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SOME PROPERTIES OF A TEST FOR MULTIMODALITY
BASED ON KERNEL DENSITY ESTIMATES
B.W. Silverman

It is a great pleasure for me to have this opportunity to

contribute a paper in honour of David Kendall. it was through David Kendall's
lectures, writings and personal communications that I first became interested
in density estimation and the other matters discussed in this paper. He is

a great scientist and a great teacher and my debt to him is enormous. I wish

him a very happy birthday!

1. Introduction

Silverman (1981) suggested and illustrated a way that kernel

orobabilitv densitv estimates can be used to investigate the number of modes7,1 ,, iv,‘ ,,,,, , ,,
r

r, r, r,
,

in flu: dpnqifv nnflprlvinn a nivpn inflnnnnflant— iflpnt—ir-A‘llv flicl‘rihnfed real-..v “cu“.--l c...._-.._1-..., s. 3...-.. _..e.-rv....\...._ -u-..._-uu--1 u.....--.....a_—— _-

‘ynn an inflnnanrlonr camnlo v v Fvnm a I\n§1vavi‘a§‘n nrnhshilitv
auIIIyiu. \JJ.V\—II uu LlluutlulluvxII' Jul ”:14.” All I . I A LLUMI u uuivui .LuLC yLVuuy--—-J

A-..,.:i... c Afic:nn I-k.‘ baa—”‘1 AA..- c .. LL In”.--
__

1pnwnn1 hvucubLL)’ LI uuiiuc Lin: ACLUCJ. ucllthy C'bLJJIlGlLt' In
W .LLn udussnzu ACLAICA. u,

1—1n
f (t.h) = Y n‘ h mllt—Y l/hl

kav

where the parameter h is the smoothing parameter or window width and 4’
is the standard normal density function. Kernel densitv estimates were

introduced bv Rosenblatt (1956) and Parzen (1962): rhe rpcf-vir'f-inn to Gaussian
kernels in this work is made For roacnne niunn in Qi1xravman noon nFi—nn the-vc...v.... 3.”.in .I.u ULJ—V's—Llllull \LJULII whey"

nvnlir‘if‘ donanflnnhn n? F An in I.n'11 kn u.w\..vn..n...:-ur-

I‘nnrsa‘ Rav- fi-L‘A hunk} A.“

"LLL

A: LA”;

uc aunycbbcu.

LLA W 11 I

CANA...

VVAADLUCL

”A4-..

LEAK: pivUicm UL LesLiug Cue nuti nypotneSis that

.l-I_ LL, ,1L,,, .. .. l
_ . _ .

“a:

A or LCWCL IIques against Llle alternative that t has more than k modes-

mu, ,L,.I,.,I, ,. < - I .
, p.rue SCaClSClC suggested tor constructing such a teét was the k—critical

Window Width nc ittK) , detined byr

(k) = infih : fn(',h) has at most _k modes}h .
crit
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Tn silvorman (1981) it was stated heuristically that large values of hpfif
LII-H ram: rm rnipr‘f‘ rhp, null hvpothesis. The results of this paper ShowIV‘LJI quIu I.“ -_J-..- .0". ..... ‘L

it“. vkép memxurs Anne indppd lead to a consistent test.
Luau. LILL> yiuuuuur‘. uvv—I invy-.. -Viw ,

s“. M ”swam vanIIlarH—v conditions. it is shown that, Wider
LCLbuL‘I ‘vvu-—--—'J

o, ,

hnnvyavnac qrnnhaqticallv to zero, while this is
LUIIVLLvug VIA“, o”,

Jthe null nv ocneSis u .
‘p ' crit

i .. ,«t__r_...I. A hnnnfhacic mhp exact rate of convergence
not the case under the aLEeIHdLch Hypothesis. We

r .. n Lenka...» 1': mea, Tt is perhaps interest—
crit to zero under the nuu uypucuesis is low“. -_ _-

A -
:-A1” #4“: Gama nrflp‘r as the rate Of

ing that this rate of convergence has precisely the same

- - I
, ,_.- ALL cm, Hm; ImI‘FnY-m estimation

' ' w Wiutu iui cw. WUL-Convergence for the optimum chaice or w1noo
»- [In-1r».\

Of the density given, for example, by Silverman xiv/mu.
« 1-,“- nur‘l‘flC‘T‘n t‘hP

