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Tensile strength of carbon nanotubes under realistic temperature and strain rate
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A transition state theory based predictive model is developed for the tensile failure of carbon nanotubes
~CNT’s!. We show that the tensile yield strain has linear dependence on the activation energy and the tem-
perature, and has a logarithmic dependence on the strain rate. Based on the parameters fitted from strain rate
and temperature-dependent simulations within a wide range of molecular-dynamics time scales, the model
predicts that a defect-free micrometer long single-wall nanotube at 300 K, stretched with a strain rate of 1%/h,
yields at about 961% tensile strain for small diameter CNT’s, and about 2–3 % higher for larger diameter
CNT’s. This is in good agreement with recent experimental findings.
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Since their discovery in 1990s,1 carbon nanotubes
~CNT’s! have been found to have exceptional mechan
properties with Young’s modulus as high as 1 TPa, and a
novel electronic properties. Applications of CNT’s as nano
bers or building blocks for nanodevices have been propo
and are investigated in many current studies. The efficie
of the reinforcement of nanocomposites with CNT nano
bers or mechanical stabilities of CNT based nanodevices
be largely dependent on the intrinsic mechanical proper
of CNT’s. This includes not only the modulus of CNT
which is a measure of the stiffness and strength at sm
strains, but also the yielding of CNT’s at large strains.

Earlier atomistic molecular-dynamics~MD! simulations
performed at very high strain rates~limited by time scale of
the phenomenon that can be simulated in MD! show tensile
yield strain of CNT’s to be as high as 30%.2,3 Whereas, re-
cent experiments report much smaller tensile yield strain
variety of scenario. Walterset al.4 have reported a yield
strain of 5.8% on single-walled CNT~SWCNT! ropes. Yu
et al.5 have reported a similar value of maximum 5.3% stra
for yielding at room temperature, and have measured st
for yielding of multiwalled CNT’s~MWCNT! ~Ref.6! to be
as high as 12%.

The yielding or failure of CNT’s is mainly dependent o
the activation and propagation of defects, such as Sto
Wales ~SW! bond rotation or graphitic (sp2) to sp3 dia-
mondlike bonding transitions at the location of collapse. T
former has been mainly formed on tensile strained CNT’s7–9

whereas the latter has been mainly observed on axially c
pressed CNT’s.10,11Previous theoretical and numerical sim
lation studies have shown that, under large tensile strain,
bond rotations result in the formation of pentagon-hepta
pair ~5775! defects on the nanotubes~Fig. 1!,7–9 which are
energetically favorable at tensile strain larger than 5%8,9

However, the large energy barriers~of about 8–9 eV! to the
formation of SW bond rotations in static calculations7 do not
readily explain the experimentally measured low tens
strength of SWCNT ropes or MWCNT’s. On the other han
the high strain rates used in the earlier MD simulations, li
ited by the time scales accessible to MD methods, are g
erally of the order of picosecond21 or faster. This is also
unrealistic because the experimental strain rates are of
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order of min21 or slower. A clear deficiency thus exists in
direct comparison of earlier MD simulated tensile streng
with what is measured in experiments.

One way to accelerate the kinetic processes in MD sim
lations is to increase the temperature. The transition time
an activated process in that case is typically given by
Arrhenius relationt5(1/n)eEn /kBT, whereEn is the activa-
tion energy andn is the effective vibration or attempt fre
quency of the transition. At high temperatures, a larger
netic energy increases the rate of the process to overcom
barriers and the transition time is shortened. This increa
the efficiency of the MD simulations of activated process
In this study, a transition state theory~TST! based predictive

FIG. 1. A Stone-Wales bond rotation defect shown on an a
chair CNT under tension.
©2003 The American Physical Society07-1
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model for tensile yielding of SWCNT’s has been develop
Based on the parameters fitted from extensive MD simu
tions at different temperatures and strain rates, we are ab
predict tensile failure of micrometer long SWCNT’s at e
perimentally feasible strain rates and temperatures.

MD simulations of SWCNT’s involve solution of Hamil
ton’s equations of motion for the full system, under differe
thermodynamic ensembles. In our MD study, Langevin fr
tion force scheme13 is used to control the kinetic temperatu
and time step is kept fixed at 0.5 fs. Tersoff-Brenner poten
is used for C-C interactions,14,15 which can describe bond
formation and breaking dynamics in the simulated syste
and which was parametrized from graphite, diamond,
hydrocarbon molecular systems. Tersoff-Brenner poten
has been used to study the mechanical properties of CN
such as Young’s modulus16,17 and the activation energy o
Stone-Wales bond rotation defects,8 and provides reliable re
sults as compared with the more accurate tight-binding7,18 or
ab initio density-functional theory based methods.9,19

