MADPH-96-934

On quark confinement dynamics

Theodore J. Allen Department of Physics, University of Wisconsin, Madison, WI 53706

M.G. Olsson Department of Physics, University of Wisconsin, Madison, WI 53706

Siniša Veseli Department of Physics, University of Wisconsin, Madison, WI 53706

Ken Williams Continuous Electron Beam Accelerator Facility Newport News, VA 29606, USA and Physics Department, Hampton University, Hampton, VA 29668 (January 21, 1997)

Abstract

Starting from Buchmüller’s observation that a chromoelectric flux tube meson will exhibit only the Thomas type spin-orbit interaction, we show that a model built upon the related assumption that a quark feels only a constant radial chromoelectric field in its rest frame implies a complete relativistic effective Hamiltonian that can be written explicitly in terms of quark canonical variables. The model yields linear Regge trajectories and exhibits some similarities to scalar confinement, but with the advantage of being more closely linked to QCD.

Typeset using REVTEX

I. INTRODUCTION

The nature of quark confinement is an old but still active problem. The transition to a linearly rising potential at large quark-antiquark separation is evident from lattice simulations. The associated “flux tube” field distribution has long been an attractive starting point to develop classical and semi-classical meson models [1] and non-relativistic hybrid and glueball models [2] as well as relativistic quantized models of meson dynamics [3]. Buchmüller [4] has proposed that a flux tube which is purely chromoelectric in its rest (co-moving) frame must yield a spin-orbit interaction that is only of the kinematic (Thomas) type. The result follows classically, as we review in the next section, from the given fact that there is no magnetic field in the co-moving frame.

In the present paper we show that this simple picture is far more powerful than originally thought. We show that when one asks what fields in the stationary laboratory frame are equivalent to those of a co-moving chromoelectric flux tube, one is led to a complete relativistic effective theory. Section II contains a relativistic version of Buchmüller’s argument based on the Thomas equation. The complete effective Hamiltonian in the Bethe-Salpeter form is given in Section III, and the reduction and consequent relativistic corrections are worked out in Section IV. In this section we also compare our result with the relativistic corrections expected from scalar and time component vector confinement as well as those expected from QCD. The Regge structure of our model is discussed in Section V. Our conclusions are summarized in Section VI.

II. BUCHMÜLLER’S PICTURE OF THE SPIN-ORBIT INTERACTION IN QCD

The classical covariant treatment of a spinning charge moving in electric and magnetic fields was first introduced by Thomas [5] in 1927. This formalism automatically includes the “Thomas precession” effect. The interaction energy of the spin magnetic moment is [6]

H_{so} = − 1 m s · G, (2.1)

where m is mass of the particle and

G = ( g 2 − 1 + 1 γ )B − ( g 2 − γ γ + 1

)v × E. (2.2)

Here, and in what follows, the particle charge has been absorbed into the fields (e.g. eB → B), and for simplicity we assume v ·B = 0, which always will be true in the case we consider.

The gyromagnetic ratio g is expected to take the value g = 2, but we consider the general case.

The above result can be re-expressed in terms of the quark co-moving fields B^′ and E^′ by the usual Lorentz transformation

B_‖ = B^′_‖, (2.3) E_‖ = E^′_‖, (2.4) B_⊥ = γ(B^′_⊥ + v × E^′), (2.5) E_⊥ = γ(E^′_⊥ − v × B^′). (2.6)

Substituting the transformed fields into (2.2), using v · B = 0 and γ^{−2} = 1 − v^2, we obtain G = g 2γ B^′ + 1 γ + 1 v × E^′. (2.7)

Buchmüller’s observation [4] follows directly from (2.7). If the flux tube is pure chromoelectric in its rest (co-moving) frame, then B^′ = 0, and the spin-orbit term energy is by (2.1) and (2.7)

H_{so} = − 1 m(γ + 1) s · (v × E^′). (2.8)

For low velocity quarks we have γ ≃ 1, L ≃ mr × v. With the assumption E^′ = −ar̂^′, where a is the magnitude of the electric field, (sometimes called the string tension in flux tube models), the spin orbit energy becomes

H_{so} ≃ − a 2m^2r s · L. (2.9)

This pure “Thomas” spin-orbit term arises in a natural way in the Buchmüller picture. In QCD confinement the moving quark does not “cut” electric field lines as it moves since the electric field is carried along in a roughly straight flux tube connecting the quarks.

