     0.65      1.00      1.80     2.5
Jason         1300     0.30       .20       .80     1.7
GPS          20000    40.00       -       19.00      -
Champ          500     1.80       .05      1.00     3.4
Westpac        835     0.03      0.00       .04      .4
ERS            800     0.30       .20       .85     1.6
Glonass396   20000   360.00       -      240.00      -
Glonass132   20000                -       80.00      -
Envisat        800     0.30       .20       .85     1.6
LRE          25000     1.25       -        2.00      -
SUNSAT         600     0.20       .04       .40     1.4

Table 1. Current and revised cross section for the ILRS satellites.



3. Diffraction model.

The diffraction calculations have been done using the theory given in SAO Special Report
382, “Method of Calculating Retroreflector Array Transfer Functions”, David A. Arnold.
The equations model coated or uncoated retroreflectors with a dihedral angle offset. The
model does not include any manufacturing imperfections such as roughness or surface
curvature. Manufacturing imperfections can result in a loss of cross section in the actual
cube corners. These losses are probably a factor of 2 or more. Therefor the theoretical
calculations should be considered as an upper limit to the actual cross section. There is no
data on the actual “in-orbit’ cross section in absolute units although relative measurements
between some satellites have been done.

The cube corners on the Japanese satellites are in the shape of a triangle with the corners cut
off. There is no model for the reflectivity of this design of cube corner. The Russian
satellites are not manufactured to a particular specification. Therefor it is not possible to do
an accurate theoretical calculation of the cross section. For satellites where no information is
available on the dihedral angle offset, an angle optimized for the particular velocity
aberration has been used. If the actual dihedral angle is not  optimized, the cross section will
probably be lower.

The Japanese satellites are spherical and use uncoated cube corners. Since the LAGEOS
satellite is also spherical and uses uncoated cube corners, the cross section of the Japanese
satellites is estimated by scaling the cross section of LAGEOS by the reflecting area.

4. Sample diffraction patterns.

Diffraction patterns of various satellites are shown in the report “Retroreflector Array
Transfer Functions” available on the web at http://nercslr.nmt.ac.uk/sig/signature.html in
PDF and WORD format (Reference 1). Some sample diffraction patterns for LAGEOS
from that report are shown in Figure 1 for linear and circular polarization.

  

Figure 1. Cross section of LAGEOS for linear polarization (left) and circular polarization
(right) at one orientation of the satellite. The axes are -50 to +50 microradians.

The diffraction pattern for linear polarization has a dumbbell shape with the axis of the
dumbbell aligned with the polarization vector of the incident laser beam. The diffraction
pattern for circular polarization has a more circular shape. The pattern for circular
polarization is not perfectly circular because there are a limited number of cube corners that
are active at a particular orientation of the satellite. The intensity of the diffraction pattern at
the position of the receiver is the cross section of the satellite.



Figure 2 shows some sample diffraction patterns for TOPEX from Reference 1.

   
             f = 0                          f = 10                         f = 20                         f = 30

  
             f = 40                         f = 50                       f = 60

Figure 2. Diffraction patterns of the TOPEX retroreflector array for various incidence
angles f (deg) on the array.

5. Variation of the cross section with incidence angle.

A. TOPEX

As can be seen from figure 2 the cross section varies with incidence angle as well as with
the position of the receiver in the far field pattern as determined by the magnitude and
direction of the velocity aberration. Table 2 shows a summary of the cross section for
TOPEX vs incidence angle on the array.

Cross section of TOPEX (million sq m)

Incidence Angle Minimum Average Maximum Active area

             0      15      20       32        31
           10      15      29       40        34
           20      16      37       62        37
           30      19      44       71        40
           40      12      45       83        40
           50      12      35       62        32
           60        6      22       38        21

Table 2. Cross section statistics for TOPEX. The first column is the incidence angle in
degrees, the second the minimum cross section, the third the average cross section between
25 and 50 microradians velocity aberration, the fourth the maximum cross section, and the
fifth the total reflecting area in equivalent number of cube corners at normal incidence.



The average of the numbers in the third column is 33 million sq meters. The lowest cross
section is 6 million at the bottom of column 2 and the highest cross section is 83 million in
column 4 for 40 degrees incidence angle. This is the data that was used to generate the
values in Table 1 for TOPEX.

