An Analytic Technique to Separate Cochannel FM Signals

Jon Hamkins , Member, IEEE

Abstract— A new technique is presented to separate two cochannel FM signals. Two candidate solutions for the phases are analytically derived, and a sequence of phase solutions is chosen to match the expected power spectral density of each constituent signal. This is accomplished with a one-step linear predictor and a simple two-state Viterbi algorithm. Simulations on recorded RF data indicate improved separation capability over other techniques such as the joint Viterbi algorithm and cross-coupled phase-locked loop.

Index Terms— Cochannel signal separation, cochannel interference, blind adaptation, MMSE, FM

I. Introduction

W^{HEN two or more signals use the same frequency}

band, they create cochannel interference. Such interference arises from in airborne reception where multiple ground transmitters are visible at the receiver, and in frequency reuse in cellular systems, where it is one of the major factors limiting system capacity [1].

The complex baseband representation of a sampled cochannel FM signal is r[n] = A[n]e^{jθ[n]} + B[n]e^{jϕ[n]}. (1) When no confusion can result, the subscript n will be dropped. Initially, assume that there is no noise and that A and B are known positive quantities and vary slowly compared to θ and ϕ. These assumptions will be dropped later. Given A, B and r, accurate estimates of θ and ϕ are desired.

II. Analysis

One might expect that with one equation and two unknowns there are two possible solutions for the phases. However, previous work [2–8] has not attempted to explicitly determine these solutions, relying instead on tracking loops or other estimators. In this section, the phase solutions are derived analytically. From Eq. (1),

‖r‖^2 = ‖Ae^{jθ} + Be^{jϕ}‖^2 = A^2 + B^2 + 2AB cos(ϕ − θ),

and thus

cos(ϕ − θ) =

‖r‖^2 − A^2 − B^2 2AB . (2)

The author is with the Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Gove Drive, Pasadena, CA 91109-8099 (email: hamkins@jpl.nasa.gov).

The research described in this paper was carried out by the Jet Propulsion Laboratory, California Institute of Technology, under a contract with the National Aeronautics and Space Administration.

From r = e^{jθ}(A + Be^{j(ϕ−θ)}), it follows that e^{jθ} = r A + Be^{j(ϕ−θ)} = r(A + Be^{−j(ϕ−θ)}) A^2 + B^2 + 2AB cos(ϕ − θ) = r(A + Be^{−j(ϕ−θ)}) ‖r‖^2 . Hence, θ = arg[r(A + Be^{−j(ϕ−θ)})] = arg[r(A + B cos(ϕ − θ) − jB sin(ϕ − θ))]. By the symmetry of Eq. (1), it also immediately follows that ϕ = arg[r(B + A cos(ϕ − θ) + jA sin(ϕ − θ))]. By letting D ≜ (‖r‖^2 − A^2 − B^2)/(2AB) = cos(ϕ − θ), the solutions are given by

θ = arg [ r(A + BD + jsB √ 1 − D^2) ] (3) ϕ = arg [ r(B + AD − jsA √ 1 − D^2) ] , where s ∈ {−1, +1}. The phases have now been determined exactly as a function of A, B, and r, to within one of two possibilities.

III. The Tracking Algorithm

For a single sample r[n], there is no reason to prefer one solution for θ[n] and ϕ[n] over the other possible solution. However, a sequence of solutions . . . , θ[n−2], θ[n−1], θ[n], . . . , and . . . , ϕ[n−2], ϕ[n−1], ϕ[n], . . . , can be chosen that has the bandwidth (or spectral density, if known) expected of the underlying modulated phase.

A two-state trellis is set up. The first state corresponds to s = 1 in Eq. (3), and the second state corresponds to s = −1. The sequence of solution choices will be traced through the trellis using a Viterbi algorithm. Stored at each state at time n are hypothesized phase solutions (θ̂[n], ϕ̂[n]) determined from Eq. (3), as well as the instantaneous frequencies (θ̂^′[n], ϕ̂^′[n]), calculated by finite differences with phases traced back to time n − 1. In addition, each state at time n stores a prediction (θ̂^′_p[n+1], ϕ̂^′_p[n+1]) of the instantaneous frequencies at time n + 1.

The branch metric from state i at time n − 1 to state j at time n is the squared difference between the predicted instantaneous frequency θ^′_p[n] from state i and the hypothesized solution θ^′[n] from state j, added to the similar squared difference for ϕ^′[n]. The Viterbi algorithm operates by computing the four branch metrics at each time step, storing an accumulated metric, and tracing backwards in the trellis to find the correct solution.