In Silverman (1981) a bootstrap procedure {or assessing
.7: I'I'I‘v‘n I‘Aoa n'F hnnf-

Significance of an observed value of hcrit was suggescea. in: idea or “or

‘ '
W -naA'i er‘m +111:

strap methods in general is to construct a null hypothems or IIJUUCJ. iron. We

.I, _ “rewmam-a+-I' up
' ’ ' ' ase the Lepresm..aciwgiven data, rather than supplying it a prion. In our c

In H”. “Ahw

y smoothing the data up to L“: point
a 4L“ _._ AF0f the null hypothesis is constructed b

ained; the resulting dens1ty is,where a density with k modes is just obt
course, f (.,h in) and so has already been found! Simulating rrom

crit

is straightforward; choose X uniformly (with replacement;
n' "crit' . to X where e
from Hm nr‘ininal data and then add a Perturbation n6 I___.... uni. V..-j-

ce h
nnvmnllu AIC+rihnrpa with mean zero and varian crit
normally discricu-ce

Vv,

lication, are given in
Cnv+hnr Aprails. toqether with an apprui tux“. uvoa—i . -

f‘.“l_._,i. ,4 (Inn1\ T9- I‘c interesting and apposite to draw some conneCtionS
DU-Verman (Luau . .LL is MW,»

’ a
flnr technique is actually an example of" ‘ “-- «HI—”Ari,with DaVld Kendall s worn. w-

_, _ribed by Efron (1979); there, however,.. r--L...:mIa as deSC
"smoothed bootstrap" LebllAleiut. a- i

is entirely arbitrary. A somewhat relatedrrrrrrn+nv
the choice of smoothing parameter --

‘7” “A Vandal]. (1980) in their investigation of
.L (1;Au L\u......

technique was used by Kendal
, HAL—o. who 'nver—unrounding' technique theyl Gate. inc

v,allqnments in archaeologica
”an nF oreserving the coars9 structure

used in their Section 5 was again a way u. r
. .,:1,. ulnir‘h are only 'really’ ?resent if
ll: wuic”

W,
7

of the data while erasing fine deta \InY-nnndinq technique differs from
the null hypothesis is rejected. The c cranium, ,

JMI Raf-ails. one of WhiCh is that
4. cu. at.-iv

p technique in SeVCLa ,vanlanement and then perturbed,- a ,; A.“
the smoothed bootstra

0 longer sampled WlLu icpra-fl
: t“ a random amount;the data points are n thus the sampling

nt is perturbed my abut instead each data poi r:n~n AF data analysis worth mention-
is conducted without replacement. Another plccx: or

W,

4 am manalithicyard (Kendall'tun IIIv j.”

G. Kendall's worK on
42+; was used as a basis forlnq in this context is D. LIAN

l974) . Here again a density constructed from 12m: uw—vFoafHYQS but not the fihe
Slmu1arinn. with the aim of pr

oars: Louv“---eserving the C
,‘“a c+n5v a parametric model

«mmh‘wb mg rhe data, though in the megalithlc YdLu th"1
‘4‘. bu);
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sufficed for this purpose.
A most interesting feature of the over-unrounding procedure used

by Kendall and Kendall (1980) is that the parameter controlling the amount

of random unrounding (or smoothing) is not chosen arbitrarily. Instead, a

criterion based on the phenomenon being studied is used to choose how much

to unround the data; in an informal way, the procedure seeks the smallest

value of the unrounding parameter among those acceptable according to this

criterion. This is of course also the case in the method studied in the

present paper.