B. SUNSAT

The Sunsat array has a ring of 8 cube corners tilted at 50 degrees with respect to the
symmetry axis. There is no pole cube facing the earth such as on the ERS, JASON, GFO,
and other similar satellites. The 9 cube arrays on these other satellites form an approximate
hemisphere so that the cross section does not vary much with incidence angle. For the
Sunsat array, the cross section at normal incidence on the array is very low because all the
cube corners are being viewed at a 50 degree incidence angle. This is not far from the cutoff
angle of about 57 degrees. The fact that the cross section is very low for normal incidence is
not a problem because this only occurs at zenith where the range is shortest. In fact the
absence of the pole cube can be an advantage in avoiding a large dynamic range in the
signal. However, using a constant cross section in predicting signal strength would result in
large errors since there is such a large variation in cross section. Figure 3 shows the
variation of the cross section for Sunsat with incidence angle on the array.
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Figure 3. Cross section of Sunsat vs incidence angle (deg) on the array. The top curve (red)
is for Theta = 0 deg and the bottom curve (green) is for Theta = 22.5 deg which is between
the first two cube corners in the ring.

C. BEACON

Figure 4 shows a diagram of the BeaconC array. There is one panel at the top and 8 panels
tilted at a 54 degree angle. The satellite is magnetically stabilized. Figure 5 shows the cross
section vs incidence angle on the array. The green curve is between two panels so the cross
section is lower. The cutoff angle is about 105 degrees. The cross section is reasonably
constant up to about 70 degrees, but using a constant cross section would give a large error
near the cutoff angle.



Figure 4. Diagram of the Beacon retroreflector array.
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Figure 5. Cross section of the BeaconC array vs incidence angle. The top curve (red) is for
Theta = 0 deg and the bottom curve (green) is for Theta = 22.5 deg.

D. CHAMP, GRACE

The cross section of CHAMP is fully documented in References 2 and 3. The array has 4
cubes on a 45 degree pyramid. Table 3 below summarizes the variations with incidence
angle on a cube corner using the data in Reference 2. The cross section near zenith (about
40 deg incidence angle on a cube) is fairly low. However, the range is short so the design
reduces the dynamic range of the signal strength. Using the cross section vs incidence angle
on a cube would help to reduce the error in the predicted signal strength.

Incidence Flux Cross Sec.
Angle Minimum Average Maximum Minimum Average Maximum
0 .0281 .0281 .0281 3.03 3.03 3.03
10 .0172 .0217 .0312 1.85 2.34 3.37
20 .00623 .0102 .0183 .67 1.10 1.98
30 .00216 .00356 .00680 .23 .38 .73
40 .00044 .00081 .00167 .047 .087 .180

Table 3. Cross section of CHAMP, and GRACE vs incidence angle on a cube corner. The
cross section in million sq m is the flux times 108.



D. WESTPAC.

The WESTPAC array is designed so that only one cube corner is active at a time. This is
done by recessing the cubes so that the cutoff angle is 13 degrees. This creates dead spaces
where there is no signal between the cube corners. Table 4 shows the cross section as a
function of incidence angle on a cube corner. The cross section is reasonably constant in the
range 0 to 9 degrees and then drops off sharply.

        Angle    Average  Max

0 .043 .121
1 .043 .202
2 .045 .284
3 .049 .348
4 .054 .380
5 .060 .373
6 .064 .332
7 .062 .266
8 .054 .188
9 .040 .114
10 .024 .055
11 .010 .018
12 .002 .002
13 .000 .000

Table 4. Average and maximum cross section as a function of incidence angle (deg).

E. Spherical, hemispherical, and planar arrays.

For spherical satellites such as LAGEOS, AJISAI, LRE, and ETALON, STARLETTE, and
STELLA the cross section will vary some with velocity aberration but the average cross
section is nearly independent of incidence angle.

Arrays that are approximately hemispherical such as ERS, ENVISAT, JASON, and GFO
have cross section that do not vary much with incidence angle the same as the spherical
satellites.

The high altitude satellites such as GLONASS, GPS have planar arrays. The cross section
will vary some with incidence angle but the cross section is reasonably constant.

6. Cross section matrices.

The most accurate method of predicting the signal strength is to use the full cross section
matrix to calculate the cross section as a function of the magnitude and direction of the
velocity aberration. This procedure was used for the range correction on TOPEX. Because
of the large size of the array the variations with velocity aberration were a few centimeters.
Since signal strength predictions do not require the same accuracy as range corrections
there is probably no need to do this for the cross section.



7. Summary.

The cross section of a retroreflector array may be relatively constant for some satellites and
may have large variations for others. The cross section vs incidence angle or the full cross
section matrix can be used to obtain more accurate signal strength predictions for satellites
where there are large variations in the cross section.
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1. Introduction

The rotation rate and spin axis of the LAGEOS-2 satellite have been determined by
photometric observation of the solar flashes from the front face of the cube corners as the
satellite rotates (Reference 1). However, since the flashes from the optical cubes are all the
same, there is no way to determine the phase of the rotation using the flashes from the
optical cubes.

