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Abstract

This report constructs simple circuit models for a hairpin shaped resonant plasma probe. Effects of the
plasma sheath region surrounding the wires making up the probe are determined. Electromagnetic
simulations of the probe are compared to the circuit model results. The perturbing effects of the disc
cavity in which the probe operates are also found.



Intentionally Left Blank



10

Contents

INTRODUCTION .. e e e e e 11
TRANSMISSION LINE MODEL . ... e e 11
2.1 Loads ..o 12
2.2 Transmission Line Solution ... ...... ... i 13
2.3 Plasma Parameters. .. ... ... 14
INDUCTIVE TERMINATION ... e e e e 14
CAPACITIVE TERMINATION . ... e e e 15
RESONANT FREQUENCQCY ...t e e e e 19
RADIATION LOSSE S .. e e e e 21
CIRCUIT MODEL. . . ..o e e e e e e e 25
THIN PLASMA SHEATH . ... .. e e e 28
8.1 Multipole Moment SOIULION . ... ... .. 28
8.2 Inhomogeneous Sheath . ... ... ... 33

8.2.1  linear profile . . . ... o 34
RECEIVING CIRCUIT . . ... o e e e e e 35
9.1 Voltage Drive. . ... o 35
SIM UL AT IO S .« . e e e 42
10.1 Thin Wire Algorithm . ... ... 42



10.2 Thin Wire Parameters . .. ... ... 42
10.3 EXamples . ..o 43
10.3.1 no plasma and perfectly conducting wire ............. ...t 48

10.3.2 mno plasma and 10SSy Wire . ... ... .ottt 48

10.3.3 lossless plasma and lossy Wire. ... ... ... i 48

10.3.4 lossless plasma and lossy wire with homogeneous sheath......... ... .. .. ... ..., 49

10.3.5 slightly lossy plasma and lossy Wire....... ... ... i 50

10.3.6 lossy plasma and lossy wire with homogeneous plasma sheath................... ... 50

11 PLASMA INHOMOGENEITIES ALONG RESONATOR LENGTH .................. 51
11.1 Open End. ..o 51
11.2 Shorted End. . .. ..o 53

12 DISC C AV Y . e e e 57
12.1 Shorted Outer Radius ... ...t e e 57
12.2 Radiation at Outer Radius . .. ... ... i 61
12.2.1 high impedance load .. ... ... 64

12.2.2 low impedance load ... ...... .. i 65

12.2.3 transmission line solution .. ........ .. ... 66

12.3 Two Wall Interaction with Horizontal Orientation............ ... . ... .. i, 67
12.4 Two Wall Interaction with Vertical Orientation ......... . ... ... ... 75

13 CONCLUSION S .. e e e e e e e e 86
14 REFERENCES .. e 90



Figures

1. Geometry of quarter wave probe resonator.. .. .. ...... ... .. ... ... .. ... ... 11
2. Transmission line circuit model for resonant probe. .. ... ... ... .. ... ... .......... 12
3. Lumped circuit model at “shorted” termination. ............................... 25

4. Calculation for proximity effect between cylindrical arms on the capacitance per unit
length of the resonator as a function of the normalized permittivity ¢ of the
plasma. The solid curve includes a series of multipole moments, yielding an exact
(two-dimensional) representation for the cylindrical arms, the dashed curve is the
simple series combination of the symmetrical homogeneous plasma sheath (free
space permittivity) and the exterior plasma dielectric, and the large dot is the free
space plasma value. The center-to-center spacing between arms is h, the sheath
has radius b, and the perfect conductor has radius a. . .. ...................... 31

5. Comparison of the multipole capacitance per unit length and the simple series
combination of the homogeneous sheath and plasma regions for a wider
SPACING. . . . o 32

6. Illustration of a coaxial inductive pickoff of resonator current. . ................... 36

7. Eamples of resonant frequency and quality factor from circuit model, and from EIGER
simulations, as a function of plasma electron density. The plasma is lossless but
the resonator wire is silver. . . .. ... ... . . .. e 38

8. Variation of drive current divided by drive voltage with frequency near the resonance
for various plasma collision frequencies and a silver resonator. The case of a
perfectly conducting wire without a plasma and the case of a silver wire without a
plasma are also shown. . . . . ... ... . 39

9. Variation of ratio of drive current to voltage near the resonance is shown for various
resonator metals. The plasma is assumed lossess. . . . ......................... 40

10. Variation of ratio of drive current to voltage near the resonance is shown for both
homogeneous and linear profile plasma sheaths surrounding the silver resonator
arms. The case of a perfectly conducting wire without a plasma and the case of a
silver wire without a plasma are also shown................................. 41

11. Magnitude of electric field in plane between resonator arms from EIGER



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

simulation. . . . . ... 43

Magnitude of electric field in plane perpendicular to resonator arms from EIGER
simulation. . . . .. ... e 44

Variation of drive current divided by drive voltage from EIGER simulations with
frequency near the resonance for various plasma collision frequencies and a silver
resonator. The case of a perfectly conducting wire without a plasma and the case
of a silver wire without a plasma are alsoshown. ............................ 45

Variation of ratio of drive current to voltage from EIGER simulations near the
resonance is shown for various resonator metals. The plasma is assumed
JOSSESS. . . o 46

Variation of ratio of drive current to voltage from EIGER simulations near the
resonance is shown for both homogeneous and linear profile plasma sheaths
surrounding the silver resonator arms. The case of a perfectly conducting wire
without a plasma and the case of a silver wire without a plasma are also shown.
The sheath in these simulations was put into the EIGER code by means of the
thin wire algorithm parameters. . ... .......... ... .. ... . . . . .. 47

Variation of drive current divided by drive voltage with frequency near the resonance
for a lossless cylindrical plasma block at various locations along.a silver resonator.
The case of a perfectly conducting wire without a plasma and the case of a silver
wire without a plasma are also shown. . ... ....... .. .. .. .. ... .. ............ 56

Quality factors versus resonant frequencies for cylindrical disc cavity resonator with
shorted outer wall. . .. ... ... ... . . 60

Page from the Waveguide Handbook [11] on circuit elements associated with a wave
radiating into free space from between two infinite conducting planes. Note that
to translate these results we take b —d and b/\ — X. ....... .. .. ... .. .. ...... 62

Page from the Waveguide Handbook [11] on circuit elements associated with a wave
radiating into free space from between two infinite conducting planes giving the
effective circuit conductance and susceptance values. Note that to translate these
results we take b —d and b/\ — X.. .. ... ... 63

Impedance at r = b/5 for m = 0. The quality factor of the peak appears to be near

The quality factor of the peak appears to be near 18. It was necessary to move
the obervation point out to r = b/2 because of the small size near r = 0 for



M= 10, . 68
22. The quality factor of the peak appearstobemnear 19.......... ... .. .. ... .......... 69

23. Set of images of resonator in walls of disc cavity when the normal to the plane of the
resonator is also normal to the cylindrical disc cavity. . ....................... 69

24. Real and imaginary parts of the scattered voltage at the drive point of the resonator
(resulting from the image currents in the resonator walls) divided by the drive
current. This is the horizontal orientation where the resonator does not couple
into the propagating disc modes of the cavity. The suppression of resonator
radiation by the perfectly conducting cavity walls leads to a negative real part in
the scattered voltage. This means that the resonator quality factor is increased
by operation in the cavity. . . . ... ... .. .. 74

25. Real and imaginary parts of the ratio of drive voltage divided by drive current
(without cavity wall effects present) for both a perfectly conducting and a silver
WIre resonator. . . ... ... ... 75

26. Set of images in cylindrcal walls of disc cavity when normal to the plane of the
resonator is parallel to walls of disc cavity. ......... ... ... .. ... .. .. .. 76

27. Real and imaginary parts of the scattered voltage at the drive point of the resonator
(resulting from the image currents in the resonator walls) divided by the drive
current. This is the vertical orientation where the resonator does couple into the
propagating disc modes of the cavity. The propagating disc modes are reflected
from open edges at the outer radius of the disc cavity. Although the real part of
the scattered voltage is slightly negative over part of the range, the suppression of
resonator radiation by the perfectly conducting cavity walls is not as signficant in
this vertical orientation due to the radiation of the propagating disc modes at the
outer cavity radius. . ... ... ... .. e 87

28. Real and imaginary parts of the scattered voltage at the drive point of the resonator
(resulting from the image currents in the resonator walls) divided by the drive
current. This is the vertical orientation where the resonator does couple into
the propagating disc modes of the cavity. However in this plot the propagating
disc modes are reflected from a short circuit at the outer radius of the disc
cavity. The real part of the scattered voltage thus becomes negative similar to the
horizontal orientation. The resonator quality factor will then be increased due to
the suppression of resonator radiation by the perfectly conducting cavity walls
similar to the horizontal resonator orientation. .. ............................ 88

29. Real and imaginary parts of the scattered voltage at the drive point of the resonator
(resulting from the image currents in the resonator walls) divided by the drive
current. This is the vertical orientation where the resonator does couple into



10

the propagating disc modes of the cavity. However in this plot the propagating
disc modes are absorbed without reflection at the outer radius of the disc cavity.
The real part of the scattered voltage then becomes positive, indicating that
there is enhanced radiation damping relative to the case where the resonator is in
free space. The cavity disc walls effectively help match the radiation properties

of the resonator, leading to increased radiation damping and a reduced quality
factor.



Model for Resonant Plasma Probe

1 INTRODUCTION

A model is constructed for the quarter wave resonator probe shown in Figure 1.

dl |-
- Ll

/

Figure 1. Geometry of quarter wave probe resonator.

2 TRANSMISSION LINE MODEL

A one dimensional transmission line model is used [1]. The transverse dimension is modeled in terms
of cross sectional per unit length circuit parameters. The transmission line equations for time dependence

e~ Wt are

dV
—=-7I
dz

Z =Z, —twL
dI
—=-YV
dz

11
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Figure 2. Transmission line circuit model for resonant probe.

Y =G —wC
The transmission line parameters L and C for a two wire line can be found in the literature [1] and are

given in the two sections below on the termination inductance and capacitance. The impedance per unit
length of the two wires at high frequencies is

Zy ~ Zs/ (ma)
Zy=(1—i)R,s
R, =1/ (09)

6 =2/ (wpo)
The conductance per unit length of the dielectric medium (the plasma) can be found by inserting the
complex permittivity

e=¢ +ig"
associated with the plasma collision frequency into C.

2.1 Loads

The load circuit model we have in mind is shown in Figure 2. The end load conditions are

1dI

1(0) = ¥V (0) = Yig: 2 )
Y;f = Gt — i(.dCt
21O =V () =350

12



Zy = Zywh —iwly
The load parameters L; and C; represent the inductance of the “short” and the capacitance of the “open”
terminations. The internal impedance Z,,h accounts for the penetration of the wire at the “shorted” end.
The load conductance G can be found by inserting the complex permittivity associated with the plasma
collision frequency into Cj.

2.2 Transmission Line Solution

Elimination of the voltage in the transmission line equations gives

d? 9
(@‘F’Y)I:O

where the propagation constant is

y_m%k<1+%é) <1+3£>
w

and the wave number is taken as

k=wVLC = w\/pe'

The general solution is

I(z)=1(0)cos(yz)+ %% (0) sin (y2)

The condition at the “open” end (assuming the same complex permittivity, which accounts for the loss
parameters G and Gy, is used in the region surrounding the transmission line and at the “open” end) is

To=310=510)

and thus the current can be written as

1
I(2)/I(0)=cos(yz)+ S (C/Cy)sin (v2)
The condition at the “shorted” end

dl
7 (

Z Z L Z Z
0)=-YZI ()= —Yzftf(z) = 727‘51(6) ~ 2L (1 42l _ i—) I(0)

gives

cos (y£) — v (Cy/C) sin (v¢)

sin (v£) + 7 (Ct/C) cos ()
This is the equation for the resonant frequency.

=v(Z/Z)

13



2.3 Plasma Parameters

The dielectric parameters are given in terms of plasma frequency and collision frequency. The complex
permittivity of a simple plasma is [2]

w2 Jw?
Ezeoll —p/ 1

1 —I—iweff/w

2
w
5’—so<1—2 L )
w +weff

" _ W;Zaweff/w
L EC R
w —&—weH

or in terms of the complex components

where the plasma frequency is

2
9 Me

w, =——

meo
and the effective collision frequency is wer¢. The electron density is n, e is the electron charge, and m is

the electron mass.