The remarks made above about the rate of converaence of h
. "" ’ ‘ crit
to 7pm show that F (..h l is. in a certain sense. ootimallv uniformlv

n crit
nnneiqtpnt ac an estimate: of the, true densitv F. This Gives some theoretical

, i,,,v,, ’L”" ”4
,

4

__-1 j-

auctiFinztinn For thn hnntctvah nvnnnflnvn, cinna at Tnact Fnr lnvnc camnles.JUQMLLJ—VMLLVJA it”. 9.”. wuvhuvLut/ tra—vyyuu‘w’ ”snow, on. Lou“.— lea. ._.:,t. c,“

+hn n4mn1-u—4An Annruw—u F I 1a \ x:- 14ba‘lu +n Inn 3 ,VVVQ ao+4m=+a [in thoLIAC DLIIAULGLLUAI uCllDLL] L \.,un crit'
.a 1:3“.-m ..AuwA A: n.1,." Lunn ...‘,a..-1..-:..,. AAnh «u 1\

.Lo J-‘LACLIY LU Us a. \Juvu CDLLAUKALU \a... u:

an A..-...\.-..1. cav- nmfl“
ullLLULm uULlu/ UL L11: LLuc ullUCLLyJJlg ucubity. n yubbLULc ULawuaun LUL :uuaLL

4.. :7 LL- c_-l_ LL A. Lvri :___1

�

AA,”--___‘__ ,rsamples is £118 IdCC CIldC Lne lmpLieQ COIISLdnC 1n Elle rate OI convergence uuc:

not necessarily taKe its optimum value.

An interesting open question raised by this discussion is the

possibility of using hcrit(k) for some value of k in developing an

automatic method for choosing the smoothing parameter in density estimation.

Boneva, Kendall and Stefanov (1971) suggested choosing the window width

where 'rabbits' or rapid fluctuations just started to appear. Such a window

width would perhaps correspond to hcrit(k) for some k 2 j; since

(k) converges to zero at the optimum rate for all k > j, a suitablehcrit
formalization of the Boneva—Kendall—Stefanov procedure would give estimates

which converged at the optimal rate, though not necessarily with the optimal
constant multiplier. The fact that hp (1;) has the same rate of converg-

rit

ence for all k 2 j provides some explanation for the observation made by

Boneva, Kendall and Stefanov that the estimate seems suddenly to become noisy

as the window width is reduced.

The use of kernel density estimates in mode estimation was

originated by Parzen (1962). The 'qradient method' of Cluster analvsis is

based on clusterinq towards modes in the estimated finnqitxn can Fnr ayamole._
,,,, ii__..._._-_

convicl, uvvl as”. v»

Andrews (1972). Fukunaoa and Hosterr (1mm :znfl mm» nov-n nausea-v---- \iw.-,, “no. uuyn \iJI/I. (“HULD

related to tests of multimnflalitv :vo (‘nv Noam mm mm: “A ”alum. nonm _*“1 “it, bun \LJUU/ uuu UUUu Gnu babhiub \LJUV’

7 The: main vocu‘H-1......“

Tn Q-h-ie-

LpuuLL

para—4A... ‘1...1.. this section, the main resuLt or this paper is stated and
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and proved. It is convenient to use the convention throughout that {11.1 limits
1. . i. . ,,,,,_i_-._..-

and implied limits are taken as n tends to infinity. Varying conventions
1 ,J n Lucia”

will apply to unqualified suprema and infima in PrOpOSltlonS 1 an(1
4 UCLUW,

and these will be introduced where necessary. The notations p 11.!“ .LHL cuiu
i. .. .. .

, ,,.i_\...v...'1:4~u

p will be used to signify the corresponding limits in prouaniity
,_

_ . . ‘,,-1:i_.. Agar”.—

p lim su

as n tends to infinity, and 9p and 9‘9 will denote pronaniiity uruers

of magnitude. Define, for h > O,

u(h) h”D log(h-L)

Lnafivnm

The main results are all contained in the tollow1ng Luuuicm.

’T‘hnnrnm

f is a bounded density with bounded support [a,b],Cnnnncpuapps/Vt. — r

2...» “mm“; o-hzo- Hm Fnllowiflq conditions are satisfied:uuu Ouywac um- u... ..... I
l\‘\ c ;c mine continuously differentiable on [a,b]

I: ;\ 5 lane nvanf‘hl "I local maxima on (a'b)
\iil L Hue ‘H‘W’

:\ :1!-..L\ s n. F'(b—) < O

J .r

J.) L \a-I

I fll(z)

(iv) mln Flz)
Z:f'(Z)=O . . d

. Hui». ”mm-runted from an 1.1. -u lellh’l—A-—— 1

Let (k) be the k—critical Window mm.crit
,-- '

x

�

AoFinina a as in (1) above,|\sample Of Size n from f. Then, if JI LII-.54......:1