There are 4 germanium cubes on LAGEOS-2 in holes 4N1, 4N16, 4S9 and 4S24. There are
31 holes in each row. The spacing between 4N1 and 4N16 is 15 holes. However, the
spacing between 4N16 and 4N1, which could be considered to be in hole 4N32 if one were
to continue the numbering past 31,  is 16 holes. This lack of symmetry could be used to
determine which germanium cube is being observed if there were a way to distinguish the
germanium flashes from the optical flashes.

The flashes from the optical cubes are due to dielectric reflection from the front face. The
reflection coefficient at normal incidence is about 4 percent. The germanium cubes are
opaque at optical wavelengths and have a solar reflectivity of about 50 percent. The flashes
from the germanium cubes should be much stronger than the flashes from the optical cubes
because of the higher reflection coefficient.

2. Plots of photometry data

No evidence of stronger flashes from the germanium cubes has ever been reported in the
photometry data. I asked Graham Appleby if it would be possible to look through the
Herstmonceux data for the rows where the germanium cubes are located to see if there was
any evidence of stronger flashes from the germanium cubes. An initial search did not turn
up anything unusual.

The failure to find anything was rather perplexing since it seemed that the flashes should be
there. I asked for a sample of the data to see if I could find any explanation for the apparent
absence of any strong flashes. Robert Sherwood sent me an sample of data that contained a
particularly long series of flashes from row 4S.

Figure 1 shows a plot of the data provided by Robert Sherwood. The strongest line in the
data is a star. Stars can be distinguished from the flashes by the fact that they have a longer
time duration. The flashes from the optical cubes can be seen throughout the plot. The dots
above about 100 counts are from the laser which is firing during the first part of the plot.
There does not seem to be anything in the plot to indicate the presence of germanium
flashes.

The amplitude of the laser pulses is about 1600 counts which puts them off-scale in the plot
which only goes up to 200 counts. The laser flashes are very short and are usually
contained within one bin which is 1 millisecond long. Occasionally, the laser flash is split
between two bins with any combination adding up to about 1600. For example, a laser pulse
might be contained in 2 bins of amplitude 100 and 1500 totaling 1600 counts. This is what
accounts for the points above 100 in the plot. The laser pulse rate is 10 pps and the optical
flashes are at about 1 second intervals.
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Figure 1. Plot of photometry data from row 4S of LAGEOS-2.

One possibility was that the germanium flashes might be hidden in the noise somehow.
Since the laser flashes add noise to the data I decided to first filter out the laser pulses. The
optical flashes cover a few tens of bins. This is more frequent than needed to define the
shape of the flash. In order to get better signal to noise I averaged sets of 5 data points.
With the laser pulses included, it is not possible to plot the data with lines connecting points
since this would simply produce a box with amplitude of about 1600. However, lines
between points should show the amplitudes more clearly if there were no laser pulses.

After filtering and smoothing the data, I plotted the results with lines connecting points. The
results are shown in figure 2. There are 4 strong pulses immediately evident in the plot. The
amplitude of the pulses is between about 400 and 550 counts.
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Figure 2. Plot of photometry data with laser pulses removed and sets of 5 points averaged.



Figure 3 shows a plot of the first part of the data with most of the background noise
removed and a different filtering and smoothing algorithm. Although there is one optical
flash missing, it is evident in the plot that there are 15 optical flashes between the third and
fourth germanium flashes. Using the scale determined from this interval, one can determine
that there are 14 optical flashes between the second and third germanium flashes and 15
optical flashes between the first and second germanium flashes. This is exactly the spacing
one would expect from the positions of the germanium cubes.
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Figure 3. Plot of the first part of the photometry data with most background removed.

3. Interval between flashes.

Table 1 shows a computation of the timing and amplitude of each of the flashes. The
columns are the interval between flashes, the average time of the flash, the begin time, end
time, width, average amplitude, and peak amplitude. The germanium pulses are clearly
evident in the next to the last column. The average amplitude of the germanium flashes
ranges from 344 to 464 counts. They are easily distinguished from the optical flashes which
range in amplitude from about 52 to 74 counts. The point at 66711 seconds with an
amplitude of 78 counts is a star. Its width is .23 seconds which distinguishes it from the
optical flashes which have a width of about .025 seconds.