3 INDUCTIVE TERMINATION

The procedure is to use a formula for the static inductance of a rectangular loop. One half this value is
differenced by subtraction of the inductance per unit length of a two wire transmission line times the length.
This difference forms the estimate for the terminating inductance of the “shorted” end of the resonator.
Using Grover [3] for the inductance of a rectangular loop of perfectly conducting wire with small radius a
and dimensions 2¢ and h

Lloop =

Ko \p1n (2h/a) +201In (4¢/a) + 21/ h? + 402 — hArcsinh (2%) — 2¢Arcsinh (2¢/h) —2(h+20)| ,2(,h >>a
m

We approximate with 2¢ >> h

Lioop ~ 22 [h1n (2h/a) + 2010 (h/a) — 2h] , 20 >> h
s
Taking one half this inductance for the static resonator geometry and subtracting the transmission line
inductance per unit length

L = #9 Arccosh <£) ~ o In(h/a) , h >>2a
T 2a T

14



times ¢
L= %Lloop (L~ hg—; In (2h/a) — 2]
4 CAPACITIVE TERMINATION

The procedure is to estimate the static capacitance of a long or semi-infinite two wire line charged to a
potential difference. The iterative procedure is a static version of that used to solve the problem of a thin
cylindrical antenna [4]. The two conductor capacitance per unit length, times the length, is subtracted to
yield the terminating capacitance of the “open” end of the resonator. The potential is (we use the thin wire
kernel here)

1

_/f 1 B 1
Ame Jo \/p3_+(zfz’)2 \/p2_+(zfz’)2

¢ = q (') d

where

pr =\ (@ F h/2)" +y?
The integral equation for the charge density is then found by setting ¢ = +V/2 on the wire surface. We let
{— o0

e 1
2meV = / q (') d
0 \/ a?+ ( \/ h?+ (2 —2)
Now to develop an approximate solution we ﬁrst erte

o0
1
2meV = q (z)/ dz'
0

\/(12 (z—2") \/h2 (z—2")

> 1
+/ [0 (=) — ()] d2’
0 \/&2 (z—2) \/h2 (z—2)
Using
4 ’
/ d—z = Arcsinh (K ) 4 Arcsinh ( )
0 a? + (z — z/)Q a
gives

2neV = q(2) [In (h/a) — Arcsinh (z/h) + Arcsinh (z/a)]

15



N 1 | |
+/O [W — W — ][q<z>—q<z>1dz

For small ¢ we can write this as

2reV ~Qq (z) — ¢ (2) [ln(z/h+\/22/h72) In ( 22/h}

e 1 1 N () ds
«f [Z_z,|— h2+<z_z/>2]mz> 2(2)d

where we define

Q=2In(h/a)
An iterative solution is obtained by assuming € is large

q(2)/V ~ E [ {ln (z/h+ V/22/h? + ) In (2z/h) }
{ln (Z/h—l-\/ZQ/T) In ( 2z/h}

_i/oo 1 _ 1 //h+\/ /2/h2 —1n (’/z)}dz'
Q2 Jo |z — 2| h2+<z_zl)2 z/h++/22/h? +

+ - ]
The leading term is the transmission line capacitance per unit length

qO/V = C
where

B e e
Arccosh (£)  In(h/a)’
The next term can be integrated to give the leading terminating capacitance

h >> 2a

Cy ~ % {ln (z/h—l—\/ZQ/T) In (22/h) }

~ 2?225 /OO {ln (u—|— u? + 1) —In (ZU)} du
0

Letting

u+Vui+l=s

16



B (s—1/s)=u
du = 1 (141/s%)ds
. 2
gives
orhe . 1 U+VU2+1
CtNFUh—r»noo l§/1 In(s) (1+1/s*)ds — U {ln (2U) — 1}
Using

U+VU?+1
/ In(s) (1+1/s*)ds =
1

(U+\/U2+1) {1n(U+\/U2——H>—1}+1—(U+\/U2—+l>_l{ln(U+\/U2—+1)+1}+l

gives

2mhe
C 0z
To include the next term we write it as
2mwhe
Cr~ g (14 Ce/9)

where

hC¢ ~ /000 {ln (z/th \/m) - ln(2z/h)}2dz

*/OO /OO L _ = In d/ht R AL —1In(2'/2) p d'dz
o Jo |z — 2| h2+(z—z’)2 z/h+/22/h?+1

or

C, ~ /Ooo {m (u—|— u? +1) —ln(2u)}2du

oo oo 1 1 Ul‘i’\/ulz—‘i’l / /
_/0 /0 {|“_U'|_ 1+(uu’)Q}{ln<u+—‘/u2—+1>_ln(U/U)}dUdu

Carrying the first of these out using integration by parts

17



/OU {ln (u—l— u2+1> —ln(2u)} {1n (U—i-w/UQ ) In ( QU} U

—2/OU{1n(u+ u2+1) —ln(2u)} (ﬁ—l) du

{1n(U+\/U2 ) In ( 2U}U
{ln(UJr\/UQ ) ln2U}(\/U2+1fU71)

v 1 1
+2/ <7——)(\/u2+1—u—1)du
0 u2+1 u

:{1n(U+\/U2—> In ( 2U} U

—2{1n(U+\/U2 ) 1n2U}( U2+1—U—1)

*2/0U{2_¢u22u+1‘m21+1‘wululﬁ}d“
={m(v+vU7+1) - 1n2U}U
o (0 VETET) )} (VT 1)
1220 2T st (@) 41 (14 VITT) 42 o)

In the limit U — oo

/000 {ln (u—i— u2+1> —ln(2u)}2du:4(1—1n2)

Using the symmetry

// { wﬂt - }{ln(m 1) ~In(2u)} duldu
/ / { \/1+u " }{ln(u+ w21 1) ~In (2u) } dod du

and noting that

18



du’

/U 1 B 1
0 \/1/2—1—(u—u’)2 \/1+(u—u’)2

U—-u

= Arcsinh (—) + Arcsinh (E) — Arcsinh (U — u) + Arcsinh (u)
v v

du' = —Inv + Arcsinh (E) + Arcsinh (u)
v

/OO 1 _ 1
0 \/1/2+(u—u’)2 \/1+(u—u/)2

~2In(2u/v) , u — o0
we see that the integrals are convergent. The difference of the two sides shows that the second integral
vanishes. Note that the limit v — 0, after the difference of the two sides is taken, produces the required
absolute value. Thus

C.=4(1-1n2)
and finally

ctth% [1+4(1-1n2) /9
C ~2me/Q)

Q=2In(h/a)
A numerical calculation with £ =5 cm, h = 3 mm, ¢ = 0.3 mm gives C; = ¢ (1.10 mm) whereas the formula
gives Cy = € (1.1257 mm). This is an error of only 2.3%.

5 RESONANT FREQUENCY

Now we assume that
C’t/C’ <</

and take

l=1+Cy/C

The resonant condition then can approximately be written as

19



L Zw [ hL
cot (V) m v (Z)7) =~ W—Lt [1 + =7 (_Lt - 1)}
The preceding termination parameters are

h 2
.y
L= 27TQ
h 4

C =2me/)

Q=2In(h/a)

For the moment we ignore the loss terms v — k and find

L, h 2
cot (kﬁt) ~ kf ~ I{IE |: — 5 (2 — 1112):|

h 4
= — |1+ =(1—-1In2
If we take ¢ = 0.125 mm, h = 3 mm, and ¢ = 25 mm we find

£y = 25.56 mm
cot (k) ~ kLi/L ~ k (0.88 mm)
k= ko — Ak
koly = /2
cot (kly) ~ Akl, ~ (ko — Ak) Ly/L
Ak (¢, + 0.88 mm) ~ ko (0.88 mm) = g (0.88 mm) /¢,

koL./L
Ak~ ———
b+ Ly/L

20



- ]ﬂogt - 7T/2
T U+ L/ T 0+ Cy/C+ L)L
Thus the effect of both loads is a simple lengthening of the structure.

ky

f =2.8346 GHz
Without loads
kt=m/2
f=2.9979 GHz

equal to a 5.4% downshift in frequency. Note that L; alone would give 2.89237 GHz and C; alone would
give 2.9322 GHz. Now we need to add the loss terms and the shift due to the plasma.

6 RADIATION LOSSES

The radiation losses are estimated by first finding the magnetic vector potential from the current
distribution [5]

eik\1—£’|
A@) = g / IS av
1%

4 |r — 1|
Here we neglect the small loss part of the plasma permittivity and take

k= wy/jie’
We note that collision losses are included in the transmission line admittance per unit length (as well as the
“open” terminating admittance) in £”. If the imaginary part of the permittivity becomes sizable compared
to the real part we would expect the collisional losses to dominate over the radiation. On the other hand, if
collisional losses and radiation losses are both small perturbational effects, we would expect that the two
loss contributions can be added separately.

Thus there are two components of the vector potential

etk (@=h/2)%+y2+(2—2")? eV (+h/2)2 +y2+(—2)? .
— z

4
A (wy2) =52 [ 1(2)
am /0 Va—h/2 42+ (=2 J@+h/2P +2 + (- )’

" h/2 ek (@—a') 2 +y2+(2—0)?
As (s =521 | aa’
T —h/2 \/(x—x’)2+y2+(z—£)2
where we have approximated the “shorted” end as having constant current and taken the load current
I(¢) to be directed toward the —z direction. Now we will approximate the current distribution along the
transmission line to be the quarter wave form

21



1(2) /1(0) = cos (v2) + % (C/Ci)sin (72)

I(2)/I(0)= |cos(koz)+ kio (C/Cy) Sin(koz)] 1(0)/I(0)

/ . ’ . w2’
I(z") ~1I(¢)sin(koz") =1 (¢)sin >

We are interested in the far zone field. Thus we approximate the potentials as

wr

14
Az -~ f—OI (e)/ sin (kozl) [eik(rf(h/Q) sin @ cos p—2' COS9) - eik(r+(h/2) sin 0 cos p—2’ cosG):I dz'
0

ikr 0
~ —i%] (€) sin {k (h/2) sin 6 cos ¢} / sin (koz') e R cos 0!
& 0

ikr 0
~ _,uze I (¢)sin{k (h/2)sin6 cos cp}/ [ei(ko_kcose)z — g~ kotkcos )z } dz'
wr 0

"uoeikr ) ) ei(kgfk cos0)¢ __ 1 efi(koqtk cos0)l __ 1
~i— I(0)sin{k (h/2)sinfcosp} [ (o — o 0) + (oo T Foos ) ]
Now taking kg — k and subsequently k — 7/ (2¢) (if the plasma sheath is large enough to substantially
change the propagation constant along the transmission line, then we need to carry this radiation integral
out without this further approzimation, which can be done in terms of sine and cosine integrals)

ikr iké(1—cos0) __ 1 —ikl(1+cos @) __ 1
. Ho€ . € &
A, ~i———1(¢) (h/2)sin6 cos
- (€) (n/2) sin coscp{ (1 —cosb) + (14 cos?) }

Similarly

Ay~ _ﬂl (0) /h/2 eik(r—w' sin 6 cos p—£ cos O)d

/
47'('7" —h/2 *
ik(r— h/2
~ .uerk(r ¢cos6) I (e) / / efikm’ sin 6 cos apdx/
47y —h/2

o Iuloeik(rff cos 0) I (6) sin {]{) (h/2) sin 0 cos 90} o Iuloeik(rff cos 6) I (6) ﬁ

27r ksin 6 cos ¢ 27r 2

where we have assumed that kh/2 << 1 and the final form is that associated with a small dipole. The far
zone fields are found from

1
H=lvxanite xa
Ho Ho

E=—VxH~—-——¢e xH~—iwe, Xe, x A=1iwA,
we we

22



where A, denotes transverse components. The Poynting vector is

and in the far zone

1 * 1 2 1 2 2
o~ — A A = — Al" = —wk(|A A
5~ g (A, % (6, % A7) = 7wk AL = sk (140 + 14, )

Using the unit vector relations
e, = €&, sinfcosp + egcosf cos —e,sing

e, =e,cosf —eysind
the spherical form of the potential (ignoring 4,) is

Ag ~ AgcosBcosp — A, sinf

ik(r—£cos ) ikr
L —— 0 g cos @ cos ¢ — i%] (¢) (h/2) sin? 6 cos ¢ {

eik@(lchSG) -1 efikZ(IJrcos 0) _ 1}

27 (1 —cosb) + (14 cosb)

ik(r—~£cos0) h
~ —H® 5 I(0) B cos B cos ¢

ikr . .
_i—“zer I(0)(h/2)cosep {elkm_c"se) (14 cosf) + e FOFes0) (1 — cos0) — 2}
7/

ik(r—~£cos ) ik(r—~£cos0)

~ o 5 I(g)gCOSQCOSQO—iMOe 5 I(€) (h/2) cos ¢ {cos (kl) + isin (k) cos O — et esf}
o o
eik('rff cos 0) )
S v— (h/2) oI (£) [(—1 + sin (k()) cos § — i cos (k) + ie™™* <] cos ¢
ik(r—~£cos ) h
_ . . Po€ n .
A, A sing Y- 1(0) 5 Sl

The power radiated is now found by integrating over the sphere at infinity

2m ™
P = / / S,r? sin Odfdyp
o Jo

1 2r 7 1 2m ™
= —wk/ / | Ag|? 72 sin dOdyp + —wk/ / ‘Aso|2 72 sin OdOdyp
210 0o Jo 210 o Jo
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1

B ésiwﬂo’€ 1P (h/2)2/ |(=1+sin (k) u — i cos (k0) + ie™*|* du
7T -1

1 1
gk |1 (0)2 (h/2)? / du
87T 1

_ %wuok 11(0)] (h/2)?

/1 {(—1 + sin (k€))? u? — 2 (—1 + sin (k0)) usin (kfu) 4 1 + cos? (k€) — 2 cos (klu) cos (k€) | du

+omwnok |1 (O (h/2)°

_ %wuok 11(0) (h/2)?