_,/o n
(2)

1i ' ‘* ~ L tp m inf n a{hcrit(k)) z 3 11v 0

(3)

and

,rfli 1,. (F.k) such that
While if k (j then there exists a consrau L

n

(4)
> h l " lP{hcrit(k) O

,1
:nalpnf‘. in the presence 0f the

Note that condition (iv) is chimera”,
,

.-.. ctricth positive on [a,b],,

to the condition thatother conditions:
I: 1.3 9-....-

zeros on [albi-and f' has no multiple «4nnc assertions of the theorem
It is convenient to prove the vague Wrnnditions of the theorem on‘ L‘anLHC......therwise stated.

» Firqt proposition facilitatesSeparately. Except where 0 "'11..A

f will be assumed to be true throughout. 111:: 1.4.-..V

the proof of (2)-
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Proposition 1. Given an9 C1 C11

< C 71 /2 C I

suppose the sequence of window widths hn satisfies

n Lam ) ~>cn

Then the number of maxima of fn tends in probability to j.

It follows from Proposition 1 and Silverman (1981) that, for

all k 2 j, provided (5) holds,

P{h ....~ A. (k) Sh_} ->l
LL

and hence that (2) is satisfied.

The proof of Proposition 1 makes use of several lemmas, the

First of which shows that. under certain conditions. maxima and minima of

(‘Rn A pvontnal 1v. nnlv nr‘t‘nv arbitrarilv (‘1OQP tn ’rhncp nFV.\,..-.‘o\._-1, ””‘1
-_-w- ..-..---_---J V..V..- vv

-..-._.\.

Lemma 1. Let I be any Closed interval contained in [a,b] , such that

I contains none of the zeros of 13'. Then, provided hn + O and
1 ’7
".L4n hna(hn) —> 0, it will follow that

P(fr1 monotonic on I in the same sense as f) —> 1

Proof. Bv sliqht adaptation of the results of Silverman (1978a). it can be

seen that. provided f is bounded. we will have. if h qafin‘iPs theL 7,
it,

.__..v, __ ..

assnmntions 0F Prnnnsitinn 1.

sup
(-oo 00)

I].

In Silverman (1978a) the uniform continuitv nF F mac aaai++nns11u scammed.-J -- ._ "on. MHMLVAVIAMA'LJ

but careful examination of the proofs of that nanny chnmc +ha+ +kn Aorivafion1.7" “a- tutti .Juuwa cuou. LJAK. Hell...“

of the rate of stochastic Cnnvprnpnr‘p, thhnmk nM— Ac 4-kn AU“... "newt...“—

nnac thvnnnh

.t.-j\.uvv, out;

under +ka

ugl n Aan. UL LIAC CAGL, L. LUHDLGHL

.Hnr

�

-- —p
Quhnncinn

at“,._/ onlvtnju

m4+hnn+ 1Afih

u“uk—L L:AC azbumytluu UL DOUHGEQ

“agreeing. Without loss or guichdllLy tnat I 18 increasmg on

4+» Fnl‘lnmr— \Cv‘Am +hn "Ava—‘w‘ .Ac cl
,

r .q . ll . l 1‘!
in, LVJ—LUWQ L 1.um Lil: LUHLLHULLY UL on laIDJ that f. iS bounded
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away from zero on I and is non-negative on a neighbourhood of I, and hence

by elementary analysis that

lim inf inf at; > o (7)

Combining (6) and (7) completes the proof of Lemma 1.
,_-1

The next lemma shows that, under suitable conditions, In Wiii

eventually have exactly one maximm'n and no minima near each maXimum or L,

and exactly one minimum and no maxima near each minimum of

Lemma 7. Sunnose f'(z) = 0 and f has a local maximum (IeSPECtively-lrL,i

mnnmnm) af- 7.. 51100056 h "*0 and

h ‘1nlh ) a c- E (O, E‘Tr/Z f"(z)2/f(z))

who" Fnr :17 curfininntlu small 6 > Or the PIObability that fn has
111511, LUL (AAA uu---v-

and that this zero is a maximum (respect—ovnn6~7n Ann warn a'n (7,—r. 2+6).bAGbL—Jy uuc LULV a... \.... V,

4....” ._.-..;........x A; c 7 tends to one as n tends to infinity.LVCLy minimum, u; .. , ......