An mth order Levinson-Durbin linear predictor is used to compute the one-step instantaneous frequency prediction.

It has the form

θ̂^′_p[n + 1] =^m ∑ i=1 a_iθ̂^′[n + 1 − i].

A similar linear predictor is used for ϕ̂^′[n + 1]. The Levinson-Durbin algorithm is the linear minimum-mean squared error (LMMSE) estimator for the instantaneous frequencies. This is a standard technique, and is closely related to a Kalman filter and the EM method for parameter estimation for Markov models [9]. The coefficients a_i are determined as follows. Let r_i = E(θ^′[n]θ^′[n − i]), let v = (r_1, . . . , r_m)^T , and let

R_m = r_0 r_1 · · · r_{m−1} r_1 r_0 · · · r_{m−2} . . . . .. . . . r_{m−1} r_{m−2} · · · r_0 .

Then the coefficients are given by a = R^{−1}_{k−1}v. There is an efficient iterative technique to determine the mth order coefficients from the (m − 1)th order coefficients, so that computing the inverse of the large autocorrelation matrix is not necessary [10]. An estimate of r_i may be obtained by assuming a flat power spectrum density for θ^′ with a sharp cutoff at B Hz. Taking the inverse Fourier transform gives r_i = sinc(2iBT_s), where T_s is the sampling rate. For example, if the bandwidth is 4 kHz. and T_s = 1/132300 sec., then for a fourth order linear predictor, v = (0.993996, 0.976115, 0.946741, 0.906506)^T and a = (3.96459, −5.92481, 3.95553, −0.995421)^T . If more is known about the spectral characteristics of θ^′, then the coefficients may be determined from more accurately determined r_i values.

IV. Amplitude tracking

The analytic technique above relies on known values of A and B, but in a real system the amplitudes are not known, and furthermore, will slowly vary. A heuristic algorithm is used to track these variations. For the purposes of amplitude tracking one can assume that θ and ϕ are uniformly distributed in [0, 2π). Consequently, (θ−ϕ) mod 2π is also uniform in [0, 2π).

One simple heuristic for amplitude tracking is to compute the maximum and minimum values of ‖r[i]‖ over i = 1, . . . , n, where n is chosen such that A[i] and B[i] do not vary appreciably. Assuming without loss of generality that A ≥ B, the minimum ‖r[i]‖ will be close to A−B and the maximum will be close to A + B, from which estimates of A and B can be determined. Unfortunately, it turns out that this heuristic does not perform well in the presence of noise.

A better performing heuristic is obtained by using the median M of ‖r[1]‖^2, . . . , ‖r[n]‖^2. Define X ≜ 1 n n∑ i=1 ‖r[i]‖^2 (4) Y ≜ 2 n ∑ i:‖r[i]‖^2>M ‖r[i]‖^2 (5)

Z ≜ 2 n ∑ i:‖r[i]‖^2≤M ‖r[i]‖^2. (6)

Since the expected value of ‖r‖^2 is given by

E[‖r‖^2] = E[A^2 + 2AB cos(θ − ϕ) + B^2] = A^2 + B^2,

it follows that X ≈ A^2 + B^2 for reasonably large n. Conditioning on the event cos(θ − ϕ) > 0, it follows that (θ − ϕ) mod 2ϕ is uniform in [0, π/2) ∪ [3π/2, 2π) Therefore,

E[‖r‖^2 | cos(θ − ϕ) > 0]

= E[A^2 + 2AB cos(θ − ϕ) + B^2 | cos(θ − ϕ) > 0]

= A^2 + B^2 + 2AB E [∫_{π/2} 0 (1/π) cos αdα

+ ∫_{2π} 3π/2 (1/π) cos αdα ]

= A^2 + B^2 + 4AB/π

Similarly,

E[‖r‖^2 | cos(θ − ϕ) < 0] = A^2 + B^2 − 4AB/π.

Thus, Y ≈ A^2 +B^2 +4AB/π, and similarly Z ≈ A^2 +B^2 − 4AB/π. If Â ≜ 1 2 (√ X + π 2 (Y − X) + √ X + π 2 (Z − X) ) (7) B̂ ≜ 1 2 (√ X + π 2 (Y − X) − √ X + π 2 (Z − X) ) ,(8)

then Â ≈ A and B̂ ≈ B. Using only the norms of r over a set of samples, A and B can be estimated fairly accurately.