1 . 2 . 1 1 . 2 2.
1+ 3( 1+sin (k)" —2(—1+sin (M)){ W (ke) + g2 Sl (ké)} + 1+ cos” (kf) o, sin (k£) cos (k£)

Letting kf = 7/2 — v
P = S wpgk | T (0 (h/2)?
47 0

L sint in? —#Sinv ;cosv sin2v—¥sin v
lgélsm (v/2) + 4sin (v/2){ w20 + (7r/2—v)2 }+2+ /2 =) (2 )]

1 ) ) 2
~ %wuok [T (h/2) (1 - Wv) , v<<1
Using the approximation v = 7/2 — kf << 1

1 2
P~ —wjpigh |1 (0)) (h)2)* =kt
7r s
This is then used to find the quality factor or can be included in the circuit model as a lossy element. For
example, we could set

1
P = 5 Rraa | (O
to obtain

1 2
Rygq ~ ; V N’O/E/ (kh/2>2 ;kf

This can be inserted as a perturbing series element at z = ¢ to account for radiation.
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rad

Figure 3. Lumped circuit model at “shorted” termination.

7 CIRCUIT MODEL

It is convenient to derive the circuit model at the “shorted” end of the resonator, as shown in Figure 3.
The capacitance C; at the end z = 0 can be transformed to the position z = ¢ by means of the distributions

1(z)=1(0) am(vz>+-§<yvx@>an<vz>

V(2) =~ o = 1(0) 5 bysin (v2) — (¥/%) cos (2)]

y=v—-2ZY
to give the input impedance element

Din = —V (0) /1 (8) = L& (v) =7 (Ve/Y)sin(y€) _ Z cos (y€) — v (Y¢/Y) sin (v£)
" Vsin (y€) + v (Ye/Y)cos (v€) v sin(yf) + 7 (Y;/Y) cos (v0)
This impedance element is in series with R,..q and Z;. Resonance is achieved when

Im [Z;, (wr) + Zt (wr)] =0
An approximation to this condition, ignoring losses, was discussed previously. The quality factor can be
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found by setting

Im [Z;, (wr + Aw,) + Zt (wr + Aw,)]| = Re [Zin (wr) + Zt (wir) + Rrad (wr)]
where

Wy

@= 2Aw,

Using a Taylor approximation

T [Z;, (Wi + Aw,) + Z¢ (wr + Aw,)]| = [Im [Z],, (wr) + Z; (wy)]]| Aw,-
Let us ignore all loss terms on the right side of this equation so that we can write

.k cos(kl) —k(Cy/C)sin (k) = ——
Zin = w0 sin (k) + & (C;/C) cos (kt) ~ WWL[Ccot (k)

where
b =0+ C/C

Zt — —’LCLJLt
so that

Im [Z, (wr) + Z; (w)] = Im [i\/L/C% cot (w\/ LC’&) — iLt} = —L{; csc? (wr\/ LC’&) - L

Wy

Using the resonant condition

cot (wrm&) ~ wT\/L_%

this can be written as

CL)T-Lt

JI/C

The real parts are (we are ignoring all terms that are quadratic in the loss elements)

2
—Im [Zz/n (wr) + Zé (wr)] = Q1+ < ) Lt + Ly

i Ly i G i Ry 1 e
V—V—ZYN’“(“%—L) (“im)”(”imﬁaz)

cos (y¢) ~ cos z 1—1—1 B +1€—H ~ i Rs +€_H
T 2 2rawl ' 2¢ )| 4 \mawLl ¢

i R ie"y
2mawl 2 ¢

s i Ry 1 e”
i Asin |- (14 ¢ -—— =1
sin (v6) SIHL ( +27me+26/)] +0
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Y = —iwC (1 + zﬁ) = —iwC <1 +i5—>
wC gl

q

)

h
Re [Zzn (Wr) + Zt (wr) + Rrad (wr)] ~ Rs (wr) 7T_(I + Rrad (wr) +

o [y cos(vE) =y (Y3/Y)sin (+£
elZn] = Re {Y sin (7€) + (Y;/Y') cos (v£

% (R + %) - (1+ 527 +15) (C/O)

: —1
Re i\/L/C<1+£i—Z€) .

Srawl  2e i (C0)F (7 + 5)
h Cy
~ Ry (wr) p (1 + w) + Rrad (wr) +
T 2 R (wr)
: {1 + (k.C,/C) } { o + L)C }
If we ignore terms that are quadratic in Cy/ (hC)
T [ Rs (wr)
Re [Zin (wr) + Zt (wr) + Ryaa (wr)] = 1 7ra/<: \/L/ + R ( wr) — + Ry od (W)

The first term in the braces is the wire loss along the transmlssmn line, the second term in braces is the
dielectric loss in the plasma along the transmission line, the third term is the wire loss along the “short”,
and the final term is radiation loss. The frequency shift is then

A %{ mgk: - + L/C}+R (MT)%_FRTad (Wr)
Wy A
{1 n (wr\/LCLt /L) } Ll + L,

The resonant frequency is approximately

_ B . /2
= w,VLC = wpy/ lipe’ = (TC/CT LT

and the quality factor is

= JL]C [1 " (w,«\/ﬁLt/L)Q}

x { Re(or) 4 o \/ﬁ} + R (wr) 2+ Ryga (wr)

Dropping the small quadratic term in the short inductance finally gives

Q=

o0 = /T]C
(bl 2 TjC }+R (@r) 2 + Ryaa (wr)

Note that the transmission line characteristic impedance (without the loss terms) is
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JIJC ~ \/uo/gf% In (h/a)

The first term of the denominator is the loss along the wires of the transmission line, the second term is the
loss resulting from plasma collisions along the transmission line, the third term is the loss along the wire at
the short and the final term is the radiation loss.

8 THIN PLASMA SHEATH

Now if there is a thin layer of radius b surrounding the wire, for which the medium is nearly free space,
the effect can be included by modifying the capacitance per unit length of the transmission line

In(h/b In(b/a
1o~ M) o)
e TEQ
where ¢ is the permittivity of free space. To include the plasma losses we define the admittance per unit

length by

1 1

1Y ~ n(h/b) n n‘(b/a)
—iwme  —iwTEQ

When the excitation frequency is high compared to the plasma and collision frequencies the effect is quite

small.

We ignore this sheath at the “shorted” end since the voltage and electric field are small in this region.
At the “open” circuit end the electric field is large and we modify the terminating capacitance to

h /
Q' =2 |In(h/b) + 6—Iln(b/a)
€o

In terms of the admittance

h
Yo~ Y g [L+4(1 - n2) /@]

8.1 Multipole Moment Solution

A check can be easily made regarding the use of the approximate formula

1/C =~ L/Arccosh (£> + In (b/a) ~ In (h/0) (b/a) (1)

TE 2b TEQ me! TEQ
when the plasma is lossless. A multipole approach was previously used to model a dielectric coated wire
above a ground plane [8]. Symmetry can be used to relate the case of a wire above a ground plane to
the two wire line problem discussed here. Multipoles are used to represent the potential function with
unknowns g,, and g,

In
+
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+-2 ln(p’)—zwcos(nw') ,p>b

2me! —~ 2me!
dr oo dr -~ 0 n -~
q g q (b/p)" Gn
= — b
2me’ (b) + 21 2me’ (b/p)" cos (np) 2me’ (n) + Z omel (ne)

oo b/ )" .
+%ln(p’)—zmcos(ngp’),p<b

where

—T<e<T

= \/m: V/p% — 2hpcosp + h?

¢’ = arctan Y = arctan _psing
z—h pcosp —h

- {ﬂ — arctan <M>] sgn ()

h —pcosp
where the arctan in the final equation is taken to lie between 0 and +7/2 (if ¢ = 0 or ™ we take ¢’ = 7)

T/2<¢ <mor —m <Y <—7/2
Note that the potential on the ground plane is zero. Now setting the voltage equal to ¢ =V on p=a < b
gives

~

dr 0 dr & I~
_ 4@ _ O _ 4 (b/a)” gn
V= - In (b) + nz::l 272 (ba)" cos (nep) Y- In(a) + Z 5o €08 (np) (2)

e

where

o' = /a? — 2hacos p + h?

¢’ = arctan (ﬂ) = |:7T — arctan (%)} sgn ()

acosyp —h —acosy
Continuity of the potential at p = b gives

29



o0

)+ 20

=1

T‘ /\

- cos (ny)

2778’ Z 2me

Because this must hold over the entire circumference we can equate the summands
g=q" +7

9n = 95"+ Gn
Next we equate the normal component of the displacement at p = b

o0
—q— ) ngncos (ny)

n=1

LR S bop o
p 99 g [p/ 9 cos(mp)—l—bap sin (n¢p')

p”qg

n (go/€') g2 cos (np) — (e0/e') Z (€0/€") Gn cos (nyp)

3
Il
-

b3y | " NRx , '
29 b n 29p b
Fal6o/) 550+ 3 ) 0 (ol | g0 o) +
where
op’
6.—:(p—hcos<,0)/\/p2—2hpcosg0—i—h2
p
oo’ —hsinp
dp  p?—2hpcosp + h?
andon p=>5

o = /b2 — 2hbcos ¢ + h?

bsi b |si
¢’ = arctan (ﬂ) = [7? — arctan <M>} sgn (¢)

bcosp —h h—bcosyp
op
3 = (b—hcos ) /\/b? — 2hbcos o + h?
o

/

b0_<p_ —hbsin ¢
Op b2 —2hbcos + h2
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- 3 b
0
N Solid curve is multipole model

24p=5a Large dot is free space formula

é Dash curve is simple fit
b =10a
14 h=4b
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Figure 4. Calculation for proximity effect between cylindrical arms on the capacitance per unit length
of the resonator as a function of the normalized permittivity ¢’ of the plasma. The solid curve includes a
series of multipole moments, yielding an exact (two-dimensional) representation for the cylindrical arms, the
dashed curve is the simple series combination of the symmetrical homogeneous plasma sheath (free space
permittivity) and the exterior plasma dielectric, and the large dot is the free space plasma value. The
center-to-center spacing between arms is h, the sheath has radius b, and the perfect conductor has radius a.

badp'  b(b—hcosyp)

p Op b2 —2hbcosy + h?
If we truncate the series at n = N we have 2N + 2 unknowns (¢%", ¢, g, and g%"). The constant V is set
and ¢ and g, are related by the above equations. If we match (2) and (3) at the points

p=mr/N, m=0,1,....N
we then have 2N + 2 equations in 2N 4 2 unknowns. The capacitance per unit length in the two wire line
problem is found from

2C =q/V

Figures 4 and 5 show a comparison of the multipole model (solid curves), the first equality on the right
of the simple series combination (1) (dash curves), and the formula C/e’ = 7/Arccosh(£) (for &’ = &)
(shown as the large dots).

Notice that the series form (1) (the dashed curves in the graphs) is an accurate approximation
throughout the graph. It turns out that for &’ — g¢ and h > 2b the second equality in (1) is even closer to
the multipole solution than the first equality, shown in the figures (indeed for the homogeneous sheath with
a = 0.0625 mm, b = 0.3625 mm, h = 3 mm, and €’/gg = 0.95 the ratio of the capacitance found from the
multipole solution to the second formula in (1) is 1.0002). Note in the first graph that if ¢ = 0.0625 mm,
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Figure 5. Comparison of the multipole capacitance per unit length and the simple series combination of
the homogeneous sheath and plasma regions for a wider spacing.
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b= 10a = 0.625 mm, h = 4b = 2.5 mm, which is near the dimensions of the resonator, replacing the linear
profile sheath by a homogeneous sheath. Also in the second graph b = 5a = 0.3125 mm, and h = 8b = 2.5
mm, also near the dimensions of the resonator. We conclude from this comparison that the series form
(1) which has been used in both the sheath circuit models above, and the thin wire algorithm for the
simulations below, is a very accurate approximation in these resonators.

8.2 Inhomogeneous Sheath

If the plasma density is assumed to have a continuous radial profile centered about the wire we can
easily derive an effective capacitance. The radial electric field is taken locally as minus the gradient of the
scalar potential

¢
Ep == _a_p

where the divergence of the electric displacement D, = [, vanishes

19 { 02 (p) @}
pop dp
Thus integration gives

_q [ adp
°= 5 ), 7 )
where we have chosen the integration constants to produce zero potential on the wire and to represent
a total charge per unit length on the wire ¢q. Let us assume that the radial sheath profile becomes the
homogeneous plasma beyond radius b from the wire. Then the voltage at radius b is negative and equal to
@ (b). If the plasma is lossless with real permittivity e = ¢’ (p), then the local capacitance per unit length
Cy is the ratio of the charge to the potential difference

1t dp
H/Cy = %/a pe’ (p)

and the capacitance per unit length is then

ln(h/b)
1/C~ (b +1/Cb

If collisional losses are present then we take the local admittance per unit length to be

1 (" 4
1Y, = = / ﬂ
T Jo —iwe (p)
and the admittance per unit length

_ In(h/b)
Y = s Y

At the “open” circuit end the terminating capacitance is modified to
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h

b
w2 [mh/b) -y pm

In terms of the admittance

h
Yin Yo [L+4(1—1n2) /9]

8.2.1 linear profile

A linear profile € (p) = 9+ {e (b) —eo} (p — a) / (b — a) gives

B ~1 . “dplp ~1 ‘I 1
1/YE)_fiwr{bsofas(b)}/(bfa) S/a p—as _*Z'LOW{on*CLé“(b)}/(b*a)/a {pas p] dp

_ In(b/a) —In(b—as) +In(a — ay)
—iwm {beg —ae (b)} / (b—a)

where

as = {beg —ae (b)} /{eg — e (b)}
and proper care must be taken about the branch of the logarithm when a4 is complex (absolute values can
be used when a; is real).