_ - ii ...-11 he nanqidered. The proof for aiii Mk vv......
Proof. Only the case of a local maXimqu w

. . i~:bhnA rr‘hrnnnhout this PIOOf
and is QIIILLLCLA. inivcji,minimum proceeds very similarly

,

kn kn nvPY‘ X in [2"?! 2+51'De tame“ Lu m. c.--

unqualified infima and suprema will
,_

�

nnFFir‘ienth small that
By the continuity of f and f", cnoose r. null~~~~~~~~ a

'Ir‘ (Q)4

M> ”’2
sup le; Luv...

. ‘ t'(Z—EI ,U “no

, - n immediate that
and also Fz—e. 2+8] E (a,b)- It 15 the ,\ C4nnn

f' ' .(2+c) < 0 since. by (9), f" cannot cross zero in (z-e, 2+5). “We

._i-.m., as F'
h: NmHmmnS at z i c, by standard results on the conSiStenty

(a NWMnAHnn of Parzen (1962) and Bhattacharya (1967))

(10)

DIF'lz—g) > O and f;(Z+E) <0} “*1

I1n’1li aha 1 Q78?!)

or q e roofs of Silverman \ljlu am. i- .
-_

V ' pu u l iohtl adapting th A 1- n
"“1 ~-—: .

'm rm“. huh Hm (ant that f" is only uniformly continuous on a “eighty“nu Lulu; Wit.“ on“. -wv-

xmig i; rt» girl Givesuuuu UL Lt.-r., a'u—I

[H
2 2 II II ‘7‘n Mh) sup]fn(x) Efnhql [\l
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where

l=2supff¢"4

= 3(21n/2) ’ sup f .

Since, by elementary analysis, supIEfl'Jx) — f"(x)| converges to zero, it

[oh-
IOLLOWS trom (8) that p lim sup suplf"(x) — f"(x)n n <K C

< infl f“(x)|
by (9). It is immediate that

PIF'WX) < O ‘for all x in Fz—r. 7+c'11—> 1 _ (ll)

f‘nmkin-I'nn Mr“ and {11) rvxmn'lcfl-nc {drug nv-rv‘F AF Tnmma ")
yuuwinn.“‘1 \ LV/

m“ AAMK‘AbA +1.... “van-.4: A4: “MA“;V. a.

uuu \4.+1 uvmriucc.) MAIL Lu.vui v:. at:uuuu (_.
.. 1 ..._a.,. ....;. m...».LU bUAILchLC Lu: BLUVL UL rLqubLl—LUH .L, HULC LLLbl. Luau MU

a... :1. LL- all.llldxlmd U]; UCUUL UULSLUC LHB interval

.7, I ‘x ,1 ~.

(aID). Let

De the zeros OI 1:" 111 (51,0) and cnoose E SUIthlently small to satisry

the concluSion or Lemma A tor all 2i and to ensure that

a<zl-e<zl+e<z-e <---<z. +g<b (12)2 23—1 '

Applying either Lemma 1 or Lemma 2 as appropriate to each of the intervals

in the partition (12) of the interval (a,b) completes the proof of Proposi-

tion 1.

The next proposition leads to the proof of assertion (3), in a

similar way to the derivation of (2) from Proposition 1.

Prooosition 2. Definina a as in (1) above. «mamas H1.“-
_.V

v-, wuryvuv uluu.

nlhlaoo :nfl n In .x'h nan
and u u . u . (1..”

mknn 4-114: nnmknr AF maus‘m-u 4.. : a.....:l_Lllcll LllC uuuwcL UL “maxima in J. Lb'nab‘ 1n pIODaDlilty to infinityn .
n:...-... a..." I. .‘A. claw” .— .. . i i

A1,,

Uivcu any
I1nn1x LLA.

KI it reiiows rrom this result and the corollary 01:

alivermdn \Lt’DJ.) mat, provided (1.5) holds,

crit(K) + l ,7
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assertion (2) follows at once.

To prove Proposition 2, suppose without loss of generality that

f has a maximum at 0 in (a,b). Choose a sequence in which satisfies

".L_o_{n (10111)} I

_y no and log lnl llog hni (l4)

The explicit dependence of h and l on n will often be suppressed. Let

be the interval [(j-l)l, jl] for integer j 20.