    Interval    Time        Begin       End         Width   Average   Peak
      3.5736  66690.4136  66690.4036  66690.4236    0.0200    60.5    88.0
      0.9971  66691.4086  66691.4007  66691.4165    0.0158    67.8    88.0
     11.1499  66702.5586  66702.5506  66702.5666    0.0160    55.9    72.0
      2.0279  66704.5925  66704.5785  66704.6065    0.0280   450.8   587.0
      3.0320  66707.6226  66707.6105  66707.6346    0.0241    69.8    90.0
      1.0091  66708.6310  66708.6196  66708.6425    0.0229    74.0    96.0
      1.0179  66709.6480  66709.6375  66709.6585    0.0210    73.5   104.0
      1.0100  66710.6530  66710.6475  66710.6586    0.0111    58.7    74.0
      0.9301  66711.6956  66711.5776  66711.8135    0.2359    78.8   138.0
      3.1240  66714.7141  66714.7016  66714.7265    0.0249    63.3    76.0
      1.0220  66715.7326  66715.7236  66715.7415    0.0179    63.4    89.0
      3.0319  66718.7665  66718.7555  66718.7775    0.0220    71.3    95.0
      2.0121  66720.7811  66720.7676  66720.7945    0.0269   454.0   602.0
      1.0340  66721.8141  66721.8016  66721.8266    0.0250    64.1    80.0
      0.9950  66722.8086  66722.7966  66722.8206    0.0240    72.2    97.0
      2.0339  66724.8430  66724.8305  66724.8555    0.0250    64.5    86.0



      2.0391  66726.8771  66726.8696  66726.8846    0.0150    58.8    83.0
      4.0449  66730.9260  66730.9145  66730.9375    0.0230    60.3    76.0
      2.0201  66732.9390  66732.9346  66732.9435    0.0089    59.4    80.0
      1.0120  66733.9596  66733.9466  66733.9726    0.0260    69.0    91.0
      1.0060  66734.9651  66734.9526  66734.9776    0.0250    64.9    91.0
      1.0339  66735.9930  66735.9865  66735.9996    0.0131   344.5   434.0
      1.0061  66737.0056  66736.9926  66737.0186    0.0260    67.9    90.0
      1.0039  66738.0075  66737.9965  66738.0185    0.0220    66.9    88.0
      1.0160  66739.0235  66739.0125  66739.0346    0.0221    71.2    95.0
      1.0061  66740.0311  66740.0186  66740.0436    0.0250    68.9    95.0
      1.0170  66741.0481  66741.0356  66741.0605    0.0249    64.0    89.0
      1.0040  66742.0531  66742.0396  66742.0666    0.0270    64.9    90.0
      1.0229  66743.0750  66743.0625  66743.0876    0.0251    63.1    78.0
      2.0270  66745.1006  66745.0895  66745.1116    0.0221    65.4    92.0
      1.0160  66746.1150  66746.1055  66746.1246    0.0191    62.1    80.0
      1.0141  66747.1321  66747.1196  66747.1446    0.0250    71.0    95.0
      1.0130  66748.1436  66748.1326  66748.1546    0.0220    63.2    93.0
      1.0119  66749.1535  66749.1445  66749.1625    0.0180    62.3    79.0
      1.0090  66750.1665  66750.1535  66750.1796    0.0261    74.7    96.0
      1.0211  66751.1851  66751.1746  66751.1956    0.0210    72.9    89.0
      0.9950  66752.1815  66752.1696  66752.1935    0.0239   464.9   581.0
      2.0380  66754.2105  66754.2076  66754.2135    0.0059    50.6    58.0
      1.0107  66755.2288  66755.2183  66755.2394    0.0211    63.7    84.0
      1.0142  66756.2445  66756.2325  66756.2565    0.0240    65.5    86.0
      1.0271  66757.2671  66757.2596  66757.2746    0.0150    59.8    88.0
      1.0057  66758.2774  66758.2653  66758.2895    0.0242    62.3    83.0
      1.0150  66759.2894  66759.2803  66759.2984    0.0181    61.3    75.0
      2.0061  66761.2980  66761.2864  66761.3095    0.0231    61.0    85.0
      1.0291  66762.3264  66762.3155  66762.3374    0.0219    61.2    81.0
      1.0160  66763.3440  66763.3315  66763.3565    0.0250    61.8    91.0
      0.9969  66764.3395  66764.3284  66764.3506    0.0222    61.1    81.0
      2.0252  66766.3671  66766.3536  66766.3805    0.0269    66.8    89.0
      2.0438  66768.4064  66768.3974  66768.4154    0.0180    64.8    81.0
      1.0011  66769.4095  66769.3985  66769.4205    0.0220    69.7    92.0
      4.0489  66773.4554  66773.4474  66773.4634    0.0160    58.4    75.0
      2.0260  66775.4855  66775.4734  66775.4975    0.0241    62.8    86.0
      1.0150  66776.5014  66776.4884  66776.5144    0.0260    61.7    91.0
      2.0440  66778.5354  66778.5324  66778.5385    0.0061    52.7    56.0
      1.0000  66779.5425  66779.5324  66779.5525    0.0201    66.0    87.0
      1.0080  66780.5524  66780.5404  66780.5644    0.0240    64.2    89.0
      2.0320  66782.5850  66782.5724  66782.5975    0.0251    65.7    89.0
      4.0441  66786.6260  66786.6165  66786.6355    0.0190    59.6    78.0
      2.0369  66788.6659  66788.6534  66788.6784    0.0250    71.2   117.0
      1.0172  66789.6790  66789.6706  66789.6874    0.0168    62.2    76.0
      1.0060  66790.6895  66790.6766  66790.7024    0.0258    65.7    91.0
      1.0078  66791.6958  66791.6844  66791.7073    0.0229    71.0    91.0
      1.0022  66792.6996  66792.6866  66792.7126    0.0260    63.7    76.0
      2.0468  66794.7438  66794.7334  66794.7543    0.0209    62.6    91.0
      1.0021  66795.7416  66795.7355  66795.7476    0.0121    59.8    75.0
     11.1410  66806.8875  66806.8765  66806.8984    0.0219    68.8   102.0
      1.0199  66807.9024  66807.8964  66807.9085    0.0121    54.8    65.0
      4.0591  66811.9590  66811.9555  66811.9624    0.0069    58.9    75.0
      2.0310  66813.9890  66813.9865  66813.9915    0.0050    52.5    69.0
      6.0760  66820.0690  66820.0625  66820.0755    0.0130    56.8    70.0
      2.0199  66822.0920  66822.0824  66822.1015    0.0191    59.2    75.0
      1.0039  66823.0984  66823.0863  66823.1104    0.0241    55.7    70.0

