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In response to Schmid et al. (2010): (i) The linear Biot theory assumes fold wavelengths grow inde-
pendently of each other; this is the ‘‘Biot process’’. (ii) The Biot theory predicts that only one wavelength
grows to finite amplitudes; a spread of wavelengths at finite amplitudes indicates non-Biot processes
operate. (iii) Boundary conditions control the wavelength that grows. (iv) Non-linear behaviour can
result in non-Biot behaviour such as localised folding with no dominant wavelength. (v) Strain-rate
softening is one form of non-linearity and leads to folding and boudinage at all scales; thermal–
mechanical feedback leads to strain-rate softening producing folding and boudinage at the kilometre
scale. (vi) The larger the viscosity ratio the larger the feedback effect. (vii) The Biot process may be
important in some deformed rocks but others perhaps dominate.

Crown Copyright � 2009 Published by Elsevier Ltd. All rights reserved.
1. What is and is not part of the Biot theory?

Equations describing the finite deformation of a layer or series
of layers are discussed by Hunt et al. (1997) and Muhlhaus et al.
(1994, 1998). In the general case these equations are partial differ-
ential equations, fourth order in spatial variables but also a func-
tion of time and may or may not be solvable using Fourier
expansion methods. If the constitutive equations are linear and
the deflections are small then many of the complicated terms
(in particular the time derivatives) vanish and one arrives at the
classical Biot expression. These governing equations can still
represent elastic, viscous or plastic behaviour, as Biot (1965)
points out, so the theory is powerful. We have the highest respect
for Biot’s work and have never implied that this is at fault or
should be neglected. The essence of Biot’s theory is that the defor-
mation of layered materials is intrinsically unstable and folds
begin to grow depending on the mechanical contrast between
layers. The analysis assumes (true for linear systems and small
deflections) that the wavelengths that begin to grow can be repre-
sented by a Fourier series and that the growth of each wavelength
is independent of all others. The emphasis is on discovering which
wavelength grows fastest and this becomes the dominant wave-
length. The analysis is strictly applicable only to the moment the
instabilities begin to grow and only for certain linear systems
can one extrapolate this result to finite amplitudes. In general
the growth of initial perturbations to finite size cannot be pre-
dicted from the results of a linear perturbation analysis. It is
possible, for instance, that other instabilities can develop sequen-
tially after the first instability (Hunt et al., 2006). Extensions of the
small deflection theory to large deflections (Muhlhaus et al., 1994,
1998) are still part of the Biot approach so long as growth-inde-
pendence of the unstable modes is preserved. If non-linear behav-
iour is included then the assumption of growth-independence
009 Published by Elsevier Ltd. All
may not be true and approaches other than the linear Fourier
analysis need to be implemented.

There are now two questions to be asked of the strict small
amplitude Biot theory: (i) What happens at large deflections?
(ii) What happens if the system is non-linear as arises from
geometrical softening, from strain softening or from strain-rate
softening?

1.1. Finite amplitude folding

As far as we are aware, the only strictly analytical solutions to
large amplitude viscous folding are those by Muhlhaus et al.
(1994, 1998) which show that the Biot theory at small deflections
can be extended to large deflections but only one wavelength grows
to large amplitudes and this wavelength is governed by the
boundary conditions. This result is supported by all computer
models we know of (including those reported in Schmid et al.,
2010). Thus the assertion by Schmid et al. (2010) that a spectrum
of wavelengths is to be expected, at large amplitudes, from the
Biot theory is at odds with the analytical solutions and assumes
that the dispersion of wavelengths at the moment of instability is
reflected in the subsequent finite amplitude folds. The analytical
solutions show that the dominant wavelength grows preferentially,
is the only one preserved after relatively small strains and depends
on the boundary conditions as we discussed in Hobbs et al. (2008).
We take the data that show a spread of wavelength to thickness
ratios in natural folds to indicate that processes other than the strict
Biot process are operating in nature.

1.2. Influence of non-linearities

Hunt et al. (1997) emphasise that the Biot theory is a special case
of a general approach to folding in which non-linearities are
rights reserved.
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relevant. The general outcome of such considerations is that the
wavelengths that grow are not independent of each other, with
interference between modes, and the result can be localisation of
the folding behaviour; the concept of a dominant wavelength need
no longer exist and complicated wave packets can form (Hunt and
Wadee, 1991). This behaviour is beyond the reach of linear theories
such as those considered by Biot. A vast literature on non-linear
bifurcation theory has appeared since Biot’s important 1965 book
allowing one to analyse some forms of non-linear behaviour. One
way of establishing the nature of such non-linear behaviour is
through modern continuum thermodynamics which we started
to explore in Hobbs et al. (2008, in press) and Regenauer-Lieb
et al. (2009).