Following Silverman (1978a) apply Theorem 3 of Komlos, Major anu

Tusnady (l975) to obtain

.L c'(v\
'\X) LI‘n U“

.r H H \Al

,
”in. um. Mme rnvariance structure as

Where 9 is a Gaussian process Wit“ L11: aw... so.--11
[I

n hH‘.‘ .. F‘FH and r' is a secondary random error. The process 01 is-- u \A— u» I vn n I

thninofl 1'“; nnf‘f‘inn 8(11) equal to ¢l (u) in PrOPOSition 1 Of Sllverman
—..\.u‘.u.u ”I ruun—‘Anj v .-

) 'U analVSlS and the arguments of Silverman 7 a we( \ 1 n a
\-4.uu,. u! \....\....\,...—-1 v" .
have in 2 noinhhnn'rhnod Of OIvv, .Lll u LICLKjLsuvu---—vv

(mum) — f'(x)( =O(h). ;'14.}. ".1

ln'lvll nln
—lh—Zloq n) a.

\AII

= M112) from (13) above ;

uAlu IL \All — :Vu

e4...“ cum _ n and f" exists. It follows that, a.s.,
UALILC i. \u; — u

r-nn'fl'F'(X) + 5'00] =93“ +901)DuyluA-n sue- (15)

= g{n'1h'°log(l/h) )—

.1.M “ma cnhcpduentlv

k" /1’)\ A [1/1) nhnve. where We adop
t the Convention; nere Chiv- j..-“

“.Y \iJ} dllu \ 1.11 wt-.-
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in this proof, that unqualified suprema are taken to be over the interval

I, n' and that a fixed j is being considered.
1/

We slightly adapt the argument of Silverman (1976) pp. 138—140

to investigate sup pl. Define

o‘(x) = var p (x) = h_if(x) fqv‘u + 3(1))1

= h~lf(o) («Wu + 3(1)) for X in

since the end points of 11, n both converge to zero. Analogously to (12) of
Jru

Silverman (1976), given any A in (0,2),

|)-‘_ 1 _
PEsup o 1p S (l - :A) {2 log h 151)} ]1

s 0(2_2)1og (11—19,) (16)

x -H lxl exp£2 loam—1mm -;MEHI/(l + Ml}I)”,

where X(X,Y) = corr{o(x) ,p(y) }- Using a similar argumentrto that following

(12) of Silverman (1976), but allowing the interval I to vary, shows that

the expression in (16) is dominated by

(l -$2
gun-2) iogufll) {02(0) +3(1)}_l {r1712} oUL)

log(h_i£) » o

by (14) above “—-
It follows that, setting K {2£(o) j ¢'2}2

I

vlr—l
) } p >le Pi Og( ]p 1“: SL1 h J- h 9 K

and that the same result holds if pl is replaced by r—pl, giving a

corresponding result for inf pl. It follows from (15) , (l7) and the

corresponding result for inf pl that
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lePtpl crosses —n"h(Efr'l+tr'l) in I

and hence that

Hf;l crosses zero in I. } + l . (18)
I

Since (18) holds for all j, the number of maxima in fn tends in probability

to infinity, completing the proof of Proposition 2.

The final proposition of this section deals with the case where

the alternative hypothesis is true, and shows that hay” will remain bounded
\4J-A.§—

away from zero.

Drnnnew'o-‘U‘n '1 r: I, / 4 1.1.”... LLA‘AA A.,:~4-.- ~. annn+an+ h x A AnnanA-inn

nn

‘Vr/V—DLk—LUAI

F a“;

J

LL—L

L“C“ LUCLC CAJDLD a pungent“. ucycuud-uy

auu 3‘; SUCH End 1:

+1.

LLEIOOI.
*— By arguments analogous to those or the proor or the theorem UL

Silverman (1981), making use of the variation diminishing properties UL Luv

Gaussian kernel and the continuity properties of Etn, the number or maxima

_. , L\nin Ef (”,h)
n is a. right continuous decreasing function or n,

By choosing ho sufficiently small, we can ensure that Etn(',ho) has,
... . 1

independently of n, exactly j maxima. Because of the conditions imposed

on f in the statement of the Theorem above, we can also ensure that
Bf" In< ,ho) iS non-zero at all stationary points of Efn('.