For completeness we also mention the spin-orbit terms arising from other assumptions often made about the confinement potential. With a Lorentz scalar confinement there is no magnetic field in any frame, so only the purely kinematic Thomas term is present and the spin-orbit term (2.9) again results. For the time component vector confinement B = 0 in the lab frame, and E^′ = −ar̂ ≃ E. The Lorentz transformations (2.5) then yield B^′ = −γv × E^′. By (2.1) and (2.7) we then find for a low particle velocity

H^{vector}_{so} ≃ a 2m^2r

(g − 1)s · L. (2.10)

For g = 2, the above equation becomes

H^{vector}_{so} ≃ a 2m^2r s · L, (2.11)

which is of the same magnitude but opposite sign from the pure Thomas term.

Discussing QCD in an electrodynamic context is not unreasonable in this model of quark dynamics given the assumptions we make about the physical fields. The particular flux tube field configuration present depends crucially upon the nonabelian nature of QCD while the interaction of the fields with the quarks does not in this case. This is so because we assume that the fields agree with that of a flux tube, wherein only one component of the QCD field strength G_{μν} , namely the radial chromoelectric field, is nonzero in a co-moving frame. Thus we may write the SU(3) field strength as G_μ′_ν′ = G^a_μ′_ν′ T^a = E^aT^a(δ_μ′_0′ δ_ν′_r′ − δ_μ′_r′ δ_ν′_0′ ) in a frame that is moving with the same velocity as the quark. As the field tensor has only one non-zero component in this frame, we find that the Lorentz components of the QCD field strength trivially all commute with one another.

[G_α′_β′ (x^′), G_μ′_ν′ (x^′)] = if^{abc}G^a_α′_β′ G^b_μ′_ν′ T^c ∝ f^{abc}E^aE^bT^c = 0. (2.12)

Because the field strengths commute in one frame, they must commute in all frames.

[G_{αβ} (x^′), G_{μν} (x^′)] = Λ^{α′}_α Λ^{β′}_β Λ^{μ′}_μ Λ^{ν′}_ν [G_α′_β′ (x^′), G_μ′_ν′ (x^′)] = 0. (2.13)

Thus we may perform a gauge transformation upon G^a_{μν} T^a to rotate it into an abelian subalgebra of SU(3). That is, there exists a gauge transformation Ω(x) such that the field strength can be rotated to lie in, say, the “three” direction of SU(3), Ω(x)G^a_{μν} (x)T^aΩ^{−1}(x) = G^3_{μν} (x)T^3, or that the field strength is purely in a U(1) subalgebra of SU(3). Choosing the field strength to lie in the “three” direction of SU(3) partially fixes the gauge, leaving a residual U(1) gauge freedom. We then make the identification of the “electromagnetic” field strength as F_{μν} ≡ G^3_{μν} .

III. THE EFFECTIVE HAMILTONIAN

We begin this section by establishing a relativistically valid four-vector potential in the laboratory frame that yields B^′ = 0 in the instantaneous rest frame of the quark. While the four-vector potential is not a gauge invariant object, the full wave equation for the moving quark is gauge invariant provided that we perform a gauge transformation on the quark wave function as well as on the four-vector potential. In the instantaneous rest frame the E^′ and B^′ fields at the quark are assumed to be those given in the Buchmüller picture, B^′ = 0, (3.1) E^′ = −ar̂^′. (3.2) It is important to note that while the quark is acted upon by the chromodynamic fields, it is a source of the chromodynamic fields as well. The vector potential depends on the position and motion of the quark as well as upon the field point r A_μ = A_μ(r, t, r_Q, p_Q). (3.3) The curl of the vector potential A with respect to the field point is the magnetic field B(r, t, r_Q, p_Q) = ∇_r × A(r, t, r_Q, p_Q). (3.4) It is not the general magnetic field (3.4) that appears in a wave equation, but rather the operator expression B_{eff} (r_Q, t, p_Q) = i(p_Q × A(r_Q, t, r_Q, p_Q) + A(r_Q, t, r_Q, p_Q) × p_Q) = ∇_{rQ} × A(r_Q, t, r_Q, p_Q), (3.5) which we assume to be the magnetic field acting on the quark, B(r_Q, t, r_Q, p_Q) = v_Q × E(r_Q). (3.6) We find the simplest such potential yielding this magnetic field by applying a Lorentz transformation to the co-moving potentials^1 A^′_0 = ar^′, (3.7) A^′ = 0, (3.8) and using the relation between momentum and quark velocity, p_Q = γ_Qmv_Q + A, (3.9)

1It is straightforward to include an additive constant in the expression for A^′_0 which we neglect for simplicity.

to obtain the potentials in the lab frame. The only quantities that enter into the dynamical equations are functions of the quark position and momentum so we may drop the subscripts Q on quantities that refer to the quark from now on as there is no more possibility of confusion.