The MD simulations of tensile strain involve continuo
stretching of nanotubes by moving the end atoms under
sile strain, and letting the nanotube relax during the dyna
ics at constant temperatures and strain rates. A 0.25% te
strain is applied in a single MD step and the strain rate
maintained by the time interval allowed for the relaxation
the system before the next 0.25% strain is applied. A 60
long ~10,0! nanotube with 600 atoms is used for the simu
tion studies~with 40 end atoms at each end used for apply
the strain!, and the CNT is strained at rates varying with
four orders of magnitude~from 1026 ps21 to 1022 ps21)
and at temperatures ranging from 300 K to 2400 K. T
simulations are CPU time intensive. For example, a cha
of strain of 0.25% was followed by a MD relaxation of
3106 time steps for a strain rate of 1026/ps. The atomic
configurations and energies of the CNT’s are monitored
recorded during the simulations, and it is possible to obse
yielding of nanotubes within the simulated strain rates a
temperatures.

The strain energy per atom for different temperatures
strain rates, as a function of tensile strain, is plotted in F
2~a!. The abrupt deviation of the strain energy from the el
tic behavior at high strain values~and we define such strai
as the yield strain or failure strain! is found to be triggered
off by the appearance of SW bond rotations. This is sho
for example, in Fig. 2~b! ~lower panel! by plotting a trajec-
tory of the change in the strain energy of the~10,0! CNT as
a function of MD evolution time close to yielding. The fo
mation of a SW defect in a nantube or graphene lattice ty
cally involves a bond rotation with breaking of two existin
C-C bonds and the formation of two new C-C bonds. Fo
SW bond rotation within a strained CNT, this can be mo
tored by tracking the changes in the neighbors of eac
atom during the dynamics. For a single SW bond rotati
four C atoms change one of their three neighbors. The n
ber of C atoms with their one, two, or three neighbo
changed during the yielding trajectory is plotted in Fig. 2~b!
~upper panel!. The correlation between the energetics w
the changes in the number of neighbors show that the yi
ing of the CNT is onset by bond rotations. Multiple bon
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FIG. 2. ~a! The strain energy per atom as a function of tens
strain for CNT~10,0! at different temperatures and strain rates. T
strain at which the abrupt derivation of strain energy from elas
behavior is defined as yield strain.~b! ~upper panel! The number of
atoms involved in bond rotations as a function of evolution time
plotted. The atoms with 1, 2, or 3 neighbors changed involve in
2, or 3 bond rotations, respectively. The label for theX axis is same
as the one for the lower panel of Fig. 2~b!. ~lower panel! The
change of the strain energy of a~10,0! CNT as a function of evo-
lution time close to yielding. It is seen that the yielding of CNT
onset by bond rotation defects.
7-2
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rotations leading to multiple SW defects also occur, and
is accompanied by the eventual necking and breaking of
nanotubes. The example data shown in Fig. 2~b! is at T
5800 K with a strain rate of 331025 ps21. The trajectories
at other temperatures and strain rates show similar res
Shown in Fig. 3 is the atomic configurations of a 11.5
strained CNT~10,0! near its yield strain atT51600 K. The
configuration on the left shows a group of pentagon a
heptagon centered by an octagon that results from sev
SW rotation in the connected region; and the one on ri
shows the start of breaking of the CNT~10,0!.

The yield strain as a function of different strain rates a
temperatures, within a wide range, is shown in Fig. 4~a!. The
figure shows that the yield strain decreases at higher t
peratures and at slower strain rates. The yield strain dep
linearly on temperature and logarithmically on strain ra
The slope of the linear dependence increases with temp
ture. This indicates that the Arrhenius behavior as a func
of temperature is valid. The tensile yielding of nanotub
thus can be described by a theory of activated processes
the transition of the system from the initial pre-yielding sta
to the final post-yielding state occurs through a series
activated processes with an effective barrier defining
characteristics of the whole phenomenon. In the follow
analysis, we develop a TST based model and show tha
data of the yield strain, limited to within MD time scales an
temperatures, enables the parametrization of the model a
experimentally feasible temperatures and strain rates as

FIG. 3. The atomic configurations of the 11.5% strained C
~10,0! near its yield strain atT51600 K~shown is the section of the
60 Å CNT!. Left: a group of pentagon and heptagon centered by
octagon which are resulted from several SW rotations in the c
nected region. Right: the followed of the start of the breaking of
CNT ~10,0!. Defects are marked in dark.
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For example, the predicted yielding of a micron lon
SWCNT at 300 K, strained at a rate of 1%/h, compares v
well with the recent experimental observations.