An important example of non-Biot folding is the development of
kink, chevron and concentric folds in a multilayer stack of thin
elastic layers (Wadee et al., 2004; Edmunds et al., 2005) where
the non-linearity stems from geometrical softening associated
with large rotations. The critical load required to initiate instabil-
ities is modelled using the Maxwell stability criterion; folding initi-
ates after the stored elastic energy matches the energy required for
slip on the layers. Such behaviour is non-linear and relies on bifur-
cation theory to define the initial and subsequent initiation and
growth of instabilities. The concept of a dominant wavelength is
meaningless here. The difference between this and the Biot
approach is that Biot (1965, p204; and others) regarded the
Maxwell stability criterion as defining the initiation of kink folds
in anisotropic materials whereas bifurcation theory regards insta-
bility as developing after the energy minimum is passed. The Biot
theory gives no information on when folds nucleate and how the
system evolves.

Hobbs et al. (2008) present another example of non-linear, non-
Biot behaviour during buckling. The constitutive behaviour of
a temperature dependent Newtonian or power-law viscous mate-
rial, with thermal–mechanical feedback, is modified such that the
effective viscosity becomes a decreasing function of strain-rate.
For a Newtonian material, the effective viscosity decreases with
the square of the strain-rate (Fleitout and Froidevaux, 1980). Similar
strain-rate softening relationships arise from other feedback
processes including mineral reaction-mechanical coupling (Hobbs
et al., in press) and diffusion-mechanical feedback (Regenauer-
Lieb et al., 2009). Strain-rate perturbations are amplified during
deformation leading to greater localised strain-rates and self-
enhancing feedback.

The general theory for instabilities in rate dependent materials
with strain and strain-rate softening is presented in many papers;
examples are Anand et al. (1987) and Needleman (1988). One
a
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Fig. 1. Results of shortening a single layer without (a), (b) and with (c), (d) strain-rate soften
homogeneous throughout. Initial viscosity ratio 200. For details of constitutive relations see
the process operating to produce strain-rate softening in (c) and (d) is specified a length s
conclusion is that instability is sensitive to geometrical or physical
heterogeneities. With reference to folding, heterogeneities in
strain-rate introduced by incipient buckling of a layer are amplified
by strain-rate softening. These heterogeneities may be those pre-
dicted by the Biot theory but from the moment instabilities grow,
the process is not one of Biot-type wavelength selection but
involves localisation of deformation. In Hobbs et al. (2008) we
selected constitutive relations for quartz and feldspar that give real-
istic but small (<20) viscosity ratios between layers under mid- to
lower-crustal conditions. This selection is based on careful and crit-
ical analysis by Hirth et al. (2001). Of course other constitutive rela-
tions exist but as Schmid et al. (2010) point out they can give very
large viscosity ratios, so large in fact that one has to question the
validity of extrapolating the experimental data to geological condi-
tions. A viscosity ratio of 103 at 1000 K in a homogeneously short-
ening layered material implies magnitudes of differential stress in
the crust of Gigapascals if the strength of weak layers is as low as
1 MPa. Such high values seem unlikely. An additional issue is that
the higher the viscosity ratio, the higher the viscous dissipation
in the competent layer(s) leading to thermal–mechanical feedback
effects even more dramatic than are considered by Hobbs et al.
(2008). In the presence of strain-rate softening feedback, the larger
the initial viscosity ratio the more intense the fold localisation.
Fig. 1 shows shortening of a single layer with a relatively high
(200) viscosity ratio to the embedding matrix. With no strain-rate
softening (Fig. 1a and b) the Biot result of a sinusoidal wave form
develops; with strain-rate softening (Fig. 1c and d) localised folding
develops. The effects discussed in Hobbs et al. (2008) are conserva-
tive compared to what is expected at larger viscosity ratios and
tend to support conclusions that these feedback effects are impor-
tant in natural deformations rather than detract from them.

2. Influence of boundary conditions

One outcome from the vast literature (for instance Shawki, 1986;
Fressengeas and Molinari, 1987) concerning the influence of
boundary conditions on deformation is that if the boundary condi-
tions comprise constant imposed velocity then the acceleration of
the boundaries is zero and the force within a viscous material
must decay with time. This is obvious from Newton’s Second Law
of Motion. The outcome (Muhlhaus et al., 1994, 1998) for a viscous
material is that the amplification of deflections in the layer must
decrease with time. Ultimately buckling ceases even though
shortening continues; the only deformation is homogeneous
amplification of early formed deflections. Schmid et al. (2010)
understandably neglect these analyses because it means that the
b
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ing. Constant velocity boundary conditions. Maxwell materials in both cases. Elasticity
Hobbs et al. (in press). The size of these folds is independent of a length scale but once

cale is set (see Table 1). 44% Shortening in (a) and (c), 50% shortening in (b) and (d).