Table 1. Computation of the timing and amplitude of the flashes.



4. The amplitude problem

The germanium flashes are clearly visible in figures 2 and 3 but not in figure 1. One
problem that is immediately obvious is that the amplitude of the germanium flashes is
greater than the 200 counts. In figure 1 the plot scale is limited to 200 counts in order to
eliminate the laser pulses which have amplitudes around 1600 and show the optical flashes
which have an amplitude under 100 counts.

Figure 4 shows the same data as figure 1 plotted at full amplitude. The germanium flashes
can be seen fairly easily in this plot. The concentration of points around 1600 is the laser
firings. The laser stopped firing before the last germanium flash. The concentration of dots
showing the germanium pulses is above the 200 count cutoff in figure 1. This is why they
were not evident in the plot.

The third pulse in figure 4 might not be very obvious by itself against the background noise
from the laser flashes. Figure 5 shows the same data as figure 4 but with the laser flashes
removed. With the laser flashes removed there is no problem identifying the germanium
flashes.
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Figure 4. Plot of the complete data set at full amplitude.
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Figure 5. Plot of the data with the laser flashes removed.

5. Fixing the phase

The existence of the germanium flashes makes it possible in principle to determine the
phase of the rotation of the satellite in addition to the spin rate and orientation of the spin
axis. The extent to which this can be done depends on the density of the data and the
stability of the spin rate. At the present time the available data is being cataloged to see what
is available. Unfortunately, the spin rate is slowing down. Robert Sherwood has pointed out
that as the rate slows there is less likelihood of geting enough data to include at least 2
germanium flashes. It might be possible to use a single flash if it is possible to interpolate
the phase angle with sufficient accuracy between data sets having at least two germanium
flashes. If there is a germanium flash missing the interval is always the same so that it is not
possible to positively identify which cube is being observed.

The germanium cubes could be used in another way to determine the orientation of
LAGEOS. The range to a germanium cube varies as the satellite spins. The amplitude of the
variation depends on the angle between the line of sight and the spin axis. Range
measurements to LAGEOS with a 10.6 micron laser would see only the germanium cubes.
Such data could be used to determine the orientation of the satellite. This technique could be
used for much slower rotation rates since the 4 germanium cubes with their high index of
refraction provide coverage over all satellite orientations.

6. The range correction.

The accuracy goal for LAGEOS was 5 millimeters. The range correction fluctuates over a
range of about +/- 5 millimeters as the satellite rotates. The rms error is on the order of  3
millimeters. The main factor limiting the accuracy of the range corrections for LAGEOS is
that the orientation is unknown. If the orientation of the satellite were known, the range
correction could be computed for that particular orientation. This would result in a
significant increase in accuracy to perhaps 1 millimeter. The range correction is a function
of polarization for LAGEOS because the cube corners are uncoated. In order to compute
the range correction as a function of orientation and velocity aberration it would be
necessary to know the polarization (linear or circular) and the angle of the polarization
vector if linear polarization is used.



Spectral analysis of the range residuals for LAGEOS using data from the MLRO shows
discrete spectral lines that are integral multiples of the rotation rate (Reference 2). This fact
could be used as a test of whether range corrections computed as a function of orientation
are being correctly applied. The spectral lines should disappear or be significantly reduced
in amplitude after the corrections are applied.