According to the Eyring’s theory, the Arrhenius formu
for a strained system can be modified as12

t5
1

nsite

1

n
e(En2VKe)/kBT, ~1!

wheret is transition time,e is local strain,nsite is number of
sites available for state transition,K is force constant, andV
is the activation volume. Thus, by rewriting Eq.~1! the strain
rate required for a transition at a certain strain is

1

ė
5

1

nsite

1

ė0

e(En2VKe)/kBT, ~2!

where ė is strain rate andė0 is the intrinsic strain rate, a
constant related with vibration or attempt frequency. T
yield strain as a function of temperature and strain rate, th
can be expressed by inverting Eq.~2! as

eY5
En

VK
1

kBT

VK
ln

ė

nsiteė0

. ~3!

For nanotubes under tensile strain, we have observed
the yielding process induces a sequence of SW type b

n
n-
e

FIG. 4. The tensile yield strain of~10,0! CNT as a function of
strain rate at different temperatures, which is seen to decreased
high temperature and slow strain rate. Inset:A(T) andB(T) defined
in Eq. ~5! as functions ofT. The linear behaviors show that th
transition state theory based model described in Eq.~4! is valid.
7-3
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rotations within the connected local regions. These tra
tions lead to a collective kinetic activation mechanism of
failure of CNT’s strained beyond elastic limit. The combin
rate forN multiple transitions thus can be of the form 1/Nt,
where 1/t is the rate for a single transition and for simplici
we have assumed that the rate for each successive tran
can be expressed by an averaged value of 1/t. An averaged
effective activation energyĒn for the multiprocess thus re
placesEn for the single process, and Eq.~3!, can be modified
as:

eY5
Ēn

VK
1

kBT

VK
ln

Nė

nsiteė0

. ~4!

In the following analysis, we show that the TST bas
model derived in Eq.~4! is fully supported by the MD simu-
lation results. This is accomplished by rewriting Eq.~4! as

eY5F Ēn

VK
2

kBT

VK
lnS ė0nsite

NDestep
D G1

kBT

VK
ln

ė

Destep

5A~T!1B~T!ln
ė

Destep
, ~5!

where A(T)5(Ēn /VK)2(kBT/VK)ln(nsiteė0 /NDestep) and
B(T)5kBT/VK are identified as the intercept and slope,
spectively, of the linear behavior shown in Fig. 4~a!, and
Destep is the change of strain at each step used in sim
tions. The functional dependence ofA(T) andB(T) over the
entire temperature range is obtained by comparing the
pression in Eq.~5! to the simulation data at different tem
peratures. The linear dependence of bothA(T) andB(T) on
the temperature shown in the inset, Fig. 4~b!, indicates that
the TST based derived model is valid for the yielding of t
strained CNT’s in the entire range. From the dependenc
B(T) on T, we get VK518.04 eV. For one-dimensiona
CNT’s, with Young’s modulus giving the force constant to
1 TPa, the activation volume comes out to be 2.88 Å3. This
corresponds to a typical atomic volume of a carbon at
within a nanotube. The comparison of the coefficients
A(T) gives Ēn /VK50.20 and (kB /VK)ln(nsiteė0 /NDestep)
53.6631025. These values correspond to the average
netic activation energyĒn of 3.6 eV for the SW bond rota
tions triggering the failure of the nanotube. In our simu
tions, with nsite'600 andDestep50.0025 or 0.25%,ė0 /N
comes out to be about 831023 ps21. eY is not dependent on
Destep as the effects cancel out inA(T) andB(T). There is
always a possibility for the inverse transitions which ha
rates scaled ase22VKe/kBTė, and are omitted as (VKe/kBT)
@1 in our study. The good fitting of the MD data to Eq.~4!
shows that the above model is valid, and moreover the
rameters such as activation volume and intrinsic strain
can be obtained.

The yield strain of the CNT’s, under tensile stress w
experimentally feasible strain rates, can be estimated orpre-
dicted from the above model. For example, atT5300 K and
at a strain rate of about 1%/h, the yield strain for a 6 nmlong
11540
i-
e

ion

-

-

x-

of

n

i-

-

a-
te

FIG. 5. ~a! The static in-plane activation energy of Stone-Wa
bond rotations as a function of diameters for zigzag and armc
CNTs, using Tersoff-Brenner potentials. Small diameter zigzag t
such as~10,0! has lower activation energy compared to larger
ameter tubes.~b! and~c! The yield strain of~10,0! ~circle and solid
line!, ~20,0! ~diamond and dashed line!, ~5,5! ~circle and solid line!
and~10,10! ~diamond and dashed line! CNTs as a function of strain
rate atT52400 K. The lines are linear fits of the yield strain to th
logarithm of the strain rate, for the simulation data shown in so
circles or diamonds. The difference in the static activation ene
on these tubes as shown in~a! is reflected in the yield strain.
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~10,0! CNT comes out to be about 1161% as according to
eY(%)520.211(0.2160.02)lnė (ps21) from the data
shown in Fig. 4. Furthermore, the effect of experimenta
realistic length of CNT’s on the predicted values ofeY can be
estimated from Eq.~4! as according to