Note that in the lossless case we can equate 1/C to In (h/b.) / (me’) +In(b./a) [ (mweg) or

b/a) —In|b — ag| + In|a — as|
7 (beg — ae’) / (b—a)

In (/) / (ne) + 2 — In(h/be) / (v') +1n (b /a) / (w=o)

or

In(b/a) —In|b — as| + In|a — as 1 (1 1

e —a TG0 = In(b/a) / (meo) + = ( 5 - 5) In (b/be) ~ 2.400/ (o)

¢’ =0.95¢

as = (beg —ag’) [ (g0 — ') ~ 12.0625
to determine an equivalent homogeneous layer radius b. = b/2.1 ~ 0.315 mm. This is only slightly smaller
than the average that was used 0.3625 mm and accounts for the slight downward shift observed for the
homogeneous sheath relative to the linear profile sheath.
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9 RECEIVING CIRCUIT

The receiving circuit also causes changes in resonant frequency and quality factor. Suppose we take the
resonator to be connected to the measurement circuit by attaching a loop along the “shorted” end which
feeds into a coax connection to the measurement device. Let us assume that the coax and measurement
device (which is matched to the coax) have a R,, = 50 ohm input impedance. The coupling mechanism is
inductive. We assume that the effective radius of the joined wires is a.. The terminating self inductance of
the resonator is thus modified to

L — L1 ~ hg—; In (2h/a.) — 2]

The mutual inductance of the receiving circuit is approximately

M~ hg—; In(c/ae)
The voltage at the load is then

V(l) = —iw|[Li1(¢) + MI]
where I is the current in the measurement circuit. In the measurement circuit we can write

(R — iwlLo) Iy —iwMI (£) =0
where L is the self inductance of the measurement loop. For a rectangular measurement loop, the self
inductance Lo can be estimated by using the formula for L;sp, in the preceding inductance section, where
the loop dimensions 2¢ and h, and wire radius a are modified for the measurement loop. To correct this
formula for different wire radii on the measurement loop, we choose the radius a in L., to match, say, the
top and bottom legs, and then add a term £y ;e fig In (awire/a) / (27) for each leg that has a different radius,
where £ is the length of the leg and .- is the corresponding radius. Using this to eliminate I we find

w2 M?

Zt — V(g) /I(é) = —ZCULl + m

9.1 Voltage Drive

One of the simplest excitations of the resonator is a voltage source located at the center of the short
circuit. We now summarize all the preceding formulas for the calculations in this case.

Suppose we take this drive to be Vj so that the end condition becomes
Vil)=—=—UL)=V+ (R —&-hé—' L | I1(0)
- > = Vo rad ora W Ly
1
I(£) /I(0) = cos (7€) + 5 (C/Ct)sin (v¢)

L (0/1(0) = —ysin(40) + (C/C.) cos (10
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Mlustration of a coaxial inductive pickoff of resonator current.

Figure 6.
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where we have added the internal impedance of the short section of wire. Thus

s . o —~sin (v€) 4+ (C/C}) cos (v€) o
Rrad + h27‘['a, ZCULt + Y ~ cos (’yg) T (C/Ct)sul ("}/g) = ‘/O/I (g)
Z = Zy — itwL
Y =G —iwC

The transmission line parameters L and C have already been given. The impedance per unit length of the
two wires at high frequencies is

Zy ~ Zs/ (ma)
Zy=(1—i)R,s
Rs; =1/ (06)

6 =/2/ (wpo)
The conductance per unit length of the dielectric medium (the plasma) can be found by inserting the
complex permittivity

e=¢ +ig”

y=vV—-2ZY

W2 /2

e=¢p |1 — ?/w
1+ iwess/w

Lw%ln(h/a)  h>>2a

Ly ~ h;‘—;; In (2h/a) — 2]
Cy ~ hCé [144(1—2) /9]
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Figure 7.
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Eamples of resonant frequency and quality factor from circuit model, and from EIGER simula-

tions, as a function of plasma electron density. The plasma is lossless but the resonator wire is silver.

1+ % (=1 + sin (k£))* — 2 (—1 + sin (k£)) {—i cos (kf) + —— sin (kﬁ)} + 1+ cos?® (kt) — 2 sin

C ~2me/Q
Q=2In(h/a)
k = wy/ e’

1
R'r'ad = % \V ,Uo/i‘:l (kh/2)2

1

kL k202

1 , )
~ — kh/2)" =k, kl — 7w/2
~ Va2 (kh/2)° ZkE | ke 7]

k¢

This can be inserted as a perturbing series element at z = £ to account for radiation.
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The metal conductivities were take from linear interpolation of the resistivity tables in [6] to 20° C.
The magnetic permeability of Nickel for small amplitude signals was taken from [7] near 4 GHz.



Circuit Model For Resonator

PEC wire

Lossy Wire (silver)

Lossy Wire Lossless Plasma (fp = 0.9 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 1 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 10 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.1 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.01 GHz)

0.6

[1(0)IV, (S)

f (GHz)

Figure 8. Variation of drive current divided by drive voltage with frequency near the resonance for various
plasma collision frequencies and a silver resonator. The case of a perfectly conducting wire without a plasma
and the case of a silver wire without a plasma are also shown.
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Figure 9.

Circuit Model For Resonator

08 | |
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Variation of ratio of drive current to voltage near the resonance is shown for various resonator

metals. The plasma is assumed lossess.
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Circuit Model For Resonator

— PEC wire

Lossy Wire (silver)

Lossy Wire Lossless Plasma (fp = 0.9 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.1 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.01 GHz)

| 0SSy Wire Lossless Plasma Homogeneous Sheath

= | 0SSy Wire Lossy Plasma (fc = 0.1 GHz) Homogeneous Sheath
Lossy Wire Lossy Plasma (fc = 0.01 GHz) Homogeneous Sheath

0.6

Solid Curves have Homogeneous
Profile Sheath to b = 0.3625 mm)
-Dashed Curves have Inhomogeneous

Linear Profile Sheath to b = 0.6625 mm

[10)IV, (S)

f (GHz)

Figure 10. Variation of ratio of drive current to voltage near the resonance is shown for both homogeneous
and linear profile plasma sheaths surrounding the silver resonator arms. The case of a perfectly conducting
wire without a plasma and the case of a silver wire without a plasma are also shown.

The case of a plasma sheath is now treated. The homogeneous sheath uses

1Y ~ In (h/b) n In (b/a)

—iWTE —IWTEQ

Q' =2 |In(h/b) + z—; In (b/a)

h
Yo~ Y g [L+4(1-n2) /@]

The inhomogeneous linear sheath ¢ (p) = e¢ + {e (b) —eo} (p —a) / (b — a) uses

In (h/b)

VY = —iwe (b) 7

+1/Y,

/00— 0+
/Y, = —twm {beg —ac (b)}/(b—a)

where

as = {beg —as (b)} /{eg — e (b)}
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As discussed above the slight shift to the right for the curves with the linear profile sheath as compared to
the homogeneous sheath is caused by the fact that the equivalent radius of the linear profile 0.315 mm is
slightly smaller than the homogeneous sheath 0.3625 mm.

10 SIMULATIONS

This section summarizes simulation results performed using the code EIGER which is part of the
EMPHASIS code suite.

10.1 Thin Wire Algorithm

To handle inhomogeneous plasma sheaths, which are thin compared to the wire-to-wire spacing, we
decided to use the thin wire algorithm. This algorithm takes the form

2 .
E> (a,s) + Azc%l— AZp L = —E" (s)

where s is a distance coordinate along the wire, a is the wire radius, the incident field at the wire center is
E"° and the scattered field is

eiER

E” (p,s) = ﬁoﬁ (VV+E2> /

with p the perpendicular distance from the wire

R=\/p*+(s—s)°
and complex wavenumber

E = WQILL(]E

The vector current [ is the scalar current times a unit vector along the wire direction e¢,. The parameters
AZ;, and AZg describe the properties of the sheath around the wire as well as properties of the wire. The
unknowns are the wire currents I, at points along the wire (which are linearly interpolated between points).

10.2 Thin Wire Parameters

For a surface impedance Zs on the wire (representing conductive losses) we take

AZp = Zs

2ma
For a homogeneous plasma sheath with permittivity €y and radius b we take the correction to the capacitive
impedance per unit length to be

1 1 1
AZo = — - 1
©7 o [Ciwey  —iwe (b) n(b/a)

Similarly for an inhomogeneous sheath
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Figure 11. Magnitude of electric field in plane between resonator arms from EIGER simulation.

1 1 1
AZC = i/Yb— %Tg(b)ln(b/a)

where

b
1/Yb:l/ _dp/p

T —iwe (p)
A linear profile € (p) = e¢ + {e(b) — o} (p —a) / (b — a) gives

-1 b dp/p :ln(b/a)—ln(b—as)—I—ln(a—as)

¥ = —iww{beo—as(b)}/(b—a)as/a p—as —iwr{beo—as(¥)}/(b-a)

where

as = {beg —ac (b)} /{eo —(b)}
and proper care must be taken about the branch of the logarithm when a4 is complex (absolute values can
be used when a; is real).

10.3 Examples

Several examples are compared here between the formulas in preceding sections of the report and the
simulations discussed above. The length was taken to be £ = 17 mm. The spacing was taken to be h = 3
mm. The wire diameter was taken to be 2a = 0.125 mm.
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Figure 12.
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EIGER Simulation of Resonator

0.6 PEC wire

Lossy Wire (silver)

Lossy Wire Lossless Plasma (fp = 0.9 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 1 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 10 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.1 GHz)
Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.01 GHz)

/\

[10)11V4 (S)

4.0 41 4.2 4.3
f (GHz)

Figure 13. Variation of drive current divided by drive voltage from EIGER simulations with frequency
near the resonance for various plasma collision frequencies and a silver resonator. The case of a perfectly

conducting wire without a plasma and the case of a silver wire without a plasma are also shown.
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EIGER Simulation of Resonator

08 | |
w— PEC wire
= | 0SSy Wire (Silver, sigma = 6.3 x 107 S/m) |
we | 0SSY Wire (Platinum, sigma = 9.5 x 10**6 S/m)
| 0ssy Wire (Nickel, mur =5, sigma = 1.4 x 10**7 S/m)
0.6
Lossless Plasma
n=10'/cm® (f,= 0.9 GHz)
D
2 04
g
0.2
0.0
4.0 4.1 4.2 4.3

f (GHz)

Figure 14. Variation of ratio of drive current to voltage from EIGER simulations near the resonance is
shown for various resonator metals. The plasma is assumed lossess.

46



EIGER Simulation of Resonator

— PEC wire

Lossy Wire (silver)

Lossy Wire Lossless Plasma (fp = 0.9 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.1 GHz)

Lossy Wire Lossy Plasma (fp = 0.9 GHz, fc = 0.01 GHz)

Lossy Wire Lossless Plasma Homogeneous Sheath

Lossy Wire Lossy Plasma (fc = 0.1 GHz) Homogeneous Sheath
Lossy Wire Lossy Plasma (fc = 0.01 GHz) Homogeneous Sheath

0.6

n

lid Curves have Homogeneous

ofile Sheath to b = 0.3625 mm

ashed Curves have Inhomogeneous
Linear Profile Sheath to b =|0.6625 mrr

O T

[10)IV, (S)

f (GHz)

Figure 15. Variation of ratio of drive current to voltage from EIGER simulations near the resonance is
shown for both homogeneous and linear profile plasma sheaths surrounding the silver resonator arms. The
case of a perfectly conducting wire without a plasma and the case of a silver wire without a plasma are also
shown. The sheath in these simulations was put into the EIGER code by means of the thin wire algorithm
parameters.
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10.3.1no plasma and perfectly conducting wire

The case where there is no plasma and the wire is perfectly conducting was run first. The resonant
frequency formula

/2
Wr\/NOEO ~ £+Ct/C+Lt/L
gives f, = w,/(2m) = 4.064 GHz, where L;/L ~ [1—2(2—-1n2)/Q]h/2 = 1 mm and C;/C =
1+4(1—-1n2)/Qh/Q~ 045 mm, Q = 2In(h/a). The simulation gave f, = 4.076 GHz (a difference of
0.3%). Note that the A\/4 = ¢ frequency is 4.409 GHz (8.2% high), so that the two end elements C; and L;
have corrected most of the frequency shift from this value.

The quality factor formula is

Q= T L/C
4 Rrad (wr)
Note that the transmission line characteristic impedance is

1
vV L/C =~ \/[J,O/E[); In (h/a)
This formula gives Q & 202, where Ry.qq (w,) ~ \/1tg/€0 (kh/2)* (2/7) kf/7 ~ 1.804 ohms, \/L/C ~ 464.23
ohms. The simulation gave @) = 214.