A_0(r^′, p) = aγr^′ = ar^′ √ [1 + (p/(m + ar^′))^2], (3.10)

A(r^′, p) = aγvr^′ = ar^′ m + ar^′ p. (3.11)

We assume that E^′ ∝ r̂^′ and E ∝ r̂ so we must use the Lorentz transformed radius in the lab frame

r^′ = r γ_‖ = r √ 1 − (v · r̂)^2. (3.12)

To lowest relativistic order, this correction is only important in A_0.

Buchmüller’s argument predicts the Thomas spin-orbit long range interaction, but it is not a complete dynamical theory. In particular, an effective Hamiltonian is needed to solve for energy levels, transition rates, etc. To proceed in this direction we promote the lab frame four-vector potential A_μ(r) (i.e. the four-vector potential at the quark position r) given in (3.10) and (3.11), to a suitably symmetrized operator, and use it with the Salpeter equation^2 [7,8] in the heavy-light limit [8],

Λ_+[α · (p − A(r)) + βm + A_0(r)11 − E11]Λ_+Ψ = 0. (3.13)

As before, we have absorbed the charge into the potential. In the above equation (which is also known as the “no-pair” equation [9]) we have

Λ_± =

E_0 ± H_0 2E_0

, (3.14) H_0 = α · p + βm, (3.15) E_0 = √ p^2 + m^2. (3.16)

The angular momentum is given by

2Use of the Salpeter equation avoids possible inconsistencies of the Dirac equation due to the Klein paradox. For purposes of deriving a non-relativistic reduction either equation is acceptable because both equations have the same nonrelativistic reduction [10].

J = r × p + 1 2 σ, (3.17) where the canonical momentum is the sum of the mechanical quark momentum and the field momentum A, as given in eq. (3.9).

If we define AA ≡ A_011 − α · A, (3.18) where 11 is the unit matrix, we can put (3.13) in normal Salpeter form (with E denoting the light quark energy) (H_0 + Λ_+AAΛ_+ − E)Ψ = 0. (3.19) Since the wave function already has the positive energy projected, it follows that Λ_−Ψ = Λ_− f(r) g(r)

= 0, (3.20) and hence g(r) = σ · p E_0 + m f(r). (3.21) By using (3.21) in (3.19) we obtain the two component form of Salpeter equation Hf(r) = Ef(r), (3.22) where H = E_0 + (Λ_+AAΛ_+)_{11} + (Λ_+AAΛ_+)_{12} σ · p E_0 + m

. (3.23) After a few lines of algebra, using (3.14)-(3.16) and (3.18), we obtain the effective Hamiltonian in the form H = E_0 + H_E + H_M , (3.24) where

H_E = 1 2E_0 [ (E_0 + m)A_0 + (σ · p)A_0(σ · p) 1 E_0 + m ] , (3.25) H_M = − 1 2E_0 [ (E_0 + m)(σ · A)(σ · p) 1 E_0 + m

+ (σ · p)(σ · A) ] . (3.26) No gauge condition has been imposed upon the (U(1)) vector potential so the effective Hamiltonian given in (3.24)-(3.26) is valid for any gauge. The eigenstates of this Hamiltonian in two different gauges will be related to each other by (U(1)) gauge transformations in the usual way.

IV. RELATIVISTIC CORRECTIONS

To make contact with previous work we consider the case where the fermion has a large mass m and moves slowly. We wish to find an effective action that can be used perturbatively to compute relativistic corrections to the non-relativistic reduction as an expansion in the small quantities p/m and ar/m.

The expansion in p/m and ar/m is facilitated by a few commutator identities. Given that

[p^2, F (r)] = −∇^2F (r) − 2 dF dr ∂ ∂r , (4.1)

and since the expectation values satisfy 2⟨ dF dr ∂ ∂r ⟩ = −⟨∇^2F ⟩, (4.2)

we find

⟨[p^2, F (r)]⟩ = 0. (4.3)

Hence, to lowest order in p^2/m^2 (E^{±1}_0 ≃ m^{±1}(1 ± p^2/2m^2 . . .)),

⟨[E^{±1}_0 , F (r)]⟩ ≃ 0. (4.4)

It is this relation that guarantees that the Dirac equation and the Salpeter equation have the same non-relativistic reduction.