De52
kBT

VK
ln~nsite /nsite

0 !, ~6!

wherensite is linearly dependent on the length of CNT’s. F
a micrometer long~10,0! CNT, under the same condition
the yield strain lowers to about 961%. For still longer
nanotube this can lower even further. A larger diameter na
tube, of the same length, may have more activation sitesnsite
for nucleating the defects leading to the yielding of the tu
However,N, the number of single processes involved in t
yielding, may also increase and offset the effect. This w
not be the case if individual single-wall nanotube diame
increases by orders of magnitude, which is highly unlike

In Eq. ~4!, we note that the yield strain of CNT’s is lin
early dependent on the average kinetic activation energy.
static in-plane activation energy of the SW bond rotation,
several armchair and zigzag CNT’s, are calculated by ro
ing the C-C bond in the CNT surface plane and relaxing
system at zero tension and zero temperature. The result
shown in Fig. 5. It is noticed that a small diameter zigz
nanotube has a smaller activation energy than that of a la
diameter zigzag nanotube. No such difference is obvious
the armchair nanotubes. We conducted similar MD simu
tions on two zigzag nanotubes~10,0! and ~20,0!, and two
armchair nanotubes~5,5! and~10,10!. The tensile yield strain
of these tubes, as a function of strain rate atT52400 K, is
shown in Figs. 5~b! and 5~c!. The pattern of static activation
energy of SW rotation is clearly reflected in the correspo
ing yield strain. The data also suggests that the tensile y
strain can be about 2–3 % higher for large diameter tube
compared with that of small diameter tubes under sim
experimental conditions. One of the main features of the
rived model is that the yield strain is strongly dependent
the activation energy. A 1 eV difference in the activati
energyEn results in a difference of 5% ineY . Thus, more
accurate methods such as tight binding or density-functio
theory under dynamic conditions are expected to further
prove the above predicted yield strain of CNT’s.

Above analysis shows that the yield strain of a tens
strained CNT is strongly dependent on the temperature
the applied strain rate. A physical reality that emerges fr
the TST based model in Eq.~4!, and the MD simulation data
in Fig. 4, is that the yield strains at slower strain rates a
olc
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low temperatures are equivalent to the yield strains at fa
strain rates and higher temperatures. From Eq.~4!, this can
be mathematically expressed as

S ė1N

nsiteė0
D T1

5S ė2N

nsiteė0
D T2

, ~7!

which shows that the yielding process can be accelerate
doing the MD simulations at higher temperatures and fa
strain rates. In a different context, Voteret al. have used the
high-temperature accelerated dynamics to study the diffus
on solid surfaces,20 which shows that more realistic exper
mental deposition rates can be reproduced through
scheme.

Finally, the experiments show the tensile strength
40–50 GPa for SWCNT ropes and MWCNT’s, even thou
their yield strains are different: 5–6 % for SWCNT’s an
12% for MWCNT’s. Equation~4! shows that the yield strain
eY is a function of activation volumeV and Young’s modulus
K as well. SinceK is shown to be about 1 TPa for divers
SWCNT’s and MWCNT’s, the difference could be related
the activation volume. It is reasonable to expect a sma
activation volume on the outer shell of a MWCNT due to t
presence of inner-shell CNT’s, and the reducedV will in-
crease the value ofeY for MWCNT’s.

In summary, a transition state theory based model is
veloped for the yielding of CNT’s. A comparison of the yie
strain as a function of temperature and strain rate as der
from the model with the MD simulation results show a ve
good agreement between the two. Furthermore, the m
predicts that a defect-free micrometer long single-wall na
tube at 300 K, stretched with a strain rate of 1%/h, yields
about 961% tensile strain for small diameter CNTs an
about 2–3 % higher for larger diameter CNT’s. This is
good agreement with recent experimental findings.

Note added. After the completion of our original work and
submission of the manuscript, we became aware of a st
of static activation barrier for SW defects on CNT’s, whe
the activation energy was calculated from bond rotation
graphene plane using Tersoff-Brenner potential. In this pa
17% tensile strain for CNT’s was estimated from a simp
Arrhenius description.21 In our work a general strain rate an
temperature-dependent formula is derived, which gives t
sile strain for all types of CNT’s at experimentally feasib
condition with dynamics activation barriers.

We thank Dr. M. Baskes and Dr. A. Voter for helpfu
discussions. This work is supported by NASA Contract N
NCC2-5400. D.S. was supported by NASA Contract N
704-40-32 to CSC at Ames Research Center.
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