QI 04, Seminar 6

Distinguishable states of qubits.
Overlaps.

Bra-ket algebra.

Measuring one of n qubits.
Projective measurement.
Rotation by state preparation.

Eigenspace measurement.
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Bra-Ket Algebra

Need to be able to “dagger” kets.
v Loy it (i) =7 (1) <o

Write (| = (J1))T. Meaning derived from:

e Bra-ket rules.
= Jo)t = (o], [1)T = (a].
= (alp) + Blo)T = aly] + B(4].
- (a[[b) = (alb) = dpa.
- Product distributes over addition.
Example: [¢) = alo) + Bl1),[#) = vlo) + d[1)
Wlo) = Wlo) = (4))1e)
= v +ﬁ5

Distinguishable One-Qubit States

e |¢) and |¢) are distinguishable if for some unitary U,
Ulp) = lo) and Ul¢) = |1).

%) Ul) = ) b=o
) Ulg) = b1

Distinguishable states of one qubit are antipodal, \
.. by universality of rotations. >

Distinguishable states are orthogonal.
.. by unitarity of U.

Write [¢)) = alo) 4+ Bl1) and |¢) = 7o) + d|1).
Loy it @D (7)o
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Bra-Ket Algebra

Need to be able to “dagger” kets.
v Loy it (i) =7 (1) <o

Write (| = (J1/))T. Meaning derived from:

e Bra-ket rules.
-[o)T = (ol [y = (.
- (afy) + Blo))t = aly| + B(4]
= (af|b) = (alb) = dpa.
- Product distributes over addition.
- For labeled systems: [¢) = A(¢)|.
- Labeled expressions involving disjoint systems commute.
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Ket-Bra Expressions

Ket-Bra expressions are operators.
Example: Apply |o)(o| — |1)(1] to States.

lo){of = [1){a[)fo) = lo)(ollo) — [1){x[|0)
lo){of = [1){af)[1) = lo)(ollr) — [1){x[|r)

o) (ol — [1){x]) (alo) + Bl1)) = alo) — Bl1)

Multiplication by |o) (o| — |1)(1] acts as o.
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Ket-Bra Expressions

Ket-Bra expressions are operators.

Multiplication by |o) (0| — |1)(1] acts as o. ( )

Multiplication by |o)(1| + |1) (0| acts as o,.

To flip qubit B in system AB multiply by
Y = Jof(af + [1)ol.

B+

EX.: 0| 5 (l00hg +il11)

= |O>BB<1| + |1>§<O| \/Lﬁ |OO>AB + i|ll>AB

[0)¥(1]|00), + [1)5(0]|00),s + t|0)(1]|11), + i[1)5(0]|11),4

loX(xlo) o) + [1)(ollo) o), + do)f(a][1),[1), + il1){ol[1)[1)

o) lo)*(xlo}, + |o) |1 Xolo), + i|v), o} *(2lr), + i[1),[1),%(o|1),
—~— —~— —~— ——

‘() 1 1 0
lo1),, + i|10),4

IS S e e
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Ket-Bra Expressions

Ket-Bra expressions are operators.
Multiplication by |o) (o] — |1)(1] acts as o. (
Multiplication by |o)(1| + |1) (0| acts as 0.

ox(alo) +51)) = (|r)(0] +o)(a]) (alo) + Fl1)

= afr)(oflo) + A1) {ollr) + afo){xllo) + Blo)(][1)

= afu){olo) + Bl1){ola) + alo)(afo) + Flo) x]1)
Y Y ¥ Y
= af1) + o)
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Ket-Bra Expressions

Ket-Bra expressions are operators.

Multiplication by |o) (o] — |1)(1] acts as o. ( )

Multiplication by |o)(1| + |1) (0| acts as 0.

To flip qubit B in system AB multiply by
Y = o] + [1)ol.

cnot from A to B: A

cnot™® = |oyNo| + [1)(1|o, "
= [of{of + [L)R{a] (x| + (ol

EX.: enot g (alo), + B]1), )|o),

= a|OA|O>B

+ Bla), UI(B)|O>B
= afo) o), + Bl1) 1),
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Overlap
e The overlap between |¢)) and |¢) is (¢|y).
[¥)A ) = (Bl)l¢) + Blot)
Blo+)

/ 6
/@lwl

e Consider a measurement to determine if the state is |¢).

|#) Ulg) = lo) 0

[¥) Ul)=U ({¢1)|o) + Blo™) { prob.=| (1) 2

=(¢l¥)lo) + BU¢™)
loverlap|? is the prob. of detecting |¢) if the state is |1).