Table 1
List of processes and typical length scales at which that process dominates.

Process Diffusivity, m2 s�1 Strain-rate, s�1 Length scale for process, m Reference

Heat conduction; slow deformations
(tectonic deformations)

10�6 10�12 1000 Hobbs et al. (2008)

Heat conduction; fast deformations
(slow to fast seismic)

10�6 10�2–102 10�2–10�4 Veveakis et al. (in press)

Chemical diffusion; slow deformations
(tectonic deformations)

Say 10�10–10�16 10�12 10–10�2 Regenauer-Lieb et al. (2009)

Chemical diffusion; fast deformations
(slow to fast seismic)

Say 10�10–10�16 10�2–102 10�4–10�7 Veveakis et al. (in press)

Fluid diffusion Depends on permeability 10�12–10�2 Any value from
1000 to 10�4 depending
on permeability

Chemical reactions No diffusivity. Coupling
depends on chemical dissipation

All scales from 1000 to 10�4 Hobbs et al. (2009);
Regenauer-Lieb et al. (2009);
Veveakis et al. (in press)
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dominant wavelength in a natural fold system cannot be used to
say anything about the viscosity ratio unless one knows the
boundary conditions. Although the arc length may be important
in discussions of wavelength to thickness ratios for constant force
boundary conditions, for constant velocity boundary conditions,
thickening occurs late in the folding history (Figure 3 of Hobbs
et al., 2008) and hence the arc length is not the relevant length
scale.

The results of Schmid et al. (2010; Figure 3) illustrate this point
perfectly; they show that after 50% shortening the fold amplitudes,
for small viscosity ratios, are very small. This is entirely due to
boundary conditions of constant velocity which result in low
amplification rates. Our analysis (reported in Hobbs et al.,
2008 and illustrated in their Figs. 2 and 3) indicates that most of
the deformation reported in Figure 3 of Schmid et al. (2010)
comprises homogeneous shortening of early formed low amplitude
deflections and that buckling plays very little role in producing
their ‘‘folds’’. The same results can be read from Figures 2 and 3
of Hobbs et al. (2008) where the dominance of homogeneous
shortening is clearly illustrated. We confirm that the velocity
arrows shown in Figure 2 of Hobbs et al. (2008) do indeed
represent perturbation velocities and not the total velocity (as
mistakenly claimed by Schmid et al., 2010) so that the degeneration
of the deformation to near homogeneous shortening is clearly
illustrated.
3. The scale issue

Many processes that operate during deformation of rocks can be
expressed as diffusion equations. Thus diffusion of heat, of chemical
components and of fluid pressure is governed by equations of the
form: vc=vt ¼ kprocessðv2c=vx2Þ involving a diffusivity, kprocess, for
the process. c represents temperature, chemical concentration or
fluid pressure. If this process is coupled with deformation then
the length scale, lprocess, over which feedback is important is given
by the standard diffusion relationship, lprocess ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kprocesss
p

where s
is a timescale associated with the deformation. We take s ¼ ð_3Þ�1

where _3 is the strain-rate; then lprocess ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kprocess=_3

p
. Values

of lprocess are given in Table 1 which shows that the length scale
likely to characterise a particular coupled process varies from kilo-
metres to microns depending on the process and the rate of defor-
mation. We chose thermal–mechanical coupling as a first study in
this spectrum of coupled behaviour because it is conceptually the
easiest form of coupling to grasp and the computer codes needed
to perform the analysis are fully benchmarked (Regenauer-Lieb
and Yuen, 2004). For thermal–mechanical coupling the length scale
is the kilometre scale. The only point we wanted to make was that
regional-scale folds can form through thermal–mechanical
coupling. Other scales have been considered in Regenauer-Lieb
et al. (2009) and Hobbs et al. (in press) where it is shown that
the same fold mechanism (namely, strain-rate softening) operates
at outcrop and thin-section scales as does at regional scales
although different physical and chemical processes are involved
at the different scales.

An issue also involving scale is raised by the ‘‘throw away
comment’’ of Schmid et al. (2010) that the second order folds arise
from ‘‘mesh dependency’’. Mesh dependency associated with insta-
bility of deformation is commonly exhibited by rate independent
materials and has been studied for at least 30 years. Schmid et al.
(2010) apparently are confusing this kind of behaviour with what
occurs in rate dependent materials with strain-rate softening
where localisation is not expected to be beset by issues to do
with mesh dependency (Needleman, 1988). In our models, in
common with other rate sensitive materials, the thickness of the
localised zone is scaled by the size of the initial imperfections
and not by the mesh. Moreover mesh dependency for this partic-
ular problem was studied by Regenauer-Lieb and Yuen (2004)
together with the precautions needed to ensure numerical stability.
The second order folds in Hobbs et al. (2008) arise from a self-
enhancing feedback loop initiated from heterogeneities in thermal
expansion, not from mesh sensitivity.
4. Concluding remarks