V. Noise

When noise N[n] is added in the right-hand side of Eq. (1), the solution in Eq.s (3), (7), and (8) is no longer accurate. In particular, since the noise N[n] is unknown, cos(ϕ − θ) = (‖r − N‖^2 − A^2 − B^2)/(2AB) is also unknown. For small levels of noise, D may be defined as in Section II as an approximation for cos(θ−ϕ). Or, the following correction can be applied to obtain a slightly improved, unbiased estimate:

D ≜ (‖r‖^2 − σ^2 − A^2 − B^2)/(2AB) ≈ cos(ϕ − θ),

where σ^2 = E[‖N‖^2]. Similarly, Eq.s (7) and (8) may be bias-corrected with Â ≜ 1 2 (√ X + π 2 (Y − X) − σ^2 + √ X + π 2 (Z − X) − σ^2 )

B̂ ≜ 1 2 (√ X + π 2 (Y − X) − σ^2 − √ X + π 2 (Z − X) − σ^2 ) .

TABLE I Comparison of cochannel separation methods on simulated data.

Freq. SIR Cross-coupled Joint Analytical Dev. (dB) PLL Viterbi Technique (kHz) (MSE) (MSE)

12 6 0.06/0.48 0.09/0.45 0.00/0.00 12 1 1.28/0.75 0.59/0.66 0.00/0.00 8 6 0.09/0.87 0.16/0.96 0.00/0.00 8 1 1.32/0.79 0.71/0.97 0.00/0.00 12 30 –/– –/– 0.00/0.00

VI. Performance

Two types of data were used in the simulations. The first type consisted of software generated signals, in which voice signals were FM modulated, adjusted in power, and added to form a simulated cochannel FM signal. This represents a completely noiseless scenario. The second type of simulation was conducted on signals recorded directly from UHF narrowband FM radios.

Both types of signals were processed on a Pentium 166 running the separation algorithm offline. Parameters used in the program included the sampling rate, decoding delay, order of the Levinson-Durbin linear predictor, and the modulating signal bandwidths of the cochannel signals. The program read in the parameters, computed the linear predictor coefficients from the sampling rate and bandwidths, and then began the Viterbi algorithm as described in the previous section.

There were five test cases for the simulated data set. In each case the the first signal is a male voice and the second signal is a female voice. In all cases, the sampling rate is 132300 Hz., (to match with previous work for the joint Viterbi [7] and cross-coupled phase-locked loop [8]), the SNR is infinity, a fifth order linear predictor is used under the assumption of flat 4 kHz. bandwidth modulating signals, and the decoding delay is 1. The SIR and frequency deviations were varied. Table I gives the normalized meansquared error (MSE) between the true and estimated instantaneous frequencies, i.e., ∑ n(θ̂^′[n] − θ^′[n])^2/ ∑ n θ^′[n]^2 and ∑ n(ϕ̂^′[n] − ϕ^′[n])^2/ ∑ n ϕ^′[n]^2, and compares it to the cross-coupled phase-locked loop and the joint Viterbi algorithm. In all cases, both the dominant and subdominant signals were separated perfectly, to within the floating point precision of the computer (normalized MSE of 10^{−20} or less), i.e., the correct branch of the trellis was chosen at every step. In addition, the one-step linear predictor itself is very accurate; in every case, the average difference between the linearly predicted phase and the phase given by the chosen state is 1.5 degrees or less. Furthermore, the amplitude estimation is nearly perfect as well, since the signals are noiseless.

Each test case in the recorded RF data set consists of a female dominant voice and a male subdominant voice. Here, the sample rate is reduced to 40kHz. Added impairments included noise (SNR = 10-50 dB), Doppler offset (0Hz or 1000Hz), and SIR (6dB, 10dB, or 20dB). The SNR is defined as the ratio of the dominant signal energy to the noise energy.

Fig. 1 shows the normalized mean-squared error of the instantaneous frequency tracking. As a rule of thumb, an MSE less than 1.0 corresponds to an intelligible output. As can be seen, the dominant signal was extracted with excellent quality throughout the SNR range from 10-50dB, and the subdominant signal was intelligible whenever the SNR was higher than the SIR by at least 20dB. The algorithm demonstrates robustness against varying SIR’s, and also against varying amplitudes— the recorded signals varied in amplitude by about 2 dB over the length of the sample. When the amplitudes are assumed to be known, Fig. 1 indicates that the performance does not flatten out as quickly in the high SNR region. A final test in which a Doppler offset of 1kHz was added to the subdominant signal did not appreciably alter the phase-tracking performance shown in Fig. 1.