—o0:  prob.=|8]2=1—|(¢|¢)|?
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Measuring One Qubit Among Many
prob.=|a|? | prob.=|3]?

o) { a=o a=1

S_ o) |11

|Phs = loh (o)) + [1) (Blo1)y

Bra-ket expression for measurement?

meas(Z—a) = (o—a)¥o| + (1—a)N1]

Effect when applied to |¢),.:

meas(Z—a)|p), = (o—a)alho) + (1—a)Fi1).
.. classically labeled sum of unnormalized states.

Unnormalized state conventlons Consider |w) with (w|w) # 1.
1. The intended state is |w)
\/ w|w)

2. Amplitude meaningful? Then the state occurs with probability (w|w).
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Measuring One Qubit Among Many

prob.=|a|? | prob.=|3]?

S_ o) |11

oplalo)) + 1) (Blry),

Where [0} and |t ), are states.

Computing the probabilities.
prob(a=1b) = [Xblld)l”
= Xbl|¢)s"*el[b),

Nollg)s = ™oll o) (alto)) + [1), (Blv1)
= Xolo), (altho)) +* 0|1> Bl
W—’

0

o) { a=o a=1

Write |¢),s =

Check:

= 04|¢0>5
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Projective Measurement

e Projective or Von Neumann measurement of o.
prob.=|a|? | prob.=|s|?

e a=o a=1
) = alo) + B1) = oo | e

lo){oll) | 1) (all)
= |o){o|, P, = |1)(1]: Measurement projection operators.
P,=P P2=P, P +P=1.

Implementation with destructive measurement.
prob.=|a|? | prob.=|3|?

Wf a=o a=1
o), + 3|1), mem— e l0) 1)
alo),lo), + Bl1), 1),

o), (alo), + Bl1),
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Rotations by State Preparation and Measurement
Xgoe USING |im/4) = \/% lo) —i[1)).

(o} + k) — i(loy,—[1h) o™ [¥),
3oy (M—ice™) ), + |1}, (oo™ )[p),

il X90 |¢>
A @eg 1
2 [SWIEN *Z|1>MU,(A>|1/J
2 (loh i), — i),

1
2
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Eigenvalues, Eigenvectors

Let U be a unitary operator.

Uis dlagonallzable U =35 e " N;) (¥,
with [¢;) orthonormal.

U1 ﬂzl co. UN1
U2 U2z ... UN2 _
UIN  U2N ... UNN
1% N vi
V11 V12 VIN € 1 0 0 V11 V21 UN1
— i\ — — —
V21 V22 . e V2N 0 e A2 PN 0 V12 V22 . e UN2
—i\ — — —
UN1 VN2 UNN 0 0 . e \N V1IN V2N UNN

There is a complete set of eigenvectors |;) = V|j).
Ulipj) = VDVVj) = VD|i) = e" Vi) = e"[a);)
e Projective measurement of the eigenvalues of U?
For distinct eigenvalues: 1) — 325 (Aj—=a) ;) (]
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Rotations by State Preparation and Measurement

X 50 using |im/8) = cos(m/8)|o) — isin(mw/8)|1).
L cos(/8) (o} +Hal 1)
~ i sin(r/8) (lol, 1y )0 ),
:%|0)M(cos(7r/8)]1—i sin(7r/8)01<A))|1/1>A
+%|1)M(cos(7r/8)]1+i sin(m/8)a, )W),

‘ Mo L (a:0)5Xuze[1),
i /4) >T H @e +(a\:f1)%x450|¢%

W\A N gxo —
cos(m/8)[o}, |9}, — i sin(m/8)[1},05" 1)),

cos(m/8)|o),[¥), — isin(m/8)[1),[¥)
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Projective Eigenvalue Measurement

Phase kickback for projective eigenvalue measurement.
Assume:

U conditionally implementable.

U =, e "N[y;) (1] with [;) orthonormal.

min(|A; — Aj]) > e

DA U5 (@)t

DI p——F:

Requires O(log(1/¢€)loglog(1/e)) measurements.
Can implement ~ 3 (X} — a)[1;) (5] with X = \; + €/2.
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