10.3.2no plasma and lossy wire

The case of the lossy wire with the conductivity of silver o = 6.3 x 107 S/m (at 20° C [6]) is now given.
The surface resistance at the resonant frequency R (w,) = \/writy/ (20) &~ 0.01596 ohms. The quality
factor is then

_ TVL/C

R, (@) (75 + &) + Rraa (1)

This gives @ ~ 130. The simulation then gave () = 145 and the resonant frequency shifted to f,. = 4.0695
GHz.

10.3.3lossless plasma and lossy wire

The case where a collisionless plasma is present with density n = 10'°/cm?® and plasma frequency

w2 =ne?/ (meop) or f, = wp/ (2m) = 0.898 GHz is now treated. The permittivity is &’/eg = 1 — w2 /w? and

then the resonant frequency is

[ — 2 _ 2 ~ /2
Wrv Hot (WF = i) Hoso ~ 7 /C+ L)L
The formulas now give f,. ~ 4.16 GHz. The simulation gives f, = 4.1675 GHz.

The quality factor is again
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ivL/C

R, (wr) (7h5 + ) + Rraa (1)

Q=

VIJC ~ «/HO/EI% In (h/a)

This formula gives Q ~ 131, where & /g ~ 0.9534 and Ryaq (w,) ~ \/io/e’ (kh/2)? (2/7) kl/m ~ 1.845
ohms, R, (w,) =~ 0.01615 ohms, /L/C =~ 475.44 ohms, k,a ~ 0.005321. The simulation gave Q = 154. The
larger discrepancy in the quality factor here can be explained by the fact that the formula above fixed
the permittivity of the plasma at the resonant frequency. The simulation allowed the permittivity to vary
with frequency. At the 3dB point the variation in permittivity acted to detune the resonance further from
the observation frequency (if the simulation is run with the permittivity fixed at the resonant value the
discrepancies are similar to previous cases).

10.3.4lossless plasma and lossy wire with homogeneous sheath

Now we assume we have a free space €y sheath of diameter 2b = 0.25 mm. The resonant frequency is
approximately
/2
VLC ~
r 0+ C,/C+ Ly/L
The transmission line parameters with the sheath are

L~Emn/a), h>>2
Y

e

“In(h/a) + (¢'/eo — 1) In (b/a)
The inductance end correction remains the same but the capacitance end correction is now slightly changed
to

C

C,/C ~ Qi 4 4(1—1n2) /]

=2 [m (h/b) + z—o In (b/a)}

To approximate the resonant frequency we first assume that C;/C is unchanged.

pogowy (1/X —1)In(h/a) /2 -
\/ O]n(h/a)—Xh’l(b/a) N4+Ct/C+Lt/L_wP\/m

1—(1+c¢) X+ X?In(b/a)/In(h/a) =0

X = w?/w?
pl/*r
We find ¢; = 20.463 and 1 — 21.463X + 3.664X2 = 0, and X = 5.811,0.04697. Using only the smaller root
(since the other would affect the value of C;/C) f, = 4.14 GHz. The simulation gave f, = 4.15 GHz.
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The quality factor is again

= /L]C
Ry (wy) (4k a T L ) + Rraa (wr)
Using the above values ¢’'/eg ~ 0.953, k.a ~ 0.005294, /L/C = 477.54 ohms, R,qq(w,) =

Vio/e (kh/2)? (2/7) ké/7 ~ 1.818 ohms, R, (w,) ~ 0.01611 ohms. Thus Q ~ 133. The simulation gave
Q = 153.

10.3.5slightly lossy plasma and lossy wire

The case where there is collisional damping but not enough to distort the current distribution along the
resonator is covered by the full quality factor formula

L/C

Q=

N
j

% { Wa:T) + E“ 7V L/C + Rrad (wr>

T'fra

" w2w6ff/w
e =c|—5—5—
w —&—weH

Suppose we take n = 10'° /em? or f, = 0.898 GHz and f.fs = 1 GHz. The resonant frequency

w2w? /2
) el = 2_ TP €0 A2 \/( 2 _ )2 2,2 2) en A
wr/ g <w, 2 +wgff Moo wi — Wy +wpweff/wr Ho€o 7+C,/)C+ L)L

We solve this approximately to find f. &~ 4.155 GHz, &'/eg =~ 0.956, Rs(w,) = 0.01614 ohms,
Rrqd (wr) = 1.844 ohms, /L/C = 474.79 ohms, k.a ~ 0.005322, " /¢’ ~ 0.0111. Thus @ =~ 53.4. The
simulation gave () = 58.6 and resonant frequency f, = 4.163 GHz.

10.3.6lossy plasma and lossy wire with homogeneous plasma sheath

The complex dielectric constant is

2 Jw
e=¢o|l— ,p;
14+ dwers/w
The admittance per unit length is

ln(h/b) In(b/a)

1/Y =~ —
—iWwTE —zwwso
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In (h/b) (wg/wQ)
L +iweps/w — w2 /w?

—iweon/Y ~In(h/a) +

For small w? /w?

In (h/b) (w3/w?) /In (h/a)

1+ iweff/w

Y ~ —iweon/In(h/a) |1 —

which can be written as

Y=G-iB
If we take the parameters of the preceding example we see that In (h/b) /In (h/a) ~ 0.82 and we would not
expect a large change in @ or resonant frequency from the preceding case. The simulation gave Q = 57.4
and f, = 4.147 GHz.

11 PLASMA INHOMOGENEITIES ALONG RESONATOR
LENGTH

We now perform a couple of modifications to see the effect of variations in plasma density along the
resonator length. Let us take the plasma to exist in a cylindrical region of radius p, = 3 mm, and length
¢, = 8.5 mm.

11.1 Open End

We first consider the block to be centered at the open end of the resonator. We assume that the
transmission line parameters are modified in this region to be those associated with the plasma and that
the parasitic capacitance at the end is also associated with the plasma. Thus the transmission line has a
discontinuity at z = £,/2. The current at the open end region z < ¢,/2

y=vV-2ZY
The condition at the “open” end (assuming the same complex permittivity, which accounts for the loss
parameters G and Gy, is used in the region surrounding the transmission line and at the “open” end) is

dl Y
T (0) = EI (0)

Y, NhYé [14+4(1—1n2) /9]

Q =21In(2h/a)
The current near the shorted end is
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1(:) = 1 () cos (30 (z = 0) + =2 (¢)sin (3, (= — 1)

7o
Yo = VZiwC
Z = Zy—twlL
Zyw = Zs/ (ma)

h
L = 0 Arccosh (—) ~ Ho In(h/a) , h >> 2a
m 2a m

TEQ TEQ
C = ~ s h >> 2a
Arccosh (£)  In(h/a)
—iwme —IWTE 9

Y = ~J
Arccosh (£)  In(h/a)
The condition near the shorted end with voltage drive Vj is

1 dI

Zs .
( ): ma(ﬁ) :‘/()+ (Rmd+h%zwl}t>[(£)

where
Ly = hE9 [In (2h/a) — 2]
2w

Zs=Rs(1—1)
Because the plasma permittivity is taken to be near that of free space we regard the radiation resistance to
be unchanged from the free space value

1 2
Ryad ~ ~+/1o/20 (kh/2)* ~kt

Continuity of the current at z = £,/2 gives

1(6,/2—0)=1I(£,/2+0)

1(0) cos (1£,,/2) + 51 (O)sin (y6y/2) = 1 (£)cos (3 (€5/2 — £)) + ~ 5 (£)sin (3 (/2 — )
T az Yo dz

Continuity of voltage at this point gives
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1dI 1 dI

o —?E(gpﬂ—o):mg(fp/?‘i‘o)
L1 (0)5in (763/2) — 3 5 (0) €05 (+£,/2) = — T (0)sim (3 (02— £)) + o (€)c05 (7 (62— 1)

The four equations have now been set up for the end currents and their derivatives. Eliminating the
derivatives

o5 (303/2) + 37500 (16,/2)| 10) = (005 0 (62 - 1)

1. Zs . .
+70sz [VO + <Rmd + h% - zth> I (ﬂ)} sin (g (€,/2 — ¢))

0 (16,/2) — 2 08 06,/2) | 1(0) = =21 (6)sin (o 62 = )+ Vicos (o £/2 = )

Zs )
(B + g =L ) 1005 0 (62 1)
Eliminating I (0)

_ 1Y 1. Zs . :
{sm (7p/2) — oY cos ('yép/2)} [cos (7o (p/2—0)) + Fy—()sz (Rmd + h% - zth> sin (g (p/2 = £))

==

o 1Y .
22 {eos 06,2 + 2 sinot12)}

{sin (vo (bp/2 = 0)) — %MC (Rmd - hQZTsa —~ ith> cos (7o (£,/2 — g))} =

feos (06,/2)+ 25 s 0t/2) s 0 6,2 )

, 1Y iwC .
— {sm (v¢,/2) — —— cos (’yép/Q)} XX i (7o (bp/2 — 6))} Vo/I(0)
7Y Y Y
Now taking the limit Cy, L, Y3, Zs — 0 and v — 7,

z:)_C sin (7yof) / [cos (vof) — ryiiwCRmd sin ('yoé)} =1(0)/Vy
0 0

11.2 Shorted End

Next we consider the block to be centered at the shorted end of the resonator. The transmission line
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parameters have a discontinuity at z = £ — £,,/2.

() = 1 (0)cos (302) + =52 (0)sin (302)
dl C
= (0= af (0)

ctthé [144(1—n2)/Q)

Q =21In(2h/a)
The current near the shorted end is

1dl
I(z)=T1(0)cos(y(z—10))+ o (O)sin (v (z — 0))
The condition near the shorted end with voltage drive Vj is

1dI Zs .
V)= Yda ) =W+ (Rrad + h% —zth) I(0)

where
Ly = hE9 [n (2h/a) — 2]
2w

Zs=Rs(1—1)
Because the plasma permittivity is taken to be near that of free space we regard the radiation resistance to
be unchanged from the free space value

1 2
Rrad ~ ; V /-1'0/60 (kh/2)2 ;kﬁ

Continuity of the current at z = ¢ — £, /2 gives

T(—0,/2+0)=1({—1(,/2—0)

1(0)c0s (3 (£ /2) + = 5L (0)sim (7 (~£3,/2)) = 1 (0) cos (o (€ — £/2)) + =2 (0)sin (3 (£~ £,,/2)
v az Yo Az

Continuity of voltage at this point gives

1dI 1 dI
—o T (= 6/240) = —= == (0~ ,/2-0)

or

o4



L1 sim (7 (~£/2)) 55 22 (0)c05 (7 (~£/2)) = ~ LT (O)sin (g (€~ £/2)) b= 5= (0) cos (3 (€ — £/2))

Eliminating the current derivatives gives
(08 0/ (~43/2) = Y L osin 0 (~13/2) = VL (R = L) T(O)sin (3 (-6,/2)
1 C .
= [cos(ro (6= 6/2) + £ G sin 0 (¢ £,/2)] 110)
I(0)sin(y(—€,/2)) + %YVO cos (v (—4p/2)) + %Y (Rmd + h% — ith) I(€)cos (v (—£,/2))

=20 Lan g (6= /20— = S coslao €= 1,/2)| 10)
Eliminating I (0)

{eostr (€= t/2) + = s (0 6,20}
fsin o (/2 + 27 (R + 1 — i ) cos o (6,2}

2z i (0 6/2) - =G cos 0 (0 6,20}

% Wl e
{cos (v (=6/2)) — %Y <Rmd + hzi—a - ith) sin (7y (ep/z))} =

12 fiin G (0= 6/2) = G cos g (0 6,/2) fsin (1 (~4,12)

1 C . 1
- { (0 (6= 60/2) + - sy ¢ - w»} cos (v (@/2))] yv/1
0
If we take the limit Cy, Y:, Ls, Zs — 0 and 7 — 7, Y — —iwC

1(0)/Vp= % sin (yo¢) / {cos (v0) — %Rmd sin (v£)

Figure 16 compares the open and short end plasma block results with the homogeneous plasma results and
with the silver wire without a plasma present (the PEC wire is also shown). Notice that the plasma block
at the shorted end (one quarter of the length of the resonator £,/2 is immersed in the plasma) has little
effect (it nearly overlays the no plasma curve). The plasma near the open end shows a significant shift.
This is expected since the electric field is large at the open end of the resonator and small near the shorted
end (it is only the electric field that interacts with the plasma dielectric constant).
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Circuit Model For Resonator

0.6 I i
— PEC wire
— Lossy Wire (silver)
= | 0ssy Wire Lossless Plasma (fp = 0.9 GHz)
= | 0ssy Wire Lossless Plasma (fp = 0.9 GHz, open end)
= | 0ssy Wire Lossless Plasma (fp = 0.9 GHz, short end)
0.4
D
o
>
g
0.2
g
0.0
4.0 4.1 4.2 4.3

f (GHz)

Figure 16. Variation of drive current divided by drive voltage with frequency near the resonance for a lossless
cylindrical plasma block at various locations along.a silver resonator. The case of a perfectly conducting
wire without a plasma and the case of a silver wire without a plasma are also shown.
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12 DISC CAVITY