7. Summary.

Photometry of sunlight reflected from the cube corners has been routinely used to
determine the spin rate and orientation of LAGEOS-2 (Reference 1). Since the reflections
from the optical cubes are all the same amplitude, they cannot be used to determine the
phase of the rotation. Since the solar reflectivity of the germanium cubes is much greater
then the reflectivity of the optical cubes, the phase angle can be determined whenever the
viewing angle is such that reflections can be obtained from the rows containing the
germanium cubes. Range data from the germanium cubes using a 10.6 micron laser might
also be able to determine the complete orientation of LAGEOS. Knowing the complete
orientation of LAGEOS would make it possible to apply a range correction as a function of
the orientation in order to remove the variations in the range correction as the satellite spins.
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1. Introduction.

The paper “Measurement of LAGEOS-2 Rotation by SLR Observations”, G. Bianco, et al.
presented at the 12th International Workshop on Laser Ranging (Reference 1) shows that
the range residuals from LAGEOS-2 contain discrete spectral lines which are integral
multiples of the rotational rate. The lowest frequency is the spin rate. In this paper we show
that simulated data for LAGEOS-2 contain the same spectral lines as the range data.

2. Simulation of the rotation of LAGEOS.

The paper “Retroreflector Array Transfer Functions”,  D. A. Arnold, presented at the 13th
International Workshop on Laser Ranging (Reference 2, Figure 6) shows a simulation of
the range correction as the LAGEOS satellite spins. The simulations were done using the
method described in SAO Special Report 382, D. A. Arnold (Reference 3). Using the data
from the simulation V. Luceri and  R. Devoti have shown that the simulated data also
contains spectral lines that are integral multiples of the spin rate as seen in Figure 1 below.

Fig. 1 Spectrum of simulated range residuals of 50 complete LAGEOS-2 rotations as
viewed from the satellite’s equatorial plane. The periods of the peaks are indicated in units
of degrees.



3. Spectral analysis of actual ranging data.

Figure 2 shows a spectral analysis by V. Luceri and R. Devoti of range data from a pass on
Oct. 15, 1998. The spectral lines are integral multiples of the rotation rate.
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Fig. 2. Spectrum of observed range residuals (MLRO) from a real pass (Oct. 15, 1998), the
fundamental period (first peak) is 10.9 sec, all the other peaks are exact harmonics of the
fundamental frequency.

Figure 3 shows a second example of spectral analysis of real range data. This pass is from
March 21, 2002. The amplitudes of the spectral lines are different but the spectral lines
integral multiples of the spin rate. The period of the spin in Figure 2 is 10.9 seconds. In
Figure 3 the period has increased to 55.4 seconds.
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Fig. 3. Spectrum of observed range residuals (MLRO) from a real pass (March 21, 2002),
the fundamental period (first peak) is 55.4 sec, all the other peaks are exact harmonics of the
fundamental frequency.

4. Comparison of methods of spectral analysis.

The spectral analyses shown in Figures 1, 2, and 3 have been done using the Scargle
algorithm for unequally spaced data analysis. The spectral analyses shown in Figures 1 and
3 have been repeated by D.A. Arnold using a different method. In this approach, the
equation

R = A + Bsin(wt) + C cos(wt) (1)

is used to do a least squares fit to the range R as a function of time. For range residuals
from an orbital fit, the constant A would be approximately zero. For simulated range
corrections, the constant A is about .243 meters. The coefficients B and C can be considered
the imaginary and real part of a complex exponential containing the frequency and phase of
the spectral component. The spectral analysis is done by varying the frequency w  from the
spin rate to the highest spectral frequency. The power P in a spectral component is given by

P(w) = B2 + C2 (2)

Figure 4 shows the spectral analysis of the same data as Figure 1 done by D.A. Arnold
using equation (1). The analysis includes only the first 20 spectral lines. Figure 5 shows the
same data as Figure 3 analyzed with equation (1). The Scargle method and using equation
(1) give essentially identical results.
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Figure 4. Spectrum of simulated range residuals of 50 complete LAGEOS-2 rotations as
viewed from the satellite’s equatorial plane. The frequency is in (1/deg).
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Figure 5. Spectrum of observed range residuals (MLRO) from a real pass (March 21,
2002), the fundamental period (first peak) is 55.4 sec.



5. Dependence on the angle from the spin axis.

In this section simulations are done at various angles from the spin axis of the satellite in
order to show the variation in the amplitudes of the spectral lines. The angle between the line
of sight and the spin axis is 90 degrees in Figures 1 and 4. In other words, the satellite is
being observed from the equator. In Figure 6 the angle with respect to the spin axis is 30
degrees. In Figure 7 the angle is zero (looking directly at the pole).
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Figure 6. Spectrum with a 30 degree angle between the line of sight and the spin axis.
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Figure 7. Spectrum looking at the spin axis.

Comparing Figures 4, 6, and 7 we see that the highest frequencies are when the satellite is
viewed from the equator. At a 30 degree angle from the pole only the lower frequencies are
visible. When looking at the pole there is only one major frequency which is 4 times the
spin rate.