With these aids we can immediately reduce the terms of the effective Hamiltonian (3.24),

E_0 ≃ m + p^2 2m − p^4 8m^3

, (4.5)

H ≃ E_0 + A_0 +

∇^2A_0 8m^2 − 1 2m (p · A + A · p) + 1 2m^2r dA_0 dr s · L − 1 m s · ∇ × A. (4.6)

The potentials we found are functions of quark position and momenta, which is a situation not often encountered in electrodynamics. To construct a quantum theory with Hermitian potentials, we symmetrize the products of position and momentum. Ideally we would use Weyl ordering to make connection with the midpoint prescription for evaluating a path integral. Using (3.10) and (3.11), we find

∇ × A(r) ≃ aL mr , (4.7) A_0(r) ≃ ar − a 4m (r · p + p · r) + a 8m^2 ( 1 r r_ir_jp_ip_j + p_ip_j r_ir_j 1 r ) (4.8) + a 4m^2

(p^2r + rp^2) , (4.9) A ≃ a 2m (pr + rp) , (4.10)

∇^2A_0(r) ≃ 2a r . (4.11) The second and third terms in A_0 result from the 1/γ_‖ correction to the radius.

With these expressions the reduction (4.6) becomes H ≃ E_0 + ar − 3a 2m^2r + arp^2_r 2m^2 − arp^2 2m^2 − a 2m^2r s · L, (4.12) ≃ E_0 + ar − 3a 2m^2r − aL^2 2m^2r − a 2m^2r s · L. (4.13) For contrast, we compare these results to those obtained in scalar and time-component vector confinement and in QCD.

If the confinement is pure time component vector we substitute A_0 = ar, A = 0, (4.14) into (4.6) to obtain H_{vector} ≃ E_0 + ar + a 4m^2r + a 2m^2r s · L. (4.15) In the case of scalar confinement we take AA = βar. (4.16) A similar reduction gives

H_{scalar} ≃ E_0 + ar − a 4m^2r − arp^2_r 4m^2 − aL^2 4m^2r − a 2m^2r s · L. (4.17) Finally, the low quark velocity expansion of the Wilson minimal area law provides the effective Hamiltonian implied by QCD [11],

H_{QCD} ≃ E_0 + ar + a 36m^2r − aL^2 6m^2r − a 2m^2r s · L. (4.18) We observe that our model, scalar confinement, and low quark velocity expansion of the Wilson loop model [11] all have the pure Thomas spin-orbit interaction. The Darwin terms differ but are sensitive to the ordering prescription applied to symmetrize the operators. We note that even in the case where numerical coefficients do not agree, our model has coefficients of the same sign as both the scalar confinement and Wilson loop results.

V. REGGE BEHAVIOR The slope of the leading Regge trajectory can be calculated classically in the limit of highly excited circular orbits as α^′ ≡ L E^2

, (5.1) where E is the excitation energy and L is the orbital angular momentum. For such orbits spin and quark mass are negligible and, by (3.10) and (3.11), we have in that limit A_0 −→ √ a^2r^2 + p^2, (5.2) A −→ p. (5.3) In this limit, the Salpeter equation (3.13) requires that E = A_0. (5.4) Using (5.2), we find E^2 = (ar^′)^2 + p^2 ≃ (ar^′)^2 + ( L r^′ )^2. (5.5) The leading trajectory is given by the lowest energy for a fixed angular momentum^{∂E}_{∂r′} | |_L = 0, so L = ar^′. (5.6) With the circular orbit condition, p = L/r^′, this gives E^2 = 2aL, (5.7) and the Regge slope becomes α^′ = L E^2 = 1 2a . (5.8) We note that this is also the result given by the Dirac equation with scalar confinement [10] in a heavy-light meson and that time component vector confinement gives a Regge slope of α^′_{vector} = 1 4a . (5.9) As demonstrated analytically in [10], scalar confinement with the Salpeter equation does not give the desired linear trajectories.