The cylindrical cavity has spacing d = 25 mm and radius b = 200 mm. Thus at f, ~ 4.1 GHz the

vertical electric field modes have the form (the half wavelength at this frequency is A\/2 ~ 36.6 mm, which
is larger than the spacing d, and thus the TM mode with no half wave variations in the vertical will be the

only propagating mode)

10 [0 1 92
—— | =rE. |+ 5 ==FE. +k, E. =
(8TT )+T28<p2 + mn 0

E, = EoJm (kmnr) cos (me)

iwpgHy = — (Eokmn) Jp, (Kmnt) cos (me)
12.1 Shorted Outer Radius

For a shorted condition at the outer periphery the boundary condition

E,(r=0=0
gives
kmnb Jm,n
where
o Gn) =0, n = 1,2, ..
We can also use other types of outer boundary conditions (for example, of the impedance type E, = —Z;H,,)

to represent radiation leakage at the periphery. Because we want to examine the case where k,,,,, — k ~ 85.9

m~! is fairly large so that kb >> 1 we use the asymptotic form

kb~ 172 = jmp ~ (n+m/2—1/4) 7, n — o0

The modal spacing due to the variation in m is

Ak ~m/(2b) ~7.85 m~!
The modal spacing due to the variation in n is

Ak ~ /b

These modal spacing implies a spacing quality factor in the range

k/Ak ~5.5—11
The energy stored in a mode is
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1 bq 1
W= / Lgpav =L / =& |EoJim (jimur/b) 2mrdr = =—-ednb? | Eo|* [T}, (jm.n))?
v 2 Em Jo 2 ’ 25m ’

and we have used [9]

! 1

[ U G P e = 5 1 G = 5 s G

where the Neumann number ¢,, = 1 if m = 0 and &, = 2 otherwise. The power dissipated by the walls can
be found as

p- 7{ Lp. 1K ds
52

_2 b]. 2 2

- S
em Jo 2

1Ey . ;.
(Zn /1) i i)

0

( OJm.n/b> Jrln (]m,n)
0

Wt

dQWbi

Em

1
2mrdr + §Rs

2 ]m n 2 2 2 /1 7 . 2 ]- ]m n 2 2 / . 2
=—R;|—=] |E b I (Gmon dr+—Rs | —= ) |Eo|” [J;, Ummn)] dmb
2 (225 ) V0 0 [ 1 G v R (L) P U G
where K = n x H is the electric surface current density on the cavity walls. To carry out the integral we

use the identities [9], [10]
/ ! (2)]2 zda = / [T @) = 27,0 (ac)racdx - / s ()] wda + m? / U (m)]2i—x

_om / T (2) Jon () da

[ s @) ade = 3 [0y @] + 5 [a — (m = 17] 2 (0)
/[Jm @FE = |1+ B @)+ ) -2 ) (x)]
and =
1 1, i
/Jm,1 (@) I (@) da = 5 = 2 (1) = 3 R (@)
k=1

where the final sum is dropped if m = 1. Next, collecting terms

m—1
[ @) ade =5 [0y @]+ [22 = n - 0] oy @4 G |-1- B @) - T @) +2 Y (o)
k=0

Note that this also works for m =0
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[} ()] + % (2% = 1) J? (x)

N =

/ [T (2)]7 wde = / [J1 (2)]? wde =

Thus we can write

1 jm,n
Jmn / [T, G e = / 7!, ()] zdx =
0 0

m—1

1. . 2 17. . m . . .
92 []mxn‘]r/n—l (]m,n)] +§ [-772n,n - (m - 1)2] J72n—1 (]m,n)“—E -1- Jg (Jmm) - J72n (]m,n) +2 Z JI? (]m,n)
k=0

Then we can write the power lost as

1 jm n 2 2 / . 2 .
Em Rs <W,Uzob> ‘ 0| ﬂ-b [Jm (]m,n)} [d + b m (]man)]

where we define

[Jrln (jm,n>]2 Fy, (jm,n) =

m—1
l_l - Jg (jm,n) - J72n (]m,n) +2 Z JI% (]mm)]
k=0

. 2 . . m
e G (1= m = 1% /53] Ty ) + 3
or

i [_1 - Jg (jm,n) +2 i JI? (]m,n)‘|

J?n,njfnq (Jm.n) k=0
where we note that Fy (jo,n) = 1.
The quality factor is then

Q _ ﬂ _ wEdb ((“‘J:u(]b/jm,n)2
TP 2R [d+ bFy ()]
Results for the quality factors from 3.5 GHz to 5 GHz are shown in Figure 17.

As a check we can construct an approximate formula for several half wave variations in the radial and

azimuthal directions (and two vector field components) by writing approximately

1 1
W s =u 2H?ZV
gHo=t g

1

45

P~ %R52H2

oW eV 2V
- P T R,S  4S
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Figure 17.
outer wall.
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Quality factors versus resonant frequencies for cylindrical disc cavity resonator with shorted




where (note that the final equality holds if the walls have free space permeability) the skin depth in the
wall is

6 =+/2/ (wpo)
the volume is

V =drb® ~ 3.14 x 1072 m?
and the surface area is

S = 27b® + 2mbd = 0.283 m?
If we take the walls to be polysilicon with o ~ 10° S/m then

§~25x107° m
The quality factor is then

Q =~ 900
which is in the ballpark of the lower values in the figure.

The dimensions of the resonator we have been using are length ¢ = 17 mm, spacing h = 3 mm, and
wire diameter 2a = 0.125 mm. Note that for r < r,, where kr,, = m, there is very little field in the cavity
mode. Thus a resonator located at the center of the resonator will not couple well into these modes with
many high-order azimuthal variations.

To look at only two parallel walls we consider imaging the current elements of the resonator in the
walls. The first subsection below considers the case where the resonator is oriented to be orthogonal to
these resonant propagating modes.

12.2 Radiation at Outer Radius

We now consider the quality factor and modal frequencies when the outer periphery allows radiation
from two thin walls that simply end at the outer periphery. Because the disc is electrically large in radius
at the nominal resonant frequencies of the hairpin resonator we will use a boundary condition associated
with a wave propagating between infinite planes and impinging on the ends of the planes. Also because the
radiation loss is large compared to the wall loss we will take the walls to be perfectly conducting in this
subsection.

The eigenmode frequency near the disc edge is taken as

K~ kL + K
where for the mth azimuthal mode

ko, =m/b
Thus
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Sec. 46a] PARALLEL-PLATE GUIDE INTO SPACE, E-PLANE 179

LINES RADIATING INTO SPACE

4-6a. Parallel-plate Guide into Space, E-plane.—A semi-infinite
parallel-plate guide of zero wall thickness radiating into free space (plane
wave in parallel-plate guide incident at angle « relative to normal of termi-

nal plane).
\ Y,
T | ;
} b I iA’ G
| H .
I ] b
E Y g
T T T
General view Side view Equivalent circuit
FiG. 46-1.

Equivalent-circuit Parameters.—At the reference plane T located at a
distance d given by
2md 2e
% = zln 2 — $i(230,0), (1)

the equivalent circuit is simply a conductance

G _ T
Tg = tanh EJ (2)
where
2 s o A B
S1(z;0,0) = 2 (sm = n)
n=1
_ b _4nd i A
Y - ~ cos &

= 2.718, y = 1.781.

At the reference plane 7" an alternative equivalent circuit shown in
Fig. 4-6-2 is characterized by

G _ sinhmzr @)
Y, coshwzx + cos 6

(¢4 b b

Y, = o\’ for v < 1, (3a)
B sin 6

Al Yy @
B _b 2 b

¥, =5 In =T for N <1 (4a)

Fia. 4-6-2.

Figure 18. Page from the Waveguide Handbook [11] on circuit elements associated with a wave radiating
into free space from between two infinite conducting planes. Note that to translate these results we take
b—dand b/\ — X.
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Fi6. 4-6-4.— Radiating parallel plate guide, E-plane. A

Figure 19. Page from the Waveguide Handbook [11] on circuit elements associated with a wave radiating
into free space from between two infinite conducting planes giving the effective circuit conductance and
susceptance values. Note that to translate these results we take b — d and b/\ — X.
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cosa=ky/k~1/1— (m)Q

kb
X = o oS
0/2=X[n(2/X)+1—v Z arcsin (X/n) — X/n]
~ = 0.5772
sinh (7X) 1
'y — sin 1 o X )
¢'/Yo cosh (7X) + cos © 4/<:d00504, =<
, sin © ,
B'/Yy = X[n(2/X)+1-+], X <<1

cosh (7X) + cos © ~
where the admittance per unit width in the parallel plate guide is

1
Yy = E\/g/ﬂo

Setting the admittance per unit width to

=G —iB’
and the surface impedance to

Vo /€
Zs=1/Y'd) = —F—"*——
/(¥V'd) = G'/Yy—iB'/Yy
we then write the outer boundary condition as

E,=-Z,H,
If the outer boundary condition satisfies Zs/+/pp/e << 1 or if Y’ >> Y we can use the previous
perturbation theory to find the quality factor. However from the figure for G'/Y; and B’/Yy if X << 1 an
open circuit boundary condition is a more appropriate starting point for the perturbation calculation.

12.2.1high impedance load

In this case we write

and thus the solution is

E. = EoJm (j},.,7/b) cos (me)

64



iwpoHy = = (Eojm.n /) Ty, (jv/n,nr/b) cos (mep)
where

T (Gmn) =0
Note that

Jon1 ~ m + 0.8086165m!/* — 0.072490m /% — 0.05097m " + 0.0094m >/ 4 - .-

Joom ~ (mAn/2=1/4) 7, n>>m
The energy stored is then

b
W= [ gelBPav = 2 [ S Bt (G ) 2mrdr = oednt? Eof? (1= 32,) Lo (7))
174 2 Em Jo 2 ’ 28771 s 5

The power lost is then

27
2

1 1 )
P = odRe (Y’d)/ |E. (b, )|* bdyp = E—wbdQG’ \Eol” [T (d.m)]
0 m
The quality factor is then (jj5; ~ 16.961153)

_ web (1—m?/j2,) 2b(1—m?/52 )

2dG" 2
d\/1 - (3)
For m =15, n =1, ji5; ~ 16.961153, and f = 4.1 GHz
Q~T
For m =0, n =11, ji 1; & 16.5, and f = 4.1 GHz
Q =~ 16
12.2.2low impedance load
The short circuit perturbation theory gives
]. 2 2 ]. 2 . 2 / . 2
P=2dRe(Z,) | |H, (b,p)|"bdp = ———mnbdRe (Zs) |Eol” (jmn/b)” [T, (Jm.n)]
2 0 W2 UoEm

Re(Z,) = —VF0/eG/Yo | (7/2) Vite/e/X
T B WA+ In@/X) + 1T

x =gy ()
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Using the energy stored
1 2 2 / . 2
W= ?Edﬂb | Eol [Jm (]m,n)}
the quality factor is

o= (0 Viole
2Re(Z) jiun
If there are no large frequency shifts caused by the outer impedance boundary condition then j,,, ~ kb

(kb) /AT I (2/X) +1 -

9 2Re (ZS/\/M) /X

kd my 2
X=y1- ()
Now for m =15, f = 4.14 GHz

X = 0.07

Q ~6.5
For m =1 (in this case the perturbation theory may not be justified)

X ~0.35

Q ~ 13.8

12.2.3transmission line solution

Suppose we consider the region near r = 0 to provide a drive so that the general solution in the disc
cavity is

E. = Ey [Jm (kr) + RY, (k)] cos (mep)

iwpgH, = — (Eok) [J), (kr) + RY,, (kr)] cos (mgp)
The impedance boundary condition gives

Y/dEz (b7 QO) = _HSO (ba QO)
or
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T2, (kb) = iy /g [EYdJ (kD)
Y/, (kb) — in/11g/2Y"d Y, (kD)

Then if we consider the normalized ratio of electric to magnetic fields (voltage to current) along the radial
transmission line

B (rng) JH,(ry) I (k7) [Yng (kb) — i\/pig JeY"d Y (kb)} — Y, (kr) [J{ﬂ (kb) — ix/1ig JeY"d (kb)}

Vin/e T (kr) [Y,;L (kb) — i\/1ig JeY"d Y (kb)] — Y7, (kr) [J;n (kb) — in/1ig JEY " dT (kb)]

\/ILLO/€Y/d: Y//YO = G//TQ 7ZB//Yv0

G/Yo = coshs(i:};(()ﬂf zos S)
B'/Yo = cosh (7:)1?)(?# cos ©
ot ()
0/2=X[n(2/X)+1- i [arcsin (X /n) — X/n]
~ = 0.5772

12.3 Two Wall Interaction with Horizontal Orientation

The two wall interaction will be investigated using images. Although we could include reflection
coefficients at the walls to approximately account for losses, because the operating frequency will be below
transverse resonance we can approximately use perfectly conducting images for this orientation. Here we
are interested in the case where the resonator is centered to minimize quasistatic interaction with the walls
and where it is oriented so that the walls are at y = £d/2, to minimize coupling to the E, propagating
modes (here we return to the notation where z is along the resonator arms and y is perpendicular to the
cavity walls). Figure 23 shows the image summations with reversals of sign on each reflection.