6. Phase plot.

Since it has been shown that the spectrum contains only discrete frequencies it is possible to
do a spectral analysis with equation (1) using only the known frequencies. In order to
obtain accurate results the data must contain an integral number of cycles of each frequency.
Figures 8 shows a spectral analysis of the equatorial simulation using only integral
multiples of the spin rate with data covering one complete revolution. Figure 9 is a phase
plot of the spectral lines in figure 8.
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Figure 8. Spectral analysis of one revolution          Figure 9. Phase plot of the harmonics

Tables 1 and 2 below shows the data used to plot Figures 8 and 9 respectively.

    Period (deg)         Harmonic    Amplitude (mm)   Power (mm2 )   Frequency(1/deg)
   360.000     1.000    0.077955    0.006077    0.002778
   180.000     2.000    0.072774    0.005296    0.005556
   120.000     3.000    0.126817    0.016083    0.008333
    90.000     4.000    0.110108    0.012124    0.011111
    72.000     5.000    0.032602    0.001063    0.013889
    60.000     6.000    0.778751    0.606453    0.016667
    51.430     7.000    1.045384    1.092827    0.019444
    45.000     8.000    0.251219    0.063111    0.022222
    40.000     9.000    0.168907    0.028530    0.025000
    36.000    10.000    0.208311    0.043394    0.027778
    32.730    10.999    0.638545    0.407740    0.030553
    30.000    12.000    0.373327    0.139373    0.033333
    27.690    13.001    0.369462    0.136502    0.036114
    25.710    14.002    0.270873    0.073372    0.038895
    24.000    15.000    0.019269    0.000371    0.041667
    22.500    16.000    0.125351    0.015713    0.044444
    21.176    17.000    0.025514    0.000651    0.047223
    20.000    18.000    0.194486    0.037825    0.050000
    18.947    19.000    0.107882    0.011639    0.052779
    18.000    20.000    0.166709    0.027792    0.055556

Table 1. Data used to plot Figure 8.



  Harmonic     Sine(mm)    Cosine(mm)      Amp(mm)     Power(mm2 )     Phase(deg)
   1.0   -0.0017   -0.0779    0.0780    0.0061    181.24
   2.0   -0.0363   -0.0631    0.0728    0.0053    209.89
   3.0    0.0778    0.1002    0.1268    0.0161     37.82
   4.0   -0.0856    0.0693    0.1101    0.0121    309.01
   5.0    0.0326   -0.0015    0.0326    0.0011     92.63
   6.0    0.7732    0.0932    0.7788    0.6065     83.12
   7.0   -0.1402   -1.0359    1.0454    1.0928    187.71
   8.0   -0.1900    0.1643    0.2512    0.0631    310.86
   9.0   -0.1686   -0.0099    0.1689    0.0285    266.63
  10.0    0.1578    0.1360    0.2083    0.0434     49.26
  11.0    0.3116   -0.5573    0.6385    0.4077    150.79
  12.0   -0.3666   -0.0708    0.3733    0.1394    259.07
  13.0   -0.3115   -0.1987    0.3695    0.1365    237.46
  14.0    0.2708    0.0075    0.2709    0.0734     88.42
  15.0   -0.0191   -0.0023    0.0193    0.0004    263.08
  16.0   -0.0808    0.0958    0.1254    0.0157    319.86
  17.0   -0.0101    0.0235    0.0255    0.0007    336.80
  18.0   -0.1013   -0.1660    0.1945    0.0378    211.40
  19.0   -0.1012    0.0372    0.1079    0.0116    290.20
  20.0   -0.1666    0.0054    0.1667    0.0278    271.86

Table 2. Data used to plot Figure 9.

7. Reconstructing the function from the spectral lines.

The Fourier coefficients computed for the simulated data can be used to reconstruct the
function. The plot below shows the simulated data and the Fourier fit to the data using the
spectral lines up to 20 shown in Table 2 above. The fit is not exact. Using a few more terms
would probably improve the fit. Some rows of LAGEOS have 32 cubes.
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Figure 10. Plot of the simulated data and the Fourier fit to the data using terms up to 20.



8. Dependence on the reflecting properties of the cube corners.

A LAGEOS cube corner can lose total internal reflection past about 17 degrees incidence
angle depending on the orientation of the cube in its holder. One would expect that the
variation of the range correction as the satellite spins would depend on the orientation of
each cube in its holder. Figure 11 shows the spectrum looking at the equator with random
orientations of the cubes.
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Figure 11. Spectrum looking at the equator with random orientations of the cubes.

Comparing Figure 11 with Figure 4 it is clear that the amplitudes of the spectral lines
depend on the orientation of the cubes in their mountings.