VI. CONCLUSION

Our starting point here has been Buchmüller’s physical picture relating the static chromoelectric flux tube and the resulting pure Thomas spin-orbit confinement interaction in a meson, though in this paper we make use only of the result that the chromomagnetic field vanishes at the quark position. When this assumption is expressed in the laboratory frame, its full content becomes more apparent. Once the lab frame four vector potential is found by Lorentz transforming a purely electric potential in the instantaneous quark rest frame to the laboratory frame, a complete relativistic effective Hamiltonian can be directly computed. Not only is the expected Thomas spin-orbit term found, but all other relativistic corrections can be evaluated.

The principal virtue of the model presented here is that it has very few assumptions and further that these assumptions are strongly motivated by QCD. We assume that the only field acting on the quark is a constant radial electric field in its rest frame and that the magnetic field at the quark vanishes in its rest frame. From these assumptions follow the Thomas type spin-orbit interaction that is strongly favored by lattice simulations and phenomenological considerations, as well as linear Regge trajectories. An additional virtue of the model is its simplicity. It is essentially a potential model reducing to the solution of a radial differential equation in the general case.

For reason of simplicity and clarity of exposition, we have considered one quark to be fixed. Just as for all potential models, our results carry over directly to the two body case with suitable introduction of center of momentum and relative coordinates. For a realistic meson we must also include a short range vector (Coulomb) interaction. In the heavy-light limit this short range term will result in a spin-orbit interaction opposite in sign to the Thomas term.

ACKNOWLEDGMENTS

One of us (MGO) would like to thank Prof. C. Goebel for helpful conversations. This work was supported in part by the U.S. Department of Energy under Contract Nos. DE-FG02- 95ER40896 and DE-AC05-84ER40150, the National Science Foundation under Grant No. HRD9154080, and in part by the University of Wisconsin Research Committee with funds granted by the Wisconsin Alumni Research Foundation.

REFERENCES

[1] A. Chodos and C. B. Thomas, Nucl. Phys. B 72, 509 (1974);

I. Bars, Nucl. Phys. B 111, 413 (1974);

I. Bars and A. Hanson, Phys. Rev. D 13, 1744 (1976); K. Kikkawa and M. Sato, Phys. Rev. Lett. 38, 1309 (1977); M. Ida, Prog. Theor. Phys. 59, 1661 (1978); K. Johnson and C. Nohl, Phys. Rev. D 19, 291 (1979).

[2] N. Isgur and J. Paton, Phys. Lett. B 124, 247 (1983); Phys. Rev. D 31, 2910 (1985).

[3] D. LaCourse and M. G. Olsson, Phys. Rev. D 39, 2751 (1989);

C. Olson, M. G. Olsson, and K. Williams, Phys. Rev. D 45, 4307 (1992); M. G. Olsson and K. Williams, Phys. Rev. D 48, 417 (1993); M. G. Olsson and S. Veseli, Phys. Rev. D 51, 3578 (1995); M. G. Olsson, S. Veseli, and K. Williams, Phys. Rev. D 53, 4006 (1996).

[4] W. Buchmüller, Phys. Lett. B 112, 479 (1982).

[5] L. T. Thomas, Phil. Mag. 3, 1 (1927);

V. Bargmann, L. Michel, and V. L. Telegdi, Phys. Rev. Lett. 2, 435 (1959).

[6] J. D. Jackson, Classical Electrodynamics, John Wiley and Sons, second edition (1975).

[7] E. Salpeter, Phys. Rev. 87, 328 (1952).

[8] C. Long and D. Robson, Phys. Rev. D 27, 644 (1983);

W. Lucha, F. F. Schöberl and D. Gromes, Phys. Rep. 200, 127 (1991).

[9] G. Hardekopf and J. Sucher, Phys. Rev. A 30, 703 (1984); Phys. Rev. A 31, 2020 (1985).

[10] M. G. Olsson, S. Veseli, and K. Williams, Phys. Rev. D 51, 5079 (1995).

[11] A. Barchielli, E. Montaldi and G. M. Prosperi, Nucl. Phys. B 296, 625 (1988); 303, 752(E) (1988);

A. Barchielli, N. Brambilla and G. M. Prosperi, Nuovo Cimento A 103, 59 (1989); N. Brambilla and G. M. Prosperi, Phys. Lett. B 236, 69 (1990); Phys. Rev. D 46, 1096 (1992);

N. Brambilla, P. Consoli and G. M. Prosperi, Phys. Rev. D 50, 5878 (1994).