The two components of the vector potential thus become

AZ <x7y7’z):
@/Zf(z’) i 1 etk (@=h/2)? +(y—nd)?+(z—2)? - ek (@+h/2)? +(y—nd)?+(z—2)? i
e V@ =122+ (g —nd? + (=) \J(@+1/2)° + (y—nd)? + (= — 2)°
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b =200 mm
d=25mm
16 r="n/5
' m=0
£
\’\-‘/1.1*
0.6 |
T T

4.0 4.2 4.4 46
f (GHz)

4.8 5.0

Figure 20. Impedance at r = b/5 for m = 0. The quality factor of the peak appears to be near 15.

T T T
5.0

4.0 4.2 4.4 46 48
f (GHz)

Figure 21. The quality factor of the peak appears to be near 18. It was necessary to move the obervation
point out to = b/2 because of the small size near r = 0 for m = 10.
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4.0

3.5
3.0
£
= 25
N
2.0
1.5
1.0 |
T T T T T T
4.0 4.2 4.4 46 48 5.0
f (GHz)
Figure 22. The quality factor of the peak appears to be near 19.
[ ]
[ )
[ ]

Figure 23. Set of images of resonator in walls of disc cavity when the normal to the plane of the resonator

is also normal to the cylindrical disc cavity.
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> h/2 ikq/ (x—x')2+(y—nd)?+(2—0)?
N LU S I e A
T 12\ (@ = a4 (y - nd)? + (2 — 0)F
where we have approximated the “shorted” end as having constant current and taken the load current to be
directed toward the 4z direction and the images are in the y direction, perpendicular to the cavity walls.
Our interest here is in assessing the magnitude of the image response. Therefore let us take the scattered
potential to be

AZ (2,0,2) =
Ho /’“’ () i (—1)" etk (@=h/2)?+(nd)>+(:—=")? etk (@+h/2)? +(nd)? +(z—2')? ds
LA z — — z
A Jo it V@ =127+ (nd? + (=2 \J(@+1/2? + (nd)* + (= - 21)?

OO iky/x24(nd)?+(z—1£)?
] u elkv
A3 (0,2~ L1 ) Y (-1

n=—oo \/ZL’Q —+ (Tld)2 + (Z — 6)2
n#0
We will also approximate the current distribution along the transmission line as the quarter wave form

Tz

!
I(Z")~1(¢)sin(koz') =1 (¢)sin (2—5)
The electric field is given by

E:

VXxVxA=
WE kg WE kg

[V (V- A)+ kA

i 0? 0?
FS = —— | —/—— A + =A% + K248

= wepy <8z@m =t 022" % * z)
and because the x segment is electrically short we can write

. 82 82 .
B~ — AS 4 S AS FRPAL ) ~ ——RPAS
wepy \ 0x0z Ox WE Ly
The open circuit voltage at the drive point due to the images can be found using reciprocity [5]. The result

1S

1
Ve = ——— 5. Ids
N . f@)/c_ - . .
This is still a rather complicated set of equations to implement. However because the resonator is operating

near the relatively short quarter wave length, and because of the spacing between the images and the
resonator, it is a reasonable approximation to use an average point current element for the z-directed
current segments. We place the current elements at location
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with moments

Then

AL (2,0,2) ~

Z_OI 0 fz i 1y et/ (@—h/2)%+(nd)?+(z—2/m)? B ik eI (nd) 1 (2] 7)?
T V@ =127 + ) + e —2/m)  \J@+1/2) + (nd)” + (2 — 2/m)”

and the open circuit voltage from the images is

Vi B (0,0,6) b+ (B2 (/2,0,2/m) ~ BX (~h/2,0,02/m)] 2

Inserting the above expressions gives

B Hopp 2
we g 4m s
> 92 eik\/(mfh/Q)z+(nd)2+(27€2/7r)2 eik\/(m+h/2)2+(nd)2+(2722/7r)2
Z (-1)" 0xdz 2 2 > 2 2 2
W V@ =127+ md)* + (2 - 2/7) @+ 1/2)? + (nd)® + (= — 2/7)

7 1 ° " etk 24 (nd)2+(2—£)?2
et a0 2 D 2 2
Ho e Va2 + (nd)® + (= — 0)

or

. eiknd
nd

Lﬂ[(@) 2 (1—2/n) %hi (—1)" { ei’“\/(nd)2+£2—02/w)2}
n=1 (nd)® + 2 (1 — 2/m)?

3/2

13k _ 3
{map 42— 2w} {d) 4212/

and



0 H2 etk 24 (nd)2+(2—£)2

We g 4m et 920 [, 2 2
= Va2 + () + ()
i ( 52 i 1y 92 etk (@—h/2)%+(nd)? +(z—£2/m)? ik (@th/2)2 4 (nd)> +(z—€2/m)?
Boropy e apr _
weto AT Tt O @ —h/2 + (nd)? + (z— 02/m)  \J(@+1/2)° + (nd)* + (= — £2/m)
. & % T— n z—02/7)? % T 24 (nd)?+(z—02/m)>
g2 S (| VR e
Weto AT T e V@ —1/2° + (nd)? + (= 2/m) (@ +1/2% + (nd)® + (= — €2/
n

1

Bor (g2

B2 (h/2,0,€2/x) = B2 (~h/2,0,2/m) = =52 -
0

e " ) ethnd etk h24(nd)? ) etknd etk h24(nd)? etknd etk h24-(nd)?
Z (=" [k i + ik 27 5 2 ( 3 3/2
n h2 + (nd)? (nd) h? 4 (nd) (nd) {h2 n (nd)Q}

o0 . 2
i etk (nd)?4+£2(1—2/7)
o ﬁfﬂ[ e =2/m) ) (- - T
0 n=1 {(nd) Y2 (1-2/7) }
K2 i3k 3

{(nay +e2(1 - 2/@2}”2  (nd)” +2(1-2/)’

N ; g z , oo e eiknd 2 [ 1 i3k B 3
T wepy ™ I(@éﬂh ;( Y (nd)? [k { K2+ (nd)}+ 2 (nd)® 2(nd)3]

(nd)2+02(1-2/m)?

i oo N
——— 2RI (1 -2/m) Y (-
wepg 27 ot {(nd)2 +2(1— 2/7r)2}

3/2
13k 3

k> -
i {(ncl)2 + (- Q/W)Q}I/Q (nd)* + 2 (1 - 2/)*

Therefore

1 & etknd
: 312 2
[riwe/ (K*h*)] V; ~ 5 Z:: nkd
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9\2 2 . giknd . 1 i3 3
+(2) = Gy K"/ 2+ 1) ka7 2<nkd>31

(nd)?+02(1-2/m)?

o} eik
(1=2/m) > (=" 372
i {nka)? + (k0)* (1~ 2/7)? |

14 & - 3
{nkd)? + (k)? (1 - 2/7T)2}1/2 (nkd)” + (k¢)* (1 - 2/m)*

Noting that

el einx )
> ()" = (L4
n=1

gives (note that the other sums are rapidly convergent)

[miwe) (FR2)] VT () ~ ———In (1 + ¢*)

2kd
9\ 2 > ., eiknd . 1 i3 3
oo eiky/ (nd)? +2(1-2/m)?
_(ke)22(1—2/7r)2(—1)" ) N 51 3/2
n=1 {(nkd) + (k0 (1 —2/m) }

13 3
(nkd)? + (k0) (1 — 2/77)2}1/2 (nkd)® + (k0)* (1 — 2/7)°

We note that kd ~ 2.1 =~ 0.687 and therefore the argument of the logarithm is not near zero. Furthermore
k0 ~ 1.46 and (kh)* ~ 0.066, k/ (weo) = \/1to/€0 &~ 120w ohms. Thus we find that V,/I (€) is in the
vicinity of an ohm. Away from resonance this is a small effect (see preceding graphs). However at resonance
this can lead to a shift in frequency and in very little radiation damping. The figures show the real and

imaginary parts. We have used the approximation

1+

[miwe/ (B¥h2)] VE/T (€) ~ — = In (1 4 ¢i*4)
2kd

These values of reactance indicate that we expect a very small shift in frequency (since the impedance
at the 3 dB point of the resonance is a couple of ohms compared with tenths of an ohm reactance from
the walls of the cavity). However, because the modes are cutoff for this polarization, the radiation quality
factor would go to infinity (the polysilicon wall loss will make it finite, but because the Q of the cavity will
be large there would be a large increase in the resonator Q). The real impedance from the walls cancels the
real impedance of the resonator in free space since radiation is suppressed by the fact that the modes with
projections on the resonator current are cutoff (the reason for the small difference in magnitude between
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Scattered Field (Real)

A [ Scattered Field (Imaginary)
0 -3 7
£
=
o
s
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sorssoumezerenemene e ‘
4.0 4.1 4.2 43
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Figure 24. Real and imaginary parts of the scattered voltage at the drive point of the resonator (resulting
from the image currents in the resonator walls) divided by the drive current. This is the horizontal orientation
where the resonator does not couple into the propagating disc modes of the cavity. The suppression of
resonator radiation by the perfectly conducting cavity walls leads to a negative real part in the scattered
voltage. This means that the resonator quality factor is increased by operation in the cavity.
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Circuit Model For Resonator

4 PEC wire (Real) [—
m— | 0SSy Wire (silver)
,,,,,,,,,,,,,,,, PEC wire (Imaginary)

------- Silver Wire (Imaginary;

g3

<

e

S

22

4.0 41 4.2 4.3
f (GHz)

Figure 25. Real and imaginary parts of the ratio of drive voltage divided by drive current (without cavity
wall effects present) for both a perfectly conducting and a silver wire resonator.

the two graphs is the approximations made in the scattered field). This effect therefore increases the Q of
the resonator and it is then predominantly due to the wire loss.

The outer load at the edge of the resonator cavity did not come into the picture with this orientation
because there was no coupling to the propagating modes in the disc region. The vertical orientation will
couple to these modes.

12.4 Two Wall Interaction with Vertical Orientation

The propagating modes in the disc region are excited by the vertical orientation of the resonator.
Because we expect that a better model for the disc cavity includes radiation at the open edges of the discs
we will only treat this lower Q case.

A question impacting the size of the wall interaction is the balance of the two arms and drive geometry
of the resonator. For example, if the drive is unbalanced with respect to the center line of the resonator,
then common mode drives of the resonator arms will couple to the load, whereas the balanced case will not.
We will look at the two wall interaction with a balanced resonator.

We again take the z axis along the longer arms of the resonator and the y axis perpendicular to the
discs as well as along the short leg of the resonator.

The two components of the vector potential thus become (here there are no sign changes associated
with the images as shown in Figure 26)

(6]



Figure 26. Set of images in cylindrcal walls of disc cavity when normal to the plane of the resonator is
parallel to walls of disc cavity.
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Az (x, Y, Z) =

Lo L . 0 eik\/x2+(y—nd—h/2)2+(z—z’)2 eik\/x2+(y—nd+h/2)2+(z—z’)2
1()
0

E Z — dZ/

n=—oo \/x2 +(y—nd—h/2)°+ (z—2')° \/332 + (y—nd+h/2)* + (z — 2)*

h/2 zk\/x2+ (y—nd)?+(2—£)2
n=—o0 "/2 w2 +(y—y —nd)’+(z—-0)°
where we have approximated the “shorted” end as having constant current and taken the load current to be
directed toward the —y direction and the images are in the y direction, perpendicular to the cavity walls.
Our interest here is in assessing the magnitude of the image response. Therefore let us take the scattered
potential to be

AS (2,y,2) =

Ho /z 1) i etk @2+ (y—nd—h/2)*+(z—2')? - etk @+ (y—nd+h/2)?+(z—2')? 2
4 Jo =5 \/x2+(y—nd—h/2)2+(z—z’)2 \/x2+(y—nd+h/2)2+(z—z’)2

n#0

o0 eik\/x2+(y—nd)2+(z—€)2

s ~ _N’O
Ay (.’E, Y, Z) ~ 47ThI (6) 5 3 ’ 3
n=oefa? 4+ (y — nd)? + (2 - )

We will also approximate the current distribution along the transmission line as the quarter wave form

zwumfwnm%wﬁ—f““m<1i)

The electric field is given by

or

) 0? 0?
E? = A+ A k2AS

o wepyg (63’8@/ Tt )
and because the y segment is electrically short we can write

1 o2 0? i o2

By~ —— | 5524 + 554, A3 ) ~ —— | == + k2 ) A8
Y wep (8y6z 0y? * > WE Ll <8y * > Y

The open circuit voltage at the drive point due to the images can be found using reciprocity [5]. The result

is
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1
Ve =——— 5. Ids
. . I(@/c_ B . .
This is still a rather complicated set of equations to implement. However because the resonator is operating

near the relatively short quarter wave length, and because of the spacing between the images and the
resonator, it is a reasonable approximation to use an average point current element for the z-directed
current segments. We place the current elements at location