9. Methods of computing the spectral lines.

The amplitudes of the spectral lines can be computed in two different ways:

A. If the spectrum of a set of data is unknown, it is necessary to try all frequencies in order
to compute the spectral amplitudes. The analysis of the real Lageos data shows a certain
amount of noise between the spectral lines. This is to be expected since there are various
noise sources present in the data. The analysis of the simulated data shows much less noise
between the lines.

B. The terms of a Fourier series are integral multiples of the fundamental frequency  and
form an orthogonal set of functions over one cycle of the fundamental. There are an integral
number of cycles of each frequency in one revolution. Since the Lageos spectrum has been
shown to be Fourier series with a finite number of terms it should be possible to solve for
the known harmonics from one revolution or an integral number of revolutions by solving
only for the known frequencies.

If an interval does not contain an integral number of cycles one will not get the correct
amplitudes. Using a long data set with many cycles gives approximately the correct answer
even though there may not be an integral number of cycles of each frequency. The error in
determining the frequency is inversely proportional to the length of the time interval.



10. Variation of the spectral lines during a pass.

In principle, shorter periods of time could be used in the spectral analysis of real LAGEOS
data if the spin rate were known, just as Figure 8 was computed using only one revolution
and solving only for the known spectral lines.

Figure 12 below show a spectral analysis done on real data with the pass broken up into
eight intervals. We see that the amplitudes of the spectral lines are different in each interval.
This is what one would expect if the angle between the line of sight and the spin axis is
changing during the pass. The green triangles show the position of the integral spectral
lines. The width of the lines is broader and there is more noise between the lines.
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Figure 12a. Interval 1, 78.9310  - 406.218  sec
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Figure 12b, Interval 2,  406.218  - 733.506   sec
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Figure 12c Interval 3,  733.506 - 1060.794  sec
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Figure 12d, Interval 4, 1060.794 - 1388.081  sec

The last 4 parts of Figure 12 are shown later in the paper.

11. Experimental verification of the dependence on the orientation of the spin axis.

The simulated data shows that higher frequencies are present when looking at the equator
and lower frequencies dominate when looking at the pole. It should be possible to verify
this experimentally. The paper “LAGEOS-2 spin rate and orientation”, R. Sherwood
(Reference 4) shows that the spin rate and orientation of the spin axis can be determined
using photometry of the solar flashes from the front face of the cube corners. The spectrum
of actual range data could be correlated with the angle between the observing direction and
the orientation of the spin axis to see if the frequencies are lower near the pole. Since the
angle with respect to the pole is constantly changing during a pass, one should use a short
interval consisting of an integral number of revolutions in making the comparison.
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Figure 12e, Interval 5, 1388.081 -  1715.369  sec
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Figure 12f. Interval 6, 1715.369  - 2042.656  sec

12. Determination of the phase of the rotation using the range data.

Since the spin axis and orientation can be determined by photometry (Reference 4), it might
be possible to determine the phase of the rotation using the range data. Since the
frequencies of the spectral lines are known one could do a spectral analysis of an integral
number of rotations. This can be used to reconstruct the range variations as a function of
time as was done in Figure 10 of this report. The simulation program can be used to
compute the predicted range variations for the time interval using an arbitrary starting phase
of the rotation. The two curves could then be compared to try to match up the phase. A
second approach suggested by G. Appleby is to vary the phase from 0 to 360 in the
simulation and look for the phase angle that minimizes the rms difference between the
simulation and the actual data. A third approach would be to add the phase angle to the
orbital solution. This would require a starting value of the phase angle since the orbital
solution is a non-linear least squares iteration.
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Figure 12g. Interval 7, 2042.656 -  2369.944  sec
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Figure 12h. Interval 8, 2369.944  - 2697.232  sec

13. Other methods of determinating the phase angle.

It has been shown recently that the phase of the rotation of LAGEOS can be determined by observation of
the solar flashes from the germanium cubes (see “Germanium flashes in LAGEOS-2 photometry data”,
David A. Arnold, presented at this workshop). Since the amount of data on the germanium flashes is very
limited it may be difficult to use this data to determine the phase throughout the whole period of the
photometry. However, it could be used as a starting value for computing the phase in an orbital solution as
described in Section 12.

The orientation of LAGEOS could, in principle, be determined by pulsed and CW infrared ranging to the
germanium cube corners. This technique is discussed on Pages 187 and 188 of the report “Optical and
infrared transfer function of the LAGEOS retroreflector array”, D.A. Arnold (Reference 5).



14. Summary and conclusions.

Spectral analysis of simulated and actual LAGEOS range data shows spectral lines that are
integral multiples of the spin rate. This seems reasonable since there are an integral number
of cube corners in each row on the satellite. The amplitudes of the spectral lines depends on
the reflecting properties of the cube corners and the angle of incidence with respect to the
spin axis.
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