The argument of Lemma 2.2 of Schuster (1969), which does not in

fact require the convergence to zero of the sequence 0f window widths, then

implies that, with probability one,

ff(x,h,\) — Ef_'_(x,hn) and f3<xrh0) ‘ Ef§(x'ho)

b0th converge to zero uniformly over x. By an argument similar to that used

in Proposition 1 above, it follows that the number of maxima of fn(.’h0)
on [a.b1 rendq almost surelV to j! the number Of maxima Of Efn(.'h0) .
ADDlvinn Hm rnrn1larv nF Silverman (1981) completes the prOOf Of PIOPOSitiOH".1 uuAva-A—u-1
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Discussion

It is natural to enquire to what extent the conditions of the

theorem above can be relaxed without affecting the conclusions. In particular

it seems intuitively clear that the condition of bounded support for the

density f should be able to be replaced by some condition on the tails of

f, though the present method of proof cannot deal with this case. Condition

(iv) appears to be more fundamental to the result; if, for example,

f'(O) = f"(O) = O 2 f‘" (O). then an examination of f and Ef near zero‘n V — fin
cr—Ipmc tn inflir‘afp that. under quit-able rdnn'lari f-v r‘nnfl‘if‘innc fhnrp will he
---..._. -V ....t....... -.._-, ....y.-._

-u......~-v -Vj“..u-_...1 vuuua.....vu.., cutie. u---

nn mnvimnm nF F nan-av- varn nvnxn‘flon‘l IF"! _ pF'V'I vamna'nn cm211 n hnnr'icf'irtnu

flvnlnmAnb 1“

“LuA .uuum v4. n
.nnAn+—.~ FMaF

“Viv rlvvaaa-cu I J.

n
«Ar—“1 ‘- nAvuAnhanA 4.“ 514A

LCuluLAID DIUULJ..
LLAA..__ n: FAAL

n “Val—mu,

An’)aigumcuu ougchL: LJAGL. Cl LCDULL LULLCDHUIIULJIKJ LU LII: LIICULEUI UL DCLLLU“ 1-

., .77. ,. -l‘ ..L... _._'A.L ,IL.\ ACall U8 pLUVEU, UUL WJ.L11 Ct UU replaced DY iogm J I SO tnat

converges to zero more Slowly. Even slower convergence will occur for higher

order zeros in

The interest in this discussion lies in the fact that the boot-

strap density constructed using the critical window width will not only have

infinite tails of similar weight to those of the corresponding normal kernels
but will also have a stationary point which is a point of inflexion. The

slower convergence of zero of hP provides support for the remark of
rif-

Silverman (1981) that the bootstrap test may be conservative; it also bears

out the intuition of P.Huber (private communication) that the bootstrap

procedure may be excessively conservative, though the difference between

n_§ and n”? convergence is very slight in practice.

The methods of this paper can also be used to study the asymptotic

Properties of a Corresponding test for the number of points of inflexion in

the density. Both Cox (1966) and Good and Gaskins (1980) prefer to use DOints
L

,, , ,,
..

of inflexion as an indication that the densitv is a mixture, The writical

window width 'will now be the smallest window width Fny‘ mhin‘h Hm flanc‘if‘v has
_\l.... Lyn

"AL..-“ pllv up..u‘.c1 __,

k maxima. Under suitable conditions: a rpcnh- Nwmhm‘mu..- in ”M +knnrnm
._ -Huuak \‘vLJ—CDIJUIILALLLB LU Lu: LAICinm

of Section 2 can be proved. hm— anain 2mm“. Alum. ___ ,n,\ ._JI1 L‘ninfli, ~t... “vain, umvug utucL uudnges, (IKE) W].J.J. U:

-7
Ynnlar‘pfl hv h lnnH/h\ cinna c“ ”:11 L- . i -. . -... . . c~-r—-~u .q .. -cg‘-,.., slut: Ln WLLJ. or: replaced by in much 0I

fko =vnnmon+ AF th “VA/‘5" A: n-
u", “Lymuvnlb VJ. LIIC LILUULD UL rLUpUSlClOUS J. and Z.
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