Our paper presents just one of many different theories that have
been or might be developed for folding that is different to Biot’s
approach. We do not disagree with the proposition that some
natural folds form by a Biot process. We do not disagree with the
proposition that large (>20) viscosity ratios exist in nature,
although in the mid- to lower-crust we think this is unlikely. Our
point is that there is a way of coupling the interesting processes
observed in deformed metamorphic rocks within a unifying frame-
work that is not ad hoc and that is compatible with the second law
of thermodynamics; this leads to folding (and boudinage) by mech-
anisms that are non-Biot in character.

In summary:

(i) The Biot theory is a linear theory where the distribution of
unstable wavelengths at the moment of instability is repre-
sented as a Fourier series in which the growth of each mode
is independent of all others.

(ii) At finite deflections, only one wavelength survives; natural
folds demonstrating a range of wavelength to thickness ratios
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are evidence that other non-linear, non-Biot processes have
operated.

(iii) Boundary conditions control the dominant wavelength that
grows to finite size. Hence, mechanical properties such as
viscosity ratios cannot be inferred from natural fold geome-
tries unless the boundary conditions are known.

(iv) Non-linearities such as geometrical, strain or strain-rate soft-
ening can lead to interactions between the growth of unstable
modes so that localised fold packets develop. The concept of
a dominant wavelength is irrelevant in such situations.

(v) Strain-rate softening induced by thermal–mechanical feed-
back produces localised folding at the kilometre scale. Iden-
tical folds are developed at finer scales depending on the
coupled processes that lead to strain-rate softening at that
scale.

(vi) The larger the viscosity ratio the greater the viscous dissipa-
tion and the larger the feedback effect. High viscosity ratios
intensify the effect discussed in Hobbs et al. (2008) rather
than detract from it.

(vii) The Biot process undoubtedly occurs in natural deformation
but other (non-linear) processes are also important and, we
believe, dominate in many metamorphic rocks.

Finally, it is difficult to understand how the theoretical basis
developed by Biot can be advocated as a unifying approach to
rock deformation when it predicts folds in a shortening layered
material with moderate viscosity ratios and power-law stress expo-
nents less than 5 but fails to predict boudinage in identical mate-
rials in extension. These same materials, that in addition show
strain-rate softening, develop both folding and boudinage instabil-
ities (Hobbs et al., 2009, in press).
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Mühlhaus, H.-B., Sakaguchi, H., Hobbs, B.E., 1998. Evolution of three-dimensional
folds for a non-Newtonian plate in a viscous medium. Proc. R. Soc. Lond. A
454, 3121–3143.

Needleman, A., 1988. Material rate dependence and mesh sensitivity in localisation
problems. Computer methods. Appl. Mech. Eng. 67, 69–85.

Regenauer-Lieb, K., Yuen, D.A., 2004. Positive feedback of interacting ductile faults
from coupling of equation of state, rheology and thermal mechanics. Phys. Earth
Planet. Inter. 142, 113–135.

Regenauer-Lieb, K., Hobbs, B., Ord, A., Gaede, O., Vernon, R., 2009. Deformation with
coupled chemical diffusion. Phys. Earth Planet. Inter. 172, 43–54.

Schmid, D.W., Schmalholz, S.M., Mancktelow, N.S., Fletcher, R.C., 2010. Folding with
thermal mechanical feedback. A discussion. J. Struct. Geol. 32 (1), 127–130.

Shawki, T.G., 1986. Analysis of shear band formation at high strain rates and the
visco-plastic response of polycrystals. PhD thesis, Division of Engineering,
Brown University, 189 pp.

Veveakis, E., Alevizos, S., Vardoulakis, I. The critical chemical capping of thermal
runaway during shear of frictional faults. J. Mech. Phys. Solids, in press.

Wadee, M.A., Hunt, G.W., Peletier, M.A., 2004. Kink band instability in layered struc-
tures. J. Mech. Phys. Solids 52, 1071–1091.

Bruce Hobbs*, Klaus Regenauer-lieb, Alison Ord
CSIRO Exploration and Mining, PO Box 1130, Bentley, Western

Australia 6102, Australia
� Corresponding author. Tel.: þ61 418 395 545.

E-mail address: bruce.hobbs@csiro.au

18 July 2009
Available online 17 October 2009

mailto:bruce.hobbs@csiro.au

	Folding with thermal mechanical feedback: Another reply
	What is and is not part of the Biot theory?
	Finite amplitude folding
	Influence of non-linearities

	Influence of boundary conditions
	The scale issue
	Concluding remarks
	Acknowledgements
	References