¢ ¢ 2 /2 2 2
s (B2 dz = [ zsin (B2 s = (2 inadr = (2£) [sinx — w2 _ (2
z /0 sm(%)dZ—/o zsm(%)dZ—(W) /0 rsinxdr = <7r [sin z accosx]o =\

or

with moments

Then

A% (2,y,2) ~

to 0 /2 i k224 (y—nd—h/2)>+ (z—2/m)2 . ik /72T (g—ndthj2) 7+ (-2
" ! Y0 \/932 +(y = nd— h/2)* + (z — £2/7)? \/932 +(y —nd+1/2)* + (2 — £2/7)°

n

and the open circuit voltage from the images is

S S S S 2
~Voo m —E;(0,0,6) h+ [EZ (0, h/2,02/7) — EZ (0, —h/2,02/7)] E;

Inserting the above expressions gives

9 o0 iky/(nd)>+(z—€2/)? iky/(nd—h)>+(z—€2/)
E3(0,+h/2,2) = ii—ol(z)g_ L4 k2 Z e e
T et oS | o fd—h (- e/

n

Ll ()2 0 i GV mdPHe—2/m® ik nd =) 2/
47 T wepty 022 £ 2 2 ? ’
nSo [ + -2/ fwd =)+ (- e2)m)
7 i 0 X (nd— h/2) etV (rd=h/D*+=0? | 1
:|:4—0h.[(€)—8_ Z ( /) 5 3 Zk_
w02 = T (nd — b2 + (2= () Vnd =12 + (- 07
n#0

or
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B2 (0,+h/2,02/7) =

Lo 2 > etkInd] ) ik 1 ik|nd—h| ) ik 1
+Ho 2 B2 - K+ _
In (£) T WE Lk n;m l |nd| Ind|  (nd)? |nd — h| Ind —h|  (nd— h)*

n#0

i . (nd — h/2) ik (nd—h/2)2+£2(1-2/)?
3/2
n=_so {(nd /2?21 2/7r)2}

K2 4 13k B 3
Jod—n2? e -2/ md=h/2"+00-2/m"

or

T WEly

eik(nd—h) ik 1 etk(nd+h) ik 1
K — — k% + -
nd — h nd—h  (nd—h)® nd + h nd+h  (nd+ h)®

J i N (nd — h/2) eihV (nd=h/2)* +2(1-2/m)?
iﬁh[(f)é(l—ﬂw) — Z( /2) 7
i {(ma—n/2) + e (1-2/m)°}

s L Ho PR D I L |
B (0,%h/2,02/m) = £ 21 () (= Zl [2 — {k +— a7

K 4 13k ~ 3
Jod—n2? e —2/m?  d=h/2"+00-2/m)"

oo (TLd + h/2) eik\/(nd+h/2)2+£2(172/ﬂ)2

AT Lnd 4 nf2? 2 (-2}

FLORI (€)£(1 - 2/m)

K4 13k ~ 3
\/(nd+h/2)2+€2 (1-2/7)° (nd + h/2)* + 2 (1 —2/)?
and

5 t
B~ — —hI ¢
Y We g 4T ()
oc 1k\/m2+ (y— nd) (sz)2 ) k2 (yfnd)Q ik
2 2 d)2 52+ 2 2
n_fm\/gﬂ y—nd) + (z — 0) 2%+ (y —nd)” + (2 = 1) \/x2+(y—nd) +(z—0)
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2k

(y — nd)®

{224 —nd)*+ (-0}

1 ik (y — nd)® 3(y — nd)?

{:c2 +(y—nd)* + (2 - 5)2} {x2 + (y—nd)® + (z — 5)2}3/2

L Hopr

oo AT \Ja (g~ md)

+

X ke nd) (1) l »  Ky-—nd®+1

24 (2 0)? 2%+ (y — nd)* + (z — 0)°

ik

Va2 + (y —nd)? + (= — 0)?

i3k (y — nd)?

3 (y — nd)*

{:102 +(y—nd)?+(z— 5)2}3/2

and if we take r2 = 22 + (z — ()?

+ 2
{:102 + (y —nd)® + (z — 8)2}

. oo ik 7‘2+(nd)2 2 2
B2 (1,0) ~ i 0 e o k*(nd) —|—21+ ik
wepy 4m nZo0 (/72 + (nd)? r2 + (nd) 72 4 (nd)?
i3k (nd)® 3 (nd)?
o 3/2 2
{r2 + (nd)Q} {r2 + (nd)Q}

If we take the limit &r >> 1 in the brackets we find

s i Ho
B3 (r,0) ~ ——— o
y (r:0) weptgy 4

At the current element

Lo
E(0,0,0) ~ ——=—hl

Noting that we have an average vertical current

—I
we expect to have a propagating mode
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h1l
E. = wpol (6) 57 Hg" (kr)

Using the following identities we can add and subtract this in image form

i (Y2 O ik (z—nd)? i ) zkm 9 [oo zkm
—— dz = =—i=
/d/2 n=—o0 \/12 4 (z — nd)2 \/7'2 + 22 T Jo \/7‘2 + 2'2
2 (™, 2 [ 2 [
= —i= / eifreoshCqe = ~ / sin (kr cosh ¢) d{ —i= / cos (kr cosh Q) d¢ = Jo (kr)+iYy (kr) = HEY (k)
0 0 0

and the addition theorem if it is not centered

H(l) (k\/y + (z — o) ) Z emH Im (kxo) cos (me) , 7= /22 + 32 > |50

We see from the above kr >> 1 limit that thls Hankel function form is also expected from the average of
the image series over the height. Then we have

. —L@hl 0 o ik /22 +(y—nd)?+(z—)? 2 k2 (y — nd)® + 1
y 2 2
wepto 4T n=—s0 22 + (y —nd)® + (z — €)° 2+ (y—nd)” +(z - 0)
ik
+

\/x2+(y—nd)2+(z—£)2

i3k (y — nd)® 3(y — nd)®
(o4 -nay + (-2} {2ty -nd+ (- 0?)

/d/2 etk +(y—nd)?+(2—0)?

=1
L gp2Eonr e = dz
WE/J,O dr n;oo d d/2 \/ — nd (Z — 6)2
+——k?E8h1 () Hy" (k )2)
wety

or

H( ) (k\/x2+ (z—10) ) Zz—:mH(l (kr) Jpm (kL) cos (myp)

The final modal summation involves propagating terms which interact with the outer disc radius. Note
that this addition theorem representation is only valid for » > £. If a reflection takes place at the outer disc
radius, we expect a returning wave so that

H( ) (k\/xz +(z— ) Z emHY (kr) T, (kL) cos (me)
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m=0
The impedance boundary condition at the outer edge of the disc cavity gives

A 2
cosa=ky/k~1/1— (E)
X = o oS
0/2=X[n(2/X)+1—v Z arcsin (X/n) — X/n]
~ = 0.5772
inh (7X) 1
'y — sin 1 o X )
G'/Yy cosh (7X) + cos© 4deOba’ <<
, sin © !
B'/Yy = X[n(2/X)+1-+], X <<1

cosh (7X) + cos © ~
where the admittance per unit width in the parallel plate guide is

1
Yo = Evg/ﬂo

Setting the admittance per unit width to

=G —iB’
the boundary condition to determine the reflection coefficient is
Y/dEz (b7 QD) = 7H§0 (ba 90)

First let us simplify the problem by assuming the vertical leg of the resonator is centered in the disc
cavity. Then we can write

SRR kT (y—nd)?+(z—0) 2 k2 (y —nd)® +1
Y wepty 4 e 22+ (y —nd)® + (= — 0)2 22 + (y —nd)® + (z — 0)°
ik
+

\/ac2 + (y —nd)® + (z - 0)°
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i 2#0 /d/2 b yP 4 (=07
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— kLRI () {HS” (k\/m) + RoJo (k\/m)]

W€M0

The impedance boundary condition at the outer edge of the disc cavity then makes use of cosa = 1 and

field

2 Mo (1)
E, = H kr) + RoJo (k
ws,uok 4dh1 (0) [ Ho" (k) oo ( T)]

The boundary condition

yields

The field is

E;(0,0,0) ~

1 OFE,
iwpy Op

Y'dE, (b) = —H, (b) =

inY"d [HSY (kb) + RoJy (kb)] = [H51>' (kb) + RoJ, (kb)}

HY (kb) — iny’dHY (kb)

o= - J4 (kb) — inY"dJo (kb)

d/2 etky

i 2 Ho 1 /d/2 etk ty?

+—2E0R1(0) = 4

wepy 4w ()d _a2 2+ 12 Yy
2 llg (1)

o O [HO (kr) + RoJo (kr)}

The open circuit voltage induced by this contribution (from the A, potential to the E; field) is

i Ho = € . 1 [ 2 /’LO = iknd 1 /
—hI (¢ 2 k—— E— hI - —d
weptg 21 ( )Z (nd)? <Z ”d> ’ wsuo Z:: dJ a2 (y +nd) Y
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we
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or

> elknd
[dwe/ (k2h2)] VL/I (6) = Ry + é ;;‘1 Tﬁ <z _ ﬁ)

Another contribution to this is from the A, potential to the E; field (this could be approximated for small
h)

s Z Ho
E —1I
y Oy 6~ wepig 4w () é
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The other piece is (this could be approximated for small k) the contribution from the E¥ field

| . 2\ 2 > eiknd 5, ik 1
i2mwe AV, /1 (€) = (KE) Z [2 nd {k Tl (nd)z}
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Figure 28 shows the reflected impedance at the resonator drive point as in the previous orientation. Notice
that the radiative load at the outer disc edge results in a reflected impedance which is negative over most
of the range shown but is smaller in magnitude than the free space value (near +2 ohms). Thus there is
net radiation and the influence on the resonator quality factor is not as large. However since it is varying in
frequency, the effect of the disc cavity must be taken into account to establish the rigorous quality factor
for the resonator.

k2 +

As checks on the calculation the next two figures consider some modifications of the outer edge load.
First we set the conductance G’ to zero and find that the reflected impedance has a real part that cancels
(to the level of approximation present) the free space real impedance of the resonator (with perfectly
conducting wires). This makes sense since we have then eliminated radiative damping.

Finally we set the outer edge reflection coefficient to zero and observe that the reflected real part is now
positive. This means that radiative damping is enhanced by the presence of the disc cavity. The direction of
the change in real part seems reasonable because the resonator is electrically small and the close conducting
walls would be expected to act as extensions of the radiating arms of the resonator, enhancing radiation.

13 CONCLUSIONS

This report constructs circuit models for a hairpin resonator probe used for detecting plasma properties
such as plasma frequency (proportional to electron number density) and electron collision frequency. A
transmission line model is used along the resonator length and lumped loads are used to capture the
parasitic capacitance at the open end and the parasitic inductance at the drive or shorted end along with
a lumped radiation resistance. The impact of a plasma sheath surrounding the resonator wires as well as
the finite conductivity of the wires are addressed. Electromagnetic simulations using a frequency domain
method of moments code are also included as comparisons to the circuit model results. The effects of
nonsymmetric fields around the wires and the sheath due to interactions between the resonator arms are
shown to be small by a multipole technique. Inhomogeneities in plasma density along the resonator length
are examined briefly. Finally, the impact of the polysilicon disc cavity, which contains the resonator, is
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Figure 27. Real and imaginary parts of the scattered voltage at the drive point of the resonator (resulting
from the image currents in the resonator walls) divided by the drive current. This is the vertical orientation
where the resonator does couple into the propagating disc modes of the cavity. The propagating disc modes
are reflected from open edges at the outer radius of the disc cavity. Although the real part of the scattered
voltage is slightly negative over part of the range, the suppression of resonator radiation by the perfectly
conducting cavity walls is not as signficant in this vertical orientation due to the radiation of the propagating

disc modes at the outer cavity radius.
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Figure 28. Real and imaginary parts of the scattered voltage at the drive point of the resonator (resulting
from the image currents in the resonator walls) divided by the drive current. This is the vertical orientation
where the resonator does couple into the propagating disc modes of the cavity. However in this plot the
propagating disc modes are reflected from a short circuit at the outer radius of the disc cavity. The real part
of the scattered voltage thus becomes negative similar to the horizontal orientation. The resonator quality
factor will then be increased due to the suppression of resonator radiation by the perfectly conducting cavity

walls similar to the horizontal resonator orientation.
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Figure 29. Real and imaginary parts of the scattered voltage at the drive point of the resonator (resulting
from the image currents in the resonator walls) divided by the drive current. This is the vertical orientation
where the resonator does couple into the propagating disc modes of the cavity. However in this plot the
propagating disc modes are absorbed without reflection at the outer radius of the disc cavity. The real part
of the scattered voltage then becomes positive, indicating that there is enhanced radiation damping relative
to the case where the resonator is in free space. The cavity disc walls effectively help match the radiation
properties of the resonator, leading to increased radiation damping and a reduced quality factor.
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ascertained. The quality factor of the cavity is estimated using the properties of polysilicon as well as
known approximations for the load admittance at the outer periphery of the disc. The resonator is operated
at frequencies for which the only propagating modes in the disc cavity have a vertical electric field that

is independent of vertical position. When the hairpin resonator is oriented with all wires parallel to the
disc walls it does not couple effectively into these modes. However the presence of the disc cavity thereby
suppresses radiation damping of the hairpin and increases its quality factor. When the hairpin resonator
is oriented vertically it does couple into the propagating disc modes and the radiation characteristics are
modified somewhat (but are not eliminated) by the disc resonances. Interestingly, if the disc edge were well
matched to these modes, the radiation damping would actually be increased somewhat.
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