Fig. 2 shows the normalized mean-squared error of the amplitude tracking using the analytic algorithm when a window length of 5000 samples is used, i.e., ∑_{i=n−4999} i=n (Â[i] − A[i])^2/ ∑_{i=n−4999} i=n A[i]^2 and ∑_{i=n−4999} i=n (B̂[i] − B[i])^2/ ∑_{i=n−4999} i=n B[i]^2. As SIR increases, the dominant signal amplitude is easier to track (because of less interference), and the subdominant signal itself is harder to track (because of its lower power).

These results are in stark contrast to the joint Viterbi algorithm and cross-coupled phase-locked loop, which were not able to separate the recorded field data reliably in any SNR or SIR region in Fig. 1. For example, when the joint Viterbi algorithm was used with SIR=6dB and SNR=∞, the resulting phase MSE was 0.34 for the dominant and 1.66 for the subdominant. The cross-coupled phase-locked loop had similar performance.

VII. Conclusions

This new analytic technique is capable of excellent separation in a low noise environment. This has been verified by tests of both simulated and field data. An extension to M ≥ 2 signals is straightforward, with the use of a trellis with 2^{M−1} states. It appears that in order to successfully demodulate a subdominant signal, about a 20dB power separation must exist between the subdominant signal and the noise. Further refinements of the algorithm may make it more resistant to noise.

Acknowledgement: The author thanks an anonymous reviewer for pointing out the need for AWGN bias corrections.

References

[1] G. L. Stüber, Principles of Mobile Communication. Boston, MA: Kluwer Academic Publishers, 1996.

[2] C. R. Cahn, “Phase tracking and demodulation with delay,” IEEE Trans. Inform. Theory, vol. IT-20, pp. 50–58, Jan. 1974.

[3] F. Cassara, H. Schachter, and G. Simowitz, “Acquisition behavior of the cross-coupled phase-locked loop FM demodulator,” IEEE Trans. Commun., vol. COM-28, pp. 897–904, June 1980.

[4] T. Mizuno and O. Shimbo, “Response of an FM discriminator in the presence of noise and a cochannel interference,” IEEE Trans. Commun., vol. 42, pp. 3003–3009, Nov. 1994.

[5] A. M. Pettigrew, “The amplitude-locked loop, the theory and operation of the FM 201/5 high performance FM demodulator.” Ampsys company document, 1996.

[6] K. Giridhar, J. J. Shynk, A. Mathur, S. Chari, and R. P. Gooch, “Nonlinear techniques for the joint estimation of cochannel signals,” IEEE Trans. Commun., vol. 45, pp. 473–484, Apr. 1997.

[7] J. Hamkins, “Joint Viterbi algorithm to separate cochannel FM signals,” in IEEE Int. Conf. Acoustics, Speech, Signal Processing, (Seattle, Washington), May 1998.

[8] E. H. Satorius, “Co-channel FM voice separation via cross coupled phase locked loops,” in IEEE Int. Conf. Acoustics, Speech, Signal Processing, (Seattle, Washington), May 1998.

[9] V. Krishnamurthy and R. J. Elliott, “A filtered EM algorithm for joint hidden Markov model and sinusoidal parameter estimation,” IEEE Trans. Signal Processing, vol. 43, pp. 353–358, Jan. 1995.

[10] A. Gersho and R. M. Gray, Vector Quantization and Signal Compression. Boston, MA: Kluwer Academic Publishers, 1993.

Known amplitudes

Estimated amplitudes

20 6

SIR=20 dB 10 6

SNR, dB

Mean squared error, normalized

50 45 40 35 30 25 20 15 10

10

1

0.1

0.01

0.001

0.0001

Fig. 1. Instantaneous frequency tracking performance of the analytic cochannel separation technique. The lower set of curves are for the dominant signal; the upper set, for the subdominant signal.

Subdominant

Dominant

20 6

SIR=20dB

10 6

SNR, dB

Mean squared error, normalized

50 45 40 35 30 25 20 15 10

10

1

0.1

0.01

0.001

0.0001

Fig. 2. Amplitude tracking performance of the analytic cochannel